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Abstract. The generalized equation for spin 1/2 particle with two mass
states is investigated in presence of an external uniform magnetic field.
After the separation of variables in cylindric coordinates, the problem re-
duces to a system of 8 first order differential equations, from where follows
the system of related four second order differential equations. After the
diagonalization of the mixing term, the separate equations for four func-
tions are derived, in which the spectral parameters coincide with the roots
of the 4-th order polynomial. The solutions are constructed in terms of
confluent hypergeometric functions, and the analytical formulas for the
two series of energy spectrum are found in explicit form as solutions of
4-th order algebraic equations; however these prove to be cumbersome and
useless for our purposes. The numerical study of the energy levels is per-
formed depending the parameter v, determining the mass values, on the
magnitude of magnetic field and magnetic and main quantum numbers:
E = Ey3(v,B;m,n). In particular, it is shown that the physical en-
ergy spectrum for a two mass fermion differs significantly from the energy
spectrum of an ordinary Dirac particle.
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1 Introduction

In [1], a model for spin 1/2 particle with two mass states is developed on the base
of Gel'fand—Yaglom approach [2—4] in the theory of relativistic wave equations with
extended sets of irreducible representations of the Lorentz group. In the end, the
main generalized equation is presented in spin-tensor basis, and with the use of the
Dirac matrices. Besides the 16-component wave function, we introduce two auxiliary
bispinors, which determine initial 16-component wave functions, and in absence of
external field for these bispinors we derive two separate Dirac-like equations with
masses My and Ms. It is shown that in presence of external fields, electromagnetic and
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gravitational non-Euclidean background, (with non-vanishing Ricci scalar curvature),
the main wave equations do not split into separated wave equations; instead, a quite
definite mixing of two Dirac-like equations with additional Pauli interactions terms
arises. This mixing also holds in presence of only the electromagnetic field, and, as
well, it holds in presence of the gravitational field.

We start with the wave equation with respect to the bispinor functions ¥ (z) and
Uy (), which has the following structure!:

[iD — My +bA1S(2) | Uy (z) — ah1B(z) Us(z) =0,
(1.1) [iD — My — ahyX(z) ] Wa(z) 4+ bAsE(z) Uy (z) =0,
where the involved operators are defined by the formulas?

D(z) = 7*(x) + To(z) + ieds , ~*(z) — e?b)vb, e/hc = e,

7 (2)77 (2) — 7P (a)r (@)
I .

We use the following parameters (the quantities p, o, which appear while determining

(1.1)):

Y(x) = —ieFaﬁao‘ﬁ(x) , ao‘ﬁ(x) =

2

4
sin®y = p%, v€(0,7/2),

2 _ 42 _ Ry
L EVETIE g 0 EE
2 2 D) 5
=M M M My

W (1+cosvy)/2’ 270\ 1 —cosn)/2’
g Mt B VO A+ (@3
2 5 :
_ A BB M, SAT -3 -
a= v , _ = ’
M —A —-B o — A — B’
12) M= +B)S ", A=A +B)
" = )Al()‘l_)‘Z) 2= )>\2()\2—>\1)

2 The separation of variables

We further use the known representation of the uniform magnetic field in cylindric
coordinates
Br?

(2.1) Ar=0, A,=0, A, =0, A,= 5

LWhen describing spinor fields, we use the known tetrad based approach (5]
2We employ here the tetrad formalism.
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and express the diagonal tetrad with respect to the coordinates ® = (¢, 7, ¢, 2),

1 0 0 0

2 32 22 252 59 B _[o Lo 0
dS* = dt* —dr® —r*dg® —d=*, ey(@)=| o o 1 o
0 0 O 1

The non-vanishing Christoffel symbols and the Ricci rotation coeflicients are

0 0 0 0 1/r 0 1
=10 _()Tg 7F(bjk': 1(/)7" 8 8 7szk:07’7122:;«

It is convenient to apply the following shortening notations?

eB

me
he

=M, [M]=L"".

— B, [B]=L"?
The operator D(z) from (1.1) takes the form

. 1 0, B ,
D = i7°0, + iy (0, + —) + 222 1 20y 4 i3,

2r r 2
and it may be simplified by the substitution ¥ = //r:

i0,

. 0 0 Br
_ 0 1 2
(2.2) D =iy at—l—ry ar—I—W ( .

5 )+

n
In the system (1.1)

[iD — My —iebA 0 (x) Fop | 11 () + iealy 0P (x) Fop ta(z) =0,
(2.3) [iD — My + ieahyea®® () Fug | a(x) — iebAy 0P (2) Fap 1b1(x) = 0,

one may see two blocks which enter the usual Dirac equation with additional Pauli
interaction terms.
For the case of a uniform field*, we have

e (2)Fo5(2) = 20°"eF,, = iBy*y' = iBX3 ,
and therefore the system is written as
(2.4) [iD — M + 2bA1 BS3 | ¥1(z) — aA1BY5 o (z) =0,
(2.5) [iD — My — 2aAy BY3 | 9o () + bA2 BY3 () = 0.
We shall further use the following notations (take notice of the signs)

(26) QbAlB = Fl 5 CI,AlB = Rl 5 QGAQB = —Fg, bAQB = —R2 5

3The physical dimensions are indicated as well.
4Here the quantity e is absorbed by the symbol B.



Spin 1/2 particle with two masses in magnetic field 151

m  Br € 1
7—7:>u(7“), %:>e, [e]=L"".
Thus, the system of equations reads
(2.7) (iD — My +T1S3)¢1 — RiXs hp =0,
(2.8) (iD — Mz +T5%3)¢ho — Ro%5 91 = 0,

and the parameters I'y » and R; 2 have the physical dimension of length.
We apply the following substitution for the wave function ¢ = {¢1(z) ® ¥2(z) }:

1 2
__—1et _imao 1kz r __—1et _1mao ikz g2(r
(29) = emoe fz(r) Y= et 9:2),(7“)

fa(r) 9a(r)

Considering the Dirac matrix in spinor basis, we derive 8 differential equations in the
variable r:

_Z(d% +u)fa+ (e+k)fs+ T — M) fi — Rigi =0,

_Z(dii — ) fs+(e—k)fs— (T + M) fa+ Rig2 =0,

Fi w2+ (= B) i+ (D = My)fy — Rigs =0,

d
(2.10) +i($—u)f1+(e+/€)f2—(F1+M1)f4+319420?
L d
—i(5- +m)ga+ (€ +k)gs + (D2 = Mo)g1 — Rofr =0,
d
—i(5- = m)gs + (e = k)gs = (T2 + Ma)fo + Rofo = 0,

d
+l(a+ﬂ)g2+(€—k)91+(r2—Mz)gs—sz:s:O,

. d
(2.11) H(% — g1 + (e+k)ga — (o + Ma)gs + Rafs = 0.

3 The analysis of the radial equations

We introduce the notations

. d o d
Z($+M)_D+7 Z(g_ )_va

and re-group the equations (2.10)—(2.11) as follows

(e+Fk)fs+ ('t = My)fr — Rigy = +Dy f4,
(e—=k)fi + ('t — My)fs — Rigs = =Dy fo,
(e+k)gs + (I'e — Ma)g1 — Raf1 = +Dyga,
(3.1) (€—=k)g1 + (I'e — M2)gs — Rafs = —D1g2;
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(€—=k)fa— (T1+ M) fo+ Riga = +D_f3,
)

(e+k)fo— Ty + My)fs+ Riga =—D_J1,
(€ —k)gs — (T2 + Ma)gs + Rafo = +D_gs,
(3.2) (e+k)go — (Ta+ Mz)ga+ Rofs = —D_g .

These are two linear homogeneous systems with respect to f1, f3, g1, 93 and fa, f4, 92, 94.
With the notation

A" ={ RIRy> +2[—(T'1 — M1)(T — Ms) + k* — ] Ro Ry
1

+[(Ty = My)? — €+ K*)[(T2 — My)? — € + K]},

we can write the solution of the system (3.1) as

fr=A"{(e+k) [Ri Ro+ (02— M) = € + k2| Dy fo

+ |:(F1 — Ml) ((FQ — M2)2 — 62 + kZ) — R1 R2 (FQ — MQ):| D+f4
—|—R1 (FQ — M2 — M1 =+ Fl) (6 + k) D+gg
+ [~R1*Ro + (T2 — M) (T — M) + € — k*) R1]| Dyga}

fy= A" {[R2 (Dy — M) Ry + (M — ) ((r2 My -t kQ)} Difo

(et k) [Rl Ro+ Dy — My)® — ¢ + k?] Dy fy

+[Ri®Ry + Ry (— (T2 — M) (T — My) + k% — €?)] Dgo
+R1 (FQ - M2 + Fl - Ml) (—6 + ]i?) D+g4} s

g1 = AN {RQ (FQ — M2 =+ Fl — Ml) (6 —+ k) D+f2
+[-Ri1Ry®> — Ry (— (T2 — M) (Ty — My) + k* — )| D1 f4
+[(e4+ k) Ri Ry + (e + k) (01 = M1)* = ¢ + k%) ] Dygo

+ [—Rl Ry (T'y — My) + (T2 — M) ((Fl —Mp)* -+ kz)} D+g4} ,

g3 =A" {[R Ro? + Ry (= (T2 — Ma) (T'y — My) + k* — €%)] D fo
+Ry (T — Mo +T1— M) (—e+k) Difs

+ [R1 Ro (U1 — My) + (=T + M) ((n M) ey k2)] Dy g

+ (—6 + k) |:R1 R2 + (Fl - M1)2 - 62 + k2:| D+g4} )
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Hence this solution has the structure

J1 A A Az A Dy fo
(3.3) fs | _ | Azn Az Azz Ay Dy fa
a1 Az Az Azz Az D, g>
g3 Ay A Agz Ay D, g4

Similarly, using the above notation, we infer
B’ = { R%RQQ +2 [7(F1 + Ml)(FQ + MQ) — € + kQ]Rl R
-1

=+ B2 (Do + M)?)[(Te + M2)? = + K]},

and the solution of the system (3.2) is
fo= B’ {(e k) {Rl Ro+ (Do + Mp)® — € + lﬂ D_fy
+ [Rl Ry (T + My) — ((FQ +Mp)? — € + k2) (I + M1)} D_fs

—|—(F2 + My + T —|—M1) (6 — k?) Ry D_gl
+ [Ri*Ra + (— (T2 + My) (T1 + My) — € + k%) Ri] D_gs} |

Ja=B" {[_Rl Ry (T'y 4 M) + ((FQ + Ma)? — €+ k‘2) 'y + M1)} D_f

[ e+ k) (R Bo + (o + 00)° = &+ 42) | D_fy
+ [*R12R2 + ((FQ + MQ) (Fl + Ml) + 62 — k’2) Rl] D_gl
—(Fg + My +1' +M1)(6+k‘)R1 D_gg} s
go=B" {—(Ta+ My +T1+ M) (—e+ k)R D_f,
+ [Ri R® + (= (D2 + Ma) (U1 + My) — € + k%) Ro] D_f3
Fle—k) [Rl Ro+ (D1 +M)* — &+ kﬂ D_g,
+ |:R1 R2 (Fl —|— Ml) — ((Fl —|— M1)2 — 62 + k‘z) (FQ =+ Mg):| D_g3} 5

ga=B" {[-Ri R* + (T2 + M) (T1 + My) + € —k*) Ro| D_f;
— (FQ +M2 +F1 + Ml) (6+ k) R2 D,fg

+ [~R Ba (T4 M)+ (01 + M) = € 4+ 12 (D + My)| D_gy

—(e+k) [RQ Ri+ (T + M) =+ kﬂ D_gs} ;
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so that
fo By1 B2 B
fa By Az Ao
3.4 =
(34) g2 Asy Bsy Bs
g4 By Bio Bys

V. Kisel, V. Balan, V. Red’kov

By D_f
Aoy D_f3
Bsy D_gy
By D_g3

Combining the above results, we can derive the two systems of second order:

f1 A A Az Au B
fa | | Aar Asx Axz Aoy By
g1 || Asi Az Ass Asg Az
g3 Ay Ay Agz Asg By
f2 Bi1 Bi2 Biz B An
fa | | B2 Az Azz Aoy Az
g2 " | Bsi Bs2 Bszs Bss Az
g4 Bs1 Bs> Biz Buas An

B2 Biz DB D,.D_f
Aza Azz Aoy D.D_f3
Bsa  Bsz  Bsa DiD_g1 |’
Biz Baz Buaa D.D_gs3
Az A1z Aug D_D, fo
Asa  Azz Aoy D_D,f4
Aszy Azz Az D_Dygo
Agz Az Aaa D_Diga

We may follow only one case, e.g., the one used for solving the system for fi, f3, g1, gs.

Its structure may be rewritten as

fi Cii Ciz Ciz Cuy
(3.5) fs | _ | Coo O Coz Oy
g1 C31 Oz C33 Oy
93 Cy1 Cip Cyz3 Cug

or, in matrix form,

(3.6) F=C(DsD_)F =

DyD_f
DyD_f3
DyD_g,
DyD_gs

(DyDYF=AF, A=C"

To compute the matrix C = AB turns out to be rather complicated. However,

finding its inverse is feasible®, and we get:

2 — M? + RyRy + E?

A= Cil _ —2(—6 + ]{J)Fl

—Ry(T'y + Ty — My + My)

2(—e+ k)R

2(e+ k)

2 — M2 + RoRy + E?
—2Ry(e + k)

—Ry(T1 + Ty — My + My)

—Rl(F1 +F2+M1 —Mg) —2R1(€+k>
2R1(7€+k) 7R1(F1+F2+M1 7M2)
I'y? — Mo? + RoRy + E? 2(e + k)Ty
—2(—e+k)Ty  T9? — My? + RyRy + E?
S11 S12 S13 S14
(3.7) _ S21 S22 S23  S24
$31 832 533 S34
S41  S42  S43  S44

We further need to diagonalize the matrix A:

D.D_F=AF, F=TF,

T 'D,D_TF =T 'ATF’,

5We assume €2 — k? = E2, and write down the matrix by columns.
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A 0 0 0
_ _ 0 A 0 0

(3.8) DyD_F' =(T'AT)F', T'AT=A = 2
0 0 X3 O
0 0 0 M\

For the matrix T', we have the following equation

S11 S12 S13 S14 ti1 tiz tizs  tia ti1 tiz tiz  tia
S21 S22 S23  S24 to1  toa oz to2g _ to1  toa oz to2g
831 832 833 S34 ts1  ts2 t3z tsa4 ts1  ts2 t3z tsa4
S41  S42  S43  S44 ta1  taz T4z taa ta1  taz T4z taa

so we obtain four systems with respect to the columns 1,2,3,4 of the matrix 7"

(s11 — A1)t11 + s12to1 + S13tsr + S1ata1 =0,

So1t11 + (S22 — A1)ta1 + Sastar + Soatar =0,
sg1t11 + Ssatar + (833 — A1)ta1 + Sgatar =0,

Sq1t11 + Sagtor + Sagtsr + (Saa — A1)t = 0;

(511 — A2)t12 + s12ton + S13t32 + S14t42 = 0,
so1t12 + (S22 — A2)toz + Sastsz + s2ats2 =0,
s31t12 + S32t2 4 (833 — A2))t32 + s34t42 = 0,
sa1t12 + Saotoo 4 Saztsn + (544 — A2))taz = 0;

(511 — A3)tiz + s12to3 + S13tss + S1ata3 =0,
s21t13 + (S22 — A3)tag + Sa3las + Saaly3 = 0,
531113 + S32t23 + (533 — A3)l3s + S34l43 = 0,

541t13 + Sa2log + Sazlss + (S44 — A3)la3 = 0;

($11 — Aa)t1a + s12t24 + S13t3a + S14taa = 0,
So1t14 + (S22 — Aa)tas + Sastaa + Soatas =0,
s31t14 + S32t24 + (533 — Aa)tas + S34t4a =0,

Sa1tia + Sastos + Sastss + (Saa — Aa)tas =

In fact, the systems have the same structure

(511 — A@))®1 + S1222 + 51323 + 51474 = 0,
52101 + (S22 — A(3)) T2 + 82373 + S2474 = 0,
53121 + 83222 + (833 — A(3)) 23 + S3404 = 0,

54171 + S422 + 54373 + (544 — A5))Ta = 0.

A1

0
0
0

155
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From the vanishing of the determinant, we yield:

(s11 = A) 512 513 514
det 521 (522 — A) 523 524 -0
531 532 (s33 = A) 534 ’
S41 542 543 (844 - >\)

and we find 4 diagonal elements

A 0 0 0

, o x 0 o

A=l 0 x o |
0 0 0 XN\

)\1 = 62 — kz + R1 RQ — % (M12 + M22) + % (F12 + F22) — \/(62 — k2) (Fl + F2)2
1 2 2 2 2
—> [4R1R2 ((n +T9)? = (My — M) +4 (2 — k ))
4 (= k) Ty —T9)? + (142 =92 — My % + M,?)°
1
(41 Ry (N1 + 1) + (12 = Tp2) (T2 = 152 = M2+ M%) ) (¢ = #2) |

\/(62 — k2) ([ +Ty)?

—4

1 1
)\2 = 62 — kz + Rl RQ — 5 (M12 + M22) + 5 (F12 + F22) — \/(62 — k2) (Fl + F2)2

+% [4 Ri R ((F1 F )% — (M — My)? +4(e% — k2))

4 (2 = k) (D) — T9)? + (Ty2 = Ty% — M2 4 Mp?)?

[N

(48 By (T +T2)° + (142 = Ta2) (142 = To% = M2+ M%) ) (& — 12)

V(€@ = k2) () + Tp)?

—4

1 1
A3 =€ —k?>+ Ry Ry — 5 (My? + Mo?) + 3 (T)% +T9%) + \/(e2 — k2) (T 4+ Ty)?

_% [4 Ry Ry ((F1 +12)° — (My — My) + 4 (e — k2)>

4 (2 = k) (D) = T9)? + (142 = Ty% — M2 4 Mp?)?

[N

(471 Ry Ty +T2) 4 (D4 = To%) (T4 = Ta? = M2 + M%) ) (€ — 12)

@i @)

+4
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1 1
=@k Ry Ry — 5 (M 4 M%) + 2 (142 157 + V(€ — k) (D) +15)°

+% {4 Ry Ry ((Fl + 1) — (M) — My)? + 4 (2 — k2)>

4 (= K?) Ty —T9)? + (142 =Ty — My% + M,?)°

N

(481 Ry Ty +T2) 4 (D4 = To%) (T4 = Ta? = My + M%) ) (€ — 12)

+4
@i @+

(3.10)

To find the columns of the matrix T', we turn to the system (for ¢ = 1,2,3,4):
(511 — /\(“)xﬁi) + 81233g) + S13$;(),i) + 514xfli) =0,

521x§i) + (522 — A(i))xéi) + 823:E:(3i) + 824%(1” =0,
331585” + 3323«"&” + (833 — /\(i))xz(),i) + 534$z(;i) =0,
341959 + 3512552 + 5431‘?) + (544 — )\(i))xff) =0.

Because the rank of the matrix equals to 3, we may ignore the fourth equation and
(@)

for definiteness we set x;° = 1; in this way we obtain the linear non-homogeneous
system

(s11 — A(n)xﬁ“ + 512x(2i) + Slsxgi) = —S14,

821110?) + (5922 — )\(i))x(;) + 823%(;) = —S824,
(3.11) 831$§i) + Sggl‘g) + (833 — A(z))xz(;) = —S34 .

Applying the Cramer rule,

(4) (2) (2)
LB @A oA
1 A(l) ) 2 A(l) ) 2 A(l) 9
we get the four columns (remembering that xff) =1):
1 2 3 4
xg ) $(1 : 5”(1 ) 93(1 : t11 tiz iz twa
(312) T= xél) a:gQ) x§3) xgl) _ | ter t22 taz tos
' mél) xéz) xég) x§4) t31 t32 t3z t34 |’
1 1 1 1 1 1 1 1

where (note that ¢ =1,2,3,4)

i = A(;)l [—s14 Ay + (514522 — 834 513 — 24 512 + 833 514) A(i)
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+ (534 513 — 533 514) S22 + 524 512 533 — 523 534 S12 — 532 (524 513 — 523 514)],
lo; = A&;[—A%i)sm + (=534 823 + 524 833 + 511 524 — 521 514) A(j)
+ (—524 533 + 534 523) S11 + 521 514 533 — 521 534 S13 + 531 (S24 S13 — 523 514)],
t3; = A(_l)l [—534 /\%i) + (534 522 + 34 511 — S14 531 — 524 532) A

+ (824 S32 — S34 S22) S11 + S14 S31 S22 — S31 S24 S12 + S21 (S12 S34 — S32 514)],

(3.13)
and
Ay = —A1® + (811 + s22 + 833) A1?
(3.14) + (—s11822 — 533522 + S21 512 + S31 513 + S32 523 — S11.533) M1

+ (511822 $33 + S12 S31 S23 + S21 S13S32 — S31 S13S22 — S21 S12 33 — S11 $23532) -

Thus, we have the following four differential equations
D+D_F('i) = )\(i)F(’i) , 1=1,2,3,4.

which have the same structureb, as follows

d? m m 9
|:d7‘2+)\+7‘2+B_(7‘_BT) :| (I)(T'):O,

or,

(3.15) — + A+ B(1+2m) -

d? m2—m
dr?

5 B%Q] d(r)=0.

By changing the variable z = Br? (for definiteness, let B > 0), we yield:

d27<1)+1d7<1>+( 1 +1)\+23m+B lm(mfl))q)_o
Ta2 T2 A 17Ty B 1 -

(3.16)

and using the substitution ® = 2 €A% (), we get

d?¢

1 dy 1 9
2 -+ 2 — - (4p°—-1
atgt2pa)go+ |7 (45 -1
+1QBm+B+)\+8aBB+QBB+14a2—2a+m—m2

4 B 4 T

p=0.

We note that if g = f%, x € (0,+00), then this equation becomes simpler:

d?¢ 1
219 )=
mdacQ—’—( a—|—2 $)dx+(

1 2Bm—4Bo¢+)\+ 14a?—2a+m—m?
4 B 4 T

)Jp=0.

SFor shortness, we perform the change in notation: eB/2hc ~~ B, and we bring the factor 1/2
inside symbol B.



Spin 1/2 particle with two masses in magnetic field 159

Assume that
1 1 1
40 -2 —m? = == ~ . Zm.
« a+m—m 0 = « 2m+2,2m

In order to describe the bond states we may use only positive values for a:

17m>O 1 3
= = Mm=-——,——, ..
(651 2 25 27 )
(3.17) L

. a2f2 m = 55

So we arrive to the confluent hypergeometric equation for F(a,c; z) with the param-
eters

12Bm—4Ba+ A 1
= =2a+ .

a 1 B , c a+ 5
The ordinary condition for getting polynomials as solutions (a = —n) gives the quan-
tization rule:
(3.18) L + A

. —-m— — =n.
2" T

According to two expressions for « in (3.17), we have two formulas for spectra (by
physical reasons we assume that A > 0:

1 3 1

(3.19) m=—5,=5 )\—4B(n+§—m), n=12 ..;
1

(3.20) m=+3, g, A=4Bn, n=0,1,2,....

These formulas may be unified into a single one, namely
(3.21) A=4bN, Ne{0,1,2.}.
We introduce the following notations
e —k*=EFE* M +My=p, M, —M=v,
RiR; =R, I+l =u=, I'h-Ty=y,
M+ M3 = %(;ﬁ +v?), T34T%= %(ﬁ +97) .

Then, the roots \; may be written as”:

+ 2¢/(16R + 4y2) E2 — 4 [4Rx + y(yz — vp)|E + 4 R(22 — v2) + (yx — vp)?
(3.22) =4E? —AEx + AR+ 2> +y* — > —v* — 4\ o,

+ 2¢/(16R + 4y2)E? + 4 [ARx + y(yx — vu) + 4 R(22 — v2) + (yx — vp)2|E
(3.23) =A4F* 4+ 4B+ 4R+ 2% + 9% — > — v —4)g4.

"We look for them in pairs A1, A2 and Az, \g.
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In fact, the last equation differs only by sign at F, and therefore it suffices to follow
only one of them, (let it be Eq. (3.22)); also we should take in mind that due to
physical reasons, only the positive values for £ > 0 are acceptable.
We have the following restrictions on the energy parameters E related to the roots
)\1 and )\23
4E% —4Bx + AR+ 2® + 9% — p? —v? — 4\ > 0,

A4F? —AEx + 4R+ 22 +19° — > =12 — 40 < 0,

from where it follows

4\ 2 2 _ .2
(3.24) (B- 2> Lt p :” v
4\ 2 2 _ .2
(3.25) (E—g)2< 2+“:” Ly

We shall further show that y = 0. We conclude from (3.24)-(3.25) that a spectrum of
positive and not-bounded values of E is possible only for the case (3.24). A spectrum
of negative values of E may occur as well; however it should be related to the variant
)\3 B — —F.

The algebraic equation with respect to E takes the form®

16 B* — 322 E® + (—8p® —81v% 4+ 242% —8y> — 32 R — 128 BN) E*
+[-82% + (128 BN + 812 + 32 R+ 8y* + 84 v — 16 yv p] E
+a* + (—2v2 =8 R — 2y* — 32 BN — 24?) 2

+8yzvp+ pt + (-8R — 212+ 32 BN — 2¢°) 1/
1 1
(3.26) +u4+(8R—2y2+32BN)u2+256(—1R+BN— 1—61,2)2 =0.

There exist evident relations satisfied by the roots:

a
E1+E2+E3+E4:fa—1:293,
0
a
&&+&&+&m+&&+&&+&&:f7
0
ar
&@&+&&&+&&&+&&&:—§,
0

i EyB3Ey = 4
ap

where
ao =16, a1 =-32x, as=—-8u®—81°+242?> -8y?> —32R— 128 BN,
az = -8 + (128 BN +8v° + 32 R+ 8y + 8 u*)x — 16 yv
ay =x* + (=202 —=8R —2y* — 32 BN — 2%)2?

8We remind here that A = 4BN.
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+8yav i+ put + (—8R— 212 + 32 BN — 2%+
1 1
+v* 4+ (8R —2y* + 32 BN)v? +256 (— R+ BN - ng)?

In particular, we have the identity

ay = z* — (202 + 8R4+ 32BN + 2%)x? + pi*

1
+(—8R — 2% + 32BN)p® + v* + (S8R + 32BN )v? + 256(— R + BN)?.
We see that for large N, the inequality a4 > 0 holds, and therefore F1EsFE3E, > 0.
Moreover, we can prove the identity

as = [16BN — (22 + 4R — i — 1)]” + 16R(/* — 22) — 40?,

which shows that as > 0 for all the values of N.
In order to study possible energy levels, let us take into account the expressions

for initial parameters

42
sin%:p%, yeO,m/2), M=E(+cosy), Ao=E(1—cosy),
M M
M= Moy M
(1+cosy)/2 (1 —cosv)/2

_5A -3B"-\  p 1 \/—2
@=———/———= 5M(AL—B 14 (1/3)sin”y — cos7y),
5A'—=3B' = X2 p1 \/—2
:—:——4—
b 7 2M( 34/1+ (1/3)sin” v + cosv),

cosy —y/1+ (1/3)sin® 5y
Ay = (1+4/1+ (1/3)sin?
V= i (st n) — Ve

cosy + /14 (1/3)sin® vy
cosy(1 — cos7y)

Ay = (14 /1 +(1/3)sin7)

First, we find the expressions of I'y, Ry and I's, Ro:

Iy =2M4B
_ B _ o (1+ /14 (1/3)sin? y)(cosy — 1/1 + (1/3)sin? v)
= —M/p2(4 34/1+ (1/3)sin® v + cos7y) Toosy (15 cos) ,
R1 = aAlB

B (4_3\/m_wsw(1+\/1+(1/3)sin27) (cosy — 1+(1/3)sin27)7

- M/p 4 cosy(1 + cos~)

FQ = —ZCLAQB
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\/17 \/17
b (4 34/1+ (1/3) sin? ’Y*COS'}/ 1+ /3 s COS'y+ /3 sin

:7M/ 2 4cosy(1 — cosv)

Ry = —bAyB
B > (14 /15 (1/3)5in? 7) (cosy + /1T (1/3)sin® )
——M/p(4 34/1+ (1/3) sin® y+cos~y) Teos (1 —cos7) .

Now, we can write down explicit form of all parameters entering the 4-th order
equation®:
zc=01+1>

b .2 (1 ++/1+(1/3)sin?7)(cosy — /1 + (1/3)sin? v)
— 4M02(473\/m+c03y) w05 7(1 + o0 7)
— B 315 (1/3) 57y — cosy) LEVLEA/S) s cosy + T+ (1/3)sin"7)

4Mo cosy (1 — cosv)

y=I1—-Ts

B / (1+ /14 (1/3)sin? y)(cosy — /1 + (1/3)sin? v)
4 — 1 1
= 1M, 2(4 = 3y/1 4 (1/3) sin®y + cos7) cosy (1 + cos~y)
B (1+ /14 (1/3)sin®v)(cosy + /1 + (1/3) sin®
——2(4 - 34/1 1 —
+4M (4= 34/1+ (1/3) siny — cos) cosvy (1 — cosvy)

R=RiRy

B o (1++/1+(1/3)sin?7)(cosy — /1 + (1/3)sin?y)
=1L (4—34/1+ (1/3)sin*y — cosv) cosy(1 1 cosy)
X4ﬁ (4—3 (1/3)sin2’y+c05’y)(1+ 1+ (1/3)sin? y)(cosy + /1 + (1/3) sin?

cosy (1 — cos~)

(3.27)
After simplifying these formulas, we get
4 Bsin® 1 BZ%sin’
(3.28) p=—c—2 ) y_0, R=-—""T1
3 My cos~y 9 My“ cos? v

The functions z(7y), R(y) may be illustrated by Fig. 1 and Fig. 2 (the multipliers
B/My, B?/M¢ are ignored).
The parameters p, v are

Mo Mo AM,
=M+ M= + - 7
2 1 2 (I14cosv)/2 (1 —cosv)/2 Sin2fy
M M, 4M,
(3.29) v=M — M, = 0 _ 0 _ .0 gosfy
(I14+cosv)/2 (1 —cosv)/2 sin?

9Let here Mo = M/p.
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20 20

©]a

-10

v
B
@ |
=
<
B

3n Ed
16 4 16
v

#|
S

Figure 2: ¢) Parameter u(v). d) Parameter v(vy).

and are illustrated by Fig. 3 and Fig. 4 (the multipliers B/My, B?/M¢ are ignored).
Taking into account the relations (3.28) and (3.29), we get the final form of the
4-th order equation for E:

8 Bsin?~yE® 22 B?sin®y 8 My?(1 + cos? )

Bt - ————— (= — o — —8BN)E?
3 My cosy 9 Mpy* cos2y sin® ~y
+(8 B3sin®y 32 My B(14cos?y) 32 B?sin®*yN

9 Mo® cos3 3 sin?  cos 7y 3 My cosy

16 My* 8 5o 40 B’ L1 B'sin®y 40 B*sin* yN
3 9 cos?y 9 Mycosty 9 My?cos?y

sin® v

N 32 My? BN(1 + cos® )

— +16 B2N? =0.
s~y

(3.30)

The energy and all the parameters may become dimensionless by means of the
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following procedure

—E E =z T v el =z v

~ s s s

MO K MO K MO y’ MO /’l’7 MO )
B R

in this way we obtain a simpler equation,

8 Bsin? yE? 22 B?sinty _8(1+ (Aios2 7 8 BN)E?

E* +
3 cosvy 9 cos?y sin®

8 B3sin® v 32801 + cos? ) 32 B?sin? yN B

9 cosdy 3 sin?ycosy 3 cosy
N 16 8 g2 40 B? 1 B*sin®y 40 B®sin*yN
sinfy 3 9 cos2y 9 costy 9  cos?y

+32 BN (1 + cos? )

sin®

(3.32) +16 B2N? = 0.

The numerical study of several such typical cases gives

1

B=1 iny=—
? Sln,y 10 )
N=1, E; =223, FE;=399.00, FE3=-224, E;=-399.01;
N =5, E; =458, E»=2399.02, E3=-459, E;=-399.03;

N =10, E, =640, E»=399.04, Es3=—6.41, E4=—399.05.

1
B=1, siny=-
) sy 27
N=1, E, =208, E,=1487, FEs=-246, FE4=—15.25;
N=5, Ey =441, E,=1539, FEs=—479, E,=—15.78;

N =10, E, =622, E»=16.02,, E;=—6.61, E;=—1641.

9

B=1, siny=—

b) Sln’y 107

N=1, E =100, E,=303, E3=-348, E4=—551;
N=5, E; =316, FE,=475, Es=-564, E4=—723;

N =10, E; =490, FE»=6.35, E;=-738, E;=—8.83.

B =5, sin’yzl—lo,

N=1, E; =455, FE,=2398.99, FE3=—-4.62, FE4;=—399.06;
N=5, E; =10.02, E,=399.09, Es=—10.08, E;=—399.16;
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N =10, FE;=14.14, E;=399.21, FE3=-—14.21,
1
B = iny — =
5, sinvy 3

N=1, FE =362, E;=1464, FE3=—-5.55,

N=5, E; =907, E,=1703, FE3=-11.00,
N =10, FE;=1319, FE;=19.63, F3=—-15.11,

B=5 iny=—
) Sln’y 10 )

N=1, E;=-4.01, FE,=211, FE3=-8.38,

N=5, FE =107, E;=725, FE3=-13.46,
N =10, F;=5.11, F;=1130, F3=-17.50,

B =10, siny= L
- ) ’Y - 10 ’
N=1, FE; =634, FE>=239898, F3=—-647,
N =5, FE; =14.11, F;=399.18, FE3=—-14.24,
N =10, FE;=19.96, F>=39943, FE3=-20.09,
. 1
B =10, sm’y:E,

N=1, Ey =443, E,=1437, FE3= —8.28,
N =5, FE =1214, FE,=18.77, FE3=—-15.99,
N =10, FE,=1794, FE,=23.20, F3=-21.79,

B =10 siny = —
) 51n’y 10 )
N=1, FE; =065, E;=-11.23, FE3=—13.55,
N=5, FE; =819, FE;=-4.16, F3=-20.62,

N =10, E;=1398, E,=161, FEs=—26.39,

E4 = —399.28.
Ey = —16.56;
Ey = —18.96;

Ey = —21.56.

Ey = —14.50;
Es=—19.64;
E4= —23.69.
By = —399.11;
E4 = —399.32;

E4 = —399.57.

Ey=—18.22;

Ey = —22.62;
E4 = —27.05.
Ey = —25.42;

Ey = —32.97;

E4 = —38.76.
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The values of energy — these are divided into four series — may be foreseen, from
physical point of view. The analytical expressions for all the four series of energy
levels may be written down in explicit form as well; however their expressions are

very cumbersome and can hardly be useful.

It should be pointed out that, due to the identity y = 0, we have the equality

' =T9 =T, and the system (2.7)-(2.8) reads
(Zﬁ — M + F23)7/11 — Ri¥39, =0,

(3.33) (iD — My + T'S3)1hy — R3¢y = 0;

This equation means that two Dirac particles with different masses (M7 and M3) and
equal anomalous magnetic moments I' are linked to each other through the terms
R133 and ReX.3. Evidently, by means of the elementary change of variables

VR~ Ty, V Ra g~ Uy,
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the system may get the more symmetrical form

(iD — My +T%3)¥;, — VR X3 Uy =0,
(3.34) (iD — My +T%3)¥ — VR X3 U1 = 0;
where

2 Bsin?y B sin?~
r=—-29% VR VRiRs=2 .
3 My cosy’ VR 2 T8 cosy
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