On preserving the univalence integral operator

Aisha Ahmed Amer and Maslina Darus

Abstract. In this paper, the work deals with preserving the univalence of
an integral operator defined by a generalized derivative operator. For this
purpose, we introduce new generalized derivative operator and define an
integral operator. It is shown that the univalence of an integral operator
is preserved under certain sufficient conditions.
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1 Introduction

Let A denote the class of functions f in the open unit disk U = {z € C : |z| < 1},
given by the normalized power series

(1.1) f)=z2+) az* (z€U),
k=2

where aj is a complex number. Let S be the subclass of A consisting of univalent
functions. For functions f given by (1.1) and

g(2) :z—|—Zbkzk, (z €U).
k=2
Let (f * g) denote the Hadamard product (convolution) of f and g, defined by:
(f*9)(z) =2+ Zakbkzk-
k=2

where () denotes the Pochhammer symbol (or the shifted factorial) defined by:

_ 1, for k =0, z € C\{0},
@ = x4+ (x+2)...(r+k—-1), for ke N={1,2,3,..}.

The authors in [2], have recently introduced a new generalized derivative operator
I™(A1, Ao, 1,n) f(2) as follows:
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Definition 1.1. Let f € A, then the generalized derivative operator is given by

o0

Z (I+M(k—-1)+)m!
(1+0)m=1( 1+>\2(k 1))m

k

(1.2) I™(A, A, Lin) f(2) = e(n, k)agz",

k=2

where n,m € Ng = {0,1,2,...}, and Ay > A\ > 0,1 >0, c(n, k) = (n(Jlr)lk) 1

By using the generalized derivative operator I"™ (A1, A2, 1, n) f(z), we introduce the
following integral operator:

Definition 1.2. Let n,m € Ng = {0,1,2,..}, A2 > A, > 0,1 >0, ¢(n, k) = ("J)lljf;l,
and let a; € C, let also 8 € C with R(5) > 0
We define the integral operator:

D5 (A1, A2, 1,n)(f1, o f)(2) 1 A® — A,

(1.3)
Dé”(Asz,n)(fl,...,fs>(z>=< /Otﬁ IH( AI’Az’l’")ﬁ()) dt) :

where I™ (A1, X2, 1, n) is the generalized derivative operator.

Remark 1.3. (i) Forn,m € Ny ={0,1,2,..}, A2 > A1 > 0,1 >0, c(n, k) = %,
and a; € C, let also 8 € C with R(8) > 0, and let I*(A\,0,1,0)fi(2) = fi(2) € S,(i €

1,...,s). We have the integral operator

Do, r£2)(2) = (ﬁ [ 1_1 (22)" dt)é,

which was introduced in [3].
(ii) For n,m € Ng=1{0,1,2,...}, A2 > X1 >0, > 0,¢(n, k) = (n(Jlr)l) ,and «; € C,
let also B =1, and I'(\1,0,1,0)fi(2) = fi(z) € S, (i € 1,...,5). We have the integral

operator
e o = [T1(22) o

=1

which was introduced in [3].

(iii) For  n,m € Ng ={0,1,2,...}, A2 > A\ > 0,1 > 0,¢(n, k) = (”(Jlr)l)’“ L and o; € C,
let also 3 = 1, and I’”"’l()\l,O,O,O)fZ( ) = D™fi(2),(i € 1,...,n), where D™ is the

generalized Salagean derivative operator. The integral operator is as follows:

(1o £ = [ i (W) .

i=1

which was studied in [4].
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(iv) For a; = l,ap = a3 = ... = a, = 0, let also 3 = 1, and I*(\1,0,1,0)f(2) =
f(2) € S. We have Alexander integral operator

106 = [ Ha

which was introduced in [1].
(v) For a;y = a € [0,1],02 = a3 = ... = a5, = 0 and «; € C, let also 8 € C with
R(B) > 0. and I'(A1,0,1,0)f1(z) = fi(2) € S,(i € 1,...,s). We have the integral

operator .
e = [ (5 a,

To discuss our problems, we have to recall here the following results.

which was introduced in [5].

General Schwarz Lemmal6]. Let the function f be regular in the disk
Ur={2€C:|z| <R},
with |f(z)| < M for fixed M. If f has one zero with multiplicity order bigger than m
for z = 0, then
FE) < peloI™, = € Un).
The equality can hold only if,

M

FE) =

)2,
where 6 is constant.

Lemma 1.1. [7] Let f € A, and « be a complex number with R(«) > 0. If f satisfies

2f"(z)
f'(z)

1— |Z|2§R(o¢)
R()

then for all z € U, the integral operator

<1,

1

Fao) ={a [}

Lemma 1.2. [8] Let f € A, and « be a complex number with R(«) > 0. If f satisfies

2f"(z)
f'(z)

then for any complex number 8 € C where R(B) > R(«), the integral operator

Rt ={s [ tﬁlf’(t)dt}é |

is in the class S.

1— |Z|2§R(a)
R(a)

<1,

s in the class S.
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Lemma 1.3. [9] Let f € A and 3,c € C where R(8) > 0 and (|c| <1, c# —1). If

2f"(2)

0226 z
4+ (1~ B S

for all z € U, then the function

1

Fa(z) = {5 /0 Ty f’(t)dt} ’

s analytic and univalent in U.

2 Main results
Theorem 2.1. Let oy, ...,as, 8 € C and each of the functions f; € A(i € 1,...,8). If

2(I™ (A1, Ag, L, m) fi(2))
Im()\l’ )\2a lan)fl(z)

- 1' <1, (z€U),
for some n,m € Ng ={0,1,2,...}, and Ao > A1 > 0,1 >0, ¢(n, k) = %, and
R(B) =D |ei| >0,
i=1

then the operator D' (A1, A2, 1,n)(f1, ..., fs)(2) defined by (1.3) is in the class S.

Proof. Since f; € A (i €1,...,s). by (1.2), we get

I™(A, Ao, L) fi(z > 1+)\1 -1 +nm! k-1
= k
z ]g Y1 +)\2(k_1))mc(n, Jarz"" 7,
and
I"L(A17)‘27l7n)fi(z) 750’
z
for all z € U. O
Let us define
z S m : [e 7}
0

i=1
so that, obviously,

W(z) = <Im(A1’ )‘27lvn)fi(z))al (Im()\l, Mo, n)fi(z)>as |

z z

for all z € U. This equality implies that

I"™(A1, A2, L) fi(2) I (A1, A2, Ln) fi(z)
z

z

Inh/(z) = aqln + ...+ agln
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By differentiating the above equality, we get

h'(z) _ Zs: {(Im(hw\ml?n)fi(Z))’ 1] .

?

Im()‘la/\Zvlan) z

- =
W(z) P
Hence, we obtain from this equality that

zh"(z) §zs:|ai| z Im(()\ly)\27lan>fi(z))/
i=1

(
h/(Z) Im Ala)\Qalvn)fi(Z)
So by the conditions of Theorem 2.1, we find

_1‘.

1 — |2|2R®)
R(B)

zh'"(z)
e

1 |22R0) &

L EU™ (A A2 L) fi(2))
< R(5) ;|az|

I™(A1, Mg, lim) fi(2)

_1‘

1 S
< L Sal<1
75 2
Finally, applying Lemma 1.1 for the function h(z), we prove that D" (A1, A2, 1, n)(f1, ..., fs)(2) €
S.

Remark 2.1. If we set § =1 and Ay = = n = 0 in Theorem 2.1, then we have
Theorem 2.3 in [4].

Corollary 2.2. Let a; > 0,8 € C, and each of the functions f; € A(i € {1,...,s}). If

2(I™ (A1, A2, 1,m) f;(2))
i bmfits) St

(z € ),

and .
RB) > S o,
i=1

then the integral operator D (A1, g, 1, n)(f1, ..., f5)(2) defined by (1.5) is in the uni-
valent function class S.

Remark 2.2. If we set 3 =1 and Ay =1 = n = 0 in Theorem 2.2, then we have
Corollary 2.5 in [4].

Theorem 2.3. Let M; > 1, and suppose that each of the functions f; € A(i €
{1,...,8}), satisfies the inequality
22(I"™ (A1, Ao, 1) fi((2))
(Im()‘17>‘2’l7n)fi(z)>2
also let a;, 0 € C with

1‘§1, (z€U),

R(a) = fe|(2M; + 1) > 0.
i=1
If
|Im()\1,/\2,l,n)fi(z)| < M; (ZEU),
then for any complex number 3 € C where R(8) > R(«), the integral operator
DF (A1, A2, L,n) (f1, -, f5)(2) defined by (1.3) is in the univalent function class S.
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Proof. We know from the proof of Theorem 2.1 that

Z| Z| " (A1, A2, n) fi(2))

Im )\17 >\27 l7 n)f (Z)
So, by the imposing the conditions, we find

Zw(

22(Im()\1, )\2, l, n)fl(z))’
(L™ (M, A2, 1,n) fi(2))?

1— |z|2% > 22(I™ (M, Ao, L) fi(2))
Z‘ ( Im Alv)\Qalvn)fl( ))2 -

1
— W (2M; +1) <
< %(a);\a 2+ 1)

Then, by applying Lemma 1.2 for the function h(z), we finally conclude that
D;;n()\l,)\g,l,n)(fl,...,fs)(Z) es. (Il
Corollary 2.4. Let M; > 1,; > 0 and suppose that each of the functions f; € A(i €
{1,...,8}), satisfies the inequality

2 (I™ Ay Mg, Ln) fi(2))

(™ (A1, A2, 1) fi(2))?

Zh”

-1.

1— |Z|2§R(a)
R(a)

2h'(2)
W(z)

1— |Z|2§R(a) S

< ol

1 — |Z|2§R(a) )\1,)\2,[,71)]0 (Z))/

[m )\17)\2al7n)fz(z>

)
)

I'(A1, A2, L,n) fi(2)

)

—1‘<1, (z €eU),

also let o € C with .\
a) > > ai(2M; +1) > 0.

i=1
If
™ (A1, A2, Ln) fi(2)| < M (2 € U),
then for any complex number 5 € C where R(3) > R(«), the integral operator
DF (A1, A2, L,n) (f1, -, f5)(2) defined by (1.3) is in the univalent function class S.

Corollary 2.5. Let M > 1 and suppose that each of the functions f; € A(i €
{1,...,8}), satisfies the inequality

221"+ (A1,0,0,0) fi(2))’
(I™+1(A1,0,0,0) fi(2))?

also let a;, 0 € C with

—1’§1, (z € U),

R(a) > (2M +1) Y || > 0.
i=1
If
[T 1(A1,0,0,0) fi(2)| < M (2 € U),
then for any complex number 3 € C where R(8) > R(«), the integral operator
DF (A1, A2, L) (fr, -, f5)(2) given by (1.3) is in the univalent function class S.
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Proof. In Theorem 2.3, we consider My = ... = Mg = M. O

Corollary 2.6. Suppose that each of the functions f; € A(i € {1,...,s}). satisfies the
inequality
22(I"™ (A1, Ao, 1, ) fi((2))'

(Im(/\17 /\27 lvn)fz(z))z

also let a;, 0 € C with

—1‘<1, (z€U),

R(a) > 32 la;| > 0.
i=1
If
[I™ (A1, A2, Lm) fi(2)] <10 (2 € U),

then for any complex number B € C where R(8) > R(«a), the integral operator
Dt (A1, A2, L,n)(f1, ..y f5)(2) defined by (1.8) is in the univalent function class S.

Proof. In Corollary2.5, we consider M = 1. ]
Remark 2.3. In Corollary2.6, if we set

B =1and Ay =1 =n =0, then we have Theorem 2.6 in [4],

B=1and Ay =1 =n =0, and a; > 0, then we have Corollary 2.8 in [4].

Theorem 2.7. Suppose that each of the functions f; € A(i € {1, ..., s}), satisfies the
inequality
2(I™ (A1, Mgy 1,n) fi(2))
Im(>\1, )\2, l, n)fl(z)

also let a;, 0 € C with

—1’<1, (ze€U),

And let ¢ € C be such that

S

1
le| < I—WZI%I-

i=1

Then for any complex number § € C where R(B8) > R(«), the integral operator
DF (A1, A2, L,n) (fu, -, f5)(2) defined by (1.3) is in the univalent function class S.

Proof. We know from the proof of Theorem 2.1 that

h'(z) ¢ o [P A2, L) fi2))"
R (z) _Z Z{ I (A, A, 1im) fi(2) 1].

=1

So we get
zh"(2)

Bh(2)

5 I™ (A1, Mo, i(2))
c|z|25 +(1- \z|2ﬁ)% Zai [Z(Im((Aj’A227l’:));-(<j))) B 1]
i=1 Pem

clz|* + (1 [21*)
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S

> Jal

i=1

1— |2
B

2(I™ (A1, A2, 1,m) f;(2))
Im()\lv )\23 lvn)fl(z)

s|c|+]

.

IS 1<
§|C|+m2\ai|§|C|+m2|ai|§1~
i=1 1=1

By applying Lemma 1.3 for the function h(z), we infer D' (A1, A2, [, n)(f1, ..., fs)(2) €
S. O

Corollary 2.8. Suppose that each of the functions f; € A(i € {1, ..., s}), satisfies the
inequality
Z(Im()\l, )\2, l, n)fl(z))'
I™(Ay, Ao, 1m) fi(2)

also let a;, 0 € C with

-1/ <1, (z €eU),

R(a) > Z 0.
i=1
And let ¢ € C be such that
1 S
cl <1——— .
=1 55 2

Then for any complex number § € C where R(B8) > R(«a), the integral operator
Dt (A1, A2, L,n)(f1, ..y f5)(2) defined by (1.8) is in the univalent function class S.

Theorem 2.9. Let M; > 1, and suppose that each of the functions f; € A(i €
{1,...,8}), satisfies the inequality

22(I"™ (A1, Ao, 1, m) fi((2))
(Im(/\lv /\27 lvn)fz(z))Q

also let oy, B € C with

—1‘<1, (z €eU),

R() > S i @M, +1) > 0.

i=1

Let ¢ € C be such that
1 S
el <1— o ) el
R0

and
|Im()‘17A27l7n)fi(Z)| S Ml (Z € U)7

then for any complex number 5 € C where R(3) > R(«), the integral operator
DF (A1, A2, L,n)(f1, -, f5)(2) defined by (1.3) is in the univalent function class S.

Proof. We know from the proof of Theorem 2.1 that

Zh”(z) _ Es:ai |:Z(Im()‘17)‘2=l?n)fl(z>), —1].

W (2) I (A, Ao, 1, n) fi(2)

=1
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So we get
hl/(z)
clz|?? + 2|?P
22 4 (1L [22) S
1 - Z(Im()‘la)‘27l7n)fi(z))/
= lc|z|?? + (1 — |2|*%)= ai[ -1
SRS DI b T we R T e
1-— |Z‘25 ° z([m()\l,)\g,l,n)fi(z))' ’
<le|+ |—F— Q; +1
i ’ B ;' | I (A1, A2, 1) fi(2)
Im ! Im .
< |C| + — ( >\la)‘27l7n)fl(z)2 ()\1,)\2,[,774)‘]2(2) + 1)
|ﬂ| Im /\17>‘27 )f’t(z)) z
I’”(Al,)\g,hn)
—_— M; + M; +1
B |C| + z; ( Im /\1,)\2,1,71)]2( ‘ * - )
1 S
-+ gy 5 o2 + 1)
By applying Lemma 1.3 for the function h(z), we prove that
Dgl()\la)‘27l7n>(f17"'7f8)(z) € S. O

Corollary 2.10. Let M; > 1,a; > 0 and suppose that each of the functions f; €
A(i € {1, ..., s}), satisfies the inequality

22(Im()\1, )\2, l, ?’L)f7(2))/
(I™(A1; Az, 1, m) fi(2))?

also let o € C with

—1‘§1, (z€U),

S
a) > > ai(2M; +1) > 0.

=1

If Let ¢ € C be such that

1 S
cl <1— —— a;(2M; + 1),
5 1= gy 2o M+
and
1™ (A1, A2y lm) fi(2)] < M (2 € U),

then for any complex number B € C where R(8) > R(«), the integral operator
D (A1, A2, Lin)(f1, ..y f5)(2) defined by (1.8) is in the univalent function class S.

Corollary 2.11. Let M > 1 and suppose that each of the functions f; € A(i €
{1,...,8}). satisfies the inequality

2’2(Im(>\1,)\2,l,n)fi(z) ’
(Im(Ala)‘%l,TL)fi(z))Q -1 <1,

(zeU),
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also let a;, 0 € C with
R(a) > (2M + 1)2 la;| > 0.
i=1

If Let ¢ € C be such that
2M +1$
lef <1——z—=— D lail,
R 2

and
™ (A, Az, Lm) fi(2)] < M (2 € U),

then for any complex number 5 € C where R(3) > R(«), the integral operator
DF (A1, A2, L, n)(f1, -, f5)(2) defined by (1.3) is in the univalent function class S.
Proof. In Theorem 2.9, we consider M1 = ... = My = M. O

Corollary 2.12. Suppose that each of the functions f; € A(i € {1,...,s}), satisfies
the inequality
22(Im(>\1’ )‘27 lv n)ft(z) '

(I™(A1; A2, 1, n) fi(2))?
also let a;, 0 € C with

—1‘§1, (z€U),

R(a) >3 |as| > 0.
i=1
If Let ¢ € C be such that
3 S
c| <1 — — a;l,
<1 g5 2l

and
|Im()‘17)‘27lvn)fi(z)‘ <1 (Z € U)a

then for any complex number 3 € C where R(B) > R(«), the integral operator
DF (A1, A2, L, n) (fus -, f5)(2) defined by (1.3) is in the univalent function class S.

Proof. In Corollary2.11, we consider M = 1. |
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