On Post-Gluskin-Hosszu Theorem

A. Gal’'mak, V. Balan, G. Vorobiev

Abstract. The Post-Gluskin-Hosszu Theorem (also called Gluskin-Hosszu
or Hosszu-Gluskin Theorem) refers to an n-ary group (4, [ ]) and a bi-
nary group (A, o), defined on the same set A. E. Post stated and proved
this Theorem, while considering instead of the group (A, o), the isomor-
phic to it associated group Ag. This reveals Post’s basic contribution, and
justifies the inclusion of his name as leading co-author of the Theorem.
Apparently, M. Hosszu was not aware of Post’s result, while L.M. Gluskin
did not directly address n-ary groups in his research, focusing mainly on
a large class on algebraic systems (positional operatives), for which he
obtained a series of notable results, out of these, one of the consequences
being exactly the Post-Gluskin-Hosszu Theorem.
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1 Introduction

According to W. Dornte [2], we call n-ary group (n > 2) an universal algebra (A, [ ])
with a given m-ary operation, [ ] : A™ — A, which is associative, i.e., for all
1€ 1,n—1in A there holds the associativity condition

[[a1...an]ant1 .- azn—1] =a1...a;[ait1 ... Gitn|Gitnt1 - .- a2n-1],

and for all i = 1,n and all a4, ...,a;_1,@i41,...,0,, b € A, the following equations is
solvable in A:
[a1 e Qg1 T5A541 - - - an] =b.

We note that Dornte’s definition leads, for n = 2, to the usual definition of a binary
group.

One can identify n-ary groups within the class of all universal algebras in various
ways. A rather natural procedure is to point out first, among all the universal algebras,
an algebra with an associative m-ary operation, and further to employ the following
result:

Theorem 1.1. Given a universal algebra (A, | ]) endowed with an n-ary associative
operation, the following statements are equivalent:
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1) (A, [ ]) is an n-ary group;

2) (E. Post [8], 1940) for any ai,...,a,, b € A the following equations are both
solvable in A:
[zas...a,) =D, [a1...an_1y] = b;

3) (E. Post [8], 1940) for any a1,...,0;—1,0i+1,---,0n, b € A and some i € 2,n — 1,
(n > 3) the following equation is solvable in A

[(11 e Qg 1TAG41 - an] = b,

4) (A.N. Skiba, V.I. Tyutin [11], 1985) for any a,b € A, the following equations are
both solvable in A

5) (A.N. Skiba, V.I. Tyutin [11], 1985) for any a,b € A and some i € 2,n — 1
(n > 3) the following equation is solvable in A

[@ ... axa ... a] =b;
—

i—1 n—1i

6) (A.M. Gal’mak [3, 4], 1991) for any a,b € A the following equations with n — 1
unknowns are both solvable in A

[€1...2p—10] = b, [ays ... yn—1] = b;

7) (A.M. Gal’mak [3, 4], 1991) for any a,b € A the following equation with n — 2
unknowns (n > 3) is solvable in A

[axy ... 2Tpn_2a] = b.

For the necessary preliminaries regarding the theory of n-ary groups, we address the
reader to the monographs [4, 5, 9].

The following result is usually known as the Gluskin-Hosszu or the Hosszu-Gluskin
Theorem:

Theorem 1.2. (L. M. Gluskin [6], M. Hosszu [7]) On any n-ary group (A, [ ])
one can define the binary operation o, a mapping 5 and an element d € A such that
(A, o) is a group, [ is its automorphism and the following relations hold true:

1.1 T1Xo ... Tn :aclo:cﬁo“.oxﬁnflod, Vaq,...,x, € A;
2 n

(1.2) d° = d;

(1.3) " =dozod, Vo € A.

As well, the converse of the Gluskin-Hosszu Theorem holds true.

Theorem 1.3. (L. M. Gluskin [6], M. Hosszu [7]) If the element d of the group
(A, o) and its automorphism [ satisfy the conditions (1.2) and (1.3), then (A, [ ])
is an n-ary group with the n-ary operation (1.1).
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A short and elegant proof of this Theorem was provided by E.I. Sokolov [10]. He
proved the Theorem by considering
xoy=|za ...

n—2

B: xz—af =lara ... d,
n—2

[xa ...al=a
——
n—1
If one fixes in the n-ary group (A, [ ]) an element a € A, then the operation o,

mapping 3 and element d, can be chosen as

(1.4) Togy = [zay...an_2yl,
the mapping

(1.5) B =0.:x— [axay...an_2
and the element

(1.6) d=d, =[a

where ap ...a,_o is a inverse sequence for the element @ in the in the n-ary group
(4, [ ])-

Then Theorem 1.2 can be rephrased as follows (see, e.g., [4]):
Theorem 1.4. In any n-ary group (A, [ ]) and for any a € A the following properties
hold true:

B Byt

(1.7) [Z1%2 ... Tp] = T1 04 T5* 0g ... 0q TR™  0g dg, T1,...,Ty € A;
(1.8)  dP =d,;
(1.9) 2% =d, 0qwo, d;t, zeA,

where (A, o) is a group and B, is its automorphism.

While defining the operation o, and the mapping (3,, one may consider as inverse

sequence aj . ..an_o any of the sequences a ... aaa ... a, i € 1,n— 2, and in par-
—— Y—
i—1 n—i—2

ticular, one of the sequences

a ... aa, or aa ... a.
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Remark 1.1. The unity of the group (A, o, ) is the element a. Since

dooga=1Ila ... daga ... aal =a,
n n—3

it follows that d; ! = a is the inverse element in the group (A, o, ) for the element d,.

If in (1.4)-(1.6) we replace the element a with a, then we get E.I. Sokolov’s con-
struction.

According to E.Post [8], the group G is called to be covering for the n-ary group
(A, [ 1), if the set A generates the group G, and the n-ary operation [ ] is related to
the binary operation from the group G by the relation:

[T122... 0] = 122 ... Ty, T1,%2,..., Ty € A.

This equality shows that the n-ary operation [ | coincides on the set A with the n-ary
operation, derived from the operation of the group G. For brevity, we shall say that
the n-ary operation | | is the derived operation from the group operation of G. The
subset

AO = {xlxg...xn_l | X1,L2,...,Tp—1 € A} aye

is a normal subgroup of the group G and it is called associated group ([8], [9]) for the
n-ary group (A4, [ ]). If we fix the element a € A, then it is easy to check ([8]) that

Ag=Aa"t = {za ! |z € A},

where the symbol a~! denotes the inverse of the element a in the group G. The
element a ! itself can be represented in the group G as the product

-1
a” T =aias...0n_2, 1,02, ...,0nh_9 € A,

where a; ...a,_2 is an arbitrary inverse sequence in the n-ary group (A, [ ]) for the
element a.

The mapping
Yo U — uq, u € Ap

provides an isomorphism of the group Ag onto the group (A, o, ), and the mapping
he: T —xat, TE€EA

gives an isomorphism of the group (A4, o, ) onto the group Ag. Hence, in particular,
it follows that for any a,b € A, the groups (A, o, ) and (A4, o, ) are isomorphic. E.g.,
the isomorphism between (A, o, ) and (A, o) can be defined by

T =app i — xa ‘b= [ray...a,_ob], € A.

It is clear, that ¢, and 1, are inverse to each other mappings.

Remark 1.2. Since the equalities

Is]
Il
IS

@ ... ad] =a, a

n—1
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are equivalent, then @ = (a=1)"2, where a~! is the inverse element of the element a
in the group G.

We shall further present an original reformulation of E. Post’s result.

Theorem 1.5 (E. Post [8, p. 245]) Given any abstract 2-group Go to serve as
associated group, an abstract element sy subject to the condition sgn_l = to, to in Gy,
and any automorphism T of Gg, which carries ty into itself, and whose (m — 1)-st
power is the automorphism of Go under ¢y, to serve as the automorphism of Gy under
So, then there is one and only one associated abstract m-group G; conversely, every
m-~group can be thus determined.

Having in view Theorem 1.5, V.A. Artamonov noticed ([1]) that Hosszu and
Gluskin’s construction reduces to the covering group of the n-ary group. In order
to prove this, it suffices to put down rigorously Post’s verbose formulations.

The proof of the direct implication of Theorem 1.5 [8, p. 246] (which E. Post calls
the first part starts by defining for any elements

si; = ti;80, ti; € Go,j € 1,m
from the coset G = Ggsp a new element
c(Siy Sig -+ Si,,) = tiySotiySo --- ti,, So.
Then it is proved that this satisfies the equality
(1.10) (8,86 - 85, ) = (ti, - Ty ... T77DE tg)s0,
where T is the automorphism from the statement of Theorem 1.5, which acts as
T: t—sy'tsg, te€Gy,

and where the symbol 70 *1)tij denotes the image of the element ¢;; under the action
of the mapping T-U~1. Then it is stated that the coset G = Gysg is an m-ary group
relative to the m-ary operation c.

If we replace the notation Tt (which stands for the image of the element t via

the mapping T—!) by tT7" and if we denote 71 = B, then E. Post’s equality (1.10)
gets the form

ﬁ 577171
(111) 0(51151;2 NN Sim) = (tiltiz [P tim to)So.
The equality (1.11) differs from (1.1) and (1.7) only by notations and by the factor
m—1
S0, which ensures the passing from the element tiltfz . tﬁ _ to of the set G to the
element c(s;, iy ... S;,, ) of the set G = Goysp.

In the following sections we shall thoroughly examine the direct and the inverse
implications of Theorem 1.5, and prove the equivalence of the equalities from Theorem
1.4 with the corresponding equalities from Theorem 1.5.
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2 The reverse implication of Theorem 1.5

For proving the reverse implication from Theorem 1.5 (which was called by E. Post
the second part), we need the following
Lemma 2.1. Let (4, [ ]) be an n-ary group, let G and Ay be its covering and
associated groups, respectively, let a be a fixed element of A, and let

v u—aua”!, Yu e G,

di=a', ie€{l,2,...}.
Then the following statements hold true:

1) the restriction of 7 to A is a automorphism of the n-ary group (4, [ ]);
2) the restriction of v to Ay is a automorphism of the group Ag;
3) the mapping ~ leaves unchanged each element d; for all ¢ € {1,2,...};
4) the i-th power of the automorphism 7y acts on G as an inner automorphism, defined
by the element d;, i.e., u?" = diudjl, u € G.
Proof. 1) It is obvious that the restriction of  to A is a bijection. But since

a(r1z2 ... 25)a "t

[X12g ... 2,7

= (az1a ) (axaa™t) ... (axpa™t) = [z]z] ... 7]
for all z1,xo,...,z, € A, then v is an automorphism of the n-ary group (4, [ ]).

2) Since 7 is an inner automorphism of the group G and Ay is a normal subgroup
in G, then the restriction of v to Ay is an automorphism of the group Ayp.

3) Since d} = a(a’)a™! = a’ = d;, then d = d;. v
4) Since u?" = a'u(a™')" = a'u(a’)"! = djud; !, then v = d;ud; . O

If in Theorem 1.5 one translates the verbose formulations into mathematical for-
mulas, then the converse claim of this Theorem gets the following form.

Theorem 2.1 (E. Post [8]) Let (A, [ ]|) be an n-ary group, let G and Ay be respec-
tively its covering and associate groups. Let a € A and denote

(21) b= an71 S Ao.
Let v be the restriction to Ay of the automorphism ~ from Lemma 1.1, i.e.,
(2.2) u’ =aua”!, wu€ A

Then v is an automorphism of the group Ay, and for any x1,x2,...,x, € A, and
u € Ag, there hold true the following equalities:

(2.3) (w120 .. 2n) =wgud ... ul
(2.4) b = b;

)

-1
ba, where u; = x;a7 1, Vi € T, n;

n

(2.5) W = bub L.



On Post-Gluskin-Hosszu Theorem 17

Proof. The fact that v is an automorphism of the group Ay was shown in item 1) of
Lemma 2.1. Further, we have

n—1

wiud . ..u) ba = (za”Ya(zea ™ a aa(zzaa et L
a2z a7 Na o aa o a(zpa e a a e =
n—2 n—1 n—1

= T1ToT3 ... Tp_1Tn = [T1T2 ... Tp),
which leads to (2.3).

Similarly, by replacing b = d,—_; in item 3) of Lemma 2.1, we get (2.4), and by
replacing i =n — 1 and b = d,,_; in item 4) of Lemma 2.1, it follows (2.5). O

Consider (A, [ ]), G, Ao, a, b and ~ like in Theorem 2.1. We specified in the
introduction that the inverse element a~! in the group G coincides with the product
of elements ajas . ..a,_2, where a; ...a,_o is a inverse sequence for the element a of
the n-ary group (A, [ ]). Hence, taking into account that the n-ary operation | ]
derived from the operation of the group G, the equalities (1.4)-(1.6) can be re-written
in the following form

(26) T OqY = xa_ly,
Bo: x— aza !,
(2.8) dg = a”,

where in the right hand sides of the equalities there are present the derivatives of the
elements of the group G.

We shall show, that the equalities (2.3), (2.4) and (2.5) of Theorem 2.1 corre-
spondingly infer the equalities (1.7), (1.8) and (1.9) of Theorem 1.4.

Since the mapping +y is the inner automorphism of the group G which is defined by
the element a, it leaves unchanged the elements a and =1, i.e. a¥ = a, (1) = a1
Moreover, as shown before, the element a~! coincides with the product of elements
a1as . ..ay_o, Where ai ...a,_o is the inverse sequence for the element a in the n-ary
group (4, [ ]). We shall use as well the equalities (2.6) and (2.8), and also the fact
that + is an automorphism of the group G. Then from (2.3) we subsequently obtain
the chain of equalities:

-1

[£125 ... 2] = (z1a (2207 .. (2~ 1)"" @ a,
(2125 ... 2n) = (xra~ Y2 (@ ) . 22" (e )" an,
(2122 ... an] = 210 @a"t . 2)" a~tan,

_ v
[X1%2...2p] = 210423 0g ... 04 &) 04 dg.

Due to (2.7), the restriction of the mapping v to A coincides with the mapping j3,.
Therefore, the change in the last equality from above of v into 3, leads to the equality
(1.7). In this way, from (2.3), it follows (1.7).

From (2.4) we subsequently obtain

b"a =ba, b'a” = ba,
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(ba)” =ba, (a" ta)’ =a" ta, (a")’ =a",

whence, from (2.8) and from the fact that the mappings v and 3, coincide on the set
A, it follows (1.8). In this manner, (2.4), implies (1.8).
Similarly, by replacing u = xa~! in (2.5), we subsequently obtain

n—1

(xa=t)Y

27t (a= 1)

— a]n—lxa—l(a—l)n—l7

nel aa~lza=(a" 1)1,

:L,'y"_lafl _ anaflxafl(afl)nfl’
1.,771.—1 — " 0, T 04 (ail)n72.

The remarks 1.1 and 1.2 yield (a=!)"~2 = d,!, and hence, from the last equalities
and from the fact that the mappings v and 3, coincide on the set A, it follows (1.9).
In this way, (2.5), implies (1.9).

Now we can affirm that Theorem 1.2 is a consequence of Theorem 2.1. As a
matter of fact, the two Theorems are essentially equivalent, since by making all the
reasonings in reverse order, we can see that Theorem 2.1 is a consequence of Theorem

1.2.

3 The direct implication of Theorem 1.5

If in Theorem 1.5 we transform the verbose statements into formulas, then the direct
implication of this Theorem gets the following form.

Theorem 3.1 (E. Post [8]) Let the group G have a subgroup Ay and an element a
such that (2.1) is satisfied; let the subgroup Ay have an automorphism +, such that
(2.2), (2.4) and (2.5) hold true. Then the coset A = Apa is an n-ary group with the
n-ary operation [ |, derived from the operation of the group G, and (2.3) holds true;
moreover, the set Ag may be represented in the form

(31) Aoz{xliﬂg...ﬁcn_l |£E1,$2,...,1‘n_1 EA}
We shall further prove a more general version of Theorem 1.5.

Theorem 3.2 (E. Post [8]). Let the group G have a subgroup Ay and an element a
such that (2.1) is satisfied; let the subgroup Ay have an automorphism v, such that
(2.4) and (2.5) hold true. Then (A = Apa,[ 1) is an n-ary group with the n-ary
operation (2.3). If the action of the automorphism ~y is defined by (2.2), then the
n-ary operation | | is derived from the operation of the group G; moreover, the set
Ag can be represented in the form (3.1).

Proof. We readily notice that from the equality A = Aga, it follows that a € A,

Ap = Aa~'. Then for any 1,2, ...,T, € A, we have
Uy = xla_l,ug = xga_l, e Uy = xna_l € Ap.
. . . . . n—1
Since Ap is a group and 7 is its automorphism, then wjug ... u) b € Ag, whence

it follows that uyu] ... u]" ba € A. Since the n-ary operation | ] is defined by the
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equality (2.3), then [z122...2,] € A. As consequence, the set A is closed relative to
the n-ary operation [ |.
By using (2.3), (2.4) and (2.5), then for any ¢ € 0,n — 1, we have

[iEZ' [ 7 [l'iJrl . xi+n]xi+n+1 . xgn,l] =

i—1 i i+1 n—1
— i v’ A , 1\, 5 -
=uiuy ... u]  ([Tig1.. . Tigpla” )V ul o Uy, ba =
i—1 n—1 DA ER n—1
— 5 o Y v —1\y' Y v —
=urty «..ow) (Ui oo uly, baa” ) wl o ug, 1 ba =
i—1 n—1 i i+1 n—1
— 7y o Y Y ¥ —
=urty ...ou) (Uigrui g oo wl o, B ul o ug, ba =
o ~ ,Yl—l ’Yi 71‘,+1 ,yn—l ,yn n—1+41 ,Yi 77',+1 ,y"n,—l o
=wuy ... u; (ui_HuiJr2 cee U Upyq oeee U, b )ui+n+1 cee Uy ba =
— i - i+1 n—1
— v YUY T T Y v —
=urty ...oup (upy e uwl )T bul o g, ba =
_1 i i1 n—1
— Y v v A S Y Y —
=utty ... Uy (bug g oo,y Uy, (ba =
_ i i+1 n—1
— ol A I v * 0% o
=UrUy .. Uy buygooowlul 0 ag, ba =
— -1
— ) Y Y 7"
=uUUg ... uy bug g ... U, g ba,
ie.,
—1 n—1
o ) ) — Y " v Y
(1. 2ziTig1 - TignTigng1 - Tono1] =wug ooou) bu) oo ug, o ba.

Hence, we get

[.’131 ‘e a:i[xi+1 ‘e xi+n]xi+n+1 NN J}Qn_ﬂ = [.]31 -y [$j+1 [N xj+n]xj+n+1 NN xQ»ﬂ_l}

for any 4,7 € 0,n — 1, which means exactly the associativity of the n-ary operation

[ ]
Foranyi € 1,nand any ¢1,...,9i—1,9i+1,---,9n and h € A we shall further study
the solvability in (A, [ ]) of the equation

(32) [91 e gi—ltgi—i-l e gn] = h
Since we have
g1 =U1a1,...,9i—1 = Ui—1Q, Git+1 = Ui1G,...,Jn = Una, h = wa,

for some uy, ..., Ui—1,Uit1,...,Un, W € Ag, and considering that v is an automor-
phism of the group Ay, it follows that

i—2 @ n—1
Y v v
Uy oy Ui g 5 Ui qy «ony U € Ap.
The equation
i —2 i n—1
¥ v v _
ULy - W g SULy ou) b= w,

is solvable within the group Ay, i.e., there exists v € Ay, such that

i—2 i n—1
o v v _
ULy o U VU U b = w.
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Denf)ting by & the inverse automorphism of the automorphism -y, and setting u; =
v, the last equality can be written as

g v A v _
ULl oo Uj_q U Ul o.oup b= w,
whence : RIS -
Uq Uy Uj_q w Uiy u)  ba = wa,
ie.,
—2 i—1 i n—1
v ’ v —
U Ug wqoup Uy u)  ba = h

i—2 i—1 i n—1
— oY TRy _
(9192 -+ 9i-19iGit1 -+ Gn] = Urugy ... wl_; u] ul .y ... u)  ba = h.

Hence g; is a solution of the equation (3.2). Consequently, according to the definition
of W. Dornte, (A, [ ]) is an n-ary group.
By using (2.2) and (2.3), we get

1Ty ... 2y = wud ... u) ba
2 n

= z10 Y (azpa a1 ) (a®r3a a"2) . ..
. (an—an_la—la—(n—Q))(an—lxna—la—(n—l))an—la

T1T2X3 ... Tp—-1Tn,

ie.,
[12g. .. 2] = T129 . .. Ty

It follows that the n-ary operation [ ] is derived from the operation of the group G.
Using this fact, and the closedness of the set A relative to the n-ary operation [ |, we
get

T1...Tp_q1a=[T1...Tp_10] €A

for any z1,...,2,_1 € A, whence from the equality Ag = Aa—! it follows

T1... Ty =[21...200]a"t € Aa™ = A,.

Then
{3?1....1,‘,“,1 | 1y...,Tpn-1 € A} C Ay.
Since (A, [ ]) is an n-ary group, then there exist aq,...,a,—2 € A such that
[aaay . ..an—s] = a,
whence using the fact that the n-ary operation [ | is derived from the operation of

the group G, it follows that
aaay ... anp_s = a.

The last equality infers a=! = a1 ...a,_». But since Ag = Aa~', then
AO = Aal...an_g - {1‘1 o T | L1,...,Tp—1 € A}

From the proved inclusions, it results (3.1). O
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Remark 3.1. Since the n-ary operation | | of the n-ary group (A = Apa,[ ])
from the Theorems 3.1 and 3.2 is derived from the operation of the group G, then the
subgroup of the group G, generated by the coset A = Agpa, is the covering group for
the n-ary group (A = Apa, | |). If we remove from the premises of the Theorems 3.1
and 3.2 the assumption that the group G is generated by the coset A = Aga, then we
get two more versions of the direct implication of Theorem 1.5, as described below.

Theorem 3.3 (E. Post [8]) Let the group G have a subgroup Ay and an element a
such that the group G is generated by the coset A = Aga and (2.1) holds true; let
be an automorphism of the subgroup Ag, such that (2.2), (2.4) and (2.5) are satisfied.
Then (A = Apa,[ ]) is an n-ary group with the n-ary operation which is defined
by means of (2.3); the covering group of this n-ary group is the group G, and its
associated group is the subgroup Ag.

Theorem 3.4 (E. Post [8]) Let the group G have a subgroup Ay and an element a
such that the group G is generated by the coset A = Aga and (2.1) holds true; let
be an automorphism of the subgroup Ag, such that (2.4) and (2.5) are satisfied. Then
(A = Apa,]| ]) is an n-ary group with the n-ary operation defined by means of (2.3); if
the action of the automorphism ~ is defined by the rule (2.2), then the covering group
of this n-ary group is the group G, and its associated group is the subgroup Ag.

4 Conclusions

The analysis of the Gluskin-Hosszu Theorem and of the corresponding result of E. Post
(Theorem 1.5) developed in the present work shows that the considered statements
are not only equivalent, but that they practically coincide. Slight differences between
these statements can be explained by the fact that E. Post used in his Theorem the
group Ap, while in the Gluskin-Hosszu’s Theorem, there appears a certain isomorphic
copy of the group — e.g., the group (A, o, ), like in Theorem 1.4. The change of the
group Ay with its isomorphic copy leads to the fact that in Gluskin-Hosszu’s Theorem
- unlike in Post’s Theorem - in the equality which states the relation between the n-
ary and the binary operations, the multiplier which allows to define the isomorphism
of the considered groups, is missing.

In this way, we promote and sustain the inclusion of Post’s name in the former
Gluskin-Hosszu name of the Theorem, and provide the necessary scientific grounds
in this matter of historical fairness.
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