Global stability analysis of an SEIR epidemic model
with relapse and general incidence rates

Amine Bernoussi

Abstract. In this paper we propose the global dynamics of an SEIRI
epidemic model with a general nonlinear incidence function. The model
is based on the susceptible-exposed-infective-recovered (SEIR) compart-
mental structure with relapse (SEIRI). Sufficient conditions for the local
and global stability of equilibria (the disease-free equilibrium and the en-
demic equilibrium) are obtained by means of Routh-Hurwitz criterion and
Lyapunov-LaSalle theorem.
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1 Introduction

Epidemiological modeling has long been an important tool to describe the evolution of
epidemics and infectious diseases. This modeling often provides systems of ordinary
differential equations or delay. The interest of these differential systems is obvious
from the point of view public health (decision-making tools), but also because of the
different possibilities of representation of certain characteristics related to the process
spread of epidemics, namely the incidence, the phenomenon of relapse and the latency
period. These different representations make this topic a popular research topic for
many years (see, for example, [1, 11, 15, 20, 21, 22, 24, 27, 33, 35] and the references
therein).

Recently, considerable attention has been paid to model the relapse phenomenon,
i.e. the return of signs and symptoms of a disease after a remission. Hence, the
recovered individual can return to the infectious class (see, [3, 7, 23, 25, 26, 28, 29,
30, 31, 34]). For the biological explanations of the relapse phenomenon, we cite two
examples:

e For malaria, Bignami [4] proposed that relapses derived from persistence of
small numbers of parasite in the blood. Also, it has been observed that the
proportion of patients who have successive relapses is relatively constant (see
[32] ).
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e For tuberculosis, relapse can be caused by incomplete treatment or by latent
infection, being observed that HIV-positive patients are significantly more likely
to relapse than HIV-negative patients, although it is often difficult to differen-
tiate relapse from reinfection (see [8]).

On the other hand, the incidence function includes the following forms: The first
one is the saturated incidence % [2], where 8 and d are the positive constants.
The secod one is the bilinear incidence 8ST [12, 18, 36, 40, 41]. The third one is the

saturated incidence % [6, 37, 39, 5, 38, 19], where a1 and aw are the positive
constants. The effect of the saturation factor (refer to a; and asg) stems from epidemic

control and the protection measures. The fourth one is the standard incidence %

[9, 16]. A very general form of incidence rate was considered by Hattaf and al [14]:

dS
B A s s,
(11) O = (8 =), It =)t =~ 7)™ — (u oy + )]
dR

— =~ — uR.
dt v I

In the present paper, we study the global dynamics of the corresponding SEIR
model of system (1.1) with relapse effect:

dsS
dat =A—pS—f(S,DI,
dE
S, DI— (it 0)E
dt
(1.2) g
dR

The initial condition for the above system is
(13) S(O) =5y > O,E(O) = Fy > 0,](0) =1y > O,R(O) =Ry > 0.

Here A = N, is the recruitment rate, where N = S+ E + I + R is the total number
of population, S is the number of susceptible individuals, I is the number of infectious
individuals, E is the number of exposed individuals, R is the number of recovered
individuals, u is the natural death of the population, f(S, I) is the incidence function,
v is the recovery rate of the infectious individuals, o is the rate at which exposed
individuals become infectious and § is a constant representing the rate at which an
individual in the recovered class reverts to the infective class.

In model (1.2) the incidence function f(S,I) is a locally Lipschitz continuous dif-
ferentiable function on RT x R* satisfaying f(0,1) = 0 for I > 0 and the followings
hold:

(Hy) f is a strictly monotone increasing function of S > 0, for any fixed I > 0, and
f is a monotone decreasing function of I > 0, for any fixed S > 0;
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(Hs) ¢(S,I) = f(S,I)I is a monotone increasing function of I > 0, for any fixed
S > 0.

In the present paper, we extend the local and global stability to the SEIRI epidemic
model with general incidence function (1.2) satisfies the hypothesis (H;) and (Ha),
we apply Lyapunov-LaSalle invariance principle to prove the global stability of the
disease-free equilibrium and we apply Routh-Hurwitz criterion and Lyapunov-LaSalle
invariance principle to prove the local and the global stability of endemic equilibrium
of the SEIR model with a relapse rate (see (1.2)). The rest of the paper is organized as
follows: In Section 2, we offer a basic result. In Section 3, we apply Lyapunov-LaSalle
invariance principle to prove the global stability of the disease-free equilibrium and
we apply Routh-Hurwitz criterion and Lyapunov-LaSalle invariance principle to prove
the local and the global stability of endemic equilibrium. In Section 4, we present
some concluding remarks.

2 Preliminaries

In this section, we prove the following basic result, which guarantees the existence
and uniqueness of the solution (S(t), E(t), I(t), R(t)) for system (1.2) satistying initial
conditions (1.3).

Lemma 2.1. The solution (S(t), E(t),I(t), R(t)) of system (1.2) with initial condi-
tions (1.3) uniquely exists and is positive for all t > 0. Furthermore, it holds that

(2.1) lim (S(t)+ E(t) + I(t) + R(t)) = ‘3.

t—4o00

Proof. We notice that the right hand side of system (1.2) is completely continuous
and locally Lipschitzian on C. Then it follows that the solution of system (1.2) exists
and is unique on [0,«) for some o > 0. It is easy to prove that S(t) > 0 for all
t € [0, a). Indeed, this follows from that %% = A > 0 for any ¢ € [0, ) when S(t) = 0.
Let us now show that I(t) > 0 for all ¢ € [0, ). Suppose on the contrary that there
exists som t; € [0,«) such that I(¢;) = 0 and I(¢) > 0 for ¢t € [0,¢1). By the third
equation of system (1.2) we have I'(t1) = 0 E(t1) + 6 R(t1). Solving E(¢t) and R(t) in
the second and fourth equation of system (1.2), we have

t1
E(t;) = E(0)e~ 1+t 4 / d(S(8),1(h))e”Hrt1=0gqg > (
0

and

t1
R(t) = R(0)e~(rFot 4 / NI(f)e I E=0qg > (.
0

It follows that I’(t1) > 0, and hence the I(¢) are nonnegative for all ¢ € [0, ). And
for all ¢ € [0, @).

t
E(t) — E(O)e*(#Jrcr)t _|_/ d)(S(@),1(9))67(‘”+‘7)(t79)d9 >0
0



Global stability of an SEIR epidemic model 57

and

t
R(t) = R(o)e‘(“+5>t +/ 7[(9)@‘(“5)“—9)650 >0.
0

Furthermore, for ¢ € [0, &), we obtain

(2.2) % — A — u(S(t) + E(t) + I(t) + R(t) = A — uN

,E(t),I(t), R(t)) is uniformly bounded on [0, @). It follows
)) exists and is unique and positive for all ¢ > 0. From (2.2),
1), which completes the proof. O

which implies that (S(t)
that (S(t), E(t),I(t), 2(t

we immediately have (

3 Stability analysis of SEIRI model

3.1 Local stability of the endemic equilibrium

In this section, we discuss the local asymptotic stability of the endemic equilibrium
of the generalized SEIRI epidemic model (1.2). Note that the system (1.2) always
has a disease-free equilibrium Py = (N,0,0,0). On the other hand, The existence of
endemic equilibrium is determined by the following proposition:

Proposition 3.1. Under the hypothesis (H1), if Ry > 1, then system (1.2) admits a
unique endemic equilibrium P* = (S*, E*, I*, R*), with

A— pS* 5 I*
= u(u+0)(£t+5+'v) B = u(g(: +Jg)7)’ = ;7+ 5’
o(uto)

and S* is the unique solution of the following equation:

A—pS o plpto)(p+di+y)
(31) f(37 %) - 0(”"’5) '
with
(3.2) Ry = 7 (1t +0)f(N,0)

(h+o) pp+do+7).

Proof. We prove the existence and the uniqueness of the endemic equilibrium P*. At
a fixed point (S, E, I, R) of system (1.2), the following equations hold.

A—pS— f(S,1) =0,

8, DI = (p+0)E =0,

oF —(p+~)I+dR=0,
vI—(p+0)R =

(3.3)
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A simple calculation gives the following system:

plp+o)(p+6+7v)
F(S, I — = I=0,
u(pt+d+7)
e
A—puS

ppto)(ptd+v)’
o(u+0)

_ A

TR
From the first equation of (3.4) we get I =0 or f(S,I) = %.
If I = 0, we obtain the disease-free equilibrium point Py = (%, 0,0,0).
If I # 0, then using the (3.4) we get the following equation

A—pS +  plpto)(p+d+7)
(3.5) 1S p(pta) (pto+7) )=

)

(3.4)
I =

)
ol o(p+9)
we have I = % > 0 implies that S < %. Hence, there is no positive

(i +9)
equilibrium point if S > f. Now, we consider the following function g defined on the

interval [0, %]

._ A—uS plp+o)(p+6+7)
9(5) = (5 Smaraasm) ~

o (a+0) o(p+9)
Since,
4 A plp+ o) (e + 6 +7)
Aoy -
o) =150 e
_ppto)utity)  JGO
- (pt0) (u+5+7)
Cplpt o)ty
- o(p+9) (Ro—1)>0 for Ry > 1
and ( ; 5 |
wlp+o)(p+6+~
0)=- <0
7 o(p+9)
Further
o= m 0f
99 = 55 ~ wGEaGri a1
o(u+9)

by the hypothesis (H;), we have g (S) > 0.
Hence, there exists a unique endemic equilibrium P* = (S*, E*, I'*, R*) with S* €
10, %[ and E* > 0, I* > 0, R* > 0 satisfies the equations I = w@%v E =
o(p

1 % and R = :—Jf(s. We conclude the existence and uniqueness of the endemic

equilibrium P*. O
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The total population size N satisfies the equation N = S 4+ E + I + R, which
reduces the system (1.2) to the following system:

ds
S = A= uS— J(S, D)1,
dE
(3.6) W KD~ (ut 0B
% — 0B — (u+7)] + 0N — 68 — 6E — 1.

In the next, we will study the local stability of the positive equilibrium P = (S*, E*, I*)
of the system (3.6), with S*, E* et I* are defined in Proposition 3.1.

Theorem 3.2. Suppose the hypothesis (Hy) hold.
If Ry > 1, then the endemic equilibrium Py of system (3.6) is locally asymptotically
stable.

Proof. Let t =S — S*, y=FE — E* and z = I — I*. Then by linearizing system (3.6)
around P;, we have

Y- %I*)x(t) — (SR S(ST T))= ),

dy ST o OIS
2 AT pengey ¢ P 4 (5 10)200) — (a0t
dz
pri —oz(t) + (0 = 8)y(t) — (u+ v+ 9)z(t).
The Jacobian matrix M () of equation (3.7) is defined as follows:

af(S*,I*)

(3.7)

A+ (u+ LS ) 0 (AL 4 f (8%, 1))
M()\): 3f(s I )I* )‘+(N+U) (3f(5 I )I*_i_f(S* I*))
% (o —4) Nt (a7 +0)

The characteristic equation associated to system (3.7) is given by

(3.8) M4+ AN+ BA+C=0
where
A= (utrt o)+ (uto)+ s T
B = (o)t +0)-o LD o st 1)t PO 1y oty 40) o)),
and
01(5°. 1) OFS" ), 5o 1)

C=@+o)(pt+y+o)(u+ I") —o(u+6)(

oS oI

Firstly, form hypothesis (H;), we have %;’I*)I * > 0, which implies that A > 0.
Secondly, by using the first and the second and the third equation in system (3.6),
we find that

(3.9) f(s*, 1) =

(o) (ptr+0)p
(1 +9) o
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Hence, the hypothesis (H;) and equation (3.9) we have:

C= (M+a)(u+7+5)u+(u+o)(u+7+5)%;’[*)p
— o+ 0)f(S* ") — o(u+ 5>%

AT s T

of(S*, I*)
B T
of(S*, 1)
B T

I*

9f(5%,I")

+(u+o)(p+vy+9) I* —o(u+9)

=(u+o)(p+~v+9) I —o(p+6)

and
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AB-C = ((u+7+5)+(u+a)+(u+MI*))x

oS
(+ )y +0) o ey s 1)
ot POyt ) 4 (- 0))

of(S*,I*)
oS

of(S*,I*)
oI

—(p+o)(u+vy+0)(pn+ I") +o(pn+9)( I+ f(57,17))

= )+ o)ty +0) — ot Y O by s 1)

F ot o)t o)ty +0) — oS g5 )

(et oty o)t LA ) gy LD oy IO L s 1)
(et ot + )t Ly ko s L s 1)
et S 1y o) (o +0) 4+ (ut 0) (a0 )
et LB oty 40) (ot 4 0) oo LT )
o)ty + oyt P

= (et )+ o)ty +0) oy + (o)) (LEDEITED e )
ot I gy AT O I

Folut 8f(g;1*)l*)((u+0)(l;+v+5) —f(S*,I*))

et S 2y o) (e +0) 4+ (ut 0) (a1
et LB oty 40) (ot +0) + oo LT )

— (4 8)(u+ 01+ 8) + aly + () (7, 1)

o+ Gt IS ) I

otus 26TV s

et ST 1y o) (o +0) - (ut 0) (a0
+(p+ af(‘;;ml*)(wwé)((u+v+6) +(u+ 8f(“;;’l*)l*)) > 0.
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So, by the Routh-Hurwitz criterion, we obtain the local stability of P;*. This concludes
the proof. O

By Theorem 3.2 and N = S + E 4+ I + R we have the following corollary.

Corollary 3.3. Suppose the hypothesis (Hy) hold.
If Ry > 1, then the endemic equilibrium P* of system (1.2) is locally asymptotically
stable.

3.2 Global stability of the disease-free equilibrium and the
endemic equilibrium

Now, we discuss the global stability of the disease-free equilibrium Py and the endemic
equilibrium P* of system (1.2).

Proposition 3.4. Suppose the hypothesis (Hy) hold.
If Ry <1, then the disease-free equilibrium Py is globally asymptotically stable.

Proof. Define a Lyapunov functional

Wo(t) = Vo(t) + Uo(2),

where < f(A 0
Vit = [, (1= g
and + u b
_ o+ p o+ p
Us(t) = E + = I+ .
We will show that %‘;m < 0 for all £ > 0. We have :
avo(t)y . F5.0)
@ - f(g,O))S
—<1—f(%’ ))<A— S — (S, D))
BRI CAU RS ’
B f(ﬁ‘,O) A f(fao)
=p(l— f(570))(;—5)—f(571)1+ f(&o)f(SJ)I
and
dU(';t(t) = (S, )] — (n+)E+ (u+0)E — WI
+(U+M)5R+(U+M) oy ;_ (e+pi,
o o (u+9) o
:f(SaI)I*Mﬂ(H+5+V)I

o+ 6)
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Then:
dWo(t) f(4,0) A
470 o
4fﬁgﬁ;ﬂﬁﬂf—;@:ﬁ%Mu+5+vﬂ
A,O
w1~ T g
(o + p) £(4.,0) £(5,.0)
Pty O e s Y
40
=uﬂ—ﬁ3£ﬂﬁ—$
(O'—f',u) f(S7 I)
mu(ﬂ +0+)I(Ro 7(5,0) 1)
By the hypothesis (H;), we obtain that
f( 0) A

Where equality holds if and only if S = f
Furthermore, it follows from the hypothesis (H;) that

fS.1) . (5.0)
7(5.0) = F (5.0
< Ry

Ry

Therefore, Ry < 1 ensures that dW“(t) < 0 for all ¢ > 0, where dw;“t( ) = 0 holds if

(S,E,I,R) = (‘3 0,0,0). Hence, it follows from system (1.2) that {Py} is the largest
invariant set in {(S,E,I , R)|%°t(t) = 0}. From the Lyapunov-LaSalle asymptotic
stability, we obtain that P, is globally asymptotically stable. This completes the
proof. ]

Theorem 3.5. Suppose the hypotheses (Hy) and (Hs) hold.
If Ry > 1, then the endemic equilibrium P* is globally asymptotically stable.

Proof. To prove global stability of the endemic equilibrium, we define a Lyapunov
functional
W (t) = Vi(t) + Va(t) + V3(t), with

S * T*
O o

o+ p

E I
Va(t) = (B — B = E*In =) + (I—1"=I"In ),
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and
(o +p)o, R R

S (R R = R )

Vs(t)

Using the relations
A=pS*+ f(S*, I and (u+ o)E* = f(S*, I")I",
a simple calculation gives:

0~ (1K) -5 )

& (
(— f;fi) +( f(fg ) I = £(8.0D
( B SI* ) mE (1* f(S,I*))(lfm)’
D0 — - Zists. 01— 0+ ) + —("j’”(l ~Dyor 1+
(ot mE -y LEDLE ' B (ut7)

B G ) tetnE LTl -

Moreover, the two relationships:

(0E* + 6R")I

_ «
Iz =(u+v)I and R R
are used to find:
dv(t) ... E*, f(SDI E . I E I
— = +pE (1—f)(m—ﬁ)+(0+M)E A=)z~ )
I*  O0R OR* I
+ (o +p)E*(1— 7)(@ - Eﬁ)
B . E* f(SDI E o E I
= (o +p)E"[(1- f)(m - ﬁ) + (1 - 7)(@ - ﬁ)]

+@[R— RIZI B R}T*
(UJFM)E*[(le:)( fs,nI E) X B ;

GG mr w5 T )

U-l-,u /RI* /IR*
IR* RI*

+ R7]

(0+u) I(R .
A [R_ I* RI* - F
and dVs(t 5 R R*
e L)
_ (0+u)5[@ _(ut ) RR* (BRI (n+0) (R*)Q]
o I~ v I* IR v I~
_ (o+p)d R I(R)? o,
=5 Rt g TR

OR
oE*

)
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Then, the time derivative of the function W (¢) along the positive solution of system
(1.2) is

dW(t) _ FOST7)
dt = i _W)(S - 5)
f8, 1) fs 1) BT f(SDI I E

+ (0 + ) E*(4 - D) _ff(S*’I*)I*—TE)
=wﬂ—ﬁ§£xw—$
f(os o TSI SN I) BT J(SDI I E,

(S, I)  f(S,I*) E f(S<,I)I* 1 E*
I F(S, 1) | #(S,17)

0‘+M RI* IR*
- w V&R

Now, according to the assumptions (H;) and (Hs), we have

u—ﬁgﬁbmw—ﬁso

and
F(S.1) . 6(5,1%)
5. o V=0

Moreover, since the arithmetic mean is greater than or equal to the geometric mean,
we obtain that

(1-

(4_f(5af*)_f(5*7f*)_g S5, DI —££)<0
f(S,I)  f(S,I*) E f(S<,I1I* 1 E* —

Therefore, dvgt(t) < 0 for all £ > 0, where the equality holds only at the equilibrium
point (S*, E*, I*, R*). It follows from system (1.2) that {P*} is the largest invariant

set in {(S,E,I, R)| W0 _ o}.
Consequently, we obtain, by the Lyapunov-LaSalle asymptotic stability theorem, that
P* is globally asymptotically stable. This completes the proof. O

4 Concluding remarks

In this paper we proposed an SEIRI epidemic model with a general incidence function,
latent period and a relapse rate, (see system (1.2)).
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We found the local stability of the endemic equilibrium and the global stability
for the disease-free and endemic equilibrium, by Routh-Hurwitz criterion and by con-
structing Lyapunov functionals. When Ry < 1, the disease-free steady state is globally
asymptotically stable, and no other equilibria exist. When Ry > 1, a unique endemic
equilibrium P* appears. Using Routh-Hurwitz criterion and Lyapunov functional

technique, the endemic equilibrium is locally and globally asymptotically stable.
o (u+8)f(4.0)

(uto)  plpt+s+y) °

is the probability of survival of the exposed class, % represents the number of

where

Note that the basic reproduction number written as Ry =

a
(uto)?
susceptible individuals at the beginning of the infectious process and f (%, 0) repre-
sents the value of the function f when all individuals are susceptible, p is the natural
death rate, and the constant rate ¢ at which an individual in the recovered class re-
verts to the infective class, the recovery rate 7 of infectious individuals and the latent
period.
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