Improvement of bounds for the Poisson-binomial
relative error
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Abstract. In this article, the Stein-Chen method and the binomial w-
function are used to determine new uniform and non-uniform bounds on
two forms of the relative error of the binomial cumulative distribution
function with parameters n € N and p € (0,1) and the Poisson cumulative
distribution function with mean A\ = np. The bounds obtained in the
present study are sharper than those reported in Teerapabolarn [14, 15].
Finally, some numerical examples are provided to illustrate the goodness
of these bounds.
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1 Introduction

Let a non-negative integer-valued random variable X have the binomial distribution
with parameters n € N and p € (0,1). This distribution is a well-known discrete
distribution that can be applied in topics related to probability and statistics. The
probability mass function of X, or binomial probability function, is of the form

n
x

(1.1) px(x) = ( )p’”q”_x, x=0,1,...,n,

where ¢ = 1—p and the mean and variance of X are s = np and 02 = npq, respectively.
In particular case, n = 1, the random variable is the Bernoulli random variable with
parameter p. In addition, from the experimental point of view, the random variable X
can be thought of as the number of successes in a sequence of n independent Bernoulli
trials, where each trial results in the success or the failure with probabilities p and q.
It is well-known that if the number of trials n — oo and the probability of success
p — 0 while A\ = np remains a constant (0 < A < oo) then (Z)p‘”q”_”’ — 67;!)‘%
for every x = 0,1,...,n, which is a Poisson limit theorem. Therefore the Poisson
distribution with mean A = np can be used as an approximation of the binomial
distribution with parameters n and p when n is sufficiently large and p is sufficiently
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small. In the past, there have been a lot of studies related to Poisson approximation
of binomial distribution. For example, in the case of pointwise approximation was
examined by Anderson and Samuels [1], Feller [6] and Johnson et al. [8] also [3] and
[2]. In the case of cumulative probability approximation, Anderson and Samuels [1]
provided that

S0 if zp< 20
if z )
(1.2) Px(z0) — By p(20) "= n+1
<0 if 29> A,
where Py(z0) = > 1%, % and B, ,(z0) = Y12, (7)p¥q" " are the Poisson and

binomial cumulative distribution functions at zy € {0, 1, ..., n}, respectively. Ivchenko
[7] gave the asymptotic relation on the ratio of the binomial and Poisson cumulative
distribution functions

By, p(0)
Px(zo)
which is fulfilled uniformly in 2y < A. Very similar criteria for measuring the accuracy
of Poisson approximation were used by Teerapabolarn [12], who applying the Stein-

Chen method gave both non-uniform and uniform bounds for the relation error of the
considered distributions. His results presented in [12] are as follows:

(1.3) =1+o0(1),

A
(1.4) ’PA(IO)_IISM, S 0.1,
Bn’p(if()) o + ].
where
e N ifxg < A
1.5 A = ’
(15) (20) {1 oy

and he also gave a non-uniform bound for the another form of the relative error of
two such cumulative distribution functions,

B, (o) ‘ (er —1)p
1.6 Znp0) qf TP 01,
o S = e
and those from [13] are of the form:
P 1—e M1 —qg»
0<zo<n Bn,p(xO) nqn
and
B A1) —q"
(18) sup n,p(xo) _ 1‘ < (6 )( q )
0<zo<n ]IDA(‘rO) n

The bounds presented above were then improved by the same author in [14, 15]
to the sharper ones:

(1.9)

sup
0<zo<n

_ —A )
Pr(wo) 1‘ < max {e,\qn _1, 1—(14Ne min (1, 2(1—¢q ))}
B, »(x0) nqn A
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and
B, ,(x0) ‘ { N, =A=1 < 2(1—q”)>}
1.10)  sup |22 jl <max{l-—erg",— - —min(1,2—22) .
( ) nggpgn ]P))\(x()) o ¢ n A
for the uniform case and
P 2(er = A - 1A
(1.11) ‘A(xo) - 1‘ < Ae JA@) 01
B, »(x0) n(xg + 1)
and
B,, 20er = A —1
(1.12) ’p(%)l‘ A= A=D)  01m

Py (o)

in the non-uniform one.

The aim of this article is further improvement of the latter bounds. It will be
achieved by using the Stein-Chen method and the binomial w-function and the ob-
tained results presented in Sections 2 and 3. In Section 4, some numerical examples
are provided to show the goodness of new bounds. Concluding remarks are presented
in the last section.

n(zg+1)

2 The method

In this study, we use as our main tools the Stein-Chen method and the binomial
w-function.

2.1 The binomial w-function

The w-functions were studied by many authors, among others by Cacoullos and Pa-
pathanasiou [4], Papathanasiou and Utev [10], and Majsnerowska [9]. The following
lemma presents another form of the w-function associated with the binomial random
variable given in [9] and [10], which we are called the binomial w-function throughout
this study.

Lemma 2.1. Let w(X) be the w-function associated with the binomial random vari-
able X, then

(2.1) w(z) = ———, =0,1,...,n,
where 02 = npq.

The next relation stated by Cacoullos and Papathanasiou [4] is crucial for obtain-
ing our main results.

If a non-negative integer-valued random variable Y has probability mass function
py (y) > 0 for every y € S(Y), the support of Y, and 02 = Var(Y) is finite, then

(2.2) E[(Y = ) (V)] = * Elw(Y)Af(Y)],

for any function f : NU {0} — R for which E|lw(Y)Af(Y)| < oo, where u = E(Y)
and Af(y) = f(y +1) = f(y)-
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2.2 The Stein-Chen method

The classical Stein method introduced by Stein in [11] was developed for Poisson case
by Chen [5]. The resulted version is referred to as the Stein-Chen method. Following
Teerapabolarn [12], Stein’s equation of the Poisson cumulative distribution function
with parameter A > 0 is of the form

(2.3) hao () = Pa(20) = Afag (€ +1) = 2fa, (2),
where xg,z € NU {0} and function h,, : NU {0} — R is defined by

hay (2) = {1 if x <o,

0 if >z
and
z— 1IN TPy (2 — 1)[1 — Py(x0)]] if # < zo,
(24) fzo (ZL') = (.2? — 1)!)\_‘776)‘[}?,\(1‘0)[1 — P,\(J) — 1)]] if z > xg,

0 if x =0.

Lemma 2.2. For zg,z € N, let \ = Lnﬂi—:\lJ +1 and X = [A] , we have

1. For xy > n"—j‘l,
(1‘0 + 2)]?)\ (1‘0)
2.5 sup | A <
(2.5) zlgl fao ()] < @o+ D(@o+2- N
and
(A4 2)Py(20) . { 1 1}
2.6 up |Af, ()] < L 22AT0) I
(2.6) Zgl fao(@)] < S1o-x MNNTITs
2. For xg > A,
(2.7) sup |A foo (2)] < Mwmin{},l}.
z>1 A+2-—) A4+1

Proof. 1. For x < xg, it follows from [15] that

P*(‘TO){H Ay X + }
To+1 zo+2 (w0 +2)(zo+3)

P 2
Bl Jy A (A N
ZZ?0+1 CC()+2 $0+2
(xo + 2)1?,\(330)
(!Eo + 1)(%0 +2 — )\)’

Afao(x) <

(2.8) -

which also implies that

(A +2)Pa(z0) . 11
(2.9) Afao (@) < 5\—&-2—)\mm{5\+1’$}.
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For z > x¢, by following [15],

0 < —Afy(x)
Py(zo) [ 1 2\ 32
(210) == {x+1+(x+1)(x+2)+(x+1)(m+2)(x+3)+'”}
< P)\(xo) { 1 + 2\ + 3)\2 4o }
T xo+1 To+ 2 (.’E0+2)($0+3) ($0+2)(£U0+3)((E0+4)
Py (o) A A2
§$0+1{1+$0+2+($0+2> +}
(2.11) (o + 2)Px(w0)

T (ot D@ +2-A)
and by (2.10) and (2.11), we can obtain
(2.12)

_Afﬂio ($> <

A+2- ) A1
Hence, the inequality (2.5) is obtained from (2.8) and (2.11) and the inequality (2.6)
follows from (2.9) and (2.12).
2. The arguments derived in the proof of (2.6) lead also to the result in (2.7). O
The next lemma is obtained from Teerapabolarn [12].

QJFQ)PA(J?O)mm{ 1 1}.

Lemma 2.3. For zg € {0,1,...,n}, the following relation holds:

P
)\(1'0) < ef/\qfn'

(2.13) B, () <

3 Main results
We now present the main results of the study, i.e. new new non-uniform and uniform
bounds on two forms of the relative error of the binomial and Poisson cumulative

distribution functions.

Theorem 3.1. For zg € {0,...,n}, the following inequality holds:

A — . A 2(e>‘—)\—1) . A
(3 1) ‘ I[D)\(xo) ‘ e q "mln{l—e qn,m} foo S nn+1’
. A < A
B, (7o) ﬁii“f min{(ffig)_ip’ 2(e ;Aq)} if o > 2,

where A(xg) is defined in (1.5).
Proof. For o < %A by combining the inequalities in (1.2) and (2.13), we have that

— n+1’
0 < alzo) <erg " —1or BP*(Q&())) — 1‘ < e *¢~™ — 1, which yields the first
n,p

Bn,p(z0)
bound. For the second one, not that it is the result in (1.11) applied to considered
xo. Therefore, we obtain we obtain the first inequality of (3.1).

P 2(er =N —1
)\(1'0) < 67)\q7n min {1 o eAqn’ (6 ) } )
B, »(x0) n(xzg+1)

(3.2) ~1
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For xy > +17 substituting = by X and taking expectation in (2.3) yields
Bp(20) — Pa(o) = EP\f(X +1) = X f(X)]
AE[f(X +1)] = E[(X — p) f(X)] = pE[f(X)]

[
E[A (X)] = E[(X = ) f(X)];

where f = f,, is defined in (2.4). Because E|w(X)Af(X)| = E[w(X)|Af(X)]] < oo,
we have by (2.2),

Bnp(z0) — Pa(xo)] = [AE[Af(X)] = o*Elw(X)Af(X)]|
< B{A = Pw(X)||Af(X)]}
(3.3) = B{]A— (n— X)p||Af(X)|} (by Lemma 2.1)
< sup |Af(2)] E(X)p

(2o + 2)Px(z0)Ap
- (1‘0 + 1)(I0 +2— /\)

(3.4) (by (2.5))

and dividing the inequality (3.4) by B, ,(z0), we obtain

(2o + 2)Px(z0)Ap
(o + 1)(zo + 2 — N)By, p(20)
(2o + 2)A\pA(x0)
= (o ; 1)(wo + 2 - y v (12),

‘ P(zo)

270 <
By.p(20) ‘ -

(3.5)

which gives the first bound. The second one follows immediately from (1.11), that is,

‘M — 1‘ < 22 =A-1A(z0) Thus, we also obtain

Brn,p(xo) n(xo+1)
P A 2)Ap 2(e* —A—1
(3.6) ‘ A (@o) _1‘ < (o) min{(¢o+ ) p’ (e )}.
B, (o) zo+1 To+2— )\ n
Hence, by (3.2) and (3.6), the inequality (3.1) holds. O
Corollary 3.1. For zg € {0, ...,n}, then
57 ‘Bn,p(aro) ‘ min{l ", 72(5([011)1)} if zo < n”—ﬁl,
. Py (z0) e min{(;ﬂg_t;)_);\p’ Q(QAZLAA)} if 7o > 2.
Proof. If zg < Jfﬁ‘l, using the same inequalities in (1.2) and (2.13), we have that
0 < 1-5zl8) <1 eAgn or |Brls) 1| < 1-gn. For Bpais) 1| < 222l

which together with (1.12) gives the bounds in the first case of (3.7).

B 2(e* = A1
7}7(1.0) 1‘ Smln{le)\qn, (e )}'

(3:8) NED n(wo + 1)
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For zy > n%p i.e. for the second case of (3.7), the inequality follows from dividing

the inequality (3.4) by Px(x0) and using (1.12).

A\ —
(3.9) B, p(x0) 1l < " (xo +2))\p’ 2(er =1 —1) .
P)\(ajo) To+ 1 To+2— A n
Hence, the result in is obtained from (3.8) and (3.9). O

The following corollary is an immediately consequence of the Theorem 3.1 and
Corollary 3.1.

Corollary 3.2. We have the following relation:
P)\(l‘o)

(3.10) sup —1l<ePMm-1
0<mo< 22 B,,p(20)
and
B,
(3.11) sup Bup(20) _ 1| <1—erg™

0<mo< 2 Px(20)

Corollary 3.3. The following inequalities hold:

e A—1 2(1—q") )
(3 12) sup ]P))\(.T())_l‘< THHH{I,%} ifA<1,
ssrzn Brplwo) |7 | G5B min { A5 1-g" ) A> 1
and
(3.13) sup w—l‘ < o mln{l py } ifA<1,
sseon| Pa(wo) - %min{Mlal—q } if A > 1.

Proof. For zy > A, the bound in (3.12) and (3.13) are the same bound. Then it
suffices to show that (3.12) holds. For A < 1, Teerapabolarn [14] showed that

M—l' SoAl _T:\_lmin{l,2(1;qn)}.

For A > 1, from (3.3), we have

A

(3.14) sup

A<zo<n

M:

Bnp(z0) = Palzo)l < ) aplAf(2)|px (x)

8
Il
-

(A + 2)Py (wo)zpx (2)p min { . 1} (by (2.7))

1[M]=

o A+2- ) A+l w

2)Py( 1 1
( +2)Py fConﬁp}( mm{ ’}

A4+2- X\ A1’z

_ A+ 2)Pa(mo)p m{AA an}'
Ar2- A A1
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Dividing the last inequality by B, ,(x¢), we obtain

L)A(xo) 1‘<()\+2)p min{j\)\ ,1q"}.

3.15 su =
( ) ’ Bn,p(xo) TAF2-) +1

A<zo<n

Therefore, from (3.14) and (3.15), the inequality (3.12) holds. O
e Mg if
1 if

Theorem 3.2. For §(\) = { , we have

1. If A\ =1, then

A A =1)6(A
wp | B20) _1’<max{e I )50\
0<zp<n IBgn,p(xO) n
2(1 — g™
(3.16) xnnn{1,()f1)}}.
2. If A\ > 1, then
\+2
wp | Brz0) _1‘ R
0<zo<n Bn,p(x()) )\+2—>\
A
3.17 Xxmin< ~——,1—¢" .
(3.17) mm{Hl ‘ }}

Proof. 1. The inequality (3.16) directly follows from the result in [14].

2. For zo > nan\w using (2.6) and the arguments derived in the proof of (3.12), we
have
A+ 2)Pr(z0)p . { A }
B, ,(2g) — Pa(zg)| £ """ min< - J1—q" .
Br.p(20) A(wo)| < T2\ X1 q

Dividing the inequality by B, ,(z0), we get

TN (3 + 2)pPx (o) {1

B, (o) (A+2 = N)B, (20

which gives

P X+ 2)pd (A A
(3.18) sup W—l’_u)p()min{v,l—q”}.
2 Cao<n B, »(z0) A+2—-) 1
Therefore, by combining (3.10) and (3.18), we have (3.17). O

The following corollary is a consequence of the Theorem 3.2.

Corollary 3.4. We have the following inequalities.
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1. If A\ =1, then

B A1 2(1 —¢"
n.p(Z0) — 1’ gmax{l—ekq",e A min{l,( a )}}
n

(3.19)  sup P> (o) y

0<zo<n

2. If \ > 1, then

Bn’p(xo)_]_‘ <max{1_e/\qn, V()‘+2)p mln{v)\l,l—q"}}

3.20
(820) su 1% (o) 42— A X+

0<zp<n

Remark. 1. Let us consider the results in Theorem 3.1, Corollary 3.1, Theorem
3.2 and Corollary 3.4. Note that, if p or A is small, then all bounds presented in
the study approach zero. It indicates that the results in approximating the binomial
cumulative distribution function by the Poisson cumulative distribution function are
more accurate when p or A is small.

2. Because
2(er = A -1 2(er = A -1
min{l —erg", (e A )} < (e A-1) for xo < nA
n(xg + 1) n(xg + 1) n+1
and
Ay A\ —
o (xo —|—2))\p7 2(er = A —1) < 2(er = A —1) for 7 > nA
xo+2—A n n n+1

and

maux{l—e)‘q”7 V()H_Q)p min{v)\ J—q"}}
A+2—A A+1
Ay ) .
§max{1—e)‘q”,e)\lmin{l,2(l>\q)}} forA > 1,
n

hence the bounds given in Theorem 3.1 and Corollary 3.1 are sharper than those in
(1.11) and (1.12), and for A > 1, the bounds in Theorem 3.2 and Corollary 3.4 are
sharper than the bounds in (1.9) and (1.10).

4 Numerical examples

This section presents some numerical examples of each result in approximating the bi-
nomial cumulative distribution function by a Poisson cumulative distribution function
using Theorems 3.1 and Corollary 3.1 for non-uniform bounds and using Theorems
3.2 and Corollaries 3.2—3.4 for uniform bounds.

Example 4.1. Let n = 100 and p = 0.01, then A = 1.0 and the numerical results are
as follows.



Improvement of bounds for the Poisson-binomial relative error 95

e For non-uniform bounds, the numerical result of Theorem 3.1 is of the form

0.00504628 if ¢ = 0,
- 1‘ << 0.00718282 if g =1,

% if To = 27 ceey 1007

P1.0(z0)
B100,0.01(0)

which is better than the numerical result obtained from (1.11),

B100,0.01(x0) 0.01436564  jf o0 — 1. ..., 100.

‘[Pﬁ,o(xo) - 1’ _ {0.01443813 if 29 = 0,
B xo+1

The numerical result of Corollary 3.1 is of the form

0.00504628 if ¢ = 0,
— 1‘ < ¢0.00718282 if g =1,

% if To = 2, ceey 1007

B100,0.01(0)
IF)LU(CUO)

which is also better than the numerical result obtained from (1.12),

Bioo,0.01(20) 1‘ < 001436564
P1.0(zo) xo+1

e For uniform bounds, the numerical results of Corollaries 3.2 and 3.3 are the
following

P1.0(z0)

sup -0
0<20<0.99009901 | B100,0.01(0)
B

sup Biooo.01(zo) 4| - 4 gos02004,
0<20<0.99009901 | P1.0(Z0)

P1.0(xo)
sup —
1.0<2<100 | B100,0.01(z0)

—_

< 0.00504628,

— 1| <£0.00718282

and

B100,0.01(x0)

s P1.0(xo)

1.0<20<100

- 1’ < 0.00718282.

The numerical results of Theorem 3.2 and Corollary 3.4 are the following

P
sup 10(3”0)) - 1‘ < 0.00718282,

0<20<100

B100,0.01 (0

which is the same numerical results obtained from (1.9) and (1.10).

Example 4.2. Let n = 250 and p = 0.01, then A = 2.5 and the numerical results are
as follows.
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e For non-uniform bounds, the numerical result of Theorem 3.1 is of the form

if 20 =0, 1,2,

0.05(z042) _ jf 40 — 3,...,250,

‘ Pas(zo)
(zo—0.5)(xzo+1)

1‘ 0.01266347
B250,0.01(x0)

which is better than the numerical result obtained from (1.11),
0.07033956 —
- 1‘ . {w if 29 = 0,1,2,

0.06945995 ¢ 40— 3 95(),

‘ Py 5(0)
zo+1

B250,0.01(%0)

The numerical result of Corollary 3.1 is of the form

‘B250)0,01 (.’L‘Q) . 1’ 0.01250512 lf Tro — 07 1, 2,
— 0.025(x0+2 .
Py 5(0) (m_oé% if zg = 3, ..., 250,

which is also better than the numerical result obtained from (1.12),
B250,0.01(20)

—1l<
Py 5(z0) ‘ -

e For uniform bounds, the numerical results of Corollaries 3.2 and 3.3 are the
following

0.06945995
T+ 1

P
sup _Pas(@) 4| < g 01266347,
0<20<2.49003984 | B250,0.01(0)
B
sup Baso.0.01(0) 4| - 01950812,
0<w0<2.49003984 | P2.5(z0)
P
ap | 2250 ) 6 01950000
2.5<20<250 | B250,0.01(Z0)
and
B
sup | B20001(@0) | 51950000,
25<z<250 | Pa.5(x0)
The numerical result of Theorem 3.2 is of the form
P
sp | 2250 4l 01266347,
0<w0<250 | B250,0.01(%0)

which is better than the numerical result obtained from (1.9),

Py 5(x0)
sup |—— L
0<w0<250 | B250,0.01(Z0)

[t

< 0.02585517.

The numerical result of Corollary 3.4 is of the form

B250,0.01(%0)
sup | — T

0<wo<250| Pa.5(z0)

—_

< 0.01250512,
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which is also better than the numerical result obtained from (1.10),

Bo50,0.01(%0)

e Py 5(x0)

0<20<250

— 1‘ < 0.02553185.

Example 4.3. Let n = 1000 and p = 0.005, then A = 5.0 and the numerical results
are as follows.
e For non-uniform bounds, the numerical result of Theorem 3.1 is of the form

0-025(wo+2) ¢ o0 — 5. ... 1000,

(z0o—3)(w0+1)

‘ Ps.o(x0) 1‘ 0.01262080  if zo = 0,1,2,3, 4,
B1000,0.005(x0)

which is better than the numerical result obtained from (1.11),

B
B1000,0.005 (o) - 0'22?% if 29 = 5, ...,1000.

The numerical result of Corollary 3.1 is of the form

‘ B100070_005 (Io) . ‘ 0.01246350 if To = O, ].7 2, 3, 4,
Ps.0(0) A if 2 = 5, ..., 1000,

which is also better than the numerical result obtained from (1.12),

’EWMWS(W_l‘<O'284W 20 =0,1,...,1000.

Ps5.0(z0) xo+1

e For uniform bounds, the numerical results of Corollaries 3.2 and 3.3 are the
following

P
sup _ Poolzo) ) 0.01262080,
0<20<4.99500500 | B1000,0.005(Z0)
B
sup Bioo0.0.005(0) 4| - 51946350,
0<20<4.99500500 Ps5.0(z0)
P
sup | —2o0(@) 4l 01458333
5.0<20<1000 | B1000,0.005 (Z0)

and

B1000,0.005(z0)

e Ps.0(o)

5.0<20<1000

— 1‘ < 0.01458333.

The numerical result of Theorem 3.2 is of the form

P5.0(z0)

—————— — 1| <£0.01458333,
B1000,0.005(%0) ‘ N

sup
0<x0<1000
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which is better than the numerical result obtained from (1.9),

P
sup |20 4l 05730038,

0<20<1000 | B1000,0.005 (Z0)

The numerical result of Corollary 3.4 is of the form

sup | PL00.0.005(0) | 01 y5e3s3
0<20<1000 Ps5.0(z0)

which is also better than the numerical result obtained from (1.10),

B1000,0.005(%0)

s Ps.0(0)

0<20<1000

— 1’ < 0.05658622.

Example 4.4. Let n = 2000 and p = 0.005, then A = 10.0 and the numerical results
are as follows.
e For non-uniform bounds, the numerical result of Theorem 3.1 is of the form

‘ Plo'o(aﬁo) 1 0.02540089 if o = 07 1, ceey 97
)

0.05(z0+2) ¢ 20 = 10, ..., 2000,

B2000,0.005 (%0 @o—8)(z0 1 1)

which is better than the numerical result obtained from (1.11),

xo+1

22.01546579 - _
= rT if zo = 10, ..., 2000.

P1o.0(0) 1‘ 2257467819 if o) = 0,1, ..., 9,
B2000,0.005(z0) -

The numerical result of Corollary 3.1 is of the form

P10.0(z0) 0.05(z0+2)  jf 2 = 10, ..., 2000,

‘3200070.005(1’0) _ 1‘ {002477167 if o = 0, ]., ceey 9,
 \Go-8)wetD

which is also better than the numerical result obtained from (1.12),

‘Iﬂmwwl‘<mm 20 = 0,1, ..., 2000.

P1o.0(zo) xo+1

e For uniform bounds, the numerical results of Corollaries 3.2 and 3.3 are the
following

P
sup 10.0(70)

———— — 1| <£0.02540089,
0<20<9.99500250 | B2000,0.005 (Z0)

sup | B2o000005(T0) 4| g gos7rier,

0<20<9.99500250 P1o.0(o)

P
sup 10.0(550)

— 2 — 1| <0.02727273
10.0<z0 <2000 | B2000,0.005(Z0)
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and

qup | B20000005(%0) | g gomorars

10.0<zg<2000 | P10.0(x0)

The numerical result of Theorem 3.2 is of the form

P
sup |- L0 | goa7a73,

0<20<2000 | B2000,0.005 (Z0)

which is better than the numerical result obtained from (1.9),

P
sup |- 2100(T0) | g osragrer

0<20<2000 | B2000,0.005 (Z0)

The numerical result of Corollary 3.4 is of the form

IB32000,0.005 (wo)

su
D P10.0(z0)

0<20<2000

- 1‘ < 0.02727273,

which is also better than the numerical result obtained from (1.10),

B2000,0.005(x0)
P1o.0(z0)

sup — 1‘ < 2.20144911.

0<20<2000

Considering the Examples 4.1—4.4, we see that the numerical results in Poisson
approximation to binomial cumulative distribution are more accurate if p is small even
with A is relatively large. In addition, numerical comparison shows that the bounds
in Theorem 3.1, Corollary 3.1, Theorem 3.2 and Corollary 3.4 are sharper than the
corresponding bounds in (1.9), (1.10), (1.11) and (1.12).

5 Conclusion

In this study, the uniform and non-uniform bounds in Theorems 3.1 and 3.2 and
Corollaries 3.1 and 3.4 provide new general criteria for measuring the accuracy in
approximating a binomial cumulative distribution with parameter n and p by the
Poisson cumulative distribution with mean A = np. With the bounds, it is pointed out
that each result in the theorems and corollaries gives a good Poisson approximation
when p is small, and all bounds obtained in this study are sharper than those reported
in Teerapabolarn [14, 15], including both theoretical and numerical results.

References

[1] T.W. Anderson, S.M. Samuels, Some inequalities among binomial and Poisson
probabilities, in Proceedings of the Fifth Berkeley Symposium on Mathematical
Statistics and Probability, vol. 1, 1965, pp. 1-12.

[2] S. Antonelli, G. Regoli, On the Poisson-binomial relative error, Statistics & Prob-
ability Letters 71 (2005) 249-256.



100 K. Teerapabolarn, A. Boondirek

[3] I.W. Burr, Some approximate relations between terms of the hypergeometric,
binomial and Poisson distributions, Communications in Statistics 1 (1973) 293
301.

[4] T. Cacoullos, V. Papathanasiou, Characterization of distributions by variance
bounds, Statistics & Probability Letters 7 (1989) 351-356.

[5] L.H.Y. Chen, Poisson approximation for dependent trials, Annals of Probability
3 (1975) 534-545.

[6] W. Feller, An introduction to probability theory and its applications, vol. 1,
Wiley, New York, 1968.

[7] G.I. Ivchenko, On comparison of binomial and Poisson distributions, Theory of
Probability and Its Applications 19 (1974) 584-587.

[8] N.L. Johnson, S. Kotz, A.W. Kemp, Univariate Discrete Distributions, 3rd ed.,
Wiley, New York, 2005.

[9] M. Majsnerowska, A note on Poisson approximation by w-functions, Applica-
tiones Mathematicae 25 (1998) 387-392.

[10] V. Papathanasiou, S.A. Utev, Integro-differential inequalities and the Poisson
approximation, Siberian Advance in Mathematics 5 (1995) 120-32.

[11] C.M. Stein, A bound for the error in normal approximation to the distribution
of a sum of dependent random variables, in Proceedings of the sixth Berkeley
Symposium on Mathematical Statistics and Probability, vol. 3, 1972, pp. 583—
602.

[12] K. Teerapabolarn, A bound on the Poisson-binomial relative error, Statistical
Methodology 4 (2007) 407-415.

[13] K. Teerapabolarn, A Poisson-binomial relative error uniform bound, Statistical
Methodology 7 (2010) 69-76.

[14] K. Teerapabolarn, An improvement of bound on the Poisson-binomial relative
error, International Journal of Pure and Applied Mathematics 80 (2012) 711-719.

[15] K. Teerapabolarn, A new non-uniform bound on the Poisson-binomial relative
error, International Journal of Pure and Applied Mathematics 86 (2013) 35—42.

Authors’ addresses:

Kanint Teerapabolarn (corresponding author) and Ankana Boondirek

Department of Mathematics, Faculty of Science,
Burapha University, Chonburi 20131, Thailand.
E-mail: kanint@buu.ac.th , ankana@buu.ac.th



