On some quadratic Hamilton-Poisson systems

R. M. Adams, R. Biggs and C. C. Remsing

Abstract. We identify a class of quadratic Hamilton-Poisson systems
on the three-dimensional Euclidean Lie-Poisson space. Specifically, we
consider systems that are both homogeneous and for which the underlying
quadratic form is positive semidefinite. Any such system is shown to be
equivalent to one of four normal forms (of which two are parametrized
families of systems). For the cases with non-trivial dynamics, the stability
nature of the equilibrium states is fully investigated. Furthermore, we
find explicit expressions for the integral curves (in terms of Jacobi elliptic
functions).
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1 Introduction

The dual space g* of a Lie algebra g has a natural Poisson structure, the (minus) Lie-
Poisson structure of g*; this Poisson space is denoted by g*. A quadratic Hamilton-
Poisson system on g* is given by Ha o = p(A) + Q(p). Here A € g and Q is a
quadratic form on g*. Such Hamilton-Poisson systems have been studied in the last
few decades (see, e.g., [5, 6, 10, 7, 25, 26, 9, 11]).

In this paper we consider only quadratic Hamilton-Poisson systems on the Eu-
clidean Lie-Poisson space se (2)*. Moreover, we shall restrict to systems that are
both homogeneous (i.e., A = 0) and for which the quadratic form Q is positive

semidefinite. We show that any such system is equivalent to one of the systems

Ho(p) =0 Hi(p) = %
Hyo(p) = 3 (03 + ap3) H3o(p) = 3 apj

for some a > 0. Hy and H; have almost trivial dynamics and so we shall omit
any discussion of these systems. The stability nature of all equilibrium states of
(the Hamiltonian vector fields) ﬁg,a and I’_jg)a is investigated by the energy-Casimir
method. Furthermore, explicit expressions for the integral curves of these vector fields
are found in terms of Jacobi elliptic functions.
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A general left-invariant control affine system on the Euclidean group SE(2) has
the form ¢ = g(A+u1 By + - +ugBy), where A, By,...,By € 5¢(2), 1 < ¢ < 3.
(The elements By,...,B, are assumed to be linearly independent.) Specific left-
invariant optimal control problems on SE (2), associated with the above mentioned
control systems, have been studied by several authors (see, e.g., [14, 13, 24, 22, 21, 23]).
One can associate to drift-free systems the following class of optimal control problems
(with quadratic cost)

g=g(u1By+---+ueBy), 9(0) =go, 9(T)=an
g€SE(2), u=(uy,...,u) €ER’, 1<0<3

(1.1)
=1 U U — min.
J =3 /0 (t)" Qu(t)dt

Here @ is an ¢ x £ positive definite matrix. Each of these problems is lifted, via the
Pontryagin Maximum Principle (cf. [3, 14]), to a homogeneous (positive semidefinite)
quadratic Hamilton-Poisson system on se (2)*. The extremal controls can then be
found in terms of integral curves of the associated Hamiltonian vector field. Hamilton-
Poisson systems corresponding to lifted optimal control problems on SE (2) have been

investigated in [1, 2].

2 Preliminaries

2.1 The Lie-Poisson structure

Let g be a (real) Lie algebra. The dual space g* has a natural Poisson structure,
the (minus) Lie-Poisson structure (see, e.g., [16, 17]). This structure is given by

{F,G} (p) = —p ([dF (p),dG(p)])

for p € g* and F,G € C*(g*). Here dF(p) is a linear function on g* and so is
(identified with) an element of g. A function C € C*(g*) is a Casimir function if
{C,F} =0 for all F € C>®(g*).

To each function H € C*(g*) we may associate a unique vector field H on
g* such that H[F]= {F, H}. This vector field is called the Hamiltonian vector field
associated with H. Two vector fields F and G are compatible with a diffeomorphism
¢:g* — g* if the push-forward ¢, F equals G (i.e., qu5~ﬁ(p) = é((ﬁ(p)) for p € g*).
The diffeomorphism ¢ establishes a one-to-one correspondence between the integral
curves of F and G.

A linear automorphism 9 : g* — g* is a linear Poisson automorphism if {F,G} o
Y ={Fovy,Got} forall F,G € C°(g*). Linear Poisson automorphisms are exactly
the dual maps of Lie algebra automorphisms. We say that two Hamilton-Poisson
systems are equivalent if the vector fields associated with them are compatible with
a linear Poisson automorphism.

Remark 2.1. Let H € C*°(g*) and let ¢ be a linear Poisson automorphism. The
systems H o1 and H are equivalent as the associated vector fields are compatible
with 1. For any Casimir function C' and any function x € C°(R), the vector fields
associated with H and H + x(C), respectively, are identical. Hence the systems
Hot and H + x(C) are equivalent.
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2.2 The energy-Casimir method

The energy-Casimir method [12] gives sufficient conditions for Lyapunov stability of
equilibrium states of certain types of Hamilton-Poisson dynamical systems (cf. [17,
20]). The method is restricted to certain types of systems, since its implementation
relies on an abundant supply of Casimir functions.

The standard energy-Casimir method states that if z. is an equilibrium point of a
Hamiltonian vector field H (associated with an energy function H) and if there exists
a Casimir function C such that z. is a critical point of H + C and d?(H + C)(z.)
is (positive or negative) definite, then z. is Lyapunov stable.

Ortega and Ratiu have obtained a generalization of the standard energy-Casimir
method (cf. [18, 19]). This extended version states that if C' = A\ Cp + -+ + A\ Ch,
where A1,..., A\ € R and Ci,...,Cy are conserved quantities (i.e., they Poisson
commute with the energy function H), then definiteness of d?(A\oH +C)(z.), Ao € R
is only required on the intersection (subspace) W = ker dH (z.) NkerdCi(z.) N---N
ker dC(z.).

2.3 Jacobi elliptic functions

Given the modulus k € [0, 1], the basic Jacobi elliptic functions sn(-, k), cn(-, k), and
dn (-, k) can be defined as

sn(z, k) = sin am(z, k)

en(z, k) = cos am(z, k)

dn(z, k) = \/1 — k2sin? am(z, k)

where am(-, k) = F(-,k)~! is the amplitude and F(p,k) = ffﬁ- (For

the degenerate cases Kk = 0 and k = 1 we recover the circular functions and the
hyperbolic functions, respectively.) Simple elliptic integrals can be expressed in terms
of appropriate inverse (elliptic) functions. The following formulas hold true (see [4,
15]):

b
dt 1 -1 (1 b
(2.1) /I V(@@ +2) 02 - 12) = Vazioz M (Ex’ \/m)’ Oszs<b
(2 2) a dt — 1gpt (lm ,/a72,b2> b<a<a
' (@ =) -2 ° A

*

3 Hamilton-Poisson systems on se (2)

3.1 The Lie-Poisson space se(2)*
The Euclidean Lie algebra is given by

0 0 0
14 (2) = r1 0 —x3| :x1,20,23 €R
Ty X3 0
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Let

be the standard basis of se (2). Then the bracket operation is given by [Es, Es] = Ej,
[Es,E1] = Ea, and [Eq, Es] = 0. Let (Ef, E3, E5) denote the dual of the standard
basis. An element p = p1E} + poE3 + psE5 will be written as p = [pl D2 pg].
The group of linear Poisson automorphisms of se (2)* is given by

T Yy v
pep =y o w| :zyvweR 2’ +y?#£0,¢=+1
0 0 <

Now consider a Hamiltonian H on se(2)*. The equations of motion take the
following form

or, explicitly,

o

b1 = 8p3p2

,__oH

b2 = 8p3p1
OH OH

D3 = 5—P1— 5 D2
’ Op2 ' op ?
We note that C :se(2)* — R, C(p) =p? + p3 is a Casimir function.

3.2 Equivalence of systems

Consider a (homogeneous) quadratic Hamilton-Poisson system Hg(p) = pQp',
where @) is a positive semidefinite 3 x 3 matrix.

Theorem 3.1. Let Ho(p) =0, Hi(p) = 391, Hau(p) = 3 (p3 + ap3), and Hzo(p) =
%apg. There exist a linear Poisson automorphism 1 and constants o,y > 0 such
that

(Hg+C)oyp=H+~C
for some H € {Hy, H1,Hs o, Hs o}

Proof. Let
ar b1 by
Q= |b1 az b3
bz bg as

First, let us assume a3 = 0. The 2 x 2 principle minors of @ are then ajas —
b3, —b3, and —b%. As @ is positive semidefinite (shortly PSD), all principle minors
are nonnegative. Thus by = b3 = 0. Now,

o R
_= o O

1
1 prp¥y, U, = |-y
0
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is a linear Poisson automorphism for all y € R. Also,

(Ho+C)oth) (p)=p¥1 (Q+C) ¥ p"

al y bi+y(az —a) —y?*b1 0
U (Q+C) ¥ = |bi+y(az—a1) —y°b as 0
0

0 0

for some a} ,, a5, € R. Furthermore, by +y (a2 — a1)

— y2b; = 0 has a real solution
for y. Thus there exists y € R such that

((Hg + C) o) (p) = aj ,pi + db ,p5.

ar bi| . 14+ aq by . . .
Note that {51 ag] is PSD and so { by 1 +a2] is positive definite (shortly
PD). We have

1yl [1+ay by 1 v T _lai, O
—y 1 by 14+as| |-y 1| ~ | 0 Ll
Thus ay ,, a5, > 0.

Suppose aj , —ap,, = 0. Then (Hqg + C) oy = Hy ++C, where v =aj , > 0.
Now suppose aj , — a3, # 0. Then

1

—_— 0 0
v v g 1 0

o i p— p¥s, 2 m
0 0 1

is a linear Poisson automorphism such that

/

((HQ +C)o(¢hy0 7/)2))(]?) — 1,y 2 ah

2
2a;,—ap P11 2y S P2
!’

aly aQy ay

— 2Y C’ .
s P+ a1 Cp)

’

Suppose @y , —ay, > 0. Then (Hg+C)oy

= H1+~C, where vy = ﬁ > 0.
Suppose aj , — a3, < 0. Then
0 1 0
Y31 p— p¥s, s -1 00
0 0 1
is a linear Poisson automorphism such that
((HQ + C) o (% oy o ¢3))(p) = g‘alaz_y% \pl + 2[a’ 1—y¢12 |p2
a a
= 2\azly 7a12y \pl * 3 y,a2 ylc(p)'
Therefore (Hq + C) o (1 0vg093) = Hi +~C, where v = ﬁ >0
Y WY
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On the other hand suppose ag # 0. Then

10 -

as

g pr—pVy, U, =10 1 Z%;
0 0 1

is a linear Poisson automorphism such that

(Ho+C)oths)(p) =p¥a (Q+C) ¥  p"
2
1+a1—% bl—%z
Vi (Q+C)0) = | p —baba g, B
as as
0 0 as

Now U4 (Q+C)V) =¥,Q V) + C. Hence Uy (Q+C) ¥, is PD.
Let

ay b, 0
Q =9,(Q+C)¥, = |V, ay) 0
0 0 as

for some a},ah,b] € R. As before, there exists a linear Poisson automorphism ),
such that

((HQ +C)o(Pso ?/11))(]0) = alllp% + azpz + a3p3
= (a4 — a)p5 + asp3 + aC(p)

for some af, a2 > 0.
Suppose afy—ay = 0. Then (HQ+C)o(w4o¢1) = H3 o+~ C, where o = 2a3 >0
and v =a} > 0. Now suppose afy — af # 0. Then

R S 0 0
2lay —ay | )
Vs :p—=pV¥s, W5 = 0 Nl
0 0 1

is a linear Poisson automorphism such that
((HQ +C)o(aoro 1/&5))(10) = 2‘122”—a f/|p2 + a3P3 + g\a” a//|C(P)~

Suppose af —ay > 0. Then (Hg+C)o(1g0p10t5) = Ho o+~ C, where a = 2a3 > 0
and v = ﬁ > 0. Suppose aj —af < 0. Then

(Hg+C)o (g0t 05 013))(p) = %PQ + asp3 + ngc@)

Therefore (Hg + C) o (Y4011 05 01P3) = Ha o +vC, where a = 2a3 > 0 and
7 = g ey > O 0

Corollary 3.2. Hg is equivalent to Hy, Hy, Ha ., or H3,.
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Accordingly, the integral curves of ﬁQ are simply the images, under some linear
Poisson automorphism, of the integral curves of ﬁo, ﬁl, ﬁg,a, or ﬁ&a. The system
Hy is trivial, i.e., ﬁo(p) = 0. The equations of motion for H; are p; = py = 0,
p3 = —p1p2. On the other hand, the equations of motion for Hs, and Hs, are,
respectively,

P1 = apap3
(3.1) P2 = —apips

D3 = p1p2

D1 = apaps
(3.2) P2 = —apips

ps = 0.

4 Stability

We investigate the stability nature of the dynamical system (3.1), i.e., ﬁ27a. The
equilibrium states are

el = (1,0,0), €5 =(0,1,0) and ef = (0,0,u)
where p,v € R, v # 0.
Theorem 4.1. The equilibrium states have the following behaviour.

1) Fach equilibrium state e¥ is stable.
1
1) Fach equilibrium state €% is unstable.
2

(iii) Each equilibrium state €% is stable.
Proof. The linearization of the system is given by
0 aps ap

—apz 0  —ap
D2 P1 0

Let H, = Hs o + x(C) be an energy-Casimir function, i.e.,

H, (p1,p2,p3) = 3 p3 + 5 apj + x(p] +p3)

where x € C*°(R). The derivative is given by

dH, = 2p1X(0? +p3)  p2+202X(0? +P3) aps).

The derivative dH, vanishes at e} if and only if X(v?) = 0. Then the Hessian (at
ef)
d*H,(v,0,0) = diag (4°%(1?), 1, o)

is positive definite if and only if ¥(v?) > 0. The function x(x) = %xQ — xv? satisfies

these requirements. Hence, by the standard energy-Casimir method, e} is stable.
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The linearization of the system at e has eigenvalues A\; = 0, Ay 3 = £+ +/a. Thus
es is unstable.

Let Hy = MHz o + MC, where g = 0, \; = 1. Suppose g # 0. Then
dH»(0,0,u) = [2p1 2po 0] 00 = 0 and d?H(0,0,u) = diag (2, 2, 0). Also,

W =ker dHs o (e5) Nker dC(ef) = span {(1,0,0),(0,1,0)}

and so d?H, (0,0, ”)’wa = diag (2, 2) is positive definite. Hence, by the extended

energy-Casimir method, €4, p # 0 is stable. On the other hand, suppose p = 0. We
have d(H + C)(e) = 0 and d? (H + C)(e}) = diag(2,3,a). Thus the state €3 is
stable. (]

The equilibrium states for the dynamical system (3.2), i.e., H’37m are
e’ = (p,1,0) A0 and ef = (0,0, p)
where p,v € R. We have the following result.

Theorem 4.2. The equilibrium states have the following behaviour.

(i) Each equilibrium state e}"" is unstable.

(ii) Each equilibrium state e is stable.

5 Explicit integration

The equations of motion (3.1) and (3.2) can be integrated by Jacobi elliptic functions.
We obtain explicit expressions for the integral curves of ﬁg’a and ﬁg}a (but shall
omit any discussion of constant solutions).

Consider an integral curve p(-) : (—¢,¢) — se (2)* of ﬁza. Let ¢o = C(p(0)) >0
and ho = Hs o(p(0)) > 0. (If ¢ =0 or hg = 0, then p(-) is a constant solution.)
There are three typical cases for the integral curves of ﬁza corresponding to (a)
co < 2hg, (b) co = 2hg, and (¢) ¢o > 2ho. In Figure 1, we graph the level sets
of Hy, and C and their intersection for some suitable values of hg, cg, and «.
The stable equilibrium points (illustrated in blue) and unstable equilibrium points
(illustrated in red) are also plotted in each case.

We begin with case (a).

Theorem 5.1. Suppose p(-) : (—e,e) — se(2)* is an integral curve of ﬁ2,a such
that Hz o(p(0)) = ho >0, C(p(0)) =co >0, and ¢y < 2hg. Then there exist t; € R
and o € {—1,1} such that p(t) = p(t +to) for t € (—¢,e), where

P1(t) = /eo en (Qt, k)
Pa(t) = ov/co sn (¢, k)

ps3(t) = —o /22 dn (Qt, k).

Here k = ;TOO and Q = /2ahg.
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(b) co = 2ho

Figure 1: Typical cases for [’_jg’a

Proof. Suppose p(:) is an integral curve of ﬁza satisfying the conditions of the
theorem. Then, as C' and H,, are constants of motion, we get

P2(t)® = co —pr(t)? and  p3(t) = 2(P1(t)* — 2ho — co).

Substituting these expressions into the equation (%ﬁl (t))2 = a?pa(t)*p3(t)? yields a
separable differential equation. Hence we have

_ dp1 .
Vot = / (P} + 2hg — co)(co — p?)

Applying the integral formula (2.1) we get p1(t) = \/co en (Q2¢, k), where k = /5=

and Q = v2ahg. Then c¢oen (Qt, k) + pa(t)2 = ¢o and so pa(t) = /¢ sn (Qt, k)
for some o € {—1,1}. Thus £p3(t) = ocoen(Qt, k) sn(Qt, k) and so ps(t) =

—o /2 dn(Qt, k). An easy calculation shows that <% p(t) = Hy o(p(t)) for o €

{—=1,1}. Thus p(-) is an integral curve of Hy, for any 0 < ¢y < 2hg and a > 0.

We claim that any integral curve p(-) (as described in the statement of the the-
orem) must be of the form p(t) = p(t + tg) for some o € {—1,1} and ty € R (see
Figure 1a). Let o = sgn(p3(0)). We may assume o # 0. Note that (p1(t),p2(t))
parametrizes the circle S = {(x,y) : 2* + y* = co}. We have p1(0)% + p2(0)? = ¢,
i.e., (p1(0),p2(0)) € S. Therefore, there exists tg € R such that py(to) = p1(0) and
P2 (to) = p2(0). Accordingly, we get

p3(0)% = %(h - %P2(0)2) = %(h - %ﬁz(to)z) = ps(to)?.
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Hence, as sgn(ps(to)) = o = sgn(ps3(0)), we have p3(0) = p3(tp). Thus the integral
curves t — p(t) and ¢ +— p(t+tg) solve the same Cauchy problem, and therefore are
identical. O

By utilizing formula (2.2), a similar argument can be made for case (c).

Theorem 5.2. Suppose p(:) : (—¢,e) — se(2)* is an integral curve of ﬁza such
that Hs o(p(0)) = ho >0, C(p(0)) =co >0, and co > 2hg. Then there exist to € R
and o € {—1,1} such that p(t) = p(t +to) for t € (—¢,¢e), where

P1(t) = o/co dn (¢, k)

ﬁg(t) =/ 2h0 S1l (Q t, k)

P3(t) = —o \/%cn(Qt7 k).

Here k = ,/% and Q) = \/acy.

Next we consider case (b).

Proposition 5.3. Suppose p(-) : (—&,e) — se(2)* is an integral curve of ﬁz,a such
that Hs o(p(0)) = ho >0, C(p(0)) =co >0, and co = 2hg. Then there exist t; € R
and 01,09 € {—1,1} such that p(t) = p(t +to) for t € (—e,€), where

P1(t) = o1+/co sech (y/acg t)
D2 (t) = 0102+/co tanh (y/aco t)
Pa(t) =~/ % sech (Vaco ).

2
possible changes in sign, we obtain the following prospective integral curve for H ,

P1(t) = <1 +/co sech (Q1)
P2(t) = 62 y/co tanh (1)

P3(t) = g3 \/% sech (2¢)

where Q = \/acy and ¢, <2, s3 € {—1,1}. We investigate under which conditions
p(+) is an integral curve. Now

Proof. By limiting hg — 5¢o in Theorem 5.1 (or Theorem 5.2), and allowing for

d
&ﬁl (t) — apa(t)ps(t) = — (51 + s253) /o Qsech(2¢) tanh(Q2t).
Therefore, if ¢; = 01, ¢o = 0102, §3 = —09, and 01, 02 € {—1,1}, then %ﬁl(t) =

apo(t)ps(t). It is easy to verify that in this case p(-) is indeed an integral curve. Any
integral curve p(-) (as described in the statement of the theorem) is then of the form
p(t) = p(t + to) for some o1, 09 € {—1,1} and ty € R (see Figure 1b). O

Finally, let us consider the integral curves of H 3,a- Lhere is only one typical case.
As before, we graph the level sets of H3, and C and their intersection in Figure 2.
A straightforward computation gives the solutions.
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Figure 2: Typical case for ﬁ&a

Proposition 5.4. Suppose p(-) : (—¢&,e) — se(2)* is an integral curve of ﬁg,a such
that Hs o(p(0)) = ho > 0 and C(p(0)) = co > 0. Then there exist to € R and
o€ {—-1,1} such that p(t) =p(t+to) for t € (—e,e), where

P1(t) = Ve sin(v/2ahg t)
Pa(t) = ov/co cos(v/2ahgt)

p3(t) :0\/%‘

6 Concluding remark

Quadratic Hamilton-Poisson systems on Lie-Poisson spaces can be linked to invariant
optimal control problems on Lie groups (with affine dynamics and quadratic cost).
The Pontryagin Maximum Principle provides necessary conditions for optimality of
trajectory-control pairs (g(-),u()). For an optimal control problem (1.1), it turns
out that every (normal) extremal control is given by u(t) = Q"' BT p(t)T ([8]). Here
B=[B;y -+ By isa 3x{ matrix and p(-): [0,T] — se(2)* is an integral curve
of the system H(p) = %pB Q~'BT p'. Notice that %B Q~'BT isa 3x3 positive
semidefinite matrix of rank ¢. Thus each extremal control is the image (under a linear
map) of an integral curve of one of the systems considered in this paper.
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