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Abstract. In this paper, the symmetry group classification is given for the
non-linear generalized reaction-diffusion-convection equation admitting an
extension by one of the principal Lie algebra of the equation under con-
sideration using the preliminary group classification approach. Using the
adjoint representation G, of on its Lie algebra gg, the implementation of
optimal systems to find its optimal one dimensional subalgebras is per-
formed. The result of the work is a wide class of equations summarized in
table 3.
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1 Introduction

The well-known class of the non-linear reaction-diffusion-convection RDC equation
up = (D(u)ug),+9g(u), where ¢ is time, x is space, u = u(z, t) is an unknown function,
D(u) # 0 and g(u) are arbitrary differentiable functions, are used to model the various
processes in biology, ecology, physics and chemistry. For a specific form of functions
D(u) and g(u), it describes species propagation in natural habitat, membrane ion
transport, nerve impulse propagation, spread of chemical concentration waves, self-
organization in biochemical systems, formation of apex zones of plants, non-linear
effects in plasma, and so on [5]. (Find more information in [1, 2] and given references).
In this paper we deal with the following equation:

(1.1) GRDC: u; = f(z,u)uzy + g(z,u, uy),

where u(z,t) is an unknown function and f(z,u) # 0 and g(x,u,u,) are arbitrary
functions with specified arguments. By comparing this equations, we find the general-
ity of later equation w.r.t. equation RDC. Hence, we can consider the equation RDC
as the “Generalized Reaction-Diffusion-Convection” equation (or GRDC-equation).
Also, the equation GRDC can be considered as generalization of several the well
known second-order evolution equations which have been pointed with some applica-
tions and physical information in the following Table:
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Equation Some of its applications
Reaction-diffusion-convection | Oil and water flow in petroleum-reservoir
ur = (D(w)ug) . + F(u)

Fisher equation Population in a one-dimensional habitat
Ut = QUgy + F(u)

Fin equation Increase the heat transfer from surfaces
up = (f(w)ug)e + g(x)uq

Non-linear heat equation Nonlinear problems of heat and mass

ur = (f(u)ug)y transfer and flows in porous media
Reaction-diffusion equation Model for population growth

ur = (g )z + g(z)u,

Physical applications of this type of equations have been a motivation for the
several accounts (see e.g. [3, 10, 2]). In this paper by using preliminary group clas-
sification method (See [4, 7]) a symmetry analysis of the equation GRDC as well as
similarity solutions have been considered. Indeed, this paper is organized as follows.
In section 2. We will discuss about the symmetry analysis of model GRDC using the
Lie classical symmetry method. In section 3. Some discussions about the equivalence
transformations using infinitesimal criterion method to find a continuous subgroup
g, of the set of all equivalence transformations which is denoted by e, will be con-
sidered. Section 4 is devoted to preliminary group classification of equation GRDC
which is defined as the most of extensions of the principal Lie algebra admitted by
the equation under consideration are taken from the equivalence algebra g., by con-
sidering finite subalgebras of the obtained symmetry algebra in the pervious section.
Also, discussion about the optimal system and applications of the preliminary group
classifications have been given in this section.

We remind the reader that there are also some other papers which had used sym-
metry analysis approach for the investigation about some special class of the equation
GRDC. For instance in [1], Lie symmetries and form-preserving transformations of
the reaction-diffusion-convection equations u; = (A(u)ug ), + B(u)u, + c(u), or in [10]
Lie symmetry analysis via classical and non-classical symmetries of the remarkable
Fin equation u; = (D(u)uy ), + h(x)u, have been discussed. Also, IBRAGIMOV, N.H.
and et al, in [4] investigate about the preliminary group classification for the following
equation:

(1'2) Ut = f(xaux)uxx + g(a:,ux).

2 Classical symmetries

The symmetry group method plays an important role in the analysis of differential
equations. The history of group classification methods goes back to Sophus Lie [6].
Roughly speaking, a symmetry group of a system of differential equations is a group
which transforms solutions of the system to other solutions. In the classical framework
of Lie, these groups consist of geometric transformations on the space of independent
and dependent variables for the system, and act on solutions by transforming their
graphs. To find symmetry group using infinitesimal criterion approach is popular and
rather convenient ([8, 9]). In this section, we will have an attempt to apply such
approach for the equation GRDC.
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Let the following one-parameter group:
(@, 1.0) = (z + (@, t,u),t +en(e, t,u), u+ep(z,t,u)) + O(),

with X := &(x,t,u)0, + n(x,t,u)0 + ¢(x,t,u)d, as infinitesimal generator. Trans-
formation group RDC is a symmetry group of the equation GRDC, if and only if the
following condition (infinitesimal criterion) is hold:

(2.1) X®A =0,  whenever A =0.
Where X ®) is second prolongation of X given as
X® = X + 0" 00, + ¢ 0u, + 0" 0nz + 9" Oy, + 9" Ousy
and ©%, o, % ¥ P! are respectively
(2.2) 9" = DoQ + §uaa + Ny, e " = DFQ + Eugte + M.

Here D, D, are total derivative w.r.t specified variables and Q = ¢ — fu, — nuy is
the corresponding Lie characteristic of X.
By using infinitesimal criterion (2.1), we find

[@t - (fzum:r + gz)E - (fuum:r + QU)‘F’ - gul»‘Px - f@xx} 0.

GRDC
In the case of arbitrary f(z,u) and g(z,u,uz), it follows £ = ¢ = p* = P = P! = 0.
So, for the coefficients of X, we have £ = 0, n = ¢, ¢ = 0, where ¢ is an arbitrary
constant. Hence, the equation GRDC admit the one-dimensional Lie algebra g; with
basis: X' = 8;. Now, g; called principle Lie algebra for equation GRDC.

In continuation, using a partial group classification of GRDC we obtain appro-
priate f and g such that desired equation GRDC admit extension symmetry algebra
which respect to g;. Usually, the group classification is obtained by inspecting the
determining equation. Here we do not solve the determining equation but, instead,
we use the so-called preliminary group classification method [4, 7].

3 Equivalence transformations

An equivalence transformation is a non-degenerate change of the variables ¢, x and u
taking any equation of the form GRDC into an equation of the same form, generally
speaking, with different f(z,u) and g(x,u,u,). The set of all equivalence transfor-
mations forms an equivalence group e (Find more information in [4]). Therefore, we
must find a continuous subgroup &, of it making use of the infinitesimal method. Let

Y = gl(m7t7 u, f’ g)aév + 52(1‘, t7ua fa g)at + QO(.’E,t,’U,, f7 g>8u
(31) +/J“(x7t7u7fvg)af+V(m7tauauzaut»f7g)aga

be an operator of the group .. So from invariance conditions of GRDC, we have

(3'2) Ut — f(xv u)uzw - g(x,u, uz) =0, fi=gt= Gu, = 0,
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The invariance conditions of the system (3.2) are
(3.3) y® [ur — fuze —g] =0, Y(Q)(ft) = Y(2)(gt) = Y(2)(gu1,) =0,
where Y () is second order prolongation of operator (3.1), given as

Y(Q) = Y+ @zux + @tut + @mmuxa: + @Ituxt
(3.4) +o" ugy 4 p'dy, 4+ 110y, + v 0g,,

where the coefficients ¢%, !, ©®* % and ' given in (2.2) and for remaining coeffi-
cients we have

Mt = Ut — fx§t1 — futpt
(3.5) VE =1 = 02&f — Gut — Gu, (97t
Vut = Vuy — Gu, (pr)ut?

t

So, invariance condition (3.3) give pu! = 1! = v¥t = 0. As a result we have

Mt — f:cgtl - quOt = 07
(3.6) Vi — Gu&i — Gupt — Gu, (") =0,
Vut - gum ((pr)ut =0.

Since above equality hold for arbitrary functions f and g, we find

(37) Ht = gtl =Pt =Vt = Vy, = (@T)t = (gpz)Ut = 07
Moreover with substituting (3.4) into (3.3), we obtain
(3.8) @' = [™ = gy —v =0

By substituting (2.2) into (3.8), and introducing the relation w; = f(z,u)ugs +
g(z,u,u,) to eliminate u; we are left with a polynomial equation involving the vari-
ous derivatives of u(x,t) whose coefficients are certain derivatives of ¢!, €2, ¢, u and
v. We can equate the individual coefficients to zero, leading to the complete set of
determining equations.

51 :gl(x)a 52 = ¢, 90:90(:1;7/“)7 Pz =0,
where these system of equations can be simplified as
51 = OZ(IL'), 52 =, Y= ﬂ(u)x + 7(”)3 n= 20/(93)]‘,
v=(8'(wz+7(u)g = 26" (wu, f + " (@)us f — (28" (u) + 7" (w)us f,

whit arbitrary constant ¢ and arbitrary functions a(z), 8(u) and y(u) with specified
arguments. Therefore, the class of Eq. GRDC has an infinite continuous group of
equivalence transformations generated by the following infinitesimal operators:

Y = a(2)dy + O + (B(u)z + v(u))dy + 20/ (x) fOr
+[(B'(w)z ++'(uw)g + (" (x) = 28" (w))us f — (2" (u) +~" (u))u3 f| Iy,
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and the symmetry algebra of the GRDC equation GRDC is spanned by the vector
fields

Y1 = a(x)d, + 20/ (x) fOf + ' () uy fOy, Y, = 0y,
(3.9) Y3 = B(w)ady + (8" (u)g — 28’ (w)ue f — 25" (w)us f)d,,
Yy = y(w)u + (97 (w) = 7" (u)us f) 3y

Moreover, in the group of equivalence transformations there are included also discrete
transformations, e.g. (x,t,u, f,9) — —(z,t,u, f, g).

4 Preliminary group classification

The principal group classification is e-extension which is defined as the most of ex-
tensions of the principal Lie algebra admitted by the equation under consideration
are taken from the equivalence algebra g..

So, we can take any finite-dimensional subalgebra of an infinite-dimensional alge-
bra with basis (3.9) and use it for a preliminary group classification. Hence, we select
the subalgebra gg spanned on the following operators:

Y, = amv Y, = ata YS = auv

(4.1) Yi=20a, Ys=10, +2f0;, Ys=udy+gd,

The communication relations between these vector fields is given in the following
Table, where the entry in the i*® row and j*® column is defined as [V;,Y;] = V;.Y; —
}/j)/za 27] = 17 76

[, ] Y1 Yo Y3 Yy Ys Ys
Vi 0 0 0 Vs Vi 0
Yo 0 0 0 0 0 0
1 0 0 0 0 0 Ys
Y, Yy 0 0 0 -V, Ya
Vs Vi 0 0 Ya 0 0
Vs 0 0 . 0 0

Table 1: Commutation relations satisfied by infinitesimal generators

Since any linear combination of infinitesimal generators is also an infinitesimal
generator, there are infinitely many different subgroups for a differential equation.
In order to complete understanding the invariant solutions, it is necessary and sig-
nificant to determine which subgroups would give essentially different types of so-
lutions. However, a well known standard procedure [8, 7] allows us to classify all
the one-dimensional subalgebras into subsets of conjugate subalgebras. This involves
constructing the adjoint representation group, which introduces a conjugate relation
in the set of all one-dimensional subalgebras. In fact, for one-dimensional subalge-
bras, the classification problem is essentially the same as the problem of classifying
the orbits of the adjoint representation. If we take only one representative from each
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family of equivalent subalgebras, an optimal set of subalgebras is created. The corre-
sponding set of invariant solutions is then the minimal list from which we can get all
other invariant solutions of one-dimensional subalgebras simply via transformations.

Each Y;, i =1,---,6, of the basis symmetries generates an adjoint representation
(or interior automorphism) Ad(exp(eY;)) defined by the Lie series

42)  Adesp(EYi¥) =Y - eV Y+ SV Y] -

where [Y;,Y]] is the commutator for the Lie algebra, € is a parameter, and i,j =
1,---,6 ([8 7]). In Table 2, we give all the adjoint representations of the GRDC

equation Lie group, with the (7, j) the entry indicating Ad(exp(eY;))Y;.

Ad Y; Yo Y3 Y, Ys Ys
Y, Y Y Y3 Yy—eYs Ys-—ehp Ys
Y, Y Y, Y3 Y, Ys Ys
Y3 Y1 Yo Y3 Y, Ys Ys —eY3
Yo |[Yi+eYs Yo Y3 Y, Ys +eY, Ys—eYi
Ys Yy Yo Y3 e Yy Ys Ys
Ys Y Yo €Yy €Y Ys Ys

Table 2: Adjoint representation of infinitesimal symmetries of GRDC equation

Theorem 4.1. An optimal system of one-dimensional Lie subalgebras of generalized
reaction-diffusion-convection equation GRDC is provided by those generated by

Yi=Y1=0,, Y =Y,=0, Y3 =Y;=20,,

Yi=Y, =20, Y®=Ys=10,+2f0;, Y°=Ys=ud,+gd,,
Y=Y, -Y1=0,—0,, Y3 =Yo+Yi=0,+0,

Y =Y, - Yy =20, —-0,, YO=Y,+Y,=20,+0,,

Y =Y+ Yo =20, +2f0r + 0, Y2 =Ys5—Ys =20, +2f0; — 0,
V' =Yg+ Vs = udy + g0y + 20, + 2f0y,

(4.3) Y™ =Y~ Y5 =ud, + g9, — v0, — 2f0y,
Y15:Y6—|—Y2:u8u—|—gag+8t, Y16:Y6—Y2=u8u—|—gag—6t,
Y =Yy +Ys + Yo = 0 + 0, + 2f 05 + udy + g0y,

Y =Yy — Vs + Y = 0, — 20, — 20y + udy, + g0y,
Y = Yo + Vs + Y5 = —0; + 20, + 2f0; + udy + g0y,
Y2 = Yy — Y5+ Y5 = —0; — 20, — 2f0f + udy + g0,.

Proof. Let gg is the symmetry algebra of equation GRDC with adjoint representation
determined in Table 2 and Y := a1Y1 + - -+ 4+ agYs, is a nonzero vector field of gg. We
will simplify as many of the coefficients a;;i = 1;--- ;6, as possible through proper
adjoint applications on Y. We follow our aim in the below easy cases:
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I. At first, assume that ag # 0. Scaling Y if necessary, we can assume that ag = 1
and so we get Y/ 1= a1Y1 +--- +a5Y5 + Y, Using the table of adjoint (Table 2),
if we act on Y’ with Ad(exp(az/asY1)), the coefficient of Y3 can be vanished.
So, we find: Y"” := a1Y] + a2Ys + a4Yy + as5Ys + Ys. Again, if we act on
Y with Ad(exp(a1/a4Y1)), the coeflicient of Y7 can be vanished. So, we find:
Y = asYo 4+ asYy+ asYs + Ys. If we act on Y with Ad(exp(aq/(1 —as5)Ys)),
the coefficient of Yy can be vanished. So, we find: Y := asYs + a5Ys + Y,

II. In this case we consider ag = 0 and a5 # 0. So we assume that: Y/ = a1Y] +
asYs + a3Y3 + agYy + Y5, which after simplifying turn Y = aoYs + Y5,

HI. In this case we consider ag = 0, a5 = 0 and ag # 0. So we assume that:
Y’ = a1Y1 + aYs + a3Ys3 + Yy, which after simplifying turn Y = aoY5 + Yy,

IV. In this case we consider ag = 0, a5 = 0, a4 = 0 and a3~7é 0. So we assume that:
Y’ = a1Y1 + a2Ys + Y3, which after simplifying turn Y = a1Y; + Y5 or Y = Y7,

There is not any more possible case for studying and to end proof set a;s in any given
Y equal to +1, 0 and list the resulted vector fields which are the same given in (4.3).
The coefficients f, g of GRDC depend on the variables z, u and =, u, ug,
respectively. Therefore, we take their optimal system’s projections on the space
(z,u,ug, f,g). The nonzero in z-axis, u-axis or uz-axis projections of (4.3) are

Z'=Y'=Y"=Y?=0,, Z*=Y?=0,,

2=Y*=Y'=Y""=20, Z'=Y°=Y"=Y'?=20,+2f0,
(44)  Z2°=Y =Y¥ =Y =ud, + g9y,

Z8=yB =y =Y = ud, + g0, + 20, + 2f0,

ZT=Y" =v® =v® = ud, + g0, — 0, — 2f0;.

O
Theorem 4.2. Let g, be an m-dimensional subalgebra with the basis Y (i = 1,--- ,m)
of infinite-dimensional algebra g1. Denote by Y* (i=1,---,5,0<s<m, s € INT)
an optimal system of one-dimensional subalgebras of g, and by Z* (i = 1,--- ,t,

0<t<s,te INT) the projections of Y, i.e. Z' = pr(Y?). If equations f = p(x,u),
g = ¥(x,u,u,), are invariant with respect to the optimal system Z* then the equation

(4.5) up = @(T, W)Uy + (T, U, Uy ),
admits the operators X = project of Y on (t,x,u).
Proof. Let Eq. (4.5) and the equation

(4.6) up = @' (@, gy + P (T, U, uy)

be constructed according to Theorem 1 via optimal systems Z¢ and Z'*, respectively.
If the subalgebras spanned on the optimal systems Z° and Z’?, respectively, are similar
in g, then Egs. (4.5) and (4.6) are equivalent with respect to the equivalence group
G, generated by g,. |
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Now we apply Theorem 1 to the optimal system (4.3) and obtain all nonequivalent
Eq. GRDC admitting e-extensions of the principal Lie algebra g, by one dimension,
i.e., equations of the form GRDC such that they admit, together with the one basic
operators d; of g1, also a second operator Xs. For every case, when this extension
occurs, we indicate the corresponding coefficients f, g and the additional operator
Xo.

We clarify the algorithm of passing from operators (4.1) to f,g and X5 via the
following examples. We take the last operator from (4.4): Z7 = ud,,+ g0, —x0,—2f ;.
Invariants are found from the equations dx/(—z) = du/u = df /(—2f) = dg/g, and
can be taken in the form Iy = zu, Iy = f/2? and I3 = zg.

From the invariance equations taken in the form Iy = ¢(I1) and Is = ¢¥([1). It
follows that: f = 2%¢()), g = ¥(\)/x, where A = I;. From Theorem 1 applied to the
operator Z7 we obtain the additional operator u8, — x0, % O, ud, — 0.

After similar calculations applied to all operators (4.4) we obtain the following
result (Table 3) for the preliminary group classification of Eq. GRDC admitting an
extension gy of the principal Lie algebra g;.

Z A Equation Additional Operator X2
zZt ut:<puzrw+¢ 8178t+8xaaw_8t

Z? x Ut = PUgy + Y O

VAR U = PUgy + Y 20y, O + 10y, —0; + x0,,
Z* u U = T2 PUgy + 1P O + 205, —0; + 10,
VAR Ut = PUgg + U/ Ot + U0y, —0; + udy, uOy

Z% u/r up =2 Puse + 1 uby + 10, + Op, uby + 10y — Oy, udy + 10y
ZT azu o owp =2 Pusy +0/x udy — 20, + O, udy — 10, — Op, u0y — 10y,

Table 3: The result of the classification

5 Conclusions

In this paper, symmetry group classification and the algebraic structure of the sym-
metry groups for the generalized reaction-diffusion-convection equation using the pre-
liminary group classification are obtained. Indeed, this classification is stated by con-
structing an optimal system with the aid of Theorems 1 and 2. The result of this
work is summarized in Table 3.
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