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Abstract. Nowadays, cases of death due to malaria have been substan-
tially reduced. However, the incidence of malaria has been concentrated
mainly in specific sectors both urban and rural. This suggests that the
dynamics of transmission is changing, which generates a new public health
alert. In this work we study the malaria disease applied to the municipality
of Tumaco (Colombia) through a mathematical model with the objective
of contribute to the understanding of the transmission dynamics and de-
velopment of control intervention strategies. To this end, we formulate
a system of ordinary differential equations that describe the malaria dis-
ease transmission dynamics for humans and mosquitoes population. We
performed the stability analysis, analysis of bifurcations and sensitivity
analysis of parameters to the mathematical model, which allowed us to
define the following control strategies: indoor fumigation, bed nets, inter-
mittent prophylactic treatment in pregnancy and antimalarial treatment.
For these variables we formulated and analyze an optimal control problem
in which control strategies are incorporated by treatment (antimalarial
and prophylactic in pregnancy) and the combination of the four control
variables. The results of the cost-effectiveness analysis suggest that in ur-
ban areas it is enough to consider control strategies for treatment, while in
rural areas the simultaneous implementation of the four control variables
is the most cost-effective strategy.
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1 Introduction

Malaria is a vector borne disease produced by four species of Plasmodium parasites
and transmitted by the bite of female Anopheles mosquitoes (at least 50 species).
This disease is endemic in tropical and subtropical regions, with a high mortality rate
in some regions of Africa, Asia and the Americas [51]. In Colombia, this disease is
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presented in 22 of its 33 departments becoming a public health problem of great im-
portance with approximately between 18 and 24 millions of susceptible to contracting
this disease. [18].

Although malaria has been typically considered as a problem of the rural and poor
zones, this disease is presented in urban zones. However, the economic development
and the environmental changes during the twentieth century have reduced the inci-
dence of malaria in urban contexts [58]. In addition, improved housing, drainage of
Anopheles breeding sites, expanded personal protection, effective diagnosis and treat-
ment, among other disease controls have contributed to the recent global decline in
malaria incidence [58].

Like other epidemiological settings, urban malaria transmission is influenced, in
most cases, by population movements from rural to urban areas. This rural popula-
tion influx into urban areas facilitates the introduction of malaria from places where
the disease has high prevalence [14]. Furthermore, these underserved populations
generally practice subsistence farming and inhabit poor housing with limited access
to health services; such social dynamics favors mosquito breeding in areas considered
administratively urban [14].

Despite the fact that malaria prevalence is decreasing in Colombia with a 75%
reduction in the number of cases since 2000 [50], Sistema Nacional de Vigilancia en
Salud Piblica (STVIGILA) reported an accelerated increase in urban malaria cases
from 5.9% in 2011 to 30% in 2015 [50]. Although this increase may be explained
by population displacement on account of violence, there is still the possibility of
autochthonous urban transmission.The growing number of reports on urban cases of
malaria generates concerns that promote the rethinking of the corresponding control
strategies, the above motivated us to analyze several cost-effective control strategies
to eradicate malaria in rural and urban areas of Tumaco.

The municipality of Tumaco is located on the Pacific Coast of the Narifio state
(Colombia), and is part of the alluvial plain, which is characterized by low lands and
sludgy valleys. This area is partially covered with jungle and crossed by numerous
rivers that mostly flow into the sea. The weather conditions in Tumaco make it
an ideal location for the transmission of malaria. Morbidity and mortality due to
malaria in Tumaco are very high. In high transmission areas of Tumaco, such as,
rural areas, the disease is treated with antimalarial drugs, and through vector controls
such as fumigations, elimination of hatcheries or use of repellents [53]. However,
these strategies have failed to control the problem due to existence of urban malaria
cases. The negative impact on technical aspects, such as improper use of residual
action spraying, generates high operating costs in health for urban zones with high
population density [25]. For this reason, it is important to identify the most important
factors favouring the transmission of the disease to establish strategies for its control.

Since the pioneering work of Ronald Ross [52], a lot of mathematical modelling
studies have been carried out to understand the transmission and spread of malaria
considering the population of vectors and humans divided in epidemiological classes
(see for instance [13, 28, 44, 40]). Furthermore, models have been used to study the
factors influencing the appearance of resistance to malaria drugs ([32, 43]). Other
authors used population dynamics models that capture the epidemiological effects
of spatially heterogeneous environments [4, 8, 48, 3, 15, 37, 7, 8, 6]. Among the
control models for vector borne disease are the ones that propose biological control
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[42, 29, 41, 1], chemical and biological control [32], preventive control [5, 9], preventive
control and treatment[16, 46], vaccination and treatment [30]. Recently Romero-leiton
and others [19, 20, 23, 21, 22] propose mathematical models which consider vertical
and vector transmission of the disease, and additionally propose control strategies
deduced from sensitivity analysis of parameters.

In this work we presented a mathematical model for the transmission dynamics
of malaria considering horizontal transmission of infection (contact between a human
and a mosquito) as well as vertical transmission (from a pregnant woman to her fetus)
as in [21]. Using data obtained from SIVIGILA we asses the efficiency of different
controls such as insecticide spray, bed nets, drug treatment, and prophylaxis treatment
during pregnancy.

The paper is organized as follows: the mathematical model is formulated in Section
2, qualitative analysis is done in Section 3, transcritical bifurcations analysis in Section
4, sensitivity analysis and numerical simulations in Section 5. The optimal control
problem is analyzed in Section 6, numerical results in Section 7, cost-effectiveness
analysis of control strategies in Section 8, and discussion in Section 9.

2 Mathematical Model

The system of ordinary differential equations proposed below describe the dynamics
of malaria transmission between human and mosquito populations. The assumptions
assumed to formulate the model are: the total human population at time ¢ is denoted
by Np(t), and it is divided into susceptible, exposed, infected, and recovered where
Sn(t), En(t), In(t), and Ry (t) represent each class at time ¢, respectively. The above
implies Ny (t) = Sp(t) + En(t) + In(t) + Rp(t). We assumed that all epidemiological
classes above are subject to a per capita mortality rate uyp,.

The vector population N, is recruited at a constant rate A,, and has a per capita
natural death rate pu,. Since the mosquito does not recover from infection, we only
consider susceptible and infected, where S,,, and I, denote susceptible and infected
mosquito populations at time ¢, respectively, and N, (t) = S, (t) + I,(t).

The transmission rate from a mosquito to a human depends on the average number
of bites per day of a female mosquito €. Also, it depends on the probability that an
infectious bite gives rise to a new case denoted by (.. Thus, the infection rate from
mosquito to human is given by ﬂhj{[—”; where 5, = Bry€. Analogously the infection

rate from human to mosquito is ﬂU]{,—’L, where 3, = B,n€ is the transmission rate from
human to mosquito with S, representing the infection probability of a mosquito due
to the contact with an infected human. In addition, we assumed that a proportion 0 <
pr < 1 of the birth from infected human (mother) is infected via vertical transmission
and pass directly to the infection compartment.

Susceptible human population is recruited at a rate Ay, and they get infected at
a rate ﬂhz{ﬁ becoming in exposed human, which are infected but not infectious. The
exposed human pass to the infectious class at a per capita rate o, where 1/qy, is the
latency period. The infected human population increases due to the entrance of the
exposed human at a rate apEy and due to infected newborns at a rate A1, with
An = pr/2. They recover at a per capita rate dp,, where 1/4y, is the infectious period,
and dye by the disease at a per capita disease mortality rate p;, < pp. The recovered
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human population increases due to the entrance of the infected human at a rate 6,1
and diminish its population due to the loss of immunity and pass to the susceptible
class at a per capita rate wy,.

Analogously, susceptible mosquito population increases is recruited at a constant
rate A,, get infected at a rate BU]{,—*;L, and pass to the class of infectious mosquitoes.
Both populations are subject to a mortality rate u,. According to the assumptions
above, we get the following system of non linear ODE:

dsy, I,
@on oz g v
i h+wnRy — Bh N, Sh — 1nSh
dE}, I,
el LA vg E
7 5hNhSh (an + pn)En
dl,
v Aty + anEp — (0 + pn + pn)In
dR
chh = Onlp — (wn + pn) Ry
ds, In
dt = Av_ﬂvﬁ};sv_,uvsv
dl, 1
2.1 — Byils, — ul,.
(2.1) o B N, J

Adding the equations for S, and I,, we obtain that the mosquito population N,

satisfies
dN,

== Av - va,
dt K
which implies that 0 < N,(t) < N, for all t > 0, where
A,
(2.2) N, = 2,
o

Note that N,(t) — N, when t — oo which implies S,(t) — N, — I,. Therefore, to
study the asymptotic behaviour of system (2.1) is enough to analyze the following
system in the variables (S}, Ey, In, Ry, I,) gyven by:

dSy, I,
R = A — —_ —
7 h+wnRy — B N, Sh — pnSh
dEy, 1,
Rt LA v oo E
o 5hNh Sn — (on + pn)En
dl
dith = apEn — (6n + pn — pn7i)In
dR,
Tth = Onln — (wn + pn) Ry
di, I,
2.3 = VN Nv _Iv - ’L)I’U7
(2.3 = B (V= 1)~
where
N
(2.4) Th= 2hPh

Hh
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Table 1: Parameters of model (2.1).

Eduardo Ibargiien-Mondragén

Parameter Interpretation Dimention
Ay, Recruitment rate of humans humans x day *
Lh Human mortality rate day ~

Lo Mosquito mortality rate day ~*!

wh, Per capita loss of immunity day ~*

Bho Infection probability of human by mosquito adimentional
Bon Infection probability of mosquito by human adimentional

€ Biting effective rate day ~*

1/an Exposed period day

Ph Per capita mortality rate due to infection day ~*!

1/6n infection period day

A, Recruitment rate of mosquitos mosq X day ~*
An Percentage of vertical transmission adimentional

When the parameter 7, > 0 can be interpreted as the average life of the babies
infected through vertical transmission that survive the disease.
The set of biological interest is given by

(2.5) Q= {(Sh, Ep,In,Rn,1,) € R : 0< S, + Ep, + I, + Ry < My, 0< I, < N, },

where N, is defined in (2.2) and Mj, is given by

(2.6)

_ - Ay >
My = min [ Np, ——— |,
" < " ,uh(l - Th)

being Nj, = Aj,/up. Observe that the vector field defined by the right side of (2.3) is
continuously differentiable in the set Q, in consequence the Theorem of Picard (see
[35]) guarantees the existence and uniqueness of the solutions of (2.3). The following
lemma ensures that the set €2 has biological sense, that is, all solutions starting in it
remain there for all ¢ > 0.

Lemma 2.1. The set Q defined in (2.5) is positively invariant for the solutions of
the system (2.3).

Proof. Since A\, < up, it is clear that 7, < 1. Adding the first four equations of
system (2.3) we obtain that N (t) satisfies

AN, (t)
dt

If 7, < 0 then we verify that

(2.7) = Ay — punNp(t) + pp7alp(t).

A
Ny (t) < limsup Nj(t) < =2,
Hh
while if 0 < 7, < 1 it follows that
Ap

Np(t) <limsup Np(t) < ——.
1 (t) < limsup h()_Mh(l—Th)
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Therefore

(2.8) Ny (t) < My, = min (2: M) .

On the other hand, since I, < N}, and I, < N,, from the fifth equation of (2.3) we
obtain

dl, =
(29) E < Bva - (61} + ,uv)Izw

From (2.9) we obtain the following inequality

'UN'U \ T
I,(t) <limsup I, (t) < b < N,.
ﬂv + 122
Finally, it can be easily verified that the vector field defined by the right side of (2.3)
on 0f) points to the interior of . a

3 Qualitative analysis of equilibrium solutions

3.1 Disease-free equilibrium and the Basic Reproductive
Number

The Disease-Free Equilibrium of system (2.3) (DFE) denoted by
EO - (Nha Oa 07 0> 0)

represents the state where the population is free of the infection. The Basic Reproduc-
tive Number, denoted by Ry, is the average number of secondary infective generated
by a single infective during the curse of the infection in a whole susceptible popu-
lation. It is a threshold that let us determine when an outbreak can occur, or a
disease remains endemic. Driesche et al. [49] defined Ry as the spectral ratio of the
Next Generation Operator associated to the disease-free equilibrium. For a system
of ordinary differential equations, the Next Generation Operator is given by the the
matrix FV !, where F and V are the derivatives of the infection vector, f, and the
transition vector, v, evaluated at Ey. For model (2.3) f and v are given by

I,
Pr o, ot ~(on + ) By
f = 0 and v = OéhEh — (5h + (1 — Th),uh)[h y
I, - — o
v Nv - Iv v
By (Vs = L)

respectively. Differentiating f and v with respect to (Ey, I, I,,), and evaluating at
Ey we obtain

Bh

0 0

0 0 0 ap + ph 0 0
F = N R V= —Qyp, 5h—|—(1—7'h)uh 0

0 A 0 0 0 o

vﬁh
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Therefore, the next generator operator of model (2.3) is given by

0 0 Bn
123%
(3.1) Fv—!= 0 0 0

apfBy v ﬁvi Al
(an+pn)(On+A—=7n)un) Ny Sn+(1—=7n)un Ny

Simple calculations show that the eigenvalues of FV ! are & = 0, and the solutions
of the quadratic equation

2 5 Vo an 1
S o ) G+ (= ) o

Therefore, the basic reproduction number is given by

B apfpBum
(3.2) Fo= \/(ah + 1) (On + pun (1 = 7h) ) o

N,
where m = N—v By definition, the basic reproductive number Ry is the expected

number of newhcases that an infected human would produce during their period of
infection in susceptible population to the disease. In this case, from (3.2) we observed
that Ry is product between the new infected mosquitoes produced by an infected
human and the new infected humans produced by an infected mosquito. The local
stability of Ej is resumed in the following proposition.

Proposition 3.1. The equilibrium Eq of model (2.3) is locally asymptotically stable
if Ry < 1, and unstable if Ry > 1.

Proof. The eigenvalues of Jacobian matrix evaluated in Ey, J(Ey), are fip, —(wn+ ftn)
and the roots of the cubic polynomial

(3.3) ao€® + a1€? + azé +az =0,
where
an = 1
ar = (ap+pp)+ [0n+ (1 —70)pn] + o
as = (apn+pg+ p)0n + (1 = 10)pn] + (an + pn) o
az = (an+ pn)[on + (1 —70) pa]pe (1 + Ro)(1 — Ro).

Since 1, < 1 a;,7 = 1,2 are positive, and ag is positive if and only if Ry < 1. Also,
it is easy to show that for Ry < 1, ajas > az. Therefore, by the Routh-Hurwitz
criterium, it follows that the roots of equation (3.3) have negative real part. ]

The previous result suggests that in case of an epidemiological outbreak, if the new
infected individuals (humans and mosquitoes) do not have the capacity to produce
new infected ones, then the progression of the disease will be controlled. Now, the
endemic equilibria are obtained making the derivatives equal to zero, and solving the
resulting algebraic system. From the equation (2.7) at equilibrium we obtain

Ny, = Nj, + 11,
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From the third and fourth equations of system (2.3) we obtain

1_
B, - On + pn( Th)Ih

ap
(3.4) Re = O g
’ h wp + fn "

Adding the two first equations of (2.3), and solving for S}, we get

_ Ap +wn Ry, — (ap + pn)En
K,

Sh

Substituting Ry, Ep, and after some manipulations we obtain

A 1) 1-—

(3.5) S, = b _ (v + pn) (On + pn( Th))(l—eh)lh,
Hh Qpfbn

where

(3.6) 0 = —-h an Oh <1

(wh + pn) (o + pn) O + pn (1 — 13)

Replacing N}, in the fifth equation of system (2.3), and solving for I, we obtain

I, — & B?)Ih
! My Moy [l}: + (ﬁu + MvTh)Ih

Replacing Ej, and Sy, given by (3.4) and (3.5) in the second equation of (2.3) we get

Brly (An (an + pp)(0n + pn(1 = 73)) _
N\~ (1-6)1) =
h \ Hh Qhfbh
_(an+ pn)(pn + 0n + pin — pn)
an h>s
which is equivalent to
Ah Qp 1 >
I, — — — 1 —=6y)I, | = I,Ny,.
o (.Uh (an + pn) (O + pr(1 — 74)) uh( w1, e

Replacing I, and N, in the equation above and simplifying we obtain

Bty [Mh(ah + Nh/)\(};ai pn(l—7h) : ;heh)lh] N
(3.7) tio(Nn + 7d1) X (Ni + (vo + 70)1n)
where
(3.8) yo=2v

fo



192 Jhoana P. Romero-Leiton Eduardo Ibargiien-Mondragén

After some manipulations we obtain that (3.7) is a quadratic equation in the variable
I, given by

(3.9) al? +bl}, +c=0,
where
a = (v +7h)
(3.10) b = AR -1L)
c = N1-R))
with
_ 1— 1—
4 = Nh(ah+uh)[5+uh(2 I =0n)
Qp [,
(3.11)
N, ('YU +27-h)
L = —-N,~2>——Y
PTTA

We observe that the quantity of endemic equilibrium solutions of (2.3) depends on
the number of positive solutions of the quadratic equation (3.9). On the other hand
the coefficients a, b and c of (3.9) are nor defined sign, and they also depend on the
parameters Ty, vy, A, Rg and L. Consequently, the results of existence of endemic
equilibria will be presented in terms of the parameters previously mentioned. In this
sense, for

1/ A
12 = (2,
(3.12) Th 2 (Nh " )

we have the following result.

Theorem 3.2. Assume 7, < 17 (1 < L), the system (2.3) has the following be-
haviour:

1. If Ry > 1 there exist one endemic equilibrium .
2. If Ry <1, there exist unique RS € (0,1) such that

o If0 < Ry < R there are not endemic equilibria.
o If Ry = R{ there is one endemic equilibrium.
o If Ry > R{ there are two endemic equilibria.
See A for proof of the Theorem 3.2. The previous result suggests the possible
existence of a backward bifurcation when 7, < 777 or equivalently L > 1. Now, we

are going to present the case when 7, > 7f (1 > L), which have two possibilities i)
Th < =7y or T, > 0 and ii) —y, < 7, < 0.

Theorem 3.3. Assume 1, > 75 (1 > L), the system (2.3) has the folowing behaviour:

1. If i, < =y, or 1, > 0 we have following two posibilities
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(a) If Ry <1 there are not endemic equilibria.

(b) If Ry > 1 there is a unique endemic equilibrium.
2. If —v, <11, <0 then

(a) If Ry <1 there is a unique endemic equilibrium.

(b) If Ry > 1 there are two endemic equilibria.

See Appendix A for proof of the Theorem 3.3.

4 Transcritical bifurcations analysis

When forward bifurcation occurs, the condition Ry < 1 is a necessary and sufficient
condition for disease eradication, whereas it is no longer sufficient when a backward
bifurcation occurs. In fact, the backward bifurcation scenario involves both the exis-
tence of a subcritical transcritical bifurcation at Ry = 1 and a saddle-node bifurcation
at Rp = Rj < 1. The backward bifurcation scenario may be qualitatively described
as follows. In the neighborhood of Ry = 1, in the region Rj < Ry < 1, a stable
disease-free equilibrium coexists with two endemic equilibria: a smaller equilibrium
(with a smaller number of infective individuals) which is unstable and a larger one
(with a larger number of infective individuals) which is stable. These two endemic
equilibria disappear by saddle-node bifurcation when the basic reproductive number
Ry is decreased below the critical value R; < 1. For Ry > 1, there are only two
equilibria: the disease free-equilibrium, which is unstable, and the larger endemic
equilibrium, which is stable.

As a consequence, in the backward bifurcation scenario, if Ry is nearly below
unity, then the disease control depends strongly on the initial sizes of the various
sub-populations of the model. On the contrary, reducing Ry below the saddle-node
bifurcation value R, may result in disease eradication, which guarantees the global
stability of the disease free equilibrium. Hence, the sub-threshold R have a crucial
importance in terms of disease control.

In the following we use the results based on center manifold theory described in [2],
which prescribes the role of the coefficients @ and b of the normal form representing
the dynamics system on the central manifold. In this sense, they decide the direction
of the transcritical bifurcation. More precisely, if @ < 0 and b > 0, then the bifurcation
is forward; if @ > 0 and b > 0 then the bifurcation is backward.

We apply above theory to show that the system (2.3) may exhibit a transcritical
bifurcation on following parameter

(1 4 ) [0n + pn (1 — 7)) o
ahﬁvm '

(4.1) Bn=p"=

Observe that the eigenvalues of the Jacobian matrix J(Ey, 8*) are given by & = 0,
& = —pp and & = —(up + wp) and solutions of following quadratic equation

(4'2) 52 + (‘Zl - B + Mv)g + (‘Zl.uv - Aé - Bﬂv) = 0,
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where

ap + pn
= pn(th —1) — 0p,

& h
|

whose solutions are given by

—(A= B4 ) £ \J(A— B+ p)? - 4[Ap, - B(A+p,)
. |

12 =

From above inequality we can see that if discriminant is negative then real part of
roots is —(A — B — ) /2, which is less than zero due to —B > 0. On the other hand,
if discriminant is positive it satisfies

(A -B+ Uv)z > (A - B+ ,U'v)2 - 4[121/% - B(A_F )]
(A - B+ ,va) > \/(121 - B + ,va)Z - 4[[1#\/ - B(A + Nv)]

0 > (A BJF:“U + \/ JF,uv) 4[121/% *B(AJF,“U)]’

which implies that £&; < 0 and & < 0. Then, in both cases the roots of equation (4.2)
have negative real part. Thus & = 0 is a simple eigenvalue and the other eigenvalues
have negative real part. In consequence, when 3, = 8* (or equivalently when Ry = 1),
the disease-free equilibrium Ej is a non hyperbolic equilibrium.

Now, we denote by W = (wy, wa, w3, wy, ws) a right eigenvector associated with
& =0, which satisfies J(Ep, )W = 0W =0 . It follows:

0 = DBomlunton)
On

0 Spwz — (wh + pn)ws

0 = apws+ [,Uh(Th -1) - §h]w3

0 = —ppwy+ wpwys — B ws.

Replacing 8* defined in (4.1) in above system and using the inequality

(an + pn) [pn (1 — 70) + 0] (1 — 0)

217 4 vy = — <0,
QpLh
we obtain that
(4.3) w=" [2 g Hn2mh + ) O %]T
. = —w T y y Ly y .
Bl (an +pn)(1—=0)" 7 wp + pp” m

On the other hand, the left eigenvector V = (vy, v, v3,v4,v5)T of the matrix J(Ep, 3*)
associated to eigenvalue & = 0 is given by

(=)

4.4
(4:4) 270 + Yo

T
ap + [p 0 27;:+%]

0,1
’U5|:7 ) a s Yy (1_9)/141;
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The values of vs and ws such that V - W =1, are given by

Ws

(45) Vs

1
= >0
w (an+pn)(@—1) Yo
ah-:uh + an (27 +7v) + My
= s
My

In this case, the coefficient a and b given on Theorem 4.1 of [2] are given by

S

which are explicitly computed. Taking into account f;, 1 =1, ...,
the right hand of system (2.3),
coefficients wp, v4 with p,q¢ =1, ...,
defined on (4.3) and (4.4

5 as the functions of
r1 = Sh, o = By, x3 = Iy, x4 = Ry, x5 = I, and the
5, are the components of eigenvectors W and V'

). After some calculations we have:

Ph_ PhH _ Ph Bn
6$581‘2 81‘581‘3 8335(9334 Nh
?f _ 0fr _ P B
83058332 81‘581‘3 81‘58.1‘4 Nh
P _ P s o (1) _fm
83038901789038@78@81:3 a v Nh N Nh
Pfs By
81‘58.133 Nh
Pfs Av (pn )", Pom
9z ~2e, (Ah> =N

In the above expressions we did not consider zero derivatives and cross partial deriva-
tives. Moreover, second partial derivatives with respect to bifurcation parameter 3*
in Ey are always zero except

82f1 anQ
92205 —1 and 92205 1.
Therefore,
; & f2 (1=
b U215 Ox503* _m(27';; + v)w5 >0,
and
a o (we 4+ w3 + wy) + vsw 825(w+w+w)+
V2 O, 2 3 4 503 g By 1 2 4
82f5 4 W3 9% fs
(4.6) Usw?’[ 8155:03 2 ox3 ]
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Table 2: Estimated values of @ given on (4.6) with values of parameters given on Table 3.

Rural areas Urbans areas
Value of 7, | 0.098 -70.40
Value of 77 | -3.71 -37.75
Value of =, | 6.23 3.71
Value of Ry | 8.04 0.56
Relation T >T1p and 7, >0 | 7 <77 and 7, < Y,
Value of @ | -1.6 x10~ 1! 4.10 x10~ 1

Due to the analytical complexity in determining the sign of a we verify numerically
using with values of parameters given on Table 3, which will be explain in Section 5.

In Table 2 we observe for the values of the parameters corresponding to rural
areas that @ < 0 and hypothesis of the first item of the Theorem 3.3 are satisfied,
which implies the occurrence of a forward bifurcation, the above combined with the
first item of Theorem 3.3 suggests that the forward bifurcation occurs when 7, > 7/
and (7, < —y, or 7, > 0). Analogously, from values of parameters in urban area
the condition @ > 0 and hypothesis of Theorem 3.2 are satisfied, which implies that
a backward bifurcation occurs. Newly, this results combined with the Theorem 3.2
suggests that the backward bifurcation occurs when 7, < 7;*. Finally, when 7, > 7/
and —v, < 7, < 0 seems to exist a kind of pitch fork bifurcation. On the other hand,
using Lyapunov’s Theorem we have the following result:

Theorem 4.1. If 7, < 0 and R3 < ¢, then the free disease equilibrium Eq is global
asymptotically stable in €2, where

BrBoarmy,
po (o + pun) [ (1 = 7) + 0n]”

(4.7) =1+
Proof. In the Proposition 3.1 we verify that Ej is local and asymptotically stable €
when Ry < 1. Let

BrBvonm
,uv(ah + ,uh)[,uh(l - Th) + 6h} .

(4.8) Ry =

Simple calculations verify that
Ri=Ri+1—¢

Suppose that R2 < £, which is equivalent to Ry < 1, and let (Si(t), En(t), In(t),
Rp(t), I,(t)) a positive solution of system (2.3). Then, by invariance this solution
satisfies N, (t) < N, and due to I (t) < Nj(t) and 75, < 0 we have

(4.9) Nu(t) = Ap—punNy + pnmily > Ay + pn(1 — 74) Ny,

from (4.9) we obtain Nj(t) > (16[7%) Now, We proof the existence a Lyapunov

function for the translated system

i = F(z + Ey) — F(Eo) = f(x),
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where y = 0 as a trivial equilibrium solution of the system y = F'(y). Let us consider
following function

V*(ShaEhalhaR}hI’U) = Iv + &Eh + wl}la
Bn anBh
and let
(4.10) V(Sh. En, In, R, I,) = V* (Sp, — Ny, Ep, In, R, 1) -

The function V satisfies that V(Ey) = V*(0) = 0 and V > 0 Y(Sh, Ep, In, R, I,) #
FEy € Q; that is, V is positive defined. Define by f;, ¢ = 1,...,5 right hand of system
(2.3), then the orbital derivative of V' along the trajectories of (2.3) is given by

. ov* ov* N N R O
Vv = ———fi+...+—fs=0L+—FE,+—————1I
(S, — Nh)f1 oI, e B " anBh "
_ [Py _Nv(ah+ﬂh)[ﬂh(1_7h)+5h]:|Ih_ {Nh—sh]l
[ Nn° anBh Np ’
< ﬂva Nv(ah + ,UH)[,Uh(l — Th) + 6h] I
= | N anBh "
L (1—74)
_ gm =) - Hv(ah+uh)[ﬂh(1_7h)+5h]:| I,
] anBn
_ Mv(athuh)[Mh(l—Th)+5h](1—Th)] (Ry — 1)1,
L Bron

The first factor of the last expression above is no negative and by hypothesis Ry <1,
then V' < 0. Thus, Ej is a global attractor. O

From above theorem we have the following corollary:

Corollary 4.2. When 1, =0 and Ry < 1, Ey ts global and asymptotically stable.

5 Sensitivity analysis and numerical simulations

In this section we make sensitivity analysis of parameters using data from Tumaco
in the period between the early 2000 and late 2001 where there was an accelerated
growth in the incidence of malaria in Tumaco which increased the risk of malaria
spreading. In order to establish control measures, at the end of 2001 a census was
carried out in Tumaco. Table 3 shows parameter values estimated using census data
reported by SIVIGILA [47] in addition to the rankings of parameter values that were
obtained from [44]. Also, in the Table 3 we presented two sets of values for parameters:
parameters for high transmission areas, which corresponds to rural areas of Tumaco,
and low transmission areas, which correspond to urban areas of Tumaco. For rural
areas Ry = 7.5 and for urban areas Ry = 0.56.

The numerical simulations of Figures 1 and 2 were made with data of rural and
urban areas given in Table 3, respectively, and the Tables 4 and 5 show the endemic
equilibrium in each case.
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Table 3: Values of parameter of model (2.3) with days as time unity.
Parameters | High transmission areas | Low transmission areas Rank Reference

ap 0.10 0.10 0.007-0.20 45, 21]
Ly 0.0039 0.0025 0.0010-0.12 45, 57, 21]
Kh 0.00102 0.00125 0.000001-0.002 45, 21]
Ph 0.0090 0.009 0-0.00041 45, 57, 21]
Sh, 0.0029 0.0029 0.0014-0.017 45, 57, 21]
Brv 0.70 0.40 0.010-0.80 45, 21]
Bvu 0.20 0.32 0.072-0.69 45, 21]
€ 0.45 0.29 0.25-0.87 45, 21]
Ah 0.0002 0.0091 0.00012-0.012 45, 57, 21]
Ay 180 160 100-1000 45, 21]
Ap 100 90 10 - 200 45, 21]
wp, 0.01 0.01 0.000055-0.02 45, 21]

500 1000 1500 2000 2500 3000 3500 4000

0 200 400 600 800 1000
Time (¢ajsf

Figure 1: Numerical simulations of model (2.1) with data of rural areas and initial
conditions (100, 50, 10, 3, 100, 20). Here Ry = 7.5, 7, = 0.088, 7/ = —3.71 and
Yo = 6.23. Solutions of system tends to endemic equilibrium (9026, 2774, 72190,
18960, 8595, 37558)

Table 4: Endemic equilibrium of model (2.1) with rural areas data.

Su = 9026
Eyg =2774
Iy = 72190
Ry = 18960

Sy = 8595
Iy = 37558

Table 5: Endemic equilibrium of model (2.1) with urban areas data.

Su = 4387
Ey = 1180
Iy =9985

Ry = 2863

Sy = 21252
Iy = 47747
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x10'

0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000
Time (days) Time (days)

Figure 2: Numerical simulations of model (2.1) with data of urban areas and initial
conditions (100, 50, 10, 3, 100, 20). Here Ry = 0.56, 75, = —70.40, 77 = —37.75 and
~, = 3.71. Solutions of system tends to endemic equilibrium (4387, 1180, 9985, 2863,
21252, A7747)

In order to determine the best way to reduce mortality and morbidity due to
malaria in human population, it is necessary to know the relative importance of the
parameters in the outcome of the disease, which is directly related to the threshold
Ry [44]. Sensitivity indices allow us to measure the relative change in a variable when
a parameter is changing. The normalized forward sensitivity index of a variable with
respect to a parameter is the ratio of the relative change [44].

Definition 5.1. The normalized forward sensitivity index of variable u, that depends
differentially on a parameter p, is defined by

. Oup

1 re= =
(5.1) ap

p

From (5.1) we derive an analytical expression for the sensitivity index of Ry with
respect to each parameter. The values obtained are described in Table 6.

Table 6: Sensitive index to Ry with respect to parameters.

Parameter | Index in rural areas | Index in urban areas
ap 0.005 0.000069
Hov -1 -1

Wh 0.3745 0.1220
Ph -1.1780 - 0.3805
On -0.6118 -0.1398
Bho 0.50 0.50

Boh 0.50 0.50

€ 1 1

Ah 1.0091 0.0077
Ay 0.50 0.50

Ap -0.50 -0.50
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Observe that in urban areas, Ry is most sensitive to death or emigration mosquitoes
rate u, and bite rate €; obviously, a higher contact and bite rate generates many more
cases of infected individuals, which makes these parameters directly proportional to
Ry. On the other hand, in rural areas Ry has most of sensitivity to infection death
rate pp and vertical transmission rate Aj,. In both cases, others parameters with high
sensitivity are the transmission probabilities rates By, and B,p; birth rates A, and
A,; recovery rate 0, and the mortality or emigration rate of humans uy. Given that
I'. = +1.0, increasing (or decreasing) € 10% implies that Ry increases (or decreases)
in 10%; similarly, as Iy, = —0.50, then increasing (or decreasing) A, in 10% implies
that Ry increases (or decreases) in 5%. An analogous reasoning can be made for
others sensitivity indexes.

The information provided by sensitivity indices to Ry allow us to propose control
strategies that affect the parameters of greater sensitivity in both rural and urban
areas of Tumaco.

6 The optimal control problem

In this section, we use results obtained in the previous section to formulate an optimal
control problem in which the state equations were obtained from (2.1). We define
the following control variables: wu; is the control variable associated with bed nets
(BN), ug is the control variable associated with antimalarial treatment (AT), ug is
the control variable associated with intermittent prophylactic treatment in pregnancy
(IPTp), and uy4 is the control variable associated with indoor residual spraying (IRS).
We incorporated the following hypothesis in the system (2.1): susceptible humans
become exposed by contact with infected mosquitoes at a rate (1 — ul)ﬁhvej{,—;Sh,
where uy € [0,1] (u1 = 0 represents no efficacy of the control, while u; = 1 indicates
that the use of the control is completely effective). On the other hand, we assume
that infected humans recover at a rate dj + £aus, where J;, is spontaneous recovery
rate, and & € [0, 1] represents the effectiveness of the treatment. The rate at which
newboruns are infected is given by (1—wug)A,, where Ay, is the vertical transmission rate,
us € [0, 1] (us = 0 is assumed if treatment during pregnancy is not effective, and ug =
1 if the treatment is completely effective, that is, there is no vertical transmission).
Finally, we assume that the mosquitoes population are decreasing because of the use
of insecticides, given by the term &4u4, where {4 € [0, 1] represents the insecticide.
In this sense, we have that the control variable u;(¢) provides information about the
amount of bed nets that must be supplied, us(¢) and ug(t) the amount of medication
that should be provided, while u4(t) gives information about the amount of insecticide
that should be applied to the population at time t.

With the propose to minimize the number of infected humans and mosquitoes we
define the following performance index or cost function:

ty

(6.1) J(x,v) :/ folt,x,v)dt,
to

where

o(t) = (ui(t),u2(t), us(t), ua(t))
(6.2) folt,z,v) f1(t, ) + h(t,v).
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In the previous expressions xg is a initial condition, x is the solution of system (2.1)
evaluated in v, and additionally

(63) fl(t,x) =c1Fyg + colyg + c3ly,

where c¢1, co and cg represent social costs, which depend of number of infection cases
due to malaria and number of bites by mosquitoes. On the other hand, the function
h(t,v) define the absolute costs associated to control strategies, such that implemen-
tation, ordering, distribution, merchandizing, among others. More generally,

4
h(t0) = -3 dau(t)",
i=1

where k =1/2,1,2,...,n, and d; is the relative weight to the cost associated with the
implementation of the control variable u;. For the purposes of this document, we will
assume that k = 2 to refer to the non-linearity of the absolute costs. With the above
considerations, the following control problem is formulated:

B = An R — [ = () er S — Sy
dc% = [1- m(t)]ﬂhvej%sh — (o + pn)En
% = (1= us(@®) AT + anBn — [n + Eua(t) + pn + )l
e = [on+ Coun ) — (o + )R
oo h-n- w(O)BonexS, ~ [Eaua(®) + u)S
©4) G = 1w mexS, — G0 + ml,

with the performance index or cost function
T
(6.5) J(x0,u1,uz,u3,us) = / [c1Ex + coly + csly +
0

1
5 (diur (t)? + dousa(t)® + daus(t)® + daua(t)?)]dt,
and the boundary conditions:

x(O) = (Sh7Eh7jh7Rh7§’u7f’U) = X0
(6.6) z(T) = (ShfaEhfvIhvahfaSvf7Ivf):1'1~

For the control problem we assume that the initial time is zero, tg = 0, the final
time ¢t; = T is a fixed implementation time of the control strategies, and the final
state xp is variable and the initial state x is given by endemic equilibrium of (2.1).
Additionally, we assume that the coordinates of vector v defined in the first equation
of (6.2) are controls that belong to the following set

U = {u(t) : u(t) is Lebesgue measurable and 0 <wu(t) <1,t€[0,7T]},
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called the set of admissible controls. The following result guarantees the existence of
an optimal initial condition z* and an optimal control u* of the control problem with
state equation (6.4):

Theorem 6.1. Consider the control problem with state equations (6.4). There exist
a unique pair (z§,v*) € F such that

(6.7) J(xg,v") = min{J(zg,v) : v = (u1, ue, us, us) u; €U},

where J(zo,v) is the performance index defined in (6.5), where U is the admisibles
set controls.

The proof of the Theorem 6.1 is derived from the classic existence theorem pre-
sented in [54].

Proof. We use the following notation z = (Sg, Ey, I, Ry, Sy, Iv). Let U = [0,1]*
the set where v assume its values (controls set), and f(¢,x,v) the right side of (6.4),
that is

(6.8)
Ap +wp Ry — (1 — u1)5h]<7";5h — irSh hy
(1= u1)Bug-Sn — (an + pn) Bn ho
Ptz 0) = (L —ug)Anln + anEp — (0n + Sauz + pu + pn)In | _ | hs
o (0n + Eaua) I — (Wi + pn) Rp ha
A’U - (1 - ul) ’U]{]},ll SU - (64’“4 + Mv)sv hs
(1= u1) By S0 — (Eatta + ) Iy he

Following a similar process used in Section 5.1 of [22] we verify that f defined on 6.8
is of class C', and there exists a constant C' > 0 such that

L (a) [f(t0,0)) <C

(b) [f(t,z,0)] < C(1+ Jo])

(©) [fuo(t,z,0)| < C.
The set of feasible pairs F is non-empty.
The control set U is convex.
ft,x,v) = alt,z) + B(t, z)v.

The integrand of the performance index fy(¢,z,v) defined in (6.5) is convex for
vel.

ARl

6. fo(t,z,v) > c1|v|’ — ca with ¢; > 0 and b > 1.

Observe that

5h1{77’}5h 0 0 0

—Bry=Sn 0 0 0

B 0 &I, —Mln, 0

folt, 2, v) = 0 &L 0 0
Bv]{rihsv 0 0 _54511
_ﬁv ]j\;}; Sv 0 0 _54-[1)
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The norm of f, satisfies

2 2
|folt,z,v)| = \/25213 (ffh) + 23252 (fﬁ) + 2831 + N2I2 + €252 + 312
h h

< OB ENE + (282 + )2 + (265 + NI

IN

A2 A2
2087 + & + 63)/73 + (265 +27) 2
v h

IN

e }(A%+A%>.

2 2 | ¢2 2 2
max { 2(8; + iy +&5) 265+ Ay
/1’71 :uh

2
In consequence, taking C = \/max{z(ﬁ Hﬁ5+54)’ 252:)\ }(Ai + A2) we prove the

literal 1 (¢). Following a similar procedure we verify 1 (a) and 1 (b). On the other hand,
since f is of class C'* then the Picard’s Existence and Uniqueness Theorem guarantees
the existence of a unique solution of the initial value problem =’ = f(¢,x,0), (0) = xq
which implies that F is not empty, wich proves literal (2). The literals (3), (4) and
(5) are immediate from the definition of convexity. Finally, the performance index fy
defined in (6.5) satisfies

1
folt,z,v) > 3 min {d17d2,d3,d4}(u% + ug + ug + ui)

taking b = 2, ¢ca = 0 and ¢; = 1/2min {dy,ds,ds,ds} we verifies the literal (6). The
properties (1) — (6) complete the proof. O

Now, we use Pontryagin principle for bounded controls to calculate optimal control
of the control problem defined by (6.4), (6.5) and (6.6). To this end, we observe that
the Hamiltonian is given by

H(t,x(t), v(t), 2(1))

folt,x,v) + 2(t) - fx,t,u)

diu?  doud  dsud  dyu?
= cabp+calp+c3ly, + 121+ 222_|_ 323+ 424+

21 [Ah +wpRp — (1 — U1)ﬁh Sh - hSh] +

[(1- ug))\h-’h + apEn — (0 + &aua + pr + pn)In) +
4 [(0 + Eaua) Iy — (wh + pn)Ry) +

Z5 |:Av 1 — U ﬂv h (54“4 + /'I/’U)SU:| +

Z3

[ 1-— u1 ﬁh Sh — (OCh + Nh)Eh]
[(
[(

I

(69) 26 |:(1 - ul)ﬁvisv - (54”4 + Mv)—[v:| )

where z;, ¢ = 1,2,...,6 are the adjoint variables which determine the adjoint sys-
tem. The adjoint system and state equations (6.4) define the optimal system. In the
following theorem is presented the existence of the optimal control:
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Theorem 6.2. For the pair (z§,v*) € F there exist a corresponding optimal solution
x*(t) that minimize J(xg,v) in [0,T]. Moreover, there exits an adjoint function

Z(t) = (Zl (t)7 22 (t)7 Z3 (t)v Z4(t)7 25 (t)7 26 (t))

such that
(6.10)
7= leél [ﬂhIU(Eh + Iy, + Rp) (22 — 21) + BuIpSy(zs — 26)]
Zo= —c1—apzs + (ap + pn)ze + “}\,7_51 {ﬁthSh(«zl — 22) + BolnSu(z5 — 26)}
Zy = —cy— [(1—ug)An — (6 + pn + pn + Eaug)| 23 — (6n + Eauz)zat
(21 — 2;2) + ﬁUSU(Sh + Ej + Rh)(zfi - 35)}
di= —wn ot (onm)z + 4 [BuLSh(a — 2) 4 B0 (s — 20)]
Zs = (€aua + o) In(z6 — 25)
Z6 = —c3 4 (aus + o) z6 + u}vzlﬁhsh(@ - 21),

with transversality condition z;(t) =0 for i =1,2,...,6 which satisfies

<
k;
I
E.
B

max

0 BrlySh(22—21)+BvInSy (26— 25)} 1}

d1 Np,

a1
) 1)

max { 0, @(zos +261 )}’1}.

(6.11)

£
[
=]

in

i {max {
R

i {mas {0, 45

{max {

Proof. The Principle of Pontryagin guarantees the existence of adjoint variables z;,
1=1,2,...,6 that satisfy

. dZi o 8H
Zl_% o _8:102-
%(T) = 0, i=1,2,..,6
(6.12) H(z(t),v* (1), 2(t),t) = maxH(z(t),v(t), 2(t), 1).

velU
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The adjoint system (6.12) is rewritten as

Z =

Zy =

Z3 = —

OH

~ 75,

0H

COE,’

OH

oI,

Zl(T) =0 ,2:4 =
2(T) =0 Z5 = —
z3(T) =0 Z6 = —

205

Replacing the derivatives of H with respect to Sy, Ey, I, Ry, S, and I, in the above
equations we obtain the system (6.10). The optimality conditions for the Hamiltonian

are given by

or equivalently

0H
ouy
0H
ous
0H
ous
0H
Jur

oH _OH _OH _
our — Ouy

oOH

* ¥ O
ouy  Ouj

I, I ¥
BhFhSh(zl —22) + 5hﬁ25v(25 —26) +diu] =0

&I (zg — 23) + dous =0
d3u§ — Zg)\hfh =0

dyuy — &4(25Sy + 261,) =

From above equations we obtain

B Sn(z2 — 21) + Bo =Sy (26 — 25)

0.

dq

ﬂthSh(ZQ - Zl) + B?)IhSU(ZfS - 25)

dy Ny,
I
= fZij(zzz — 24)
)\hIhZ
= d3 3
54(2551) + Z6Iv)

da '

In consequence, u} satisfies

1

BrlySn(22—21)+BuInSy(26—25)

if BnlySh/Np(z2—21)+BvInSv/Nn(26—25) >0

o equivalently

(6.13)

d1Np,

0

dy

leh

. { { BrlySn(z2 — 21) + BulnSy(26 — 25)
u] = min { max q 0,

d
Zf 0< BthSh/Nh(ZZ*le)‘i’ﬂthSu/Nh(ZG*ZE)) <1
— d —
if 5thSh/Nh(22—21)+,3v11h5v/Nh(20—25) <0,

)
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Using similar reasoning for u}, u} and u} we obtain the characterization (6.11) which
completes the proof. O

7 Numerical results

In this section numerical simulations of the control problem are performed in order
to observe the effects of control and prevention strategies. For simulations we use
the forward-backward sweep method developed by Lenhart and Workman [54]. The
implementation time of control strategies was approximately 4 months. The control
strategies considered are the following:

1. Strategy I: Combination of antimalarial treatment and intermittent prophylactic
treatment in pregnancy.

2. Strategy II: Combination of the four controls.

Table 7 presents the values of the relative weights associated with the control problem.

Table 7: The values of the parameters associated with the control problem.

Parameter | Value Reference

dy 0.01 [46]
Relative da 0.01 [46]
weights ds 0.01 [46]

dy 0.01 [46]
Social c1 0.00001 | Assumed
Costs co 0.001 Assumed

c3 0.001 Assumed
Effectivenes | &2 0.6 (34]
treatment &4 0.6 [34]

7.1 Numerical simulations for strategy I

In this strategy controls us and us represent antimalarial treatment and prophylac-
tic treatment in pregnancy, respectively. Figures 3 and 4 show the behavior of the
solutions in rural and urban areas, respectively, which decreased in presence of con-
trol, while the same populations grew in the absence of control. The maximum cost
reached in the rural area was 24.1, and in urban area was 4.75.

7.2 Numerical simulations for strategy II

In this strategy, the controls w, us, uz and uy represent bed nets, antimalarial treat-
ment, prophylactic treatment in pregnancy and indoor fumigation, respectively, they
are used to minimize the performance index J. Figures 5 and 6 show the behavior
of infected population in rural and urban areas, respectively. The maximum cost
reached in rural areas was 17.25, and in urban areas was 8.1.
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Figure 3: Strategy I in rural areas. The maximum cost reached is 24.1

8 Cost-effectivness analysis of control strategies

In this section, a cost-effectiveness analysis is carried out with the purpose to deter-
mine the best cost-effective strategy for the control of malaria disease. To this end,
we use the incremental cost-effectiveness rate (ICER), which is defined as the ratio
between cost variation and effect variation, that is

A Cost

In order to quantify the cost-effectiveness of the control strategies we follow a process
similar to the one performed in [29]. We consider the index of infections avoided
(TAR), which is defined as the quotient of the number of infections avoided (IE) and
the number of successful recoveries (RE), that is,

IE
8.2 IAR = —.
(8.2) RE
In the above equation, the numerator is the difference between the total number of
infectious individuals obtained of simulation without controls and the total number
of infectious individuals obtained of simulation with controls. Also the ICER values
of each control strategy are calculated by mean of the equation (8.1). The maximum
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Figure 4: Strategy I in urban areas. The maximum cost reached is 4.75

TAR value for each of the control strategies in high and low transmission areas is
presented in Tables 8 and 9.

Table 8: IAR in rural areas.

Strategy I | Strategy II
1IE 72000 72190
RE | 22000 21000
IAR | 3.3 34

Table 9: TAR in

wrban areas.

Strategy I | Strategy II
IE 9900 9985
RE | 2200 2500
IAR | 4.5 4

From Tables 8 and 9 we can see that the most cost-effective strategy in terms of
TAR and total cost of the intervention, is strategy II for rural area and strategy I
for urban area. However, for more clarity, ICERs of each strategy in each zone are
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Figure 5: Strategy II in rural areas. The maximum cost reached is 17.25

examined. In Tables 10 and 11 we classify the control strategies implemented for the
model (6.4) in increasing order of effectiveness in rural and urban areas, respectively.

Table 10: ICER in rural areas. Comparison betwen strategies I and II.

Strategy Total evited infections  Total cost ICER
Estrategia I 72000 24.1 0.00033
Estrategia II 72190 17.25 -0.036
ICER in Table 10 was computing as follow:
24.1
ICER(I) = ——— =0.00033
(D) 72000
17.25 —24.1
ICER(I]) = ————— = —-0.036.
CER(II) 72190 — 72000 0.036
We obtain ICERs of Table 11 as following:
4.75
ICER(I) = —— =0.00047
(D 9900
8.1—4.75
ICER(II) = =0.039

9985 — 9900
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Figure 6: Strategy II in urban areas. The maximum cost reached is 8.1

Table 11: ICER in urban areas. Comparison betwen strategies I and II.

Strategy Total evited infections  Total cost ICER
Estrategia I 9900 4.75 -0.18
Estrategia II 9985 8.1 0.039

For rural area the comparison between strategies I and II showed the existence of a
cost saving of strategy Il with respect strategy I. Since the ICER of strategy II is
lower than the ICER  of strategy I, then strategy I is more expensive and less effective
than strategy II. Therefore, strategy I is excluded from the set of strategies for rural
areas. Using analogous reasoning, strategy II is excluded for urban areas. These
results partially coincide with those shown in Tables 8 and 9, in which strategy II

has the highest IAR value in rural areas and strategy I has the highest IAR in urban
areas.

9 Conclusions

Since in Colombia the indicators of life quality in rural areas are lagging behind, the
control of malaria in these places require great efforts. There are worrying levels in
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health indicators, which show high fertility rates, high infant and maternal mortality,
low life expectancy, high levels of malnutrition, low levels of schooling, higher rates
of illiteracy and low levels of coverage of basic water sanitation services, drinking
water, sewerage and energy. In addition, in these areas predominant ethnic groups
with a culture that implies different customs and ways of relating to society, with
predilection of ancestral medicine which is a challenge for the health care of these
communities [36].

In this work, we focused on the transmission of the malaria disease in the munici-
pality of Tumaco (Colombia) through mathematical modeling. Since the presence of
malaria in Tumaco both in rural and urban areas, is linked to environmental factors
(temperature, humidity, rainfall and vegetation), genetic factors (Duffy receptor in
erythrocytes and hemoglobinopathies), human and vector behavior (use of measures
of personal protection, inadequate consumption of medicines, bite habits), and socioe-
conomic factors (type of housing, population movements and economic activity), then
such factors must be taken into account for the formulation and implementation of
adequate control strategies and cost-effective [36]. For above reason, four control vari-
ables were included in the mathematical modeling: use of mosquito nets, antimalarial
treatment, prophylactic treatment in pregnancy and indoor fumigation. The previous
control variables were combined to generate two different control strategies: the first
consists of the combination of prophylactic treatment in pregnancy and antimalarial
treatment, and the second consists in the application of the four control variables
simultaneously. We derived and analyzed the necessary conditions for the existence
of optimal controls of disease both in rural and urban areas. The cost-effectiveness of
control strategies was also analyzed in order to determine the most effective strategy
to eliminate malaria with the lowest cost.

Although our model (2.3) is simple, it predicts possible outcomes of malaria trans-
mission in Tumaco. The qualitative and bifurcation analysis of the model revealed
different scenarios in which there is always the infection-free state, while depending
on certain conditions there may be one or two endemic equilibria. An interesting
fact is that for certain values of the parameters there are two kinds of bi-stability
regions. In the first one the disease-free equilibrium and the endemic equilibrium
coexist, which means that depending on the initial conditions of the populations, the
disease will be cleared out or will be spread. In the second case the introduction of
infected individuals (mosquitoes or humans) always will progress to endemic disease,
and depending on the initial conditions, the population will approach to a state with
low or with high number of infected individuals.

The above results were obtained in terms of the following parameters: i) the ba-
sic reproduction number, Ry; the average life of the babies infected through vertical
transmission that survive the disease, 75,; iii) number of new infections generated by
a mosquito, 7,; and iv) threshold parameters 7* and R that do not have biologi-
cal interpretation but are involved in the bifurcation of equilibrium solutions. The
qualitative and bifurcation analysis suggest that:

1. for 7, < 75 there is a backward bifurcation in which the infection-free equilib-
rium FEy bifurcates into two endemic equilibria; F; asymptotically stable and
FE5 unstable.

2. for 7, > 777 we have the following option:
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(a) if 7, < —7, or 73, > 0, there is a forward bifurcation in which the infection
free equilibrium Ej bifurcates to the endemic equilibrium FE;.

(b) if —y, < 7, < 0, it seems to exist a kind of pitch fork bifurcation in
which an unstable endemic equilibrium FE; bifurcates to into two endemic
equilibria; F; unstable and F5 asymptotically stable.

We observe that both in the forward bifurcation and in tree bifurcation the spread of
malaria can be controlled if Ry < 1. However, in the backward bifurcation is necessary
that Ry < Rj < 1. From the sensitivity analysis we observe that in urban areas, Ry
is most sensitive to death or emigration mosquitoes rate u, and bite rate €;. In rural
area Ry has most sensitivity to infection death rate p, and vertical transmission rate
Ap. From the 2.1 we formulated the state equation of the optimal control problem
and from the information provided by sensitivity indices to Ry we proposed control
strategies based on the following control variables: w; is the control variable associated
with bed nets (BN), ug is the control variable associated with antimalarial treatment
(AT), us is the control variable associated with intermittent prophylactic treatment
in pregnancy (IPTp), and wuy is the control variable associated with indoor residual
spraying (IRS).

The analysis of TAR and ICER indices suggest that the combination of the four
control variables is the most cost-effective strategy to control malaria. The combina-
tion of treatment, prevention and prophylaxis is the least expensive strategy because
it shortens the time of eradication of the disease, which implies a reduction in the
economic resources that must be invested to control it.

On the other hand, the control problem was also solved numerically using data
from urban area of Tumaco. Currently, the urban malaria phenomenon in Colom-
bia is considered a serious problem in public health [26], very little is known about
its epidemiological characteristics which is necessary to implement adequate control
measures. The origin of cases of urban malaria is not fully established, which makes
it impossible to know the magnitude of the problem and to identify the zones of the
city where the transmission is autochthonous. [26].
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A Existence of endemic equilibria

Proof of Theorem 3.2. Let us start rewriting L as a function of 73; that is

oW, 2,
(A1) L(m) = el Y

We observe that L satisfies the following properties
1. L(r) =1

2. L(m,) > 0 if and only if 73, < —%.



Stability analysis and optimal control intervention strategies 213

Since L is a decreasing linear function that satisfies the property %), then 7, > 77 if
and only if L < 1. On the other hand, since A > 0 then 7/ < —v,/2. In order to
determine the existence of positive solutions of equation (3.9) we apply the Descartes
rule for a polynomial of order two to the coefficients a, b and ¢ given in Table 12 and
Table 13.

Table 12: Signs of the coefficients a, b and ¢ of the quadratic equation (3.9) in terms
of 7, 77 and Ry under the condition 7, < 7.
T <1 (L>1)
0<Rp<1 1< Ry<L Ro > L
T € (—00, — V0] a>0,b<0,c>0 a>0,b<0,c<0 a>0,b>0,¢<0
Th € (=, /2] a<0,b6<0,c>0 a<0,b<0,c<0 a<0,6>0,c<0

Table 13: Signs of the coefficients a, b and ¢ of the quadratic equation (3.9) in terms
of 7, 75 and Ry under the condition 7, > 7.
Th>T1 (1>1)

0<Rop<L L<Ry<1 Rop>1
Th € (—00, — V0] a>0,b<0,c>0 aa>0,6>0c>0 a>0,b>0,¢<0
Th € (—Yv, —/2) a<0,b6<0,¢>0 a<0,6>0,c>0 a<0,6>0,c<0
h € [—75/2,0) 4<0,650,¢>0 a<0,b>0,c>0 a<0,b>0,¢c<0
T € [0,00) a>0,b>0,¢c>0 a>0,6>0,c>20 a>0,b6>0,c<0

Assume 7, < min{r}, —v,} (1 < L). Let us only consider the case 7, < —~, since the
case —, < Tp < —7,/2 contradicts the assumption. We can see in Table 12 that for
Ro > 1 the coefficients a, b, and ¢ only have one change of sign, then, according to
Descartes rule, (3.7) has only one positive root I}. When 0 < Ry < 1, the coeflicients
have two changes of sign, therefore there may be two real roots or none depending
if the discriminant A = b? — 4ac is bigger or less than zero. In order to obtain the
conditions on the parameters for positive real roots in this case, we substitute the
coefficients a, b, and ¢ in A, obtaining

(A.2) A = A’[R§ — LT? — 4mp(vo + ) Nji (1 — RY).

From definition of L given on (3.11), we can replace A% by N7 (v, +2Th)2%, and after
some simplifications the expression for A can be written as the following four degree
polynomial in the variable Ry.

(A.3) A(Ro) = A* (Rj + bRy + c1)
with
L
2
Yo 2
= ——L“>0
“a ('VU + ZTh)Q

Ni%(%} + 27'h)2

> 0.
27 (Yo + Th)
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The graph of A(R3) is a parabola that open upside with A(0) = A%¢; > 0, and
A(1) = A%2(1 + by +¢1) = A%(1 — L)? > 0. On the other hand, the roots of equation
(A.3) are obtained by solving the following quadratic equations

by 1
R} = —§1+§ b2 — 4y
by 1
(A.5) R} = —51—5 b2 — dcy.

we can verify that right hand of first equation of (A.5) is less than zero, that is,
first equation of (A.5) has not real roots while second equation of (A.5) has two real
solutions with opposite sign, but due to Ry > 0 we do not consider the negative root.
Now, let us see that the positive root R satisfies R§ < /L. In fact, from definition

of by we have that
b1 L L
——=—-L|=-1|=L|1-—= L
FR R IR

b 1 1

Then, the positive root R of second equation of (A.5) satisfies 0 < R < L. Above
implies that there exists at least one real root of the polynomial of order four (A.3) on
the interval (0, v/L). Furthermore, since for Ry > 1, A(Rp) > 0 then R € (0,1), that
is, there exists a unique R§ € (0,1) such that A(R§) = 0. Thus, when 0 < Ry < R§,
A(Rp) < 0 there is not real solutions; when Ry = R, A(R§) = 0 then there is one
positive solution; while for Ry > R, A(Rp) > 0 and there are two positive solutions.

O

therefore

Proof of Theorem 3.53. For case i) from Table 13 we observe that a > 0 and when
Rg < 1 it is verify that ¢ > 0, which implies that cuadratic equation (3.9) has or two
real roots of the opposite sign or two negative roots or a couple of complex roots,
anyways there are not endemic solutions. When Ry > 1 there is only one change of
sign and according to Descartes rule there is only one positive root. Now, in case
ii) of Table 13 we can verify that when Ry < 1 there is only one change of sign in
coefficients, which implies that there exists one positive root. When Ry > 1 there
are two change of signs of coefficients, then, according to Descartes rule there are two
or one positive root depending of the sign of the discriminant b> — 4ac. But in this
case the discriminant is always positive, which implies there are two positive roots of
cuadratic equation (3.9). O
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