Application of the credibility theory based on
important mathematical properties

V. Atanasiu

Abstract. In this article we introduce the original Bithlmann model,
which involves only one isolated contract. We present the best linear
credibility estimators for this model and we consider the as application
of the optimal credibility estimator of Biithlmann, the recursive credibil-
ity model (our motivation for introducing this model was that we want
that the new claims to have more weight than the older claims). The
optimal estimator of Bithlmann has been criticized because it gives the
same weight of the claim amounts for all previous years; intuitively one
should believe that the new claims should have more weight than the old
claims. However, as the claim amounts of different years were assumed
to be exchangeable, it was only reasonable that the claim amounts should
have equal weights. The recursive credibility estimation is an attempt
to amend this intuitive weakness, and thus an application of the original
credibility model of Biihlmann. The present results are obtained by us-
ing important mathematical properties of the probability theory, namely
properties of conditional expectations and conditional (co-)variances.
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Introduction

In Section 1 we present Bithlmann’s original model, which implies only one isolated
contract. The original Bithlmann model gives the optimal linear credibility estimate
for the risk premium of this case (see Subsection 1.1.). This estimator has been
criticized because it gives the same weight of the claim amounts for all previous
years; intuitively one should believe that the new claims should have more weight
than the old claims. However, as the claim amounts of different years were assumed
to be exchangeable, it was only reasonable that the claim amounts should have equal
weights. The following model (which is called ”Recursive credibility estimation” - see
Section 2) is an attempt to amend this intuitive weakness, and thus an application of
the original credibility model of Biithlmann.
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1 The original credibility model of Bithlmann

In this model, we consider one contract with unknown and fixed risk parameter 6,
during a period of t years. The yearly claim amounts are noted by X1,...,X;. The
risk parameter 6 is supposed to be taken from some structure distribution U(-). Tt is
assumed that, for given § = 6, the claims are conditionally independent and identically
distributed with known common distribution function Fxg(z,6). For this model we
want to estimate the net premium p(6) = E[X,.|0 = 0], r = 1,t as well as X;4; for a
contract with risk parameter 6.

1.1 Biihlmann’s optimal credibility estimator

Suppose that X7i,...,X; are random variables with finite variation, which are, for
given 6 = 6, conditionally independent and identically distributed with already
known common distribution function Fx|g(x,0). The structure distribution func-
tion is U(#) = P[A < §]. Let D, which represent the set of non-homogeneous linear
combinations g(-) of the observable random variables X7, Xo, ..., X;:

g(zl) =cpt+ X1 +eXo+ ...+ Xy

Then the solution of the problem:

(1) M B{[(0) - 9(Xi, ..., X))

is

(1.2) (X1, ., X)) =2X+(1—2)m,

where X' = (X1,..., X;) is the vector of observations, z = at/(s?+at), is the resulting

¢
- 1
credibility factor, X = n Z X; is the individual estimator, and a, s> and m are the
i=1
structural parameters defined as in (1.4):

m = E[X,] = E[u(0)], r=1,t
(13) a2: Var{E[X,|0]} = Var[u(d)], r=1,t,
o?(0) =Var[X,|0 = 6], r=1,t,
s? = E{Var[X,.|0]} = E[c%(0)], r=T1,t.

If 1u(0) is replaced by X;41 in (1.1), exactly the same solution (1.2) is obtained, since
the co-variances with X’ are the same.

For proof see [1] of the references, pages 7 to 20).

We end Subsection 1.1 giving two important mathematical properties obtained for
the optimal credibility result of this model (see Subsection 1.2) and demonstrated by
probability theory and credibility theory.
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1.2 Important mathematical properties for optimal credibility
result

We consider credibility estimators under more general conditions. We assume that
the real random variables X1, Xo,..., X; are known, and that we want to estimate

the unknown real random variable X1 with )N( ++1, the credibility estimator of Xy

t

based on X', that is, the best estimator of the form ag + > a,X,, according to
r=1

quadratic loss (or the same, the linear estimator of X;, based on X', with minimal

mean squared error). We assume that Var(X,) < oo, for r = 1,¢.

) t
Property 1. A linear estimator X;11 = ag + Y. a, X, of Xyy1 is a credibility
r=1
estimator if and only if it satisfies the normal equations:

(1.4) E (Xt+1> = E(Xt41),

(1.5) Cov (XtH,XT) = Cov(X¢41, Xr), Vr =1,¢.

For proof see [1] of the references, pages 47 to 55.

Property 2. The credibility estimator )N(tH of X1 based on X', satisfies:
Cov (Xt+1, Xt+1) =Var (Xt+1) =Var (Xt+1) —Var (Xt+1_ Xt+1) .

For proof see [1] of the references, pages 56 to 58.

2 The recursive credibility estimation, an applica-
tion of the original credibility model of Biithlmann

We will analyze the credibility estimator (1.2). This estimator has been criticized
because it gives the same weight of the claim amounts for all previous years; intuitively
one should believe that the new claims should have more weight than the old claims.
However, as the claim amounts of different years were assumed to be exchangeable, it
was only reasonable that the claim amounts should have equal weights. The following
model (which is called ” The recursive credibility estimation”) is an attempt to amend
this intuitive weakness, and thus an application of the original credibility model of
Biihlmann.

We assume that X7, Xo, ... are conditionally independent given an unknown ran-
dom sequence 6 = {Oi}j;f, and that for all 7 X; depends on 6 only through 6;.
This means that for each year ¢ there is a separate risk parameter 6; containing
the risk characteristics of the policy in that year. The original credibility model of
Biithlmann appears as a special case by assuming that 6; = 6, for all i. We assume
that:  E(X;|0;) = u(6;) with the function p independent of i. As well, we assume
that:

Covlu(6:), 1(05)] = pl" 1A,
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with 0 < p < 1 and A > 0 (A bigger than zero), means that the correlation between the
claim amounts from different years decreases when the time distance between years
increases, which is intuitively appealing. Furthermore we suppose that: u = E[u(6;)],
¢ = ElVar(X;|0;)] > 0, A = Var[u(;)] for all 5. Our motivation for introducing the
present model was that we wanted that the new claims to have more weight than
the older claims. The following result (see Result 2) shows that this desire has been
satisfied,

Let X¢11 be the credibility estimator of X;,1 or u (6;11) based on X’. We intro-
duce the estimation error:

Y1 =FE { [M (Or+1) — )?tJrl} 2}

of X ++1 considered as estimator of  (f;11). Unfortunately, it seems to be impossible
to find a "nice” expression for X:11. However, the following result (see Result 1)

gives a simple recursive procedure for the updating of )} ++1, and as a by-product, we
also get a recursive updating of the estimation error ;1.

Result 1. We have:

~ 7/Jt %) ~
2.1 Xtp1= X+ Xt + (1= p)p,
(2.1) t+1= P e (pt Ve + o t ( p) p
(2:2) Yry1=p° i +(1=p") N,

Yt
fort =1,2,3,... with )N(lzu and ¥ = A.
Result 2. Suppose that the coefficients ayg, 1, - - -, @y are defined by
~ A t
Xeg1=H (1) = oo + Zathj
j=1
and assume that p < 1. Then we obtain:

O<ap <oaga < ...<ay <1

For the Result 1, the proof is given below. Since X 1 1s the credibility estimator of X,
we deduce that X is the linear estimator of X; with minimal mean squared error,

that is X 1= g (where g* € R, scalar constant), which minimizes:

not.

E[(X1- 9] Q).

We must have:
(2.3) Q' (9) =0.
But:

(24) Q(9) = E(X{ +¢* —2X19) = E(X?) +¢° —29E (X1) = E (X7) + ¢* — 291,
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because
From (2.3) and (2.4), we have:

(2.7)

2.7
(2.6) Q(9)=05"29-2u=0sg=p.
It is clear that:

Q" (9)ly=, > 0, because Q" (@)yep = (29 — 2#);

=2|,_,=2>0.

Therefore )N( 1= p. Furthermore:

~

o E{lu(01)- X1} - [B(X1) — E(X 1),

@7 0L E{ o)~ X1

(2.11)

because the credibility estimator X; of X satisfies the normal equation (1.4) of
Subsection 1.2 and thus we have:

(2.8) E(X1)=E(x).

Relations (2.5), (2.7) and (2.8) imply:

(2 :E{[M(al)—;{lr} - [N—E<)~(1>r =
=K {M(al))}l}2} — E? [M(&)*)Nﬁ = Var {p(@l)f_;(l} =

Now, let t > 1, and let:
(2.10) )N(t+1= ao + a1 X, + a2 X4,

where ag, a1, ag are constants. The form (2.10) of )?t+1 will be established, if we
determine ag, a1, ag, such that the normal equations (1.4) and (1.5) to be satisfied.

Since the credibility estimator )N(t_H of X;y1 or p(6;11) based on X', satisfies the
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normal equations (1.5) of Subsection 1.2, we have:

Cov (XtJrl, ) CO’U(XtJrl,X) ijl,t@

< Cov (ao + a1 Xy + as )N(t,Xj) =
=Cov (X141, X,),Vj =1,t & Cov (ag, X;) + a1Cov (Xy, X;) +

(2.11) +axCov (Xt,, i) =Cov(Xi1,X;),Vi=1ts

< 0+ a1Cov (X4, X;) + a2Cov ()}t,Xj) =

=Cov (X¢41,X;),Vj =1t & a1Cov (X, X;) + aaCov ()N(t,Xj) =

=Cov (X41,,X;), Vi=1,t
For j = 1,t take place the following relations:
Cov(X41,X;) = E(Xi11X;) — E(X41) E(X;) =
[E(Xi41Xj]0141,05)] — E[E(Xe41]|0i41)] E[E(X;]0;)] =
[E (Xt41]O41) E(X;]05)] — B (041)] - E [ (65)] =
[ (Ors1) e (05)] — E [p (0e41)] E [ (05)] =

i O0rs) 1 (0] &) 10 = g1

E
E
E
Cov

From the above we notice that:

(2.12) Cov (Xy11,X;) = p' ™A, Vj=T1%
Relations (2.11) and (2.12) imply:

(2.13) a1Cov (X, X;) + axCov ()N(t,Xj) = pt“_j)\, Vi =1,t.

Since the credibility estimator )N(t of X; based on X1, Xo,...,X;_1, satisfies the
normal equations (1.5) of Subsection 1.2, we have:

(2.14) Cov ()th,Xj) = Cov(Xy, X;),¥j =T, 1,

and thus, introducing (2.14) in (2.13), we obtain:

(2.15) a1Cov (X4, X;) + asCov (X4, X;) = p 1INV =T, 1 — 1,
that is

(2.16) (a1 + az) Cov (X4, Xj) = pT N Vi =Tt =T (a1 +az) p N =
. =pt=IN, Vi=Tt—-1&a tay=psay =p—as,



Application of the credibility theory 19

where,

for j =1,t — 1, we considered that:

Cov (X, X;) =E(XiX;) - E(Xy) E(X;) =E[E(X:X;|0:6;)] —

_E[E ]
= E[u(0:) 1 (0;)] = E [10(0:)] E [10(6;)] = Cov [ (6:) , 1 (8;)] = pl'=IIx = p'=I .

(X¢|6,)] - E[E(X;]0;)] = E[E(X¢|0:) E(X;]0;)] — E [ (6:)] E [p(6)] =

Inserting (2.16) and j =t in (2.13), we obtain:

(2.17)

where

(2.18)

(p — az) Cov (X, Xt) + aeCov (Xt Xt) =pitl -\ &
< (p—az)Var (Xy) +az-Cov (Xt X) =p\ &
PA,

& (p—as) (A + @) + asCov (Xt Xt) _

we considered that:
Var (Xy) =Var [E(X|0)] + E[Var (X 0:)] = Var [u(0:)] +¢ =
=Covlp(0:),p(0)] +o=p"""N+o=A+9,

~ 2

— B[ <9t>+%%fzu<0f>)?f]f{ w@) - B (%)) =
= B[12(6)) + B (X?) - 2B [u(0)) X, -

~{E* o+ E ( )= 2B )] B (X))} =

= (B2 0] - B o)} + B (X3) - B2 (X) ] -
el - ()

=Var[u(0:)] + Var (Xt) —2Cov [,u (0:) ,_)N(t} (2:24)

(224 Cov [ (6t),p(6:)] + Cov ()N(t,Xt> —2Cov {)N(hu(Qt)} =
= pl*=tIx + Cov ()N(t , X¢) — 2Cov {)}t,u(gt)} =

=A+Cov ()N(t,Xt) —2Cov [)N(t,,u(@t)} )
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with:
(2.20) E ()N(t) =E(Xy),

because the credibility estimator )N(t of X; based on X1, X5,...,X;_ 1, satisfies the
normal equation (1.4) of Subsection 1.2;

(2.21) Var ()N(t) =Cov (Xt,)N(t) =Cov ()N(t,Xt) ,
according to the property 2 of Subsection 1.2. Also we may write:
Cov (X0, X)) = B (Xi X)) = B (X)) B (X)) =
=B [B(X: X|0)] - B(X:)- EIE(X|0)] =
(2.22) —E [)N(t E (X, Gt)} ~E ()th) Efp(6:)] =
=F [)N(t ,U(et)} -FE ()N(t) 'E[H (Gt)] =
= Cov {)N(t,u(et)} < Cov {)N(t,u(et)} = Cov ()N(t,Xt) .
Relations (2.19) and (2.22) lead to:
(2.23) Yy =X+ Cov (}N(t,Xt) —2Cov ()N(t,Xt) =A—Cov (}N(t,Xt) ,
and thus we have:
(2.24) Cov ()N(t,Xt) =\ — .
Relation (2.17) becomes:
(2.25) (p—a2) A+ ) +az (A=) = pA,

taking in consideration (2.24). Making the calculations in (2.25), we obtain:

(2.26) pA+ pp — ag\ — asp + asA — asthy = pA & as (Yr + @) = pp < az = 1/)pf90
t

and so:

(2.27) (2.19) pp P

ap = p— = .
1(2-29)p Yetp Yt

Since the credibility estimator 35t+1 of Xyy1 based on X7, Xo, ..., X}, satisfies the
normal equations (1.4) of Subsection 1.2, we have:

~ (2.8) ~
B (fe) = £ 3 B 0 ) -

~ 2.8 ~
<:>ao+a1E(Xt)—|—a2~E<Xt) :,u(<:>)a0+a1u—|—a2E(Xt) =
(2.28)
=, +aptap=psSa+(ata)p=p <
=p (5.8) 0 1M 20 = [ 0 1 2 #—M(QBQ)

S0t pp=psa0=(1-p)p

(2.32)
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where we considered that (2.16) can be written in the following form:
(2.29) ar+ax =p

denoted by. So (2.2) is proved (see (2.10), (2.28), (2.27) and (2.26)). It remains to
show that 1); satisfies the recursion (2.2). We have:

-l ] 0~ ()2
=E{[u (Or1) er} =B (%) =

- E{[u Orsr) — Xt+1r} (Bl )] - B (Xe) }2 _
_ E{[u (0r) — Xis1] } 2 [ O0) ~ T 22
(2.13)

~ 72
= E{[M(9t+1)—ao—a1Xt—a2Xt} }—

— B[ (Bp41) — ao — a1 Xy — az Xo] = E[p2(0r41) + a3 + a3 X2+

+a3 )N(f —2app (0p+1) — 2a1 0 (0p41) Xt — 200 (0141) )N(t +2aga1 X + 2agas )N(t +
+2a100X; Xi] — {E2[1(0111)] + a2 + a2E2(X,) + a2E%(X,) — 2a0-

E[u(81:1)] — 2a1 E[p(8,11)] E(X,) — 202 Epu(6,41)) E(X ) + 2a0a1 B(X )+
+2a0a2 E(Xy) + 2010 B(X) E(X )} = E[i?(6141)] + a + a? B(X2)+

+a3B(X3) — 200 B[(0111)] — 201 E[1(0111)Xe] = 202 E[(041) X.] + 2ag01-
E(X)) + 2a0a2E(Xy) + 20102 E(Xy Xy) — E2[pu(0441)) — a2 — a2 B2(X,)—

—a3 - B*(X1) + 2a0 E[u(01)] + 2a1E[u(9t+1)]E(Xt) + 202 B[p(0141) E(X 1) —

—2a0a1E(Xt) — 2a0a2E()~(t) - 2a1a2E(Xt)E( {E [ 9t+1)]

—E? [ (0r41)]} + (a3 — ad) + a3[E(X,2) - E2<Xt>1 +a3[E(X?) — BX(X0)]-
—2aop+ 2a0p — 201 { B[u(0,11) X)) — Elp(0141) E(X0)} — 202 {Elp(0141)- X}~
—E[u(0i31)]E(X ) + 2a0a1pt — 2a0a1p + 2a0azp — 2a0as it

+2a102[E(X, X1) — E(X))E(X0)] = Var[u(6i41)] + a2Var(X,) + a2

-Var()}t) —2a1Cov[p(0441), Xt — QaQCOU[M(ﬂtH),)N(t] + 2a1a2Cov( Xy, )}t),
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with:
(2.31) E(Xi1) = E(Xi1),

because the credibility estimator )N(Hl of X1 based on X1, Xo,..., Xy, satisfies the
normal equation (1.4) of Subsection 1.2. But

(2.1) i
(2.32) Var [ (6i41)) = Cov [ (Br41) , i (0r41)] = pl" A= A,

(2.27)
= A= 1/’t>

(2.33) Var(x) "2 cov(X0, X))
Cov [ (Or41) , Xi] = E [p (Op41) Xie] — B[ (0r41)] B (Xe) =
= E{E [ (0141) X[ 0t} — E {1 (041)] E[E (Xe] 00)] =

(2.34) = E [ (0141) E(Xe| 01)] — E [p (0e41)] E [ (6¢)] =
= Ep(0r11) 1 (00)] — Ep (Or11)] E [p (01)] =

@1) g
= Cov [p (Br11) , 1 (6:)] =" pl"+ 11N = pA,

~ (2.39)
Cov[p (0s41), Xt] = Cov

t—1
p(Org1) a0 + D2 anj] =
j=1

t—1 (2.40)
= Cov [M (9t+1) ,ao] + Z aj - Cov [M (et-i-l) 7Xj] =
j=1

(2.40) t—1 t—1
= 0+ ; a;pCou [p (6:) , X;] = p ; a;Cov [u(6:), X;] =
(2.35) = ”
t—1
=pr {COU [k (0:) , ao] + Cov [/J (0:), >° anj‘| } =
j=1
t—1 (2.39) ~
= pCov | (0t) a0 + > a; X;| =" pCov [H (Qt),Xt} =
j=1
~ (2.25)
= pC 0y)] = A—
pCov[ Xy, 11 (6:)] (2_27)/0( Pr),
where
N t—1
(2.36) Xi=ao+ Y a;X;,
j=1
because the credibility estimator )N(t of X; based on X7, Xs,...,X;_1, is a non-

homogeneous linear combination of the observable random variables X7, Xo, ..., X;_1;
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for j =1,t — 1 we have
Cov[u(0141), X;] = E[p (041) Xj] — Ep (041)] E (X;) =
=FE{E [M(9t+1)Xj| ej]} —Elp@n)]EE (Xj‘ 93‘)] =
= Efu(0r41) E(X;]0;)] — E[p(Or1)] E 1 (65)] =

@30 = Bu(Ben) p(05)] — Bl (0011)) E 1 (6;)] =
= Cov () 1 (0)) 2 p1771N = pr+1=in = p [pt=i2] &
(2.1) (2.41)

=" pCou [ (8;),1(8;)] =" pCouv [ (8:), X;],

where we considered that

Cov[p(00) , 11 (0;)] = E [ (0:) o (0;)] — E [ (0:)] M [ (6;)] =
(2.38) = E{E[p(0:) X;105]} = Eu (0:)] E[E (X;]6;)] =
= E{E[p(0:) X;|05]} — E [ (0:)] E(X;) = E [p(0:) X;] —
Elp(0) E(X;) = Covp(0:), X;], j=1,t—-1.

From (2.30), (2.32), (2.18), (2.33), (2.34), (2.35) and (2.24) we obtain:

(2.19)
Yrpr = A+ af (A 9) + a3 (A=) — 2a1pX — 2a2p (A — i) + 2a1a2(X — ) =

(2.19)
= A+tai (A + )+ a3 (A=) = 2a1pX = 2a2p (A — ¥¢) +2(p —az) az - (A = ¢y) =

=X+ aiX +ajp 4 a3 (A = ) — 2a1pA — 2a2p (A — 1) + 2a2p - (A —r) —
—2a3 (A~ ¢¢) = A+ aid +afp — a3 (A =) — 2a1pA = A + air+

.32
+a?p — a3\ + a3y — 2a1p\ = A (1 +a? —a%— 2a1p) +alp+ ath 22

2.32
(3 ))\[1+a%—a§—2a1 (a1 + az)] + a3¢ + a3y = M1 + a3 — a3 — 2a3 — 2a;1 - az)+

+atp + adpy = A1 — a2 — a3 — 2a1a2) + atp + aZpy = A\[1 — (a3 + a3 + 2a1a2)]+

(2.32) (2.29)
tafe + gty = Al = (a1 +a2)] +afp+adn =ML - ) Fat ot agye S
(2.20) PPV p*e?
(2-30)( 7) (Ve + @)? 4 (Y + @)? Ve
2,/,2 2 .2
+ +
:(1_p2))\+P¢t<P P¢¢t:(1_p2)A+p2wpt(wt 2

(Y 4 )2 Yy + )2 B

= (=P (= P 2

and thus (2.2) is proved. This completes the proof of Result 1. We end this paper,

giving a conclusion on the expression of X ++1 deduced from the recursion (2.1). For
Result 2, the proof is given below. The existence of the coefficients ay;, j = 0,¢ with
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the property of Result 2 is obtained by applying of ”¢ times” of the recurrence relation
(2.1) as follows:

P pY Pt
X, + X, (1 — p)u =

b+ @ t b+ o t ( P)M it o

P [ i1 X, 4P

Y+ @ (Y1 + @ Y1+

P pp  pia pp PP
= X, + X, 1+ —_—
Vet it o1+ =l Ve + @1+

pp PPy J phe_1
1—pu+1—pp= X, + .
wt‘f'(ﬁ( Pt (L= pln Y+ ’ Ve +@ Y1+
% % P2 pyp
+ Xyg+ —T—
Y@+ [¢t—2+<,0 -2 Yi_a+ @
PP i pp  pYia
— X, +
P+ @ e+ Y+ o1+
L PPr—2 X, P pp pY
Ve+@ Y1+ @Yo+ Vet o1+ Yo+
PP PP PP
B A -pu+ 1—pu+1—pp=
it o Tt (1=p)u wﬁ(p( P+ (1= p)p
oy pp  pia PP PP P2
= Xi + t—1 +
P + @ Y+ i1+ Ve+ Q1 +oh_a+
Py I N
Y+ i1+ Yo + o1+
pp P> N
Ve + e + @) (Pi—1 + ¥)

ptflgotfl

Ve + @)W1+ 0) o (P2 )
From (2.39) it is clear that:

Xt+1=

X+

Ko+ o] + (01 o=

)N(t—1 +

+

X1+

X +(1— p)u} +

+ (L=p)p+ (L =p)u

Xi_1+
(2.39)

)}tfz +

Xi_ot+

+ X1+ (1 —p)ut

+(1—p)u

+(1—p)u(

+...+(1—p),u-(

PP
Yt

aw=1-pp+1-p)p

2,2
PP
) +..4+(1=p)p

1—
o p)“(thrw (Ye—1 + )
P11

(e 4+ @) (r—1 + @) . (Y2 + )’

N R N L
Ve + o1+ ¢2+<P1/11+80’

Qi1

% 5% P2
Y+ o1+ oo+ @’
pp  pia
Ve + @1+ ¢

Qi t—2 =

Qi t—1 =
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.y = Pt
T+’
that is:
(240) Qg = 5jat,j+17 j = l,t— 1.
with
p ¥; o
s, - Wite dimte P (23)
! Vj+1 Viv1 (Y5 + )
Yiy1+
(2.41) _ pjp _ 1 _
(1% 2 (¥ +¢)
P21 4 (1—p*) A
Yito ( )
pYip

= 5 :l,t—l
PP+ (1 —p2) X (5 + ) /

From (2.2) we see that:
(2.42) Y; >0, Vi=1,t-1,
23) 5 i1y
because 1); = p?—L T
! Vi1t
assumptions of the beginning of this section: 0 < p < 1, A > 0,

+(1—p2))\ > (1—,02))\ > 0, j = 1, —1 under the

b E { [M (0;-1) — )N(jlr} 20

with j = 1,t — 1, ¢ > 0. Considering (2.42), we may divide the numerator and the
denominator in (2.41) by 1;, and thus we obtain:

(2.43) 5; = re . j=Ti-1L
PP+ (1—p?) A <1+(p>
Vi

The credibility estimator X; of p(6,) based on X7, X, ..., X;_1 is a non-homoge-
neous linear combination of the observable random variables X, X»,..., X;_; with
minimal mean squared error, which means that the solution of the following mini-

) ~
mization problem: Min E { {M 0;) — X]} } is X, that is:
ji—1

X]':a()+ 21 ar X,
~ 12 ) .72
E{[M(@)Xy} } Min E{{M(Gj)Xj} }S
Xj:a0+ 21 arX,
j—1

<E{ln(9;) - X;]’}, VX =ao+ )y aX,,

r=1
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and from here in particular for X ; = p = (constant), we obtain:

2w p{[u0)- %) f B {1 -}, where i =TFT

We have:

(2.45)

)
|+ 12 = 2uE [ (0;)] — E? [1u(0;)] — p? 4 2uF [ (6;)] =
]

(

= Cov|pn(0;), 1 (65)] 2£1)p‘j’j|)\ =), wherej=T1,t—1.

Relations (2.44) and (2.45) lead to:

def. ~ 12
(2.46) v = E{[u (05) — Xj} } <\
where j =1,¢t — 1. So, from (2.46) we have:
izl®£2£@1+ﬁzl+f@
Vi A P T A V; A

& p2p+ 1—p2)\(1+¢>202§0+ -2 (1+%) =
(1= {1+ (L-r(1+%)

. PRPRCED py
(2.47) ,02<,O+(1—p2))\(1+90)
¥j
Py PP

§p2ap+(1—p2)A(1+f) T et (-0t

<

_ PP PP - @ “1,

TRt AT Al ot (L)X ot (1-pHA

with j = 1,t — 1 and where we considered the assumptions of the beginning of this
section: 0 < p <1, A >0, ¢ > 0. On the other hand, it is clear that:

(2.48) 5;>0; j=T1,t-1,

because take place the relations (2.41), (2.42) and the assumptions of the beginning
of this section: 0 < p < 1, A > 0, ¢ > 0. Inequalities (2.47) and (2.48) imply:

(2.49) 0<d;<1; j=T1t—1
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Also we see that:

(2.55) P Py
2.50 0 < au= = < 1-
( ) " P+ pwt + ¢ (2.54)

1=1,

where we considered the assumptions of the beginning of this section: 0 < p < 1,
@ > 0 and the below relations:

(&
(2.51) e
(2.52) e L PR (B P}

i1+

under the assumptions of the beginning of this section: 0 < p < 1, A > 0,

def. ~ 2
Y1 =) E{[M(et—l)_Xt—l} } >0, ¢ >0.

From (2.40) we obtain:

(2.53) b= —U . j=TI-1,
,5+1
and since (2.49) take place. Thus:
(2.54) 0< - 1. j=T7-1.
At 541
But:
(255) Qg = 510[,52 = 51520@3 = 5152530&,54 =...= 515253 Lt 5t—104tt > O7
(256) Qo = Ooip3 = 0903044 = ... = 0903 + ... Op—1Qusp > 0,
(257) Q-1 = 10y > 0.

Relations (2.55), (2.56), ..., (2.57) together with the relations (2.55), lead to:

O<Oétj <at,j+1; jzl,t—l,

that is:
O<ap <ap <apg<...<ap<l.

This completes the proof of Result 2.
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3 Conclusions

The results show that the credibility theory is really a useful tool — perhaps the only
existing tool — for such insurance applications.

The fact that it is based on complicated mathematics, involving conditional ex-
pectations and conditional (co-)variances, needs not bother the user more than it does
when he applies statistical tools like SAS, GLIM, discriminant analysis, and scoring
models. These techniques can be applied by anybody on his own field of endeavor,
be it economics, medicine or insurance.

The main results of the paper are: the two results obtained for the non-homogeneous
linear credibility model and demonstrated by probability theory and credibility theory
(see Section 2). The first result gives a simple recursive procedure for the updating of

X ++1 (the credibility estimator of X; ;1 or p(0:41) based on X’) and as a by-product,

we also get a recursive updating of ¢4 (the estimation error of X t+1). We finished
this paper, giving the recursive credibility model (see Result 2 of Section 2), which
is an application of the original credibility model of Bithlmann. Our motivation for
introducing the recursive credibility model was that we wanted that the new claims
to have more weight than the older claims. The second result (see Result 2 of Section
2) shows that this desire has been satisfied.

So in this paper we gave some results of the credibility theory, obtained by using
important mathematical properties of the probability theory, more precisely proper-
ties of conditional expectations and conditional (co-)variances.

References

[1] V. Atanasiu, Contributions of the credibility theory, Printech Publishing, 2009;
7-20, 47-55, 56-58.

[2] V. Atanasiu, Semi-linear credibility, Economic Computation and Economic Cy-
bernetics Studies and Research 3-4, 41 (2007), 213-224.

[3] H. Biithlmann, A. Gisler, Universitext A Course in Credibility Theory and its
Applications, Springer-Verlag 2005; 55-74, 77-117, 199-217.

[4] H. Cossette, E. Marceau, F. Toureille, Risk models based on time series for count
random variables, Insurance: Mathematics and Economics 48, 1 (2011), 19-28.

[5] F. De Vylder, M.J. Goovaerts, Semilinear credibility with several approzimating
functions, Insurance: Mathematics and Economics, 4 (1985), 155-162.

[6] H.U. Gerber, D.A. Jones, Credibility formulas of the updating type, in ”Credi-
bility theory and application”, Proceedings of the Berkeley Actuarial Research
Conference on credibility, Academic Press, 1975; 89-109.

[7] H.U. Gerber, Credibility for Esscher premiums, Mitteilungen der VSVM, 80
(1980), 307-312.

[8] M.J. Goovaerts, R. Kaas, A.E. Van Heerwaarden, T. Bauwelincks, Effective ac-
tuarial methods, Insurance Series vol. 3, Elsevier Science Publishers B.V. 1990,
187-211.

[9] E. Kremer, Credibility for regression models with autoregressive error terms,
Blatter der DGVFM, 27, 1 (2005), 71-79.



Application of the credibility theory 29

[10]

[13]
[14]

[15]

E. Ohlsson, Combining generalized linear models and credibility models in prac-
tice, Scandinavian Actuarial Journal, Applied Section, Taylor & Francis Group,
4 (2008), 301-314.

E. Ohlsson, Simplified estimation of structure parameters in hierarchical cred-
ibility, The 36th ASTIN Colloquium, Zurich 2005, Available online at:
http://www.astin200f.ch/

E. Ohlsson, Credibility estimators in multiplicative models, Mathematical Statis-
tics, Stockholm University, Research Report # 3, 2006; available online at:
http://www.math.su.se/matstat /reports/seriea/

] T. Pentikéinen, C.D. Daykin, M. Pesonen, Practical Risk Theory for Actuaries,
Chapman & Hall 1993.

G. Pitselis, Robust regression credibility: The influence function approach, Insur-
ance: Mathematics and Economics, 42, 1 (2008), 288-300.

B. Sundt, An introduction to non-life insurance mathematics, In: ”Mannheim
Series” 1984, 22-54.

Author’s address:

Virginia Atanasiu

Department of Applied Mathematics, Academy of Economic Studies,
Calea Dorobanilor 15-17, RO-010552, Bucharest, Romania.

E-mail: virginia_atanasiu@yahoo.com



