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Abstract. The Berwald — Lagrange curvature with respect to the vector
field in the two dimensional geometric dynamics of the Langmuir — Blod-
gett monolayer is determined. It is shown, that the metric of the monolayer
space is of the scalar curvature and the sign of the Berwald — Lagrange
curvature governs the growth of geodesic deviations within the monolayer,
which in turn gives qualitative information about the sign of compressibil-
ity. Computer-drawn graphics and physical illustrate the relation between
the geometric structure and the underlying physical background.

M.S.C. 2010: 53C60, 53C80, 81T13.

Key words: 2D-monolayer Lagrangian, Barthel connection, Berwald linear connec-
tion, Berwald — Lagrange scalar curvature, compressibility, phase transition of first
order.

1 Introduction

In the paper we utilize a geometrical approach to describe a structurization into
Langmuir — Blodgett (LB) monolayers [1, 6, 9]. We assume that the usual physical
time is defined on the interval [0,00). Consider an open set D C R?, endowed with
the polar coordinates (r, ), where r > 0 and ¢ € [0,27). We further consider the
vector bundle

R x TR? "7 R x R2,

where TR? is the tangent bundle of the plane, which is locally endowed with the
bundle coordinates (t,z!, 22 y*, y?) == (t,7,¢,7,¢). We remind that on the vector
bundle R x TR? the transformation of coordinates are (the Einstein convention of
summation is used throughout this work, and the Latin letters i, j, k,l, q, s, ... take
values in the set {1,2}):

~ o Y
(1.1) t=t, 29=792%), yl= ’
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where rank (0zP/0x?) = 2. Using the special function

ICERT N a,

Lt

we study several distinguished geometrical properties of the time-dependent Lagrangian
(governing the 2D-motion of a particle of the monolayer [4, 5, 10]) L : R x TR? — R,
which is defined by

o om,  mr? wvie
(1.2) Lty 9) = 3 + o —prt VI i 4 U ),

Us(“t,r)

where we have the following physical meanings: (1) m is the mass of the particle; (2)
V is the LB-monolayer compressing rate; (3) p is a constant monolayer parameter
given by the physical formula

7.‘_2(]2 p% .

eeg R2’

(4) Ug(t,r) is an electro-capillarity potential energy, including the monomolecular
layer function

_ 45 16 a1 2,3, L 3.2

Ult,r) = p{{ 3%+ 2 (VIOr + S (VIS + (VI

1 4 2 5| 2lvie 4 (|[V]t)© 2|Vt
(VI + (e | e - L (AE L

In what follows, we particularize several general geometrical ideas developed by Miron
and Anastasiei in classical Lagrangian geometry on tangent bundles (see [7]) to the
2D-monolayer physical Lagrangian (1.2). To this aim, we consider projections of the
tangent space regarded a 2D-slices which are spanned by a flag {y; X'}. The considered
curvature of each slice is the Finsler space flag curvature [3]. The metric produced by
the 2D-monolayer Lagrangian is of Berwald-Lagrange curvature and is similar to the
flag curvature.

The goal of the paper is to show that the Berwald-Lagrange metric is of scalar
curvature and that the sign of the Berwald-Lagrange curvature governs the growth
of geodesic deviations in the monolayer, which in turn gives qualitative information
about the behavior of compressibility x within the phase transition of first order.

2 The canonical nonlinear connection

The fundamental vertical metrical d-tensor produced by the 2D-monolayer Lagrangian
(1.2) is given by
1 9L

"= 3oy
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By direct computations, one gets the metrical d-tensor g;;, whose associated matrix
has the form

-3

2|Vt
=

m — 2prd|V]e -7 0

(2.1) g= g g1z |\ _ 2
921 922 mr2
0 2

Remark 2.1. In order to have det g # 0, we assume that gy1 # 0.

The matrix g = (gi;) admits the inverse g~ = (¢’*), whose entries are

2
11 12 5 2lVie . _ g 0
(2.2) 91:<9 g >: m = 2pr®|V]e= -7
2l g2 9
0 2
mr

Using the general semispray expression (cf., e.g., [7]), we infer the following geomet-
rical result:

Proposition 2.1. The energy action functional

E(t, r(t), o(t)) = /;Ldt: /ab [’;‘ (‘Z)Zm;z (le‘f)?_

e (dr\ !
—prﬂV\em‘r/I (cli) +U(t,r)

dt,

associated to the 2D-monolayer Lagrangian (1.2), produces on the vector fibre bundle
R x TR? the canonical semispray G = (Gi)i:ﬁ, whose components are

V| (5rimt = 2Vt | Vri2) — -7 = Ty
17p7‘||€ (7”7" (VItr=" +| |7”7") 2 or Qwapgm

m — 2p7’5|V|62‘ZH Sp3

appror_1|V]. (|V|t 5) PR {5 1 26(]Vt) =N

2 7 72 o)t Tt T T s
61(|VID* 5 (VI)? 4 (VID* 5 (VID)°
120 "~ T "t R0 90
(VI1)° _7 _evie  (2V]t mo -4, 2VIE .3 .9 o T .
— T T G = —.
T wyv]” ¢ T 7

Proof. The Euler-Lagrange equations of the energy action functional E can be written
in the equivalent form

d?z’ : dz®
2G (t. 2% oF) = k _
o7 F26 (Lt y) =0, gt =—
where the local components
s 2 2
Gqi Y o°L . 0L 0°L

1 |owiay ! " or T otoye

represent a semispray on the vector bundle R x TR2. O
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The approximate polynomial form of the semispray G yields the canonical nonlin-
ear connection
. OGY
N = (N JZ = . ) )
oyl

Consequently, by direct computations, we obtain the following important geometrical
result:

Corollary 2.2. The canonical nonlinear connection produced by the 2D-monolayer
Lagrangian (1.2) has the following approximate components:

2|Vt
1|V| 2]Vt 5 . ) 3me~ "+ 5.
Nl—_2IV1 2N iU 2 OMe T 5.9
! 2 r +( 72 )" Ut,r) =+ 4p|V|rt Ty
_2Avit ) .
me~ "7 a. @ T
Nl = — 3 N2 = — N2 = -
2 2p|V|7‘4 9, 1 ’I"’ 2 7"
where
1 260V o 6LV s (IVID? 4
tr) = — -
Ult,r) v [57‘ = Tt "t " T
(Vi 5 (VID° ¢ (VI)° _7 _2vie  (2V]t
60 7 ta0 7 A G |

3 The Berwald-Lagrange curvature relative to the
vector field

The nonlinear connection from Corollary 2.2 is useful to construct the dual adapted
bases of distinguished vector fields

51) {a 5 5 9 D

- e e e X E
ot or ' g 67'”’8<p}c (B)
and distinguished covector fields

(3.2) {dt; dr; dp; o1 ; do} C X*(E),

where £ = R x TR?, and we set

S0 0 90 b _ 0 me T 0 F0
or  Or Yor  r oy’ Sp  Op  2p|V]rd Y or rdp’
me‘w

§i = di + Nldr + iedp, 8¢ =dp+ Ldr+ “dp.

2p|V[rd

Remark 3.1. Under a change of coordinates (1.1), the elements of the adapted bases
(3.1) and (3.2) transform as classical tensors.
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According to the geometrical framework developed in [7], the Berwald N-linear
connection produced by the 2D-monolayer Lagrangian (1.2) on the vector bundle
R x TRR? is defined by the local components (for more details, see [7] and [8])

B[ (N) = (L}, := Bly,, Cj, =0),

where (i,7,k = 1,2),
, ON?
_ 7Y
Using the formulas (3.3), by direct partial derivation, we get

Proposition 3.1. The Berwald N -linear connection of the 2D-monolayer Lagrangian
(1.2) has the following approximate components:

2|Vt
21Vt 5 Ime” "+

Bl = — S Ut )+ ————1? ],

1 72 r (t,7)r + 2p|V|r+ re

(3 4) 3 _ 2|Vt _ 2|Vt

. me” " me” " -
Bl — Bl — 22 Bl _ -3
12 21 72p|V|r4 P, 22 72p|V|r4 r

1

B%Z = B%l = ;a Bf1 = ng =0.

Corollary 3.2. The Berwald N-linear connection BI'(N) of the 2D-monolayer La-
grangian (1.2) has the following approximate adapted local (hv)-curvature d-tensors:

2 _pl _op2 _op2 _op2 _p2 _p2 _np2 _ nR2
Blll - 3222 - 3222 - BllQ - BIQI - B211 - 3122 - B212 - B221 - 07

2|Vt
3me™ "7
Bl =" 2 _9y t,
111 2p [V] 4 ¥ (t,7),
3me‘M
(3.5) B%u = 3%21 = B%u = Wﬂb’
3me*M
3%22 = B%u = 32121 = Wﬁ.

Proof. The Berwald N-linear connection BI'(IV) is characterized by the following siz-
teen (hv)-curvature d-tensors:
i 2 AT 3 i
. 0By NI P3G

gkl = oyl Oykoy! = Ay dyk oyl

where (y',4?) = (7, ¢). Consequently, using the connection components (3.4), we find
the local Berwald (hv)-curvature d-tensors (3.5). O

Now, one can define a natural Lagrangian extension K of the flag curvature from
Finsler spaces by means of (see [8, p. 54]):

. def BhijkyhXiijk
3.6) K:=K(t,r,p,7,¢; X)=K(t,z,y; X) = — ,
(36) ( ) ( ) (9nigix — gnrgis) y" Xiys X*
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which is called the Berwald—Lagrange curvature with respect to the vector field X:

9
"or

where Bp; i, = gisBij, X=X, and X% = Xo.

0
X(t,r, o) =X +X¢%#O,

4 The Berwald—Lagrange curvature in monolayer
compressibility

In this section we establish the relation between certain Finsler geometric invariants

and matter parameters in the phase transition of first order.

Proposition 4.1. The Berwald-Lagrange curvature K(x,y; X) with respect to the
monolayer field X does not depend on X(r,$) and may be approximated by the ex-
Pressions

(41) ) .9 . .
0, fOTX:rﬁ—i_SO%a 717@7&07
K(tre g3 X) = |~ = 5055 | 7% for X = Xo g, X, £
pr e r
0, for X = Xo i, X, #0.

Proof. Using the formulas Bjjr = 9isBp i, where By, are given by (3.5), direct
computations yield

Bi211 = Bi212 = Bi221 = Bi222 = Ba211 = Bag12 = Baga1 = Bajaa = Bagoo = 0,

9 5|V| 2Vt . _g 3 2|Vt

m—2pr°|Vie = -7 me~ "

B = —2U(t,7) |,

1111 B 2p V]t ¥p (t,7)

B B B m— 2pr5|V|62|‘:‘t i3 3me

= = = T 5

1112 1121 2111 D) PV ¥

B — Boro o By = M 2pr5|V|ezl‘rut 73 3me= 2 9
1122 = D2112 = D2121 = 1 PV

Taking into account only the non-zero components of Bj;;i, and the fact that gio =
g21 = 0, we get
_ Bi11172X,% + 2B11127¢ X,” + B1122¢?X,.> + B111272 X, Xy + 2B112297 X, X,

K ; 2
911922 (X7 — X,0)

The substitution of B1111, Bi112, Bi122, 911 and goo in explicit form into the previous
expression leads to

. 2
42) K= 7 X, [( 18¢ B 4Z/l(t,r)> PX LT&%}%

(Xt — Xr) pr6|V|62“»~/|L mr? pr6|V|62H¢«/‘t

The numerator in the left hand side of (4.2) is zero at X = (%, %), while subjected

to the 1-form w = (7, ¢). Therefore K = oo for the field X.
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The right hand side of the expression (4.2) equals to zero at X, = 0, and therefore
K =0 for the field X = (0, X,).
At X = (X,,0), the expression (4.2) reduces to

18 aUu(t,r .
(4'3) Kflag1 = < 2V ( )> i,

profv]eHEE i
Since any tangent 2D-vector (7, ¢) can be decomposed into (X,,0) and (0, X):
(4.4) X = (7, ¢) = (X:,0) + (0, Xy),

we find all the curvatures of slices over all the flags {yo, Xo}. We note that the
curvature K (x,yo; Xo) = K(x; {yo, Xo}) is everywhere infinite, except at the slices
of the tangent space given by the flags flag;, i =1, 2: flagi = {p, X,.} and flags =
{r, Xs}. Moreover, since any tangent 2D-vector can be split by (X,,0) and (0, X,)
via the formula (4.4), the expression (4.1) becomes the curvature for the slices for all
the flags:

K (ta 7‘7@77;'3 SO, X'F) = hln{ym XO}_>{7?,XF} K(ZL’, {y07 XO})

(4.5) : =
= hm{ym Xo}— {7 X} {me}‘t—)to ’
where
182 aUut,r(t)) \ . 12 22
@ _ : _— o 5 TXT' + WTQQDXW.
o[V ]e s mr pré|V]e =

Hence, the monolayer curvature K (x, yo; Xo) does not depend on the vector X € ™
of the slit tangent space TM = T'M \ {0}, and it becomes of scalar type. O

Now, since the Berwald-Lagrange curvature K (z,y; X) with respect to the mono-
layer field is of scalar type, we may try to unify the expressions of all the curvatures of
slices of all flags {y, X} into one single expression. We note that properties similar to
(4.5), are exhibited as well by the generalized Dirac function 6p (7(t) — 7(to)), which
also takes infinite values under the increase of F(t) at any arbitrary moment of time
t, except at to. For this reason, the flag limit from (4.5) can be regarded by means of
the Dirac §-function:

K (t,r e ¢ X)= lim K(z; {yo, Xo})

{yo, Xo}—{F Xz}

, 1 182 AUt r@) ) . 12 2,
= {T'Xr o X0 l:( Ve oo, 7 X, + —v " X,
(X7 rp) pré|Vie pro|Vie t—to

(4.6) xdp (7(t) — 7(to)).

This approximation holds true, while describing the beginning of the compression
process:

(4.7) r—0,t—t=0, r>|V|t.
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We can plot the 4-dimensional hypersurfaces of constant flag curvature (which depend
on the four variables (¢, 7,7, ¢))

18 AUt )
prG\V\eQ‘Ylt mr2g2

Z: T‘QZKflagl,

where Kfiqq, € {—1,0,1}, m =47 x 1072 kg, p = 8.93 x 10%, |[V| = 0.3 x 1073 m/s,
r =01 m, ¢t =0.01s. In Fig. 1 we plot the hypersurfaces (curves) of constant

¢

3x10'

2x10"’} K=1

1x10'

—-1x10'

-2x10'

“3x106]
Figure 1: Curves of constant flag curvature Ky, = K € {0, £1}.

scalar curvature of Berwald-Lagrange type K ¢;,4, relative to the radial vector field for
Ktiag, = —1, 0, 1. We see, that the space may be split into regions with positive and
negative curvature, while the curvature Ky;,4, is negative only over a finite interval
of values taken by ¢, at whose extremities it changes its sign into the opposite one.

As it can be seen in Fig. 2, the magnitude of the curvature K4, increases with the
increase of the absolute value of the radial component of the velocity 7. Moreover,
the expression of K44, may diverge for ¢ — 0 and 7 # 0.

We shall find the expression of K44, at the examined limit (4.7):

. 1 718 207 .,
) 1 K = 7 5~ g

From the expression (4.8) we see, that in the given physical situation, the curvature
Kjiag,, remaining small: K4y, — 0, may change its sign. It follows that we can
assume that at the beginning of the structurization process of the monolayer one can
observe a change of sign of the scalar Berwald — Lagrange curvature for decreasing
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i
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5% 1016

Figure 2: The dependence of the flag curvature K.y, =: K on the velocity.

monolayer area (see Fig. 3) at the point whose coordinate r is:

r=y 9mc,b2.
10p

The shape of the dependence of the scalar curvature K o4, on the time is represented

K

Figure 3: The dependence of the flag curvature Kyq4, , denoted by K on the area
of the monolayer S.

in Fig. 4. From the previous considerations, we can conclude that the motion of
particles along closed trajectories (K44, > 0) changes into motion along diverging
ones (Kyiqq, <0).

We assume, that there exists a relation between the scalar curvature of the mono-
layer and the thermodynamical parameters — in particular, the matter compressibility
K, which is always positive. The change of sign for x shows that the system loses its
stability and passes to another equilibrium state. Then we may conclude that in the
neighborhood of the phase transition, the monolayer may lose its stability and pass
to a metastable state.
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I
200 400 800 1000

—1F

Figure 4: The dependence of the flag curvature Ky;,4,, denoted by K, on time.

In [2] the total trace of Berwald curvature tensor

Bo(x,y,V) = 9" B,
has been studied for the monolayer space. It was observed that the integral of B¢
at large values of V diverges and differs by sign for stable and metastable states
respectively. Hence, it behaves like the compressibility x, as first order derivative g—;fr
of the s — 7—isotherm with respect to 7 in a region of phase transition. This allows
us to assume the following relation between Bc and 7 in a neighborhood of phase

transition [2]:

1 1
(4.9) K= 19 x —f/BC d?r.

s 0T s

We note that B¢ is everywhere 0, except for the region of phase transition, which
occurs at the moment t5. Therefore the expression (4.9) can be decomposed into
series in the neighborhood of phase transition:

(4.10) Ko — / %BC d?r.

By using the Fourier transform, we examine the expression (4.10) in TM:
(4.11) ko — / Be(X7)e™ T X, dF dXr = —27 / X, Bo (X, )e X7 dt dX .

According to the definition of K (3.6) we may assume that the divergence of the
flag curvature is conditioned by an anomaly in the behavior of the Fourier spectrum
of B.(X7) in the region of the phase transition. Therefore, the comparison of the
expressions (4.6) and (4.11) allows us to propose the following expression for the
compressibility k:

) 1 1842 ut,r)\ . 12 2.
K o< _27F/TX7' X X0 [( FITAE—— TXT+72‘V“T X,
(Xt = Xr0) pré|Vie = pré|Vle

(4.12) X dp(r(t) — 7(to0)) dt dX 7.

According to the chosen approximation (4.7), we express the tangent vector " by
means of the acceleration a,: 7 = a,t. Therefore, by using the properties of the
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function §, we can re-express (4.12) as

21 [ . 1 1842 awu,r) . 12 Y
fox——— 7 X, X X7 [( PIRATR——— X + — 570X
v . (Xom = Xop) pré|Vie pré|Vie
(4.13) X §D(t — t()) dt dX .
By integration of (4.13) by t, we infer:
27
RX ——
ay
. 1 184> awut,r) . 12 y
o7 rP pré|Vie pro|Vi]e = t—to
(4.14) xdXr.

According to (4.4), the integration over the tangent space of dXr may be replaced by
the summation over the flags flag;, i =1, 2:

2
27
(4.15) Ko —— ;K(x’ flag;).

u

Since the curvature K44, vanishes, we finally obtain the compressibility in the neigh-
borhood of the phase transition:

2 2m 18 4Uut,r)\ .
(416) Ko ——=Kjigg, = ——— [( N ( )> TQ]

“ ay pré|Vle mr2p2

t—>t0

In Fig. 5 there are represented the regions of values of ¢, ¢, in which the matter is in
stable and metastable states, with positive or negative compressibility x, accordingly.
Fig. 5. allow a qualitative characterization of the behavior of the trajectories during
the process of phase transition of first kind. In region I in Fig. 5 the phase variation
Agp for t — —oo migrates towards high values. In this case the phase increase is
always positive, since the tangent to the trajectory vector trigonometrically rotates.
The positivity of k infers the stability of the motion along such a trajectory.

In region IIT in Fig. 5, the phase variation Ay for t — +oo migrates towards
small values. This means that the phase increase is always negative, and the tangent
to trajectory vector rotates clockwise. Due to the positivity of k, the motion along
such a trajectory is stable as well.

In region II of Fig. 5 the phase variation Ay changes sign due to a jump in its
values: from —1 x 10'6 for t — —oo to +1 x 10'¢ for t — +o0o. As it can be seen in
Fig. 5, the trajectories within this region have an instanton-like character. The phase
increase changes sign and, accordingly, the tangent to the trajectory vector changes
its sense by a jump. Since k is negative, the matter is in metastable state. Hence,
in metastable state, the trajectories of the matter particles have an instanton-like
character.
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a,t
1.5- I | 111
1.0r ‘ >0
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Figure 5: The contour graph of the compressibility « in the neighborhood of the
phase transition of the first kind. The thin vertical lines separate the regions
which have compressibility of opposite signs.

5 Conclusion

The present work studies the Berwald-Lagrange curvature associated to a monolayer.
It is shown that the metric of the monolayer space is of scalar curvature. It is shown
that the sign of the Berwald-Lagrange curvature governs the growth of geodesic de-
viations within the monolayer, which in turn gives qualitative information about the
sign of compressibility . In the region of phase transition of first kind, the trajec-
tories of the matter particles have an instanton-like character, and the matter is in
metastable state.
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