Existence and exponential stability of solutions for
laminated viscoelastic Timoshenko beams
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Abstract. In this paper, we consider a laminated Timoshenko beams with
a viscoelastic damping. We prove well-posedness by using Faedo-Galerkin
method and establish an exponential decay result by introducing a suitable
Lyaponov functional.
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1 Introduction

Hansen and Spies [5] introduced a mathematical model for 2-layered beams with
structural damping due to the interfacial slip. The model is as follows

pwtt(fat) + G(w - wz)z =0,
IpStt(I,t) + G(lﬁ — ’U)g;) + %’}/S + %BSt — DSww =0.

where w(x,t) is the transversal displacement, ¥(x,t) denotes the rotational displace-
ment and S(x,t) is proportional to the amount of slip along the interface at time ¢
and longitudinal spatial variable x. The coefficients p, G, I,, D, ~, B represent density,
shear stiffness, mass moment of inertia, flexural rigidity, adhesive stiffness, and adhe-
sive damping parameter, respectively.

In this paper, we consider a laminated viscoelastic Timoshenko beams. We use the
notion of effective rotation angle £ = 35 — ¢ in (1.1) with %7 =0 and %[3 = p. Then
adding the viscoelastic terms, we have, for (x,t) € (0,1) x (0, +00)

pwtt(xat) + G(SS - f - wm)x = Oa
(1.2) { L&u(a,t) — G(3S — € —wy) — Déuy + [3 w1 (r)E(t — 7)dr = 0,

1,Su(x,t) + G(3S — € — wy) — DSy + pSi + [ w2(r)Suu(t — r)dr = 0.
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Under the boundary conditions
w(0,t) = £(0,t) = S(0,t) =0, t>0,
(1.3) &:(1,t) =5,(1,t) =0, t>0,
35(1,t) — &(1,t) —w,(1,¢) =0, t>0,
and the initial conditions
(1.4) (w, &, 8)|t=0 = (wo,&0,50),  (we, &, St)le=0 = (w1, &1, 51).

In the absence of the viscoelastic term (that is, if @y = ws = 0), with constant delay
and boundary feedbacks B. Feng [2] considered the following Timoshenko system

pwi(z,t) + G(3S — £ — wy)y + arwy(z,t — 7) = 0,
(1.5) L&u(x,t) = G(3S — § —wy) — D&y + azéy(w,t —7) = 0,
I,Su(x,t) + G(3S — & —wy) — DSyy + a3Se(x,t —7) =0,
where (z,t) € (0,L) x (0,00) and under the following boundary conditions
G(3s(L,t) —&(L,t) —wy(L,t)) = awe(L,t), t>0,
(1.6) D¢y (Lyt) = —p&(L,t), 3DS,(L,t) = —vS(L,t) t>0,
w(0,t) = £(0,t) = S(0,t) =0, t>0.
The author proved the global well-posedness of solutions and exponential decay of

energy to the system. (See [4, 3])
In [9] M. I. Mustafa considered the following system

psﬁtt(:rat) + GWJ - C)O’E)’E = 07
I,(3w — V)u(z,t) — G — ¢z)

~D(3w — P)us + [y g(t — 5)(3w — )4 (s)ds = 0,

Twy(z,t) + G — ¢z) + %'yw + %Bwt — DS, =0,

in (0,1) x (0,+00), the author proved the well-posedness and for a wider class of
relaxation functions, a generalized stability result for this system is establish. (See
6, 8, 10, 11])

In the present paper, the well-posedness of the problem is analyzed in Section 3 using
the Faedo-Galerkin method. In Section 4, we prove the exponential decay of the
energy when time goes to infinity.
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2 Preliminaries and statement of main results

In this section, we present some materials that will be used to prove our main results.
We denote V = {v € H'(0,1) : v(0) = 0}. For the relaxation functions w;, w,, we
assume
(A1) w; € CHR,Ry) (fori = 1,2) satisfying
t 00
@1(0) >0, 0<Bi(t):=D— [ wi(r)dr and 0<p:= D—/ wy (r)dr,
0 0
t

w(0) >0, 0<Ba(t):=D— [ wy(r)dr and 0<p9:= D—/OC wo(r)dr.
0 0

(A2) There exist non-increasing functions y;(t) € C*(R,, R, ) such that
w(t) < —xi(t)wi(t), Vt>0 and / xi(t)dt = +oo, for i=1,2.
0
. I,
(A3) The wave speeds are equal that is & = %
Remark 2.1. The hypotheses (A1)-(A3) imply that
Bl < Bu(t) < D,

(2.1)
5 < B2(t) < D.

Let us introduce the following notations
t

(w; * h)(t) == ; w;(t — r)h(r)dr,

(s 0 ) (#) ::/O wi(t — 1) |h(t) — h(r)|2dr,

Lemma 2.1. For any w,h € CY(R), the following equation holds

t
oo+ WA = ' 0 h— w(t)|hf? — %(mh _/ (s)dslhf?).
0

The existence and uniqueness result is stated as follows

Theorem 2.2. Assume that (Al — A3) hold. Then given (wo, &0, So) € H*(0,1)NV,
(w1,&1,51) € V, there exists a unique regular solution w,&,S of problem (1.2) such
that

(w,€,8) € C([0, +o0[, H2(0,1) N V) N CL([0, +o0[, V).

For any regular solution of (1.2), we define the energy as

1
Eit) = 1/ (pwf (z,t) + 1,& (x, t)dx
2 0
(2.2) + 3I,S}(x,t) + GI3S — & — wy|* + Bi(t)E2 + Bo(t)S2)dx

e 3
+ f/ (w1 0&y)dx + 7/ (wwg 0 Sy )dz.
2Jo 2 Jo

Our decay result reads as follows
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Theorem 2.3. Let (w,&,S) be the solution of (1.2). Assume that (A1) — (A3) hold.
Then there exist two positive constants C' and d, such that

(2.3)

E(t) < Cemdloxdr g > 0,

3 Well-posedness of the problem

In this section, we will prove the existence and uniqueness of problem (1.2) by using
Faedo-Galerkin method.

Proof. We divide the proof of Theorem 2.2 into two steps: the Faedo-Galerkin ap-
proximation and the energy estimates. (See [1])

Step 1 : Faedo-Galerkin approximation.
We construct approximations of the solution (w,&,S) by the Faedo-Galerkin
method as follows. For n > 1, let V,, = span {v1,...,v;} be a Hilbert basis of
the space H2(0,1)NV.
We choose sequences

(wg), (w?'), (€5), (€1), (55), (ST)

in V,, such that

(w87§g7 ngw?7£?v S{L) — (’U}O7§0, 507’11}1,51, Sl)

strongly in H2(0,1) NV as n — oo.
We search the approximate solutions

w'(z,t) =Y (i),

i=1

& @.t) = Y (D)

S"(w,t) = Yk} (Hvi(w)
i=1

to the finite dimensional Cauchy problem

fol (pwgvi —G(38™ —¢™ — wg)vi,m)dx =0,

oy (Lpgnv; — G(3S™ — € — wl)v; + DEMv; . )d
— fol(wl (1) * £2)v; xdz = 0,

fol (I,,Sﬁvi +GBS™ =& —whv; + DS, . — uSZ’Ui)d:E
— [ (@a(r) * STYv; pdz = 0,

(w"(0),£"(0), 5™(0)) = (w', &5 S6),
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Step 2:

According to the standard theory of ordinary differential equations, the finite
dimensional problem (3.1) has solution f*(¢), h?(t), kI"(t) defined on [0,t). The
a priori estimates that follow imply that in fact ¢, = T.

Energy estimates.
Multiplying the first, the second and the third equation of (3.1) by (f(t))

(h? (t))/ and 3(k1"(t))/ respectively, we obtain

!
)

fol (wpwp — G(35™ — ™ — whw?,)dx = 0,

xt

I (Ehgr — GBS™ — € —wiep + DEEY)do
(3.2) — [ (@1 (r) * €€ dz = 0,

Jo B(SySy +3C(35" — & —wi)S{ + DS} St + 3ulS} )
— [y 3(wa(r) * SISk dx = 0.

Integrating (3.2) over (0,t), then summing all the equations and using Lemma
(2.1), we obtain

t 1 1t ot
En(t) + 3,u/ / |S7|2dadr — f/ / () o &8)dxdr
0 Jo 2 Jo Jo
1 t 1 3 t 1
+*/ / W1(t)|£;|2d$d8—*/ / (wwh o SI)dxdr
2Jo Jo 2.Jo Jo

3 t 1
(3.3) +5/ / @ (t)| ST |2 dxds
0 JO

where
e = 3 | (Pt + 1P w0+ da
(3.4) + 31,(57)%(x,t) + G|3S™ — £" — wl|?)da
+ 5 | BOE@? +man(s)

1/t 3 [t
+ f/ (w1 og;‘)dx—kf/ (wq 0 SY)dz.
2 Jo 2 Jo

Consequently, we have the following estimate
1 t 1 1 t 1
£.(t) — 7//(wio§;)dxdr+f/ / o1 (8)[€ dads
2Jo Jo 2 Jo Jo

3t ol 3t

(3.5) - 7//(w’2052)dxd7“+7/ / wo(t)| S22 dxdr
2Jo Jo 2Jo Jo
&n(0).

<
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Now, since the sequences (wf) o, (@1) s (6) e (e (58) e
(S{‘)neN converge and using (A2), in both cases, we can find a positive constant

¢ independent of n such that
(3.6) En(t) <e.

Therefore, using the fact that 5;(¢) > 5;(0), the estimate (3.6) together with
(3.5) give us, for alln e N, ¢, =T,

" . .
w )neN is bounded in
is bounded in

3
~—

is bounded in
{‘)n is bounded in
is bounded in
H ) . is bounded in

L>(0,T;V),
L>(0,T;V),
L>(0,T;V),
L>=(0,T5V),
L>=(0,T5V),
L>(0,T;V).

Consequently, we conclude that

w” =" u in
& —*y in
S —=*p in
wy =% u; in
tn —* in
SZL —* Ut in

From (3.7), we have (w”)neN, (f”)neN, (S’”)neN are bounded in L>(0,T).

Then (w”)neN, (f”)neN, (S”)neN are bounded in L?(0,T;V). Consequently,

(w")neN, (w”)neN, (S”)neN are bounded in H'(0,7T;V). Since the embedding
HY(0,T; H'(0,1)) = L*(0,T5 L*(0,1)),

is compact, using Aubin Lion’s theorem [7], we can extract subsequences (wk)
of (w”)neN, (fk)keN of ({")neN and (Sk)keN of (S")neN such that

keN

w” — w strongly in  L?(0,T; L*(0,1)),

¢ ¢ strongly in  L2(0,T; L*(0,1)),

and
Sk S strongly in  L?(0,T; L%(0,1)).
Therefore,
w® — w  strongly and a.e (0,7 x (0,1),
" ¢ strongly and a.e  (0,T) x (0,1),
and
S* — S strongly and a.e  (0,T) x (0,1),

The proof now can be completed arguing as in Theorem 3.1 of [7].
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4 Exponential stability

In this section we study the asymptotic behavior of the system (1.2). For the proof
of Theorem 2.3 we need a several Lemmas.

Lemma 4.1. Let (w,&,S) be the solution of (1.2), then we have the inequality

dE(t)
dat

3uf0 |S¢ (z t)\zda: - lwl(t) Jo 1o (2, )| da

(4.1) Jole@h 0 €)ds — JmalD) fo Sa(o. 0 o+ oo 5o

IN + INA
Ol\)\»—l

Proof. Multiplying the first, the second and the third equation of (1.2) by wy, & and
35S, respectively, then summing and integrating it over (0,t), we obtain

1d [*
2 dt (pwi(z,t) + I,& (z,t) + da + 31,57 (x, 1)
0
(4.2) +GI35 — € — w,|? + DE2 + 3DS2)da

= 18,7z + / 1 / (1) (1) ()drda
—|—3/ / wa(r Sy (t)drdz.

Owing to Lemma 2.1, the last term in the RHS of (4.2) can be rewritten as

/ Con(r) / G Odrds + () / e,
(4.3) ;jt / / &2 |2 xtdxf/( 1o§z)(t)dx)

+3 [ @t o e,
and
/Ot wQ(T)/Ol Sz (r)&x (t)drdx + 1@2@)/1 |5 (2, t)dx
th /wz dr/ 1S, |2 xt)da:—/o (g 0 Sy)(t )dm)
(4.4) +% /Ol(w;osz)(t)dx.

4E {ecomes

So, from (2.2), %

) e — 3y [1|S,Pde — e (1) [y €. |? (x, t)dz
4.5
+%f01(wllogm)( )dx**'WQ fO |S| :L'tdl’+3f0 (wh o S;)(t)dx

This completes the proof. O
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Now, we define a functional F; as follows

1
3
(4.6) Fi(t) = —/ (pwwt + 1,68 + 31,55, + 5#5’2) dx
0

Then, we have the following estimate

Lemma 4.2.

1 1
F{(t) < —/ (pwf+1pff+31psf)da:+c:/ 139 — € — w,|*dx
0 0

(4.7) 1 1 1 1
+c/ §§d$+0/ Sida:—i—c/ (w1 ogm)d:c—kc/ (w9 0 S,)dx
0 0 0 0

Proof. Taking the derivative of Fy(t) with respect to ¢ and using (1.2), we find that

1

1
Fl(t) = 7/0 (pw? + 1,62 + 31,57)dx + G/O w(38 — & — wy)pda

_ /0 £(G(3S — & —wy) + D&y — /O o1 (1)t — r)dr)dx
_ /O 35(DSy0 — G(3S — € — w,) — uSi - /Ot @ (r) S (¢ — 1)) d

1
(4.8) — 3p [ SSdx

0

1 1
= _/ (pw§+1p5§+31p53)da:+c;/ 138 — € — w,|*dx
0 0

1 1
+ D/ ggdx+3D/ S2dx
0 0

_ / @) / (Pt — P)dr)de
_ /S z,t) /w2 »(t —r)dr)dx.

Using the fact that

/ / 1 ()| (5) — Ea ()] () drda

(4.9) <5/ 12 2( :ctdx+— /wl )eu(s £m(t)|dr)2dx
<o [ el 2 4{?” [ @ e
and

1 gt
/ / wa(r)[Sx(s) — Sz (t)|Sy(x, t)drdx
0o Jo

(4.10) < 5/0 |Sw|2(x,t)dm+D_47§2“)/ (3 0 S,)(t)da

0
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Inserting the estimate (4.9), (4.10) into (4.8) and using Young’s, Poincaré’s inequali-
ties lead to the desired estimate.
This completes the proof. O

Lemma 4.3. Let (w,&,S) be the solution of (1.2). Assume that

r_L
(4.11) £=3
Then the functional Fy defined by
1 1
RO = I [ (g +3us)ds+1, [ @5 - w)ds
0 0
1 o [t t
(4.12) + SIp/ St(BS—f—ww)dx—l—a/ wt/ w(t — r)&(r)drdx
0 0 0

3p (! ¢
+ = | w / wa(t — )8 (r) drdx,
G Jo 0

satisfies the following estimate

z=1

RO < -|we- [ (- ) iy | m

- [DS —/th—r (r)dr)w ]
(4.13) + /wtdx— /ftdx—i—c/ S’deda?—&-c/ fda:+c/ S2dx

3
- (2Gf§,u)/ |35 —¢ — wx\zdx+c/0 (wlofz)d:ﬂJrc/o (wh 0 Sy )dx

0
1

Proof. Taking the derivative of Fy(t) with respect to ¢, using (1.2) and some integra-
tions by parts, we obtain

r=1

o - -[os /Otm(tr)sx(r)dr)w] B
r=1

t
— 3[(DSI—/ wz(t—r)Sx(r)dr)wm}
0 =0
1 1 1
(4.14) - 2G/ \3S—§—wr|2dx—fp/ gfdx+9fp/ SZdx
0 0 0

1

1
~ 3u / (35 — € — w,)S,dzx + gwl(t) / wikpd

0

3p 1
+ G/ uzt(/ @ (t— 1) ( t—T)dT>d$+Gw1(t)/0 we Sydx

N 5 wt(/ =t —1)S, (t—r)dr)dw

By (4.9), (4.10) and using Young, Poincaré’s inequalities lead to the desired estimate.
This completes the proof. O
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Lemma 4.4. Let m € C([0,1]) be a function satisfying m(0) = —m(1) = 2. Then
there exists ¢ > 0 such that, for any 0 < € < 1, the functional F3 defined by

FS(t) = i f()l Ipm(m)ft <D§w - fg w1 (t - 7’)51(7") d?") dr + % 01 pm(x)wtww dx

(4.15) +2 fol I,m(z)S, (DSI - fg wa(t —7)Sy(r) dr) dz,

satisfies the following estimate

O < -] (pen- [ me-nse-na)?

+<D§x(0,t) —/O @1 (t = 1), (0,6 —7) dr)

_438 KDSI(l’t) - /Ot @t — 1) S, (1, — 1) dr)’

+(DS,(0,1) — /t o (t —1)8,(0,t — 1) dr)z_
0 i

(4.16) —de(w2(1,t) + w2(0,1))

9 1 1 1
+ psc/ wfdachc/ {fda:Jrc/ SZdxdx
G Jo 0 0

1 1 1
—|—c/ fidx—l—c/ Sidm—i—Gc/ 138 — &€ — w,|*dx
0 0 0
1 1
—|—c/ (w1 0&y)dx + c/ (g 0 Sy)dx
0 0

1 1
—l—c/ (@] OEx)daH—c/ (wh o S;)daw.

0 0

Proof. Taking the derivative of F3(t) with respect to ¢, using (1.2) and some integra-
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tions by parts, we obtain

x=1

Fit) = 415{;7”(@ (Dfx(x,t)— /O t wi(t —r)é(z,t —7) dr)Q]

1 /', ¢ 2
% ; §m (I)(Dfx/o wl(tr)gz(r)dr> dx

+§ /1 m(z)(3S — & — wy) <D§z - /Ot w1t —r)&(r) dr)da:

=0

145 , 2 m' (@)¢;dz

ey / atatr =22 [ [ w4t nar )

+43€B ()(DS (2,1) /w2t77’)S (z,t r)dr)Q]i::
(4.17) —436 ; <DS —/ wa(t —1)S )dr)zdx

/m (35 — & —w, <DS —/wz (t—r)S )dr)dx

_Si i m(m)st(pgz_ wo(t —1)Sy(r )dr>dx

4e 0
_SIpD 1, 2, 3, /
1= ), 2m( x)S;dx wz SpSgydx
31, ¢
vy / m(x)5t</ wh(t —1)Sy(t — r)dr) dx
26pD

1
1
r)widr — 126/ im(m)wwSxdx
0
Ly
+4€/ §m( T)wepdr — 45/ §m'(m)widx + 4e [ — (wi(1,z) + w?(0,))|.
0 0
Then by Young’s, Poincaré’s inequalities and using (4.9), (4.10) and the fact that

<2(35 — € —wy)? +36¢S, + &,

leads to the desired estimate. O

Lemma 4.5. Assume that (A1) hold. Then, the functional F(t) defined by

F(t) = Fi(t) + Fa(t) + F3(t),
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satisfies, along the solution, the estimate
1 1
F'(t) < —(p—20)/ widz — (21, —c)/ dx
0 0
1
+c— (31, — 20)/ SZdx
0
3 1 1
(4.18) —{G(1 —¢) - 5M}/ 138 — & — wy|?dz + c/ dr
0 0
1 1 1
+c/ S2da + c/ (wwy 0 & )dx + c/ (w9 0 S, )dx
0 0 0

1 1
+c/ (w) o &y)dx + c/ (wh o Sy)daw.
0 0

Proof. Using (4.7), (4.13), (4.16) and the fact that

z=1

[(Dsz - ot - e dr)wz} B

305, - [ walt )50 s

=0

<t [(Dsza,t) - / PN TR dr>2]

(4.19) +i (Dé“x(O,t)—/O @1 (t —7)€(0,7) dr)ﬂ
*4% _(DSr(O,t)/O wz(tr)SI(O,r)dr)Q]
o 05,00~ [ walt— s

+4e [wi(l) + wi(O)] :
for any 0 < € < 1, we obtain (4.18).
This completes the proof. O

Next, we introduce the following functional
1
(4.20) D(t) = / (I 860 + pwio + 1,55 — pw,d + gSQ)dx,
0

where o, 6 are the solutions of

— 0pe = sy c(0) =0(1) =0,
(4.21)
— Ope = Sa, 6(0) =6(1) = 0.

Then we have the following estimate
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Lemma 4.6.

S
=
IA

1 1 1
5) ; 5§dx+p5/0 wfda:+c(5)/0 SZdx
e} 1
(4.22) - (D—/ wl(r)dr—é)/ &2 dx
0
- (D—/ wa(r)dr — 6 /S2dx
0
1
o&;)d oS, )dx.
—l—c/o(wlﬁ)a:—i-c/o(zm )dx

Proof. Using Equation (1.2), we find that

D) - Ip/lgfdx—i—p/lwfatdm— / o (r dr/{dw—G/fdm
e / cw,dz + 3G / ¢Sde — 3G / 0S.dz — G / ¢oode + G / p—
G / e+ / ( / m(t—r)(@(s)—@(t))ds)gmdxup / S2da
—p/olw?thx— (D—/OOO o (r)dr) /Ole,dx—3G/01S2dx+G/olS§da:

1 1 1 1
+G/ Swzdx + SG/ 0S.dx — G/ O&dx — G/ Owydx
0 0 0 0

(4.23) +/01 (/Ot o (t — 7)(S,(s) —Sx(t))ds>Sx dz.

Integrating by parts and (4.21), we obtain

1 1 o0 1
D'ty = 1I, ffdx+p/ wioydz — (D 7/ wl(r)dr)/ &2dx
0 0

(4.24) / (/ @it —7)(a(s) — fw(t))d5>fwd$+1p/0153dx—p/olwfetdx
_/O wz(r)dr)/o Sida:Jr/Ol (/Ot w2(t—7“)(5w(3)—Sm(t))ds>5wdx.

Observing that, for § > 0

(4.25) / </ @i (t—r)(&(s) — fz(t))dS)fzdw<6(5)/01(W1O£x)d$+5/01§§dw,

and

1 1 1
(4.26) / oldr < / o2dr < [ €dx.
0 0 0

Young’s inequality and (4.25), (4.26) yield then the desired result. O
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Proof. (Of Theorem 2.3) We define the Lyapunov functional
(4.27) L(t) = N1E(t) + NoF(t) + D(¢),
where N7 and Ny are positive constants that will be fixed later.

Taking the derivative of (4.27) with respect to ¢ and making use of (4.1), (4.18) and
(4.23), we obtain

1
—L(t) < —{N2(p—2c)— pd} 1 widz — {Na(2I, —c) — C(5)}/ & da
0 0
—{3N1p+ No(31, — 2¢) — ¢(0)} /1 SZdax
1 2
(128 ~{GmON: + (3 - 8) - cNa} | €
3 2
[tV + (5]~ 6) - cN2}/ S dz
0
1
NG =) = g} [ P&~ P
1 1 1 1
+c/0 (w1 0 & )dr + C/O (g 0 Sy)dx + C/O (w] 0 &y )dx + C/O (wg 0 Sy )dx.

At this point, we choose our constants in (4.28), carefully, such that all the coefficients
in (4.28) will be negative. We first choose Ny satisfying

Na(p —2¢) — pd >0,
and
Ny (21, —¢) —¢(0) > 0.

Then, we pick the constant N1 sufficiently large such that
3N1u + N2(3Ip — 28) — C((S) > O7

and

1
§W1(t)N1 + (B = 8) — N2 > 0,

and

3

§WQ(t)N1 + (ﬂg — 5) —cNy > 0.
Consequently, from the above, we deduce that there exist positive constants 1y, 72
and 73 such that (4.28) becomes

dL(t)
(4.29) 5 < —m&(t) + o /Q(wl o0& )dx + 13 /Q(wQ o Vo)dzx.
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Therefore, if x(t)

§L' (1)

(4.30)

Which gives
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= min{x1(t), x2(t)}, Vt >0, then using (A2) and (4.1), we get
< (L) + ) [ (10 &)+ mé() [ (20 500
Q Q
—mX(BE) + mxa >/< 1 0 &)z + maxalt >/< 20 8,)da
-~ m// Xt = P (t — )| (t) — Ex(r)Pdrda
s / / xalt = P)@a(t — )| Sa (t) — S, () Pdrda
“mx(DE(E) —m / / @ (t — 1)) — & () Pdrda
—773/ / w2 (t—1)|Sz(t) — JE(S)|2alrdac

< —mEME() — c€'(), Vi 0.

(X()L(1) + c€(1)) = X' (B)L() < —mx(DE(?).

(t) +
Using the fact that x/(t) <0, V¢ >0 and letting

(4.31)
we obtain

(4.32)

J(t) = x(O)L(t) + cE(t) ~ E(1),

J'(t) < —mx(E(t) < —nzx(t)J(t).

A simple integration of (4.32) over (0,t) leads to

(4.33)

J(t) < J(0)e ™ Jox(dr g >0,

A combination of (4.31) and (4.33) leads to (2.3).
This completes the proof. O
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