On an n-Einstein (k, p)-contact metric manifold

S. Fueki, H. Endo

Abstract. In [4] it was shown that if £ (k # 0) is a rational number
and p (u # 0) is integer, (2m + 1)-dimensional (m > 2) C-Bochner
semi-symmetric non Sasakian (k, u)-contact metric manifolds do not ex-
ist. In this paper we consider an n-Einstein (k, u)-contact metric manifold.
And we study the relation between numbers k or p and C-Bochner semi-
symmetries on an 7-Einstein (k, p1)-contact metric manifold.
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1 Introduction

Let R be the Riemannian curvature tensor of a Riemannian manifold M with a
positive-definite metric tensor g. M is said to be a locally symmetric if VR = 0,
where V denotes the Levi-Civita connection. For any tangent vectors X and Y, we
consider R(X,Y) as a derivation of the tensor algebra at each point on M. M is
said to be semi-symmetric if R(X,Y).R = 0 as a proper generalization of locally
symmetric manifold. Many geometers have considered semi-symmetric spaces and in
turn their generalizations.

On the other hand, M. Matsumoto and G. Chuman [5] defined the contact Bochner
curvature tensor B by

(1.1) B(X,Y) =R(X,Y) + QY AX — QX AY + QoY A ¢X

2(m+2)
— QX NPY +29(QoX,Y)o
+29(¢ X, Y)Q9 +n(Y)QX AN E+n(X)EN QY]
p+2m
- m[dﬂ’ NdX +29(0X,Y)9]
p

-4
- —YANX+ P

2(m + 2) m[n(Y)fAX+n(X)YAg]

on (2m+ 1)-dimensional Sasakian manifold (B is called C-Bochner curvature), where

Q@ is the Ricci operator of M, p = 22&1’1”) (r is the scalar curvature of M) and
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(XAY)Z=g(Y,Z)X —g(X,2)Y. C.D. Uday and G. Sujit [6] defined the C-Bochner
semi-symmetry on a (k, u)-contact metric manifold as follows:

Definition 1.1. A (2m + 1)-dimensional (k, u)-contact metric manifold is said to be
C-Bochner semi-symmetric if

(1.2) R(X,Y).B=0

for any vector fields X and Y.

2 Preliminaries

Let (M, ¢,£,1,9) be a (2m + 1)-dimensional contact metric manifold, that is, let M
be a differentiable manifold and (¢, £,n,g) a contact metric structure on M, formed
by tensor fields ¢, &, n, of type (1,1), (1,0) and (0, 1), respectively, and a Riemannian
metric g such that

¢2:_I+T]®£v (bg:oa 770(;5:07 77(5):17
(2.1) n(X) =9(X,§), 9(¢X,0Y) = g(X,Y) —n(X)n(Y),
dn(X,Y) = g(X, ¢Y)

for any vector fields X and Y. We denote by V the Riemannian connection defined by
g and define a tensor field h on a contact metric manifold M by h = %ﬁgqﬁ, where £
denotes the Lie differentiation. Then it is well-known that A is a symmetric operator,

Vx&=—¢X - ohX

is satisfied for any vector field X, h anti-commutes with ¢ and trh = 0 on a contact
metric manifold, where trh is the trace of h (see. [1]).

If € is Killing vector on a contact metric manifold M, then M is said to be a
K-contact Riemannian manifold. If a contact metric manifold M is normal (i.e.,
N + 2dn ® £ = 0, where N denotes the Nijenhuis tensor formed with ¢), then M
is called a Sasakian manifold. Every Sasakian manifold is a K-contact Riemannian
manifold. On a Sasakian manifold with structure tensors (¢, ¢, 7, g), we have

Vx§=—0X, (Vx9)Y = R(X,§)Y = g(X,Y){ —n(Y)X

(see [1]).
The (k, u)-nullity distribution of a contact metric manifold for the pair (k, ) € R?,
is a distribution
N(k,p) 2 p — Np(k, ),
Ny (k, ) i= W € TyM | R(X, Y)W = (KT + uh)(g(Y, W)X — g(X, W)Y)].

If M is a contact metric manifold with £ belonging to the (k, u)-nullity distribution,
i.e.,

(2.2) R(X,Y)§ = k[n(Y)X —n(X)Y] + pln(Y)hX —n(X)hY],
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then M is called a (k, u)-contact metric manifold. And the following relations in a
(k, p)-contact manifold are well known (see. [2],[1]) :

(2.3) R = (k—-1)¢* k<1,
(2.4) (Vx@)Y = g(X + hX,Y)§ —n(Y)(X + hX),
(2.5) R(&,X)Y = k[g(X,Y)E —n(Y)X] + plg(hX,Y)E = n(Y)hX],

for any vector fields X and Y. If k£ = 1, the structure is Sasakian ([2],[1]) and if k£ < 1,
the (k, p)-nullity condition completely determines the curvature of M?™+1 (see. [3]).
The following theorem is well known:

Theorem 2.1 (e.g.,[3]). Let (M,&,n,,9) be a (k, u)-contact metric manifold which
is not Sasakian, i.e., k < 1. Then its Riemann curvature tensor R is given explicitly
in its (0,4)-form by

(2.6) g(R(X,Y)Z,W)
= (1= 5)(9(Y: 2)g(X, W) = (X, Z)g(¥, W)

+9(K Z)g(th W) _g(X7 Z)g(hx W)
—g(Y,W)g(hX,Z) + g(X,W)g(hY, Z)

123

+ 7 (9(hY, 2)g(hX, W) — g(hX, Z)g(hY, W)

— S(9(0Y. 2)g(6X. W) — g(6X, Z)g(6Y. W)

©

+ 522 (g(onY, 2)g(0hX. W) - g(6hY. W)g(6hX. 2)

+ pg(0X,Y)g(9Z, W)

+nONW)((k =1+ £)g(¥. 2) + (= )g(hY, 2))
In(Z)((k =1+ 5)g(Y, W) + (1 = )g(hY, W)
k

—n(X
+ (V)2 (k= 1+ D)g(X. W) + (= Dg(hX, W)
=0V )W) (k= 1+ 5)9(X. 2) + (u ~ Dg(h X, 2))

for any vector fields X,Y, Z and W on M.

C.D. Uday and G. Sujit [6] got the following result for (k, u)-contact metric man-
ifold M?™+! (2m +1 > 5).

Lemma 2.2. Let (M?*™+L £ n,¢,9) be a (k,u) contact metric manifold which is not
Sasakian. Then the following equations hold:

(2.7) S(X,Y)=12(m—1) —mulg(X,Y) + [2(m — 1) + pu]g(hX,Y)
+ [2(1 = m) + m(2k + p)In(X)n(Y),
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2k — 1)

(28)  BX.Y)E="

(V)X = n(X)Y]+ pln(Y)hX — n(X)hY],
2(k—1)
m+ 2
for any vector fields X and Y .

(2.9) B(X,§)Y = (V)X — g(X,Y )] + pln(Y)hX — g(hX,Y)E],

Remark 2.1. In [6], (2.7) ~ (2.9) hold good for the assumption that the dimension
n(=2m + 1) of M is greater than 5 or equal to 5. However, using (1.1) and (2.6), it
is showed that these three equations hold good even if in 3-dimensional (k, p)-contact
metric manifold.

If the Ricci tensor S is of the form S = ag + by ® i, where a and b are smooth
functions, then M is called an n-Einstein manifold. Of course if b = 0, M is an
Einstein manifold.

On the other hand, the condition R(X,Y )¢ = 0 for all vector fields X and Y
has a strong and interesting implication for a contact metric manifold. The following
theorem is well known:

Theorem 2.3 ([1]). A contact metric manifold M*™ L satisfying R(X,Y)¢ = 0 is
locally isometric to E™*! x S™(4) for m > 1 and flat for m = 1.

On the other hand, we got the following three results in [4] ;

Theorem 2.4 ([4]). If M is a 5-dimensional C-Bochner semi-symmetric non-Sasakian

(k, u)-contact metric manifold, then k = p = 0. i.e., M is a locally isometric to
E3 x 5%(4).

Theorem 2.5 ([4]). Let M be a (2m + 1)-dimensional (m > 2) C-Bochner semi-
symmetric non-Sasakian (k, p)-contact metric manifold. If k (k # 0) is a rational
number and p (u # 0) is a integer, then there does not exist manifold M satisfying
these conditions.

Theorem 2.6 ([4]). If M be a (2m + 1)-dimensional (m > 2) non-Sasakian (k,u)-
contact metric manifold satisfying B(§, X).R = 0 for any vector fields X, then one of
the following cases holds:

)

_(m*42m—2)++/(m2+2m—2)2+4(m+2)(m2+2m—1) 4 (m+2)2u2
(a) p= (m+2)(m?T2m—1) , k= T

o (m2+2m72)7 (m2+42m—2)24+4(m+2)(m2+2m—1) 4 m.t,_2)2 2
(b) = \/(m+2)(m2+2m71) A %-

3 an 7n-Einstein (k, yu)-contact metric manifold

In this section, we deal with a (2m + 1)-dimensional n-Einstein (k, u)-contact metric
manifolds. Then we have

(3.1) S(X,Y) = ag(X,Y) +bn(X)n(Y)

for any vector fields X and Y, where a and b are smooth functions.
Before proving our assertions, we give some lemmas.
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Lemma 3.1. Let M™ be an n(= 2m+1)-dimensional non-Sasakian n-Finstein (k, u)-
contact metric manifold. Then we have

(3.2) w=3—n.
Moreover a and b elements of (3.1) are constant, i.e.,
1 1
(3.3) 11:5(7173)(n+1)7 b:(nfl)kfg(nfii)(nJrl).

Proof. Making use of (2.7) and (3.1), we get
B 103+ g, Y) = o= (0 -3+ ) gxy)

# |- @ = @k )| o)

Let A be an eigenvalue of h and ey an eigenvector corresponding to A. Since h is
anti-commutes with ¢, we get hoey = —Apey.
Substituing ey into X and Y in (3.4), we have

(3-5) Al(n =3) + plglexs ex) = [(n = 3) + plg(hex, ex)

o9

n—1
2

u} glex,en).

Also, substituing ¢ey into X and Y in (3.4) and using g(gey, dex) = glex,ey), it
follows that

(3.6) —Al(n = 3) + plg(ex, ex) = =Al(n — 3) + ulg(dex, dex)

= [(n = 3) + plg(hgex, pex)

{ )+ 2/1} g(der, gex),

{ )+ 214 glex, ex).
Subtracting (3.6) from (3.5), it yields (3.2). Substituting (3.2) into (3.4), we get
(3.7) S(X,Y) = 5(n = 3)(n + Dg(X,Y)

# [0 1k = 5030+ 1] 000

which implies (3.3). O

From Lemma 3.1, we have

Corollary 3.2. Let M be a non-Sasakian n-Einstein (k, 1)-contact metric manifold.
Then there does not exist M satisfying p > 0.

From Lemma 3.1, we get
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Lemma 3.3. Let M™ be an n-dimensional non-Sasakian Einstein (k, p)-contact met-
ric manifold. Then n is either 3 or 5. Moreover if n = 3, then M is flat. If n =5,
then we get

(3.8) F= =2
and
(3.9) S(X,Y) =6g(X.Y)

for any tangent vector fields X,Y of M.
Proof. By the assumption we have b = 0 in (3.1). By means of (3.3), we get

1
Making use of (2.3) and (3.10), we obtain
(3.11) (n—2)% <5,

which yields either n = 3 or n = 5.
Using (3.3) and (3.2) in the case of n = 3, we have

(3.12) a=k=p=0,

or equivalently,
R(X,Y)(=0
for any tangent vector fields X,Y of M. Applying Theorem 2.3, we see that M is
flat.
Also using (3.3) and (3.2) in the case of n =5, we obtain (3.8) and (3.9). O

By virtue of Theorem 2.5 and Lemma 3.1 we have

Theorem 3.4. Let M™ be an n-dimensional non-Sasakian n-FEinstein (k, u)-contact
metric manifold satisfying that k (k # 0) is a rational number. Then M is not
C-Bochner semi-symmetric.

Proof. Since M is n-Einstein, by applying Lemma 3.1, we see that k (k # 0) is a
rational number and p (u # 0) is a integer. Hence, by using Theorem 2.5, we infer
our result. ]

In view of Theorem 2.4, Theorem 2.6 and Lemma 3.3, we conclude the following:

Theorem 3.5. Let M be an n-dimensional non-Sasakian Einstein (k, u)-contact met-
ric manifold satisfying (k, 1) # (0,0). Then M is not C'-Bochner semi-symmetric and
M does not satisfy B(§,X).R =0 for any vector fields X.

Proof. Since M is Einstein, applying Lemma 3.3, we get n = 5 and u = —2. We
assume that M is 5-dimensional C-Bochner semi-symmetric. Using Theorem 2.4, we
have k = p = 0, which yields a contradiction to the fact that u = —2. Hence we find
that M is not C-Bochner semi-symmetric.

On the other hand, we can assume that M is 5-dimensional non-Sasakian (k, ut)-
contact metric manifold satisfying B(£, X).R = 0 for any vector fields X. Making
use of Theorem 2.6, we have u = %‘fﬁl # —2. Hence we conclude that M does not
satisfy B(¢, X).R = 0 for any vector fields X. O
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