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Abstract. In this paper, we introduce and investigate two new subclasses
of the function class Σ of bi-univalent functions of complex order defined in
the open unit disk, which are associated with q−hypergeometric functions,
satisfying subordinate conditions. Furthermore, we find estimates on the
coefficients |a2| and |a3| for functions in these new subclasses. Several
consequences of the results are also mentioned.
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1 Introduction, definitions and preliminaries

Let A denote the class of functions of the form:

(1.1) f(z) = z +
∞∑

n=2

anz
n,

which are analytic in the open unit disk U = {z | z ∈ C and |z| < 1}.
Further, by S we shall denote the class of all functions in A which are univalent in

U. Some of the important and well-investigated subclasses of the univalent function
class S include (for example) the class S∗(α) of starlike functions of order α in U
and the class K(α) of convex functions of order α in U. It is well known that every
function f ∈ S has an inverse f−1, defined by f−1(f(z)) = z, ∀z ∈ U, and

f(f−1(w)) = w

(
|w| < r0(f); r0(f) =

1

4

)
,

where

(1.2) g(w) = f−1(w) = w − a2w
2 + (2a22 − a3)w

3 − (5a32 − 5a2a3 + a4)w
4 + · · · .

A function f ∈ A is said to be bi-univalent in U if both f(z) and f−1(z) are
univalent in U. Let Σ denote the class of bi-univalent functions in U given by (1.1).
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An analytic function f is subordinate to an analytic function g, written f(z) ≺
g(z), provided there is an analytic function w defined on U with w(0) = 0 and |w(z)| <
1 satisfying f(z) = g(w(z)). Ma and Minda [15] unified various subclasses of starlike

and convex functions for which either of the quantity z f ′(z)
f(z) or 1 + z f ′′(z)

f ′(z) is subor-

dinate to a more general superordinate function. For this purpose, they considered
an analytic function ϕ with positive real part in the unit disk U, ϕ(0) = 1, ϕ′(0) > 0,
and ϕ maps U onto a region starlike with respect to 1 and symmetric with respect to
the real axis. The class of Ma-Minda starlike functions consists of functions f ∈ A
satisfying the subordination z f ′(z)

f(z) ≺ ϕ(z). Similarly, the class of Ma-Minda convex

functions of functions f ∈ A satisfying the subordination 1 + z f ′′(z)
f ′(z) ≺ ϕ(z).

A function f is bi-starlike of Ma-Minda type or bi-convex of Ma-Minda type if both
f and f−1 are respectively Ma-Minda starlike or convex. These classes are denoted
respectively by S∗

Σ(ϕ) and KΣ(ϕ).In the sequel, it is assumed that ϕ is an analytic
function with positive real part in the unit disk U, satisfying ϕ(0) = 1, ϕ′(0) > 0,
and ϕ(U) is symmetric with respect to the real axis. Such a function has a series
expansion of the form

ϕ(z) = 1 +B1z +B2z
2 +B3z

3 + · · · , (B1 > 0).

The convolution or Hadamard product of two functions f, h ∈ A is denoted by f ∗ h
and is defined as

(f ∗ h)(z) = z +
∞∑

n=2

anbnz
n,

where f(z) is given by (1.1) and h(z) = z +
∞∑

n=2
bnz

n. In terms of the Hadamard

product (or convolution), the Dziok-Srivastava linear operator involving the gener-
alized hypergeometric function, was introduced and studied systematically by Dziok
and Srivastava [7, 6] and (subsequently) by many other authors.

Euler, Gauss, Riemann and of course many others are few to mention who have used
or introduced the notion of hypergeometric in the last centuries. The applications
evolving in many different subjects ranging from combinatorics and numerical analy-
sis to dynamical systems and mathematical physics have motivated many researchers
to study the behaviour and the properties of the functions. Basically, q− hypergeo-
metric functions are the generalized form of of the classical hypergeometric functions
in the sense that by taking the (formal) limit q → 1, it will return to the classical
hypergeometric setting. Many of the results for the classical hypergeometric functions
can be generalized to the q- hypergeometric level. More recently, Purohit and Raina
[18] introduced a generalized q−Taylor’s formula in fractional q−calculus and derived
certain q− generating functions for q− hypergeometric functions. Other results re-
lated to q-hypergeometric functions can be found in [27]. In this work we proceed
to derive a generalized differential operator in the unit disk involving these functions
and discuss some of its properties.
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For complex parameters a1, . . . , al and b1, . . . , bm (bj ̸= 0,−1, . . . ; j = 1, 2, . . . ,m)
the q-hypergeometric function lΨm(z) is defined by

lΨm(a1, . . . al; b1, . . . , bm; q, z)

:=

∞∑
n=0

(a1, q)n . . . (al, q)n
(q, q)n(b1, q)n . . . (bm, q)n

(−1)n q

 n
2


1+m−l

zn(1.3)

with

(
n
2

)
= n(n−1)

2 where q ̸= 0 when l > m+ 1(l,m ∈ N0 = N ∪ {0}; z ∈ U.

The q− shifted factorial is defined for a, q ∈ C as a product of n factors by

(a; q)n =

{
1 n = 0
(1− a)(1− aq) . . . (1− aqn−1) n ∈ N

}
and in terms of basic analogue of the gamma function

(qa; q)n =
Γq(a+ n)(1− q)n

Γq(a)
, n > 0.

The q− derivative of functions f defined on the subset of C is given by

Dq,zf(z) =
f(z)− f(zq)

z(1− q)
, (z ̸= 0, q ̸= 1).

It is of interest to note that limq→1−
(qa;q)n
(1−q)n = (a)n = a(a+1)...(a+n−1) the familiar

Pochhammer symbol and

lΨm(a1, . . . al; b1, . . . , bm; z) =
∞∑

n=0

(a1)n . . . (al)n
(b1)n . . . (bm)n

zn

n!
.

Now for z ∈ U, 0 < |q| < 1, and l = m+ 1, the basic hypergeometric function defined
in (1.3) takes the form

lΨm(a1; . . . al; b1, . . . , bm; q, z) =
∞∑

n=0

(a1, q)n . . . (al, q)n
(q, q)n(b1, q)n . . . (bm, q)n

zn,

which converges absolutely in the open unit disk U.
We define a new linear operator for z ∈ U, |q| < 1, and l = m+ 1, as follows:

I(al, bm; q)f(z) = lΨm(a1, . . . al; b1, . . . , bm; q, z) ∗ f(z)

= z +
∞∑

n=2

(a1,q)n−1...(al,q)n−1

(q,q)n−1(b1,q)n−1...(bm,q)n−1
anz

n.

Shortly, we let

If(z) = z +
∞∑

n=2

φnanz
n
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where φn =
(a1, q)n−1 . . . (al, q)n−1

(q, q)n−1(b1, q)n−1 . . . (bm, q)n−1
, unless otherwise stated.

The operator I(al, bm; q)f(z) was studied recently by Mohammed and Darus [16].
For ai = qαi , bj = qβj , αi, βj ∈ C, and βj ̸= 0,−1,−2, ..., (i = 1, ..., l, j = 1, ..,m)
and q → 1, we obtain the well-known Dziok-Srivastava linear operator [7, 6] (for
l = m + 1). For l = 1,m = 0, a1 = q, many (well known and new) integral and
differential operators can be obtained by specializing the parameters, for example the
operators introduced in [1, 5, 11, 12, 21].

Recently, a study on bi-univalent function class Σ has increased. A number of
articles discussing on non-sharp coefficient estimates for the first two coefficients |a2|
and |a3| (eq. 1.1). But the coefficient problem for each of the following Taylor-
Maclaurin coefficients:

|an| (n ∈ N \ {1, 2}; N := {1, 2, 3, · · · }

is still an open problem (see[2, 3, 4, 13, 17, 24]). Many researchers (see[9, 10, 14,
23, 25, 26]) have recently introduced and investigated several interesting subclasses
of the bi-univalent function class Σ and they have found non-sharp estimates on the
first two Taylor-Maclaurin coefficients |a2| and |a3|.

Motivated by the earlier work of Deniz[8] (see[20, 22]), in the present paper we in-
troduce new subclasses of the function class Σ of complex order γ ∈ C\{0},involving
q−hypergeometric functions If(z) and find estimates on the coefficients |a2| and |a3|
for functions in the new subclasses of function class Σ. Several related classes are also
considered, and connections to earlier known results are made.

Definition 1.1. A function f ∈ Σ given by (1.1) is said to be in the class Sq
Σ(γ, λ, ϕ)

if the following conditions are satisfied:

(1.4) 1 +
1

γ

(
z(If(z))′

(1− λ)z + λIf(z)
− 1

)
≺ ϕ(z) (γ ∈ C\{0}; 0 5 λ 5 1; z ∈ U)

and

(1.5) 1 +
1

γ

(
w(Ig(w))′

(1− λ)w + λIg(w)
− 1

)
≺ ϕ(w) (γ ∈ C\{0}; 0 5 λ 5 1; w ∈ U),

where the function g is given by(1.2).

On specializing the parameters λ and a, b, c, one can state the various new sub-
classes of Σ as illustrated in the following examples.

Example 1.2. For λ = 1 and γ ∈ C\{0}, a function f ∈ Σ, given by (1.1) is said to
be in the class Sq

Σ(γ, ϕ) if the following conditions are satisfied:

1 +
1

γ

(
z(If(z))′

If(z)
− 1

)
≺ ϕ(z)

and

1 +
1

γ

(
w(Ig(w))′

Ig(w)
− 1

)
≺ ϕ(w),

where z, w ∈ U and the function g is given by(1.2).
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Example 1.3. For λ = 0 and γ ∈ C\{0}, a function f ∈ Σ, given by (1.1) is said to
be in the class Gq

Σ(γ, ϕ) if the following conditions are satisfied:

1 +
1

γ
(If(z))′ − 1) ≺ ϕ(z)

and

1 +
1

γ
((Ig(w))′ − 1) ≺ ϕ(w),

where z, w ∈ U and the function g is given by (1.2).

It is of interest to note that for (a) = (b) and q → 1, the class Sq
Σ(γ, λ, ϕ) reduces

to the following new subclasses:

Example 1.4. A function f ∈ Σ given by (1.1) is said to be in the class SΣ(γ, λ, ϕ)
if the following conditions are satisfied:

1 +
1

γ

(
zf ′(z)

(1− λ)z + λf(z)
− 1

)
≺ ϕ(z) (γ ∈ C\{0}; 0 5 λ 5 1; z ∈ U)

and

1 +
1

γ

(
wg′(w)

(1− λ)w + λg(w)
− 1

)
≺ ϕ(w) (γ ∈ C\{0}; 0 5 λ 5 1; w ∈ U),

where the function g is given by(1.2).

Example 1.5. For λ = 1 and γ ∈ C\{0}, a function f ∈ Σ, given by (1.1) is said to
be in the class S∗

Σ(γ, ϕ) if the following conditions are satisfied:

1 +
1

γ

(
zf ′(z)

f(z)
− 1

)
≺ ϕ(z) and 1 +

1

γ

(
wg′(w)

g(w)
− 1

)
≺ ϕ(w),

where z, w ∈ U and the function g is given by (1.2).

Example 1.6. For λ = 0 and γ ∈ C\{0}, a function f ∈ Σ, given by (1.1) is said to
be in the class H∗

Σ(γ, ϕ) if the following conditions are satisfied:

1 +
1

γ
(f ′(z)− 1) ≺ ϕ(z) and 1 +

1

γ
(g′(w)− 1) ≺ ϕ(w),

where z, w ∈ U and the function g is given by (1.2).

In the following section we find estimates on the coefficients |a2| and |a3| for func-
tions in the above-defined subclasses Sq

Σ(γ, λ, ϕ) of the function class Σ by employing
the techniques used earlier by Deniz [8].

In order to derive our main results, we shall need the following lemma.

Lemma 1.1. (see [19]) If h ∈ P, then |ck| 5 2 for each k, where P is the family of
all functions h, analytic in U, for which

ℜ{h(z)} > 0 (z ∈ U),

where
h(z) = 1 + c1z + c2z

2 + · · · (z ∈ U).
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2 Coefficient bounds for the function class Sq
Σ(γ, λ)

We begin by finding the estimates on the coefficients |a2| and |a3| for functions in the
class Sq

Σ(γ, λ, ϕ). Define the functions p(z) and q(z) by

p(z) :=
1 + u(z)

1− u(z)
= 1 + p1z + p2z

2 + · · ·

and

q(z) :=
1 + v(z)

1− v(z)
= 1 + q1z + q2z

2 + · · ·

or, equivalently,

u(z) :=
p(z)− 1

p(z) + 1
=

1

2

[
p1z +

(
p2 −

p21
2

)
z2 + · · ·

]
and

v(z) :=
q(z)− 1

q(z) + 1
=

1

2

[
q1z +

(
q2 −

q21
2

)
z2 + · · ·

]
.

Then p(z) and q(z) are analytic in U with p(0) = 1 = q(0). Since u, v : U → U, the
functions p(z) and q(z) have a positive real part in U, and |pi| ≤ 2 and |qi| ≤ 2.

Theorem 2.1. Let the function f(z) given by (1.1) be in the class Sq
Σ(γ, λ, ϕ). Then

(2.1) |a2| 5
|γ|B1

√
B1√

|[γ(λ2 − 2λ)B2
1 + (2− λ)2(B1 −B2)]φ2

2 + γ(3− λ)B2
1φ3|

and

|a3| 5
|γ|2B2

1

(2− λ)2φ2
2

+
|γ|B1

(3− λ)φ3
.

Proof. It follows from (1.4) and (1.5) that

(2.2) 1 +
1

γ

(
z
(
If(z)

)′
(1− λ)z + λIf(z)

− 1

)
= ϕ(u(z))

and

(2.3) 1 +
1

γ

(
w
(
Ig(w)

)′
(1− λ)w + λIg(w)

− 1

)
= ϕ(v(w)),

where p(z) and q(w) in P and have the following forms:

ϕ(u(z)) = ϕ
(

1
2

[
p1z +

(
p2 − p2

1

2

)
z2 + · · ·

])
ϕ(v(w)) = ϕ

(
1
2

[
q1w +

(
q2 − q21

2

)
w2 + · · ·

])
.,

respectively. Now, equating the coefficients in (2.2) and (2.3), we get

(2.4)
(2− λ)

γ
φ2a2 =

1

2
B1p1,
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(2.5)
(λ2 − 2λ)

γ
φ2
2a

2
2 +

(3− λ)

γ
φ3a3 =

1

2
B1(p2 −

p21
2
) +

1

4
B2p

2
1,

(2.6) − (2− λ)

γ
φ2a2 =

1

2
B1q1

and

(2.7)
(λ2 − 2λ)

γ
φ2
2a

2
2 +

(3− λ)

γ
φ3(2a

2
2 − a3) =

1

2
B1(q2 −

q21
2
) +

1

4
B2q

2
1 .

From (2.4) and (2.6), we find that

(2.8) a2 =
γB1p1

2(2− λ)φ2
=

−γB1q1
2(2− λ)φ2

,

which implies

(2.9) p1 = −q1.

and
8(2− λ)2φ2

2a
2
2 = γ2B2

1(p
2
1 + q21).

By adding (2.5) and (2.7), by using (2.8) and (2.9), we obtain

4
(
[γ(λ2 − 2λ)B2

1 + (2− λ)2(B1 −B2)]φ
2
2 + γ(3− λ)B2

1φ3

)
a22 = γ2B3

1(p2 + q2).

Thus,

a22 =
γ2B3

1(p2 + q2)

4 ([γ(λ2 − 2λ)B2
1 + (2− λ)2(B1 −B2)]φ2

2 + γ(3− λ)B2
1φ3)

.

By applying Lemma 1.1 for the coefficients p2 and q2, we immediately have

|a2|2 5 |γ|2B3
1

[γ(λ2 − 2λ)B2
1 + (2− λ)2(B1 −B2)]φ2

2 + γ(3− λ)B2
1φ3

.

Hence,

|a2| 5
|γ|B1

√
B1√

|[γ(λ2 − 2λ)B2
1 + (2− λ)2(B1 −B2)]φ2

2 + γ(3− λ)B2
1φ3|

.

This gives the bound on |a2| as asserted in (2.1).

Next, in order to find the bound on |a3|, by subtracting (2.7) from (2.5), we get

(2.10)
2(3− λ)

γ
φ3a3 −

2(3− λ)

γ
φ3a

2
2 =

B1

2
(p2 − q2) +

B2 −B1

4
(p21 − q21).

It follows from (2.8), (2.9) and (2.10) that

a3 =
|γ|2B2

1(p
2
1 + q21)

8(2− λ)2φ2
2

+
γB1(p2 − q2)

4(3− λ)φ3
.

By applying Lemma 1.1 once again for the coefficients p2 and q2, we readily get

|a3| 5
|γ|2B2

1

(2− λ)2φ2
2

+
|γ|B1

(3− λ)φ3
.

This completes the proof of Theorem 2.1. �
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By putting λ = 1 in Theorem 2.1, we have the following corollary.

Corollary 2.2. Let the function f(z) given by (1.1) be in the class Sq
Σ(γ, ϕ). Then

|a2| 5
|γ|B1

√
B1√

|[(B1 −B2)− γB2
1 ]φ

2
2 + 2γB2

1φ3|

and

|a3| 5
|γ|2B2

1

φ2
2

+
|γ|B1

2φ3
.

Taking a = c and b = 1, in Corollary 2.2, we get the following corollary.

Corollary 2.3. Let the function f(z) given by (1.1) be in the class S∗
Σ(γ, ϕ). Then

|a2| 5
|γ|B1

√
B1√

|[(B1 −B2)− γB2
1 ] + 2γB2

1 |

and

|a3| 5 |γ|2B2
1 +

|γ|B1

2
.

By putting λ = 0 in Theorem 2.1, we have the following

Corollary 2.4. Let the function f(z) given by (1.1) be in the class Gq
Σ(γ, ϕ). Then

|a2| 5
|γ|B1

√
B1√

|4(B1 −B2)φ2
2 + 3γB2

1φ3|

and

|a3| 5
|γ|2B2

1

4φ2
2

+
|γ|B1

3φ3
.

Corollary 2.5. Let the function f(z) given by (1.1) be in the class SΣ(γ, λ, ϕ). Then

|a2| 5
|γ|B1

√
B1√

|[γ(λ2 − 3λ+ 3)B2
1 + (2− λ)2(B1 −B2)]|

and

|a3| 5
|γ|2B2

1

(2− λ)2
+

|γ|B1

(3− λ)
.

Corollary 2.6. Let the function f(z) given by (1.1) be in the class H∗
Σ(γ, ϕ). Then

|a2| 5
|γ|B1

√
B1√

|4(B1 −B2) + 3γB2
1 |

and

|a3| 5
|γ|2B2

1

4
+

|γ|B1

3
.
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3 Concluding remarks

For the class of strongly starlike functions, the function ϕ is given by

(3.1) ϕ(z) =

(
1 + z

1− z

)α

= 1 + 2αz + 2α2z2 + · · · (0 < α ≤ 1),

which gives B1 = 2α and B2 = 2α2.
On the other hand if we take

(3.2) ϕ(z) =
1 + (1− 2β)z

1− z
= 1 + 2(1− β)z + 2(1− β)z2 + · · · (0 ≤ β < 1),

then B1 = B2 = 2(1− β).

Remark 3.1. From Corollary 2.3, when γ = 1, and B1 = 2α and B2 = 2α2 for the
class S∗

Σ(α)[4], we get

|a2| ≤
2α√
α+ 1

and |a3| ≤ 4α2 + α.

and for B1 = B2 = 2(1− β)

|a2| ≤
√

2(1− β) and |a3| ≤ 4(1− β)2 + (1− β).

Similarly, we can prove the results obtained in the earlier works of Srivastava et al.
which we mention them the following remarks.

Remark 3.2. From Corollary 2.6, by taking γ = 1, when and ϕ(z) is given by (3.1)
or of the form (3.2) we obtain the corresponding results given earlier by Srivastava et
al [23].

Remark 3.3. From Theorem 2.1, by taking γ = 1, when and ϕ(z) is given by (3.1)
or of the form (3.2) we obtain the corresponding results given earlier by Srivastava et
al [22].
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