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Abstract. The authors extend previous results regarding the proper-
ties of certain n-ary operations provided by special structures (groupoid,
semigroup) and investigate properties, as semi-ciclicity, ciclicity, semi-
commutativity and commutativity. A special attention is paid to the
relation to the associated Post group structure, which is shown to shed
useful information of the primary n-ary operation.
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1 Introduction

The present work is devoted to n-ary operations on Cartesian powers, extending
several prior developments on the subject ([17],[18],[11],[12],[14],[13]). In [17], for
given arbitrary integers £ > 2, k > 2, m > 1 and n > 3, there were defined and
studied the (-ary, respectively the n-ary operations [ ];x and [ ] m(n—1). Further,
the work [18] contains examples and details on the properties of these operations,
which are essentially relevant for the use of multidimensional spaces in geometry
and physics. In [11] and [12], for the same ¢ and k as above, and for an arbitrary
permutation o € S we defined another f-ary operation [ |; o, which in the case
o= (12 ... k) coincides with [ ];x, namely [ Jix =1 |10 2... k)

In this study, which naturally continues these works, we define and study another
n-ary operation [ |i.o,m.mk, which includes as particular cases the previously studied
operations:

[ ]l,k = [ ]z,(1 2 ... k),1,ks ( )l,a,k = [ ]l,o,l,kn

[ ]n,m,m(n—l) = [ }n,(l 2 ...n—1),mm(n—1)-
Most of the notions which are used hereafter, were introduced and described in [18],
and numerous particular cases were addressed in [10],[22],[23],[15],[16],[14].

2 The (-ary operation | |
Consider a groupoid A, and the integers k > 2, | > 2. We first define on A* the
binary operation

Xoy = (x17$27~~7xk) o (y1,y27 e 7yk) = (x1y27$2y37~~~»$k71yk,$ky1),
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and further, the [-ary operation
(2.1) [xX1X2...X|1 e =%10 (x20 (... (X2 0 (%1 0%7))...)).
It is obvious that the operation [ g\ coincides with ”o”.

Example 2.1. The defined on R? operations [ |32 (ternary) and [ ]4,2 (quaternary),
have the form®:

(w1, 22)(y1, y2) (21, 22)]3,2 = (z1y221, T2y122);
[($17$2)(ylay2)(21,22)(%61,112)]4,2 = (x1y221u2,x2y122u1)-

The ternary operation [ |33, defined on R?, where R is groupoid with the usual
operation of multiplication, has the form

(21,22, 23) (Y1, Y2, Y3) (21, 22, 23)|3,3 = (T1Y223, T2y321, T3Y122).

It can be proved straightforward that the ternary operation | |3 o is associative, while
the 4-ary operation [ |42 and the ternary one [ ]33 are non-associative. We shall
further use the following

Lemma 2.2. [17]. Let A be a semigroup, and forn > 3, let | | n—1 be an n-ary op-
eration defined on A"t by (2.1) fork=n—1,1=n. Ifx; = (1, Ts2, - - - s Titn—1)) €
A i =1,...,n, then

[X1X2 .. -Xn]n,nfl = (y17y27 v 7yn71)a

where, for j=1,...,n — 1, we have

Yi = P1372041) - - Ln=j) (n=1) T (n=j+ )1 - - - L(n=1)(j—1) Ty~
As direct consequence, we infer:

[X1X2 ... Xpn|nn-1 = (T11222 . . - T(n—1)(n—1)Tnl,
(2.2) L12223 - - - L(n—2)(n—1)L(n—1)1Tn2; - - -

T1(n—2)T2(n—1)T31 - - - Tn(n—2)> L1(n-1)Z21 - - - Tn(n—1))-

This Lemma shows that if A is a semigroup, then the n-ary operation [ |, ,—1 defined
on A" in a similar way to the n-ary operation introduced by Post over the set of
all n-permutations ([22], [23], [16]): he showed that, relative to this operation, the
set of all n—permutations becomes an m-ary group; in particular this operation is
associative. Then it is likely that (2.2) is associative as well. Indeed, we have the
following result:

Theorem 2.3. [18, 11]. The operation [ |gm—1)41,n—1, (5 = 1), defined on the
Cartesian power A" of the semigroup A is associative. In particular, the n-ary
operation [ |n.n—1 is associative as well.

We note that the components from the right side of (2.2) can be written, as shows
the following

IHere, R is regarded as groupoid with the usual operation of multiplication of reals.
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Proposition 2.4. [11]. Let A be a semigroup, and let | ],.n—1 be the n-ary operation
(n > 3) which is defined on A"~ by (2.1), considered fork =n—1,1=n. Let a =
(12...n—1) be a cyclic permutation from S, _1, and let X; = (i1, Tio, ..., Titn—1)) €
A1 i=1,...,n. Then

[X1X2 [N Xn]n,n—l = (3311.1‘2a(1) SN .'Enan—l(l)7 [N

(2.3)

s T1(n—1)L2a(n—1) - -+ xna"—l(n—l))'

Remark. Since a™ ! is the identity permutation, then a”~1(j) = j for all j €

{1,2,...,n —1}. Hence the relation (2.3) can be written as:

(2.4) [X1X2 PN Xn]n’nfl = (mllxm(l) N 5C(n_1)an—2(1)l'n17 ey

s Ti(n—-1)T2a(n—1) - -+ :E(nfl)oz"*Q(nfl)xn(n—l))'

Let (4, x*) be a groupoid, and let k > 2, i € {1,...,k — 1}. We define a transfor-
mation f; of the set A* as

fi : (0,170,2,...704]@,1,(116) - (ai+1,"' ;akaala"'va'i)'

In particular, we have f : (a1, az,...,ak-1,ar) — (ag,...,ak_1, 0k, a1).

The properties of such mappings are described by the following

Lemma 2.5. [11]. The following assertions hold true:

1) fi=fi forallie{2,....,k—1};

2) fF is the identity transformation;

3) for all i € {1,...,k — 1}, the transformation f; is an automorphism of the
grouppoid (AF o) and of the grouppoid (A* %), considered with the operation “x”
component-wise defined on AF.

Consequently one can prove:

Theorem 2.6. a) ([11]) Let A be a semigroup, | > 2, k > 2. Then, within the
semigroup AF, the following identity holds®

-2 -1
[X1X2...X_1Xg1p = Xlxgl . leil xlf1 .

b) ([12]) Let A be a groupoid with unity, which contains an element distinct from the

unity; let k> 1> 2 and s > 0. Then the (sk +1)-ary operation | |sgpt1.5, defined on

A* is not semi-associative, and hence, is not associative.

3 The (-ary operation | |,

Formulas (2.3) and (2.4) lead to considering new multiple operations which involve
the composition [ ]nn—1-

Let A be a semigroup, k > 2, [ > 2; let o be a permutation of Si. We define on
AF the l-ary operation
[X1X2 . Xl]l,o,k = (1'11$20(1) . I(l_1)01—2(1)f£lal—1(1), e

(3.1)
ce ,mlkxza(k) . x(l_l)gz—z(k)mlal—1(k)).

2The article [18] contains detailed information on the l-ary groupoid (A¥,[ ]; ).
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Example 3.1. The operations [ ]3.oy,3, [ |3,00,3 and [ J4,0.3, where o1 = (12) € S3,
o9 = (13) € S3, 0 = (132) € S3, have the form

[XYZ]3,0173 = (21Y221, T2y122, T3Y323),

(Xyz]3,0,,3 = (¥1Y321, T2Y222, T3Y123),

[xyzu]4,(,,3 = (z1Y322u1, T2Y123U2, T3Y221U3).
Regarding the associativity of the operation [ ]; s, we have

Theorem 3.2. [11, 14, 13]. Let A be a semigroup, k > 2, 1 > 2, o a permutation
from Sy, which satisfies the condition ol = o. Then the l-ary operation [ 1ok s
associative.

We show that if the permutation ¢ from the definition of the operation [ i,
does not satisfy the condition o! = o, then the l-ary operation [ l1,0,5 might be

non-associative.

Example 3.3. Replacing [ = k = 3 and ¢ = (132) in (3.1), we define on R3 the
ternary operation [ | = [ |3 (132),3, as follows

(xyz] = ($1y0(1)za2(1),172%(2)%2(2)7933%(3)202(3)) = (T1y322, T2Y123, T3Y221)-

Since o3 is the identity permutation, then the condition ¢® = ¢ does not hold true;
as well, since
[[(xyz]uv] = [(z1ys22, T2y123, Tay221) UV]| = (T1Y322U3V2, T2Y123U1V3, T3Y221U2V1),
[x[yzu]v] = [x(y123u2, Y221u3, Y322u1)V] = (T1Y322U1V2, T2Y123U20V3, T3Y221U3V1),
[xy[zuv]] = [xy(z1u3v2, 22u1V3, 23U201)] = (T1Y322U1V3, T2Y123U2V1, T3Y221U3V2),

the elements x,y,z,u, v € R3 can be chosen in such way, that the following relations
hold true:

[xyz]uv] # [x[yzu]v], z1 = y3 = 22 = v2 = 1, ug # u;
[xyzJuv] # [xy[zuv]], 21 =ys =20 =uz =ur =1, vz # v3;
(x[yzulv] # [xy[zuv]], 21 =ys = 22 = u; =1, Vg # V3.
From any of these relations follows the non-associativity of the operation [ ]. From

the second relation, it results that the operation [ ] is not semi-associative, i.e., the
following equality does not hold in R3:

[xyzuv] = [xy[zuv]].

We further show that a ternary operation defined on R? which is not associative, can
still be semi-associative.

Example 3.4. We define on R? the ternary operation

[xyz] = (z1y321, T2y1 22, T3Y223).
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Due to the relations
[xyz]uv] = [(z1ys21, T2y1 22, Tay223)uv] = (T1Y321U3V1, T2Y122U1V2, T3Y223U20V3),
[xy[zuv]] = [xy(z1usv1, 22u1V2, 23U203)] = (T1Y321U3V1, T2Y1 Z2U1V2, T3Y223U2V3),
[x[yzu]v] = [x(y123u1, Yy221U2, Y322U3) V] = (Z1Y322U3V1, T2Y123U1V2, T3Y221U2V3),

we deduce that [[xyz]uv] = [xy[zuv]],Vx,y,z,u,v € R3, but there exist x, y, z, u,
v € R3 such that [xy[zuv]] # [x[yzu]v]. Consequently, the operation [ | is semi-
associative, but not associative. We remark that the operation [ | from this example
is not of the form ()¢ -

Example 3.5. In Theorem 3.2 we replace: A =R, i.e., the semigroup with the usual
operation of multiplication of reals and & = 4. We shall describe all the associative
operations on R* which are of the form | | ,.4, where o € Sy, and [ — 1 is the order
of the permutation o. Each of the six transpositions

(12),(13), (14),(23), (24), (34) € Sy,
considered as elements of order 2, define on R* a ternary associative operation. We
describe, as an example, the explicit form of the operation [ 3 (24),4:
[17223]5, (24),4 = (11021231, T12T24732, 13223233, T14T2234).
These associative ternary operations define as well three elements of order two:
(12)(34),(13)(24), (14)(23) € Ss.

As an example, the element of order two [ |3 (14)(23),4 has the explicit form:

[331332533}3,(14)(23),4 = (211724731, T12T23T32, T13T22733, T14T21734)-

Each of the eight cycles (123), (124), (132), (134), (142), (143), (234), (243) € Sy, as an
element of order three, defines on R* a 4-ary associative operation. E.g., the explicit
form of the operation [ ] (143)4 is:

[961302353964]4,(143),4 = (11724733741, T12T22T 32742, T13T21T34743, T14T23T31744)-

Each of the six cycles (1234), (1243), (1324), (1342), (1423), (1432) € Sy, as element of
order 4, defines on R* a 5-ary associative operation. The explicit form of all these
operations follows:

[$1$2$3$4$5]5,(1234),4 = (T11722733744751, V1272373474152,
T13T24731 042753, T14T21T32T43T54);

[$1$2$3$4$5]5,(1243),4 = (T11722T34T43T51, T12T24 733741 T52,
T13T21732744T53, T14T23T31T42T54);

[T1722374%5]5, (1324),4 = (T11723732744T51, T1224731743T 52,
T13T22T34T41T53, T15T21T33T42T54);

[T1722374%5]5, (1342),4 = (T11723734T42751, T12721 33744 T 52,

1302423224153, $15I22!1731$439554);
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[$19625U3$4965]5,(1423),4 = (T11724732743751, V12723731244 T 52,

T13221X34L42T53, I14I22!1733£E41$54)§

[$19625U3$4965]5,(1432),4 = (731724733T42751, V1272173443752,

13222231244 T53, I15I23$32$41$54)-

We note that the constructed on R* binary operation
T1l2 = ($11$21,1712$22,3313I23733141”24)
is defined by the identity permutation € € Sy, i.e., it coincides with [ ] ¢ 4.

Besides the before mentioned 24 associative operations there also exist on R* other
associative polyadic operations. Since for any permutation o € S of order r and for
any integer ¢ > 1 the permutation " is the identity permutation, then by Theorem
3.2, [ Jrt+1,0,4 is an associative (rt + 1)-ary operation, defined on R%. As an example,
[ ]7,a13)(24),4 and [ |7 (134),4 are 7T-ary associative operations. For the first mentioned
operation, we have r = 2,¢t = 3, and for the second, r = 3,¢t = 2.

Moreover, the permutation ¢ satisfies the condition ¢! = ¢, where [ > 2, then for

the inverse permutation o~!, it holds true the equality (c=!)! = ¢~!. Hence, from
Theorem 3.2, it follows

Corollary 3.6. [11, 13]. Let A be a semigroup, and k > 2, 1 > 2; let v be a
permutation from Sy, which satisfies the condition v* = ~, 0 = v~1. Then the l-ary
operation [ i ok 15 associative.

E.g., in Example 3.5, the associativity of the operation [ |5 (1324)4 can be regarded
as consequence of the associativity of the operation [ |5 (1423),4, since the permutations
(1324) and (1423) are inverse to each other.

Theorem 3.7. [12, 14]. Let A be a semigroup with unity, k > 2, 1 > 2, and let o be
a permutation from Sy, which satisfies the condition o' # o. Then the l-ary operation
[ ]17[,.,;C s not semi-associative, and in particular, are not associative.

Proposition 3.8. If (A,+,Xx) is an associative algebra over the field P, then
(A +)[ Jiok) is a (2,1)-algebra over P. Moreover, if o' = o, then (A¥, 4+, 1iox)
is an associative (2,1)-algebra over P.

Proposition 3.9. Let the semigroup A contain the unity and an element distinct
from unity. If the permutation o € Sy, is not the identical permutation, then the l-ary
groupoid (A* [ 11.0.k) is not abelian.

Proposition 3.10. If the permutation o € Sy, satisfies the condition o' = o, then
from the commutativity of the semigroup A follows the semi-commutativity of the l-ary
semigroup (A*,| llok)- If the semigroup A contains the unity, then the converse is
true, i.e., from the semi-commutativity of the l-ary semigroup (A*,[ 1i.o.x), it follows
the commutativity of the semigroup A.

Proposition 3.11. If A is a group, then (A*,[ |iok) is an l-ary quasigroup. If,
moreover, the condition o' = o holds true, then (A*,[ 1i.0.k) is an l-ary group.



46 A.M. Gal’mak, V. Balan, G.N. Vorobiev, I.R. Nicola

Proposition 3.12. If A = {0} is the null semigroup, then (0,...,0) is the zero
—_———

k
element of the l-ary groupoid (A*,[ liok). If, moreover, | > 3, then in the l-ary
groupoid (A*,[ 1i.0.k) all the elements are zero-divisors.

Proposition 3.13. If the semigroup A contains more than one element, and o is not
the identity permutation from S, then (A¥.[ 1, k) contains no unity.

If (A, +, x) is an algebra over the field P, a = (ay,as,...,ax) € A*, then we shall

denote
a=(a1,—aq,...,—ag) € AF.
Proposition 3.14. If A is an associative algebra over the field P, then
[x1x2 .. 'Xl]l,a,k = [X1X2...X]i,0,k-
If o is a cycle of length k in Sy, which satisfies the condition o' = o, then
X1X2 .. -Xii,0k,  for even (I —1)(k —1)/k,
XiX2 ... X, 1 = L B
’7 7[X1X2 .. -Xl]l,n,lm fOT’ odd (l — 1)(115 — 1)/k

Corollary 3.15. If A is an associative algebra over the field P, o is a cycle of length
k from Sk, then

[§1f2 .. -ik+1]k+1,a,k7 for odd k,

[X1x2"'xk+1]k+1,o,k = o o
—[X1X2 ... Xk41)k+1,0k, for even k.

Corollary 3.16. If A is an associative algebra over the field P and o is a cycle of
length k from Sy, then

[x1x2.. -X2k—1]2k_17g,k = [X1X2 ... Xa2k—1)2k—1,0.k-

Proposition 3.17. If A is a group, 1 is its unity, o = 01...0p is the decomposition
into product of independent cycles (excepting cycles of length 1) of a permutation

o € Sy which satisfies the condition o' = o, then the element ¢ = (e1,...,ex) is
idempotent in (A¥,[ 11.,.k) if and only if the components e,, whose index m remains
fixed under the permutation o satisfy the condition

el =1,

m

while the components, whose indices appear in the expression of the cycle o, (r =
1,...,p), satisfy the condition

€irEo(in)Eo2(ir) - - - Eot=2(i,) = L,
where i, is an arbitrary symbol which appears in the expression of the cycle o,.

Corollary 3.18. If A is a group, 1 is its unity, and the cycle o € Sy of length k
satisfies the condition o' = o, then

](Ak, [ ]570716) = {(51, . ,Ek) S Ak|(5150(1)802(1) . ..Eo.k—l(l))T = 1}.
In particular,

I(Ak, [ Jet1.0k) ={(e1,....6k) € Ak|€180(1)€g2(1) e Egh—1(1) = 1}.
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Corollary 3.19. If A is an abelian (commutative) group, 1 is its unity, and the cycle
o € Sy satisfies the condition o' = o, then

I(AR [ Niox) = {(e1,.. . er) € A¥|(c160...6p) F =1}
In particular,
TAR | Traron) = {(e1s- - ex) € AFlereg. . ep = 1}.
Remark. In Proposition 3.17, the condition
€ir€o(iy)Eo2(iy) - - - Eal=2(i,) = 1

can be replaced with
Eo(ip)Ea2(ir) - - - Eal=2 (i) Eip = 1.

Similar replacements hold valid in Corollaries 3.18 and 3.19.

Theorem 3.20. [13, 14]. Let (A, +, X) be an associative algebra over the field P, 0
- its zero element, k > 2, 1 > 3, such that k divides | — 1, and o a cycle of length k
from Sy. Then:

1) (A* +,[ liox) is an associative (2,1)-algebra over P, whose all its elements
are zero-divisors of its zero element (0,...,0);
———
k
2) if (A, +, x) is commutative, then (A* +,[ |1.0.k) is semi-abelian (semi-commutative);

3) if (A\{0}, x) is a group, then ((A\{ON)*,[ li.o.k) is an l-ary group;
4) forany j € {1,...,k} and anya = (a1,...,a;-1,0,aj41,...,a;) € A*, we have
[a, ey a]lva-’k = (0, NN ,0);
—— ——
! k
5) if the algebra (A,+, X) contains more than one element and has a unity, then
(A% +,[ liok) is non-abelian;
6) if A contains more than one element, then (A* +,[ ]io.k) does not contain a

unaty;
7) if (A\{0}, x) is a group and 1 is its unity, then
IR [ Jooi) = {(e1s - ex) € A¥|(E16001) - - Egt2)) & = 1} U{(0,...,0)};
k

8) we have the following:

XiX2.. - X0k,  for even (I —1)(k—1)/k,
XiXo ... X, = - B
T —[X1X2 ... X0k, for odd (I —1)(k—1)/k.

Proof. 1) follows from Propositions 3.8 and 3.12; 2) follows from Proposition 3.10;
3) follows from Proposition 3.11; 4) is straightforward; 5) follows from Proposition
3.9; 6) follows from Proposition 3.13; 7) follows from Corollary 3.18 and item 4); 8)
follows from Proposition 3.14. O

Replacing [ = k + 1 in Theorem 3.20, we infer
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Corollary 3.21. Let (A, 4+, X) be an associative algebra over the field P, 0 its zero
element, k > 2, and o a cycle of length k from Sy. Then:

1) (A* +,[ Jkt1.0k) s an associative (2,k + 1)-algebra over P, in which all its
elements are divisors of its zero element (0,...,0);
——

k
2) if (A, +, x) is commutative, then (A¥, 4+, Jxt1.0.k) is semi-abelian;
3) if (A\{0}, x) is a group, then {((A\{OD*,[ lr+1.0.k) is a (k+ 1)-ary group;
4) forany j € {1,...,k} and any a = (a1,...,a;-1,0,a;41,...,a;) € A* we have
[a, ey a]k_H’a,k. = (0, ey 0),
—— ~——
E+1 k

5) if the algebra (A, +, X) contains more than one element and has a unity, then
(A% 4] ks1.0k) s non-abelian;
6) if A contains more than one element, then (A* +,[ lrki1.0.k) has no unity;
7) if (A\{0}, x) is a group, 1 is its unity, then
I(Ak, -+ ]k+170’7k‘) ={(e1,...,€x) € Ak|€1€a(1) e Egl-z(1) = 13U {(0,...,0)};
k

8) we have the following:

[iliz .. .ik_;_l}k_;,_l’g’k, for odd k,
[x1x2 .. .XkJrl]]H_LUJC - T B

—[X1X2 ... Xkt1)k+1,0ks for even k.
We further prove that the operations [ |;x and [ ;12 .x),x coincide.

Proposition 3.22. Let A be a semigroup, | > 2, k > 2, a = (12...k) € S. Then
the operations | |1k and [ liak coincide: [ lix =1 liok-

Proof. Let | = sk +1r, s >0, 1 <r < k. Using Theorem 2.6, items 1) and 2) from
Lemma 2.5, the definition of the transformation f; and the equalities

a(f) =j+1, 2@ =j+2, ..., a"I(j) =k,
PTG =1, ., @FTNG) =5 - 1, aF(5) =,
we get
[x1x2.. 'Xl]l,k = [X1X2 ... XkXKk41XKk42 - - - X2kX2k+1X2k42 - - -

s X(s—1)kX(s—1)k+1X(s—1)k+2 - - - XskXsk+1Xsk+2 - - - Xsk+r|l,k =

fic 1, f for_ f. f.
_ 1 k—1 k k+1 2k—1 2k 2k+1
= X1X2 ...Xk Xk+lxk+2 ...sz X2k+lX2k+2"'
fs—nk-1_Ffs—1)K fs—1)k+1 fore—1  fox foxt1 forr—1 __

X

e X(s—l)k X(s—l)k+1x(s—1)k+2 e Xsk sk+1Xsk+2 s Xsk+r
f fi1 f fio_1 f
=X1Xy ...Xy xk+1xk1+2 co X X2k+1X21k+2 -
fi_1 f1 fi_1 f1 foo1
o X s R DRI X (s 1)k 2 Kk Xskt1Xskp2 - Kok T

= (11, -, T1)(T22, - - -, T2k, T21) - - -
oo Tk TR1y - T(—1)) (T (k1) 15 - - 5 Tkt 1))
(x(k+2)27 sy L(k+2)ks x(ic+2)1) S (55(%)19’ T(2k)15 - - - 71'(2k)(lc—1))

(33(2k+1)1, . 7$(2k+1)k>($(2k+2)2a <o T(2k42)ks 37(2k+2)1) o
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(T (=) ) s T((s—1)) s -+ = > T((s—1)k) (k= 1) ) (T ((s— 1)k 1) 15 -+ + > T((s—1)k41)k)
(T((s—1)k+2)25 + + +» T((s=1)k+2)ks T((s—1)k+2)1) (T (sk)k> T(sk)1y - - + > T(sk) (k—1))
($(3k+1)17 S 7$(sk+1)k)($(sk+2)27 s T(sk+2)ks ﬂf(sk+2)1) <

- ($(5k+r)r7 s T(sk4r)ks T(sk+r)ly- - s $(5k+r)(r71)) =

= (211, 1) (T20(1)) - - - > T2a(k=1)> T2a(k)) - - -

o (Tpak—1 () Thak-1(2)> - - - > Thak—1 (k) (T(kt1)15 - - - > Tk 1)k)
(T42)a)r - TR42)ak) - - (T@R)aE-1(1) - T(2k)ak=1 (k)
(T 2kt 1)15 - -+ T2kt 1)k) (T(2h+2)a(1)s - -+ T(2k42)a(k)) - - -

(@ ((s—1k)ak=1(1) - T((s—1k)ak =1 (k) - (L= Dh+1)15 -+ T((s=Dh+1)k)
(T((s—D)k+2)a(1)r - T((s—D)k+2)alk)) - - - (T(sk)ak=1(1)s - - - > L(sk)ak—1(k))
(T(sht1)1s - -+ skt 1)) (T(skt2)a(1)s - - - > T(skt2)alk)) - - -

T (shtr)ar=1(1)s - - - > T(shpr)ar—1(k)) =

= (T11%20(1) - - - Thak—1 (1) T(k+ 11T (k+2)a(1) - - - T(2k)ak—1(1) - -

T (=R DIE((s— Dk +2all) - -

< L(sk)ak—1(1) L (sk+1)1L (sk+2)a(1) * - - L(sk+r)ar—1(1)s -+ - L1EL2a(k) + -+ »

c Lrak—1(E) L (k+1) kL (k+2)a(k) - - - L(2k)ak—1(k) - -+

T ((s—1)k+ 1)k T((s—1)k+2) (k) - - - T(sk)ak—1(k) - - -

Tk DR T (sk+2)a(k) T (sktr)ar—1 (k) =

= (T11%20(1) - - - Thak—1(1)T(k+1)a* (1) T (k+2)ak+1(1) - - - T(2k)a2k—1(1) - - -

e T((s—1)k+1)ale=Dk (1)L ((s—1)k+2)als—Dr+1(1) - - -

T (sk)ask—1 (1) (sk+1)ask (1)L (sk+2)ask+1(1) - - -

T (k) etk r=1(1)s - T1RT2a (k) - - - Thah—1 (k)L (k4 1)k (k) L (k+2)ak+1 (k) - -

< TRk 1 (k) - T((s—1)k+1)als=Dk (k)T ((s—1)k+2)als =D+ (k) - - -

.. x(sk)askfl(k).'I;(SkJrl)ask(k)x(sk+2)ask+l(k) . x(sk+r)ask+r71(k)) =

= (Z11%2a(1) - - - T(shtr)ashtr=1(1)s - - s L1L2a (k) - - - T(shpr)ashtr—1(k)) =
= (T11%2a(1) - - Tlal-1(1)> - - - » T1kT2a (k) - - - Tlal~1(k)) = [T1T2 - T1]1 a0 k-

Hence [z122... 216 = [2122 ... Z1]1,a.k , and the Theorem is proved. O

This result shows that Theorem 6.1 and Corollary 6.2 from [18] are particular cases
of Theorem 3.20 and respectively Corollary 3.21 - since the last ones follow by the
replacements [ = s(n— 1), k=n—1 (n > 3) and 0 = (12...n — 1). We remark that
the corresponding results from [18] are particular cases of the assertions (3.8) — (3.19)
as well.

4 The n-ary operation [ [, m(n-1)

Let Bbeaset, m>1,n >3, A= B™ an m-ary Cartesian power of the set B, (A, x)
a semigroup, whose operation shall be sometimes omitted, for brevity.

We note that if B is a semigroup, then for the product x we may consider the
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operation which is componentwise defined on A = B™. We define on A"~ = Bm(n—1)

the n-ary operation [ |, ;s m(n—1) as follows. If, for i = 1,...,n, we denote
o; = (ag), ce, oz;lyz, ozg), e ozz(-iz, . ozz(-;l_l), e az(-;ll_l)) e pmn—1),
then
(4 1) [a1a2 coe an}n,m,m(n—l) = (y117 e Ytms Y215 - -5 Y2my - - -
.. 7y(n71)1a ‘e ,y(nfl)m) S Brn(n—l)’
where, for j =1,...,n — 1, the components y;; are defined by
. , = 1
(Y1 Yjm) = (agjl),...,ag%) X (cug]1 )7...,(X§]m )) X ...
(n—1) (n—1) (1) (1)
(4.2) .. (oz(n_j)l, .. ,a(n_j)m) X (a(n—j+1)l’ e a(n_j+1)m) X ...
- - . . .
"'(O‘gifl))v"'70‘&71))771) X (ag1)7...,a$%) e B™.

If one makes the replacements

o = (ag),...,agfb €B™, y;j= W1, Yim), JE{Ll,...,n—1},

then (4.2) becomes

Yi = Qija(jt1) - - - O(n—j)(n—1) X(n—j+1)1 - - - ¥(n—1)(j—1)Onj € B

It is obvious, that using the relation (2.2) for m = 1, the n-ary operation [ |, m, m(n—1)
coincides with the n-ary operation [ | n—1: [ lnn-1 =] |nin-1.

Theorem 4.1. [17, 18, 13]. The n-ary operation [ | m mn—1) is associative.
If in this Theorem we replace m = 2, then we get
Corollary 4.2. The n-ary operation [ |, 2.2(n—1) is associative.

If in Corollary 4.2 we replace n = 3, B = R, and if for the operation ” x” we take
the multiplication of complex (or dual/double) numbers, then we get three distinct
associative ternary operations, defined on R*. The explicit forms of these operations
were determined in [17] and [18].

Generally speaking, if we take for the operation x, the multiplication of complex
(or dual/double) numbers, then according to Corollary 4.2, for any n > 3, on the
Cartesian power R*™~1 one can build three distinct associative n-ary operations.
We shall further describe the form of these operations, for the case of multiplication
of complex numbers, for n = 4.

Corollary 4.3. [17, 18, 13]. The 4-ary operation defined on R®:

[(331,582,1'3, $4,$5a$6)(yl’y2,y37y4a y57y6)

(Zla 22, 23,24, 5, 26)(U1,U2,U3,U4, u5au6)}472,6 - (7’177A27T3,T43 r5a7ﬂ6)7
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where

™ = T1Y3z5U1l — T2Y425U1 — T1Y426U1 — T2Y326U1 —
—T1Y326U2 + T2Y42eU2 — T1Y425U2 — T2Y325U2,

T2 = T1Y3ZpU2 — T2Ya25U2 — T1Y426U2 — T2Y32eU2 + T1Y326U1—
—T2Y426U1 + T1Y425U1 + T2Y325U1,

T3 = T3YsR1U3 — T4YeR1U3 — T3Ye22U3 — T4Y522U3 — T3Y522Us+
FT4YeZ2Us — T3Y621U4 — TaY521Ud,

T4 = T3Ys521U4 — T4Y621U4 — T3Y6R2U4 — T4Y522U4 + T3Y522U3—
—T4Y6R2U3 + T3Ye21U3 + TaY521U3,

5 = T5Y123Us — TeY223Us — TpY224Us — TeY124Us — T5Y124Ue+
+TY224U6 — T5Y223U6 — TeY123Us6,

T6 = T5Y123Us — TeY223U6 — T5Y224U6 — TeY124U6 + T5Y124Us—

—ZgY224Us + T5Y223Us + TeY123Us,

1S associative.

If in Theorem 4.1 we replace m = 4, B = R, and for the operation ” x” we consider
the multiplication of quaternions, then for any n > 3, on the Cartesian power R*(?~1)
we can define an associative n-ary operation. In [17, 18] is presented the explicit form
of such a operation for m = 4, n = 3 (i.e., a ternary operation on R%).

5 The (-ary operation [ | qmmk

As shown before, for m = 1 the n-ary operation [ |, m m(n—1) coincides with the n-ary
operation [ |, n—1, which is a particular case of the operation [ ]; , forl =n, k =n—1.
The last one, in its turn, is a particular case of the operation [ | for o = (12...k).
Then the following task appears: to generalize the operation [ |, s (n—1) in such a
way, that for m = 1 it coincides with the operation [ ]; .

Let Bbeaset, m>1,1>2 k>2, 0 € Sk, A= B"™ the m-ary Cartesian power
of the set B and (A, x) a semigroup. Like before, in several places we shall omit the
multiplication sign x, for brevity.

We shall define on B™* an f-ary operation | |;.o.m.mk as follows. If

ai:(ag),...,agz,ag),...,agg,...,agf),...,agg)EBmk,ie{l,...,l},
then
(5-1) [a1a2 . --al}l,a,m,mk = (y117--.,y1m,yz1,---,yzm, cee 7yk17~-~>ykm) € Bmka
where y;; is defined by
Wity Yjm) = (agjl),...,agﬁ)><(aé‘i(])),...,aéﬁj)))x...

(5.2) 1—2/ - 1—2/ I—1/: 1—1/;
el Sy (afn Y afn ),
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If we replace

aij:( z({)"" gfyz)GBm yj:(yjla"'vyjm)vje{l"“ak}a

then (5.2) gets the form

Yj = Q1025(5) « -« O(1—1) 5l —2(5) Mial—-1(5) € B™

It is clear that for m = 1, due to (2.4), the f-ary operation [ i smmk coincides
with the f-ary operation ( ); o5 Butif { =n, k =n—1, and 0 = (12...n — 1),
then (5.1) and (5.2) get the form (4.1) and respectively (4.2), and the operation
[ ]i,0,m,mk coincides with the operation [ |, ;m m(n—1). In this way, the posed problem
of extending the operation [ |, ;. m(n—1) is solved.

We examine on A*¥ = B™ x ... x B™ the f-ary operation ( );, 4 and we describe
—_—

k
its explicit form. To this goal, for any i € {1,...,1}, we put

Xi:(xil,...,xik)GAk, xij:(argi),..., Ezyz)EBm ':1,...,]6,
ie.,
1 1 2 2 k
xi = (@) wi) @) ) € AR

Using (3.1) in the definition of the operation ( ); 4%, we infer

[X1X2 .. -Xl]z,o,k = (}’1,}’27 cee ,}’k),
where
Vi = T1jT20(j) + - - T(1—1)ot~2) (j)T1a-1 (5) € B™,
or
= ), O, )l Ol ),
(ml(ifl 1(]))7.._7%(;”10))).

Lemma 5.1. The universal algebras (B™ [ 11 5.m.mk) and (A%, [ 1i.,.k) are isomor-
phic.

Proof. 1t is clear that the mapping ¢, which puts into correspondence the element

(agl),...,aﬁ),a§2)7... ol?) ,agk),...,ag,’f)) e B™k

s "y e e e

with the element

k
. a(z)),...,(ag ),...,ozg,lf))) € A*
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is a bijection from B™* to A*. Moreover, we have

[a102 .. ‘al];{)a',m,mk = (y117 e Yimy Y215 - -5 Y2my - -5 Yk, - - 7ykm>w -

= ((y117"'7y1m)7(y217'-'5y2m)7'"7(yk1a"'ayk:m)) = (Y1,YZ,---7Yk) =
= ((111()é2o-(1) NN a(l_l)al—z(l)alat—1(l), ceey a1k0420-(k) v

.. -a(l_l)al—z(k)alal—l(k)> =

= ((a11, ..., 0ak)(az21,...,02k) ... (1, -, 0uk)) 1,0k =
= (ool ) el el
(a5, yasm), oy (@) adh) .
(@i el @ el e =
= ((agll), e ,a%,)l, e ,agli), e 7a§2)¢(aéll), e 70‘;317 e ,agi), e ,ag:,)l)w e
e (al(ll), e al(}rz, e ,al(f), cee ozl(fn))w)l’g_k = [allpa;p e azp]l,g,k,
ie.,
[z ... al];{}o,m,mk =[a¥a? ... a;/’]lyg’k.
Consequently, 1 is the claimed isomorphism, and the Lemma is proved. (Il

Lemma 5.1 and Theorem 3.2 provide a sufficiency condition for associativity:

Theorem 5.2. [13]. If the permutation o satisfies the condition o' = o, then the
l-ary operation [ |i,o.m,mk S associative.
This result follows from Theorem 5.2 for i =n, k=n—1and o = (12...n —1).

If in Theorem 5.2 we put m = 2, then we get

Corollary 5.3. If permutation o satisfies the condition o

ation | |1.0,2,2k 1S associative.

= o, then the l-ary oper-

We remark that the 4-ary operation from Corollary 4.3 coincides with the opera-
tion [ ]4,(123),2,6, i.€., it is an operation of the form [ ]; g.m,mr form =2,1 =4, k =3,
and o = (123) a permutation of order 3 from S3. But the permutation (132) € Ss
satisfies as well the condition o = o. Hence, for B = R and (4 = R?, x) — the
semigroup of complex numbers, and, by replacing £ = 4, k = 3 and ¢ = (132) in
Corollary 5.3, we get

Corollary 5.4. The 4-ary operation defined on RS:

[(.771,232,56371‘4,335, xﬁ)(yla 312793’957246)

(21,22723,Z4,257Zﬁ)(“l,U%U37U4,U5,U6)]4,(132),2,6 = (r1,72,73,74,75,76),
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where
= T1Y523U1 — T2YeR3U1 — T1YeR4U1 — T2Y524U1 —
—X1Y524U2 + T2YeZ4U2 — T1Y623U2 — T2Y523U2,
T2 = X1Ys523U2 — TYeR3U2 — T1YeZaU2 — T2Y524U+
+T1Y524U1 — T2YeZ4U1 + T1Y623U1 + T2Y523U1,
T3 = T3Y125U3 — T4Y225U3 — T3Y226U3 — T4Y126U3—
—X3Y126U4 + T4Y226U4 — T3Y225U4 — T4Y125U4,
T4 = X3Y125U4 — T4Y225U4 — T3Y226U4 — T4Y126U4+
+T3Y126U3 — T4Y226U3 + T3Y225U3 + T4Y125U3,
s = T5Y321Us — TeY421Us — T5Ya22Us — TeY322Us5—
—T5Y322Ue + TeYa22Ue — T5Y421U6 — T6Y321 U6,
T = T5Y3R1Ue — TeY421Us — TsYa22Ue — TeY322Ue+
+T5Y322Us — TeY422Us + T5Ya21Us5 + TeY321Us,

15 associative.

We remark that, corresponding to the definition of the operation [ i 5.m,mk, the
components 71, ...,7¢ are implicitly defined by the relations

(r1,72) = (21, 72) X (¥5,Y6) X (23, 24) X (u1,u2),
(r3,74) = (w3, 24) X (y1,92) X (25, 26) X (u3,u4),

(15,76) = (5, 26) X (Y3,Ya) X (21, 22) X (us, ug).
Lemma 5.1 and Theorem 3.7 allow us to state the following

Theorem 5.5. [13]. If the semigroup (A, X) from the definition of the operation
[ ll.o,m.mk contains the unity, and if the permutation o satisfies the condition ol # o,
then the l-ary operation [ i.o.m.mk S not semi-associative and, in particular, it is
non-associative.

If in Theorem 5.5 one replaces m = 2, then it follows

Corollary 5.6. If the semigroup (A, x) from the definition of the operation [ 1i,6.m,mk
contains the unity, and if the permutation o satisfies the condition o' # o, then the I-
ary operation [ |i,4,2,25 s not semi-associative and, in particular, it is non-associative.

We shall provide now examples of multiple non-associative operations of the form

[ Jeom,m-

Example 5.7. Let (A, x) be the semigroup of complex (or dual/double) numbers,
let m =2 and k = 3. If [ = 3, then according to Corollary 5.6, the ternary operations
[ Is,123),2,6 and [ ]s (132),2,6 are not associative. But if £ = 4, then, due to the
same Corollary, the 4-ary operations [ ]4(12)26, [ J4,(13),2,6 and [ 4 (23),2,6 are
non-associative. All the five provided examples are defined on the Cartesian power
RS,

Consider, as before, a set B, let m > 1, n > 3, and let A = B™ be the m-ary Cartesian
power of the set B. Moreover, let (A, +) be a groupoid. We shall define on B™* a
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binary operation +, as follows. If

o = (alla"'valmv"'7ak17"'705k’m)7
/8: (5117-"361771’"'7ﬁk17"'7ﬁkm) 6Bmk7

then
n k
a+B = (Ut1, .-y Ulmy - oy Uk, - - - Ugm) € B™Y,

where, for any j € {1,...,k},
(Ujh . 7Ujm) = (ajl, e 7O[jm) + (,le, R ,ﬁjm) € B™F,

Remark. If on the set B we define an operation ”+”, this defines on the set A = B™
in componentwise manner, a corresponding operation ”+”, then:

al/@:(all +6117~"7a1m+ﬂ1ma"'7ak1 +/6kla~"7akm+ﬁkm)v

i.e., in this case, the operation ”+” coincides with the operation ”+”, componentwise
defined on B™.

For the same assumptions on m, n, B and A we define a multiplication of the
elements of the field P to the elements from A = B™:

Aa=Aa, ..., am) = (U1, .. Up).

We define the product ”o” between elements A € P with elements from B™F, as
follows. If
= (11, oy QLo v oy Qlhely e v oy Q) € B™

then
Ao = (un,...,ulm,...,ukl,...,ukm),

where, for any j € {1,...,k},
(Wi, ooy Ujm) = M1, -y Ajm)-
Remark. If Xa=M\aq,...,am) = (Aay,...,Aay), then
Ao = (AQ11, -y AQTmy e oy AQET, -+ - oy AQm,)-

If (A= B™,+, x) is an algebra, then for any

= (011, Qlmy Q215+, Q2+ -+ 5 Ok -+ 5 Qkorn) e Bm*
we put
a= (o1, 01m, P21, Boms - -5 Bty - - -, Brm) € B™,
where (Bi1,. .., Bim) = —(a11, ..., qim), © = 2,...,k. As consequence of the relations
Oéw = ((0611,...,Oélm),(01217...,Olgm)7...,(Otkh...,Oékm)),
a"l’ = ((allv' . .7041m),_(a21, c -7a2m)7 ey _(akla .. 7akm)) =

= ((0611,... )alm)v(ﬁ217~-~7ﬁ2m)7~-'7(ﬂk}lv"'7ﬁkm))7
(ﬂ)'l,b_l = (allv' '-7a1maﬁ217~'~7/82m7~~-7ﬂk17~~'7akm)7

we infer the following results
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Lemma 5.8. For any o € B™ it holds the equality o = (afl/’)wfl.

Theorem 5.9. [14, 13]. Let B be a set, and m > 1, k > 2, £ > 3, such that k
divides | — 1. Let o be a cycle of length k from Sy, (A = B™,+, X) an associative
algebra over the field P and 0@ = (04,...,0,,) is its zero element. Then:

1) (B™ [ li.o.mmk) is an associative (2,1)-algebra over the field P, which is
isomorphic to the (2,1)-algebra (A* +,[ li.ok);

2) in (B™F [ lt.o,m,mik), all its elements are divisors of its zero element,

(91,...,Gm,...,Hl,...,Gm);
k

3) if (A, +, x) is commutative, then (B™ [ Ji.o.m.mk) i5 semi-abelian;
4) if (A* = A\{0}, X) is a group, then (B,| |i.omm.mk) is an l-ary group, where B
is the set of elements

(b1t b1imy - by o bem) € B™F

such that (bj1,...,bjm) # (01,...,0m) forany j=1,... k;

7

5) for any elements
b= (bi1,...,bim, b1, bem) € B™F
such that (bj1,...,bjm) = (01,...,0m) for some j € {1,...,k}, we have

b...bliommk=(01,...,0m,....01,...,0);

l k

6) if the set B contains more than one element and (A, +, X) has a unity, then
(B™ ¥.[ i.o.mmk) is non-abelian;

7) if the set B contains more than one element, then (B™ ¥, |1.0.m.mk) contains
no unity;

8) if (A*, x) is a group and e is its unity, then

IB™ T [ Nrommi) = JUL{(O1, . 0,y 01, 0m)},

k

where J is the set of all the elements
(6117 sy €lmy e 5 E(B=1)15 - 5 E(k=1)m> €KLy - - - 7€k’m) € Bmkv
such that
1—1
(5160(1) . 60.1—2(1)) E —=e,
where
g1 = (611,... ,61m),...,€k = (5k17~-~75k7n) c A.
9) we have the following:
[0 Qs ity for even (1= 1)(k — 1)/k

[M]l,a,m,mk = { *[ﬂ% . ~ﬂ]l,a,m,mk, for odd (l B 1)(k B 1)//€
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Proof. 1) We note that due to Proposition 3.8, (A¥ +,[ Ji,x) is an associative
(2,1)-algebra over P. It is clear that the mapping ¢, which relates the element

((agl), .. .7047(71)), (agz)7 .. ,a(2)), e (agk), .. 7a£ff))) € AF

m

to the element

(agl),...,a%),a§2)7...,ag), .. .,agk)7...,a£,’f)) e B™k
is a bijection between A* and B™F. Since ¢ = 1!, where ¢ is the mapping

from Lemma 5.1, we infer that ¢ is an the isomorphism from (A* +,[ J;,) to
(B™ [ 1i.0.m.mk)- Consequently,
(53) [alaz e al};’jo‘,k = [allpaf .. azp]l,d,m,mk~

Let
o = ((alla' --7041771,),---;(aklg-~-7akm));

/8 = ((ﬁllv"~aﬁlm)a“'a(ﬁkla'“uﬂkm))

be arbitrary elements from A*. Then

(a—l—ﬁ)‘P = (((0411,...7O(1m),...7(Ozk1,...70ékm))+
H((Bits - Bim)s - (Brts - -5 Brem)))? =

- ((@117 e 7a177L) + (5117 e aﬁlm)a ey (R, - e 7akm)+
+(Brts- - Brm))? =
= ((Ulla"'avlm)v"'7(Uk‘17'"?’Uk'ln))(p:
== (vlla"'7v1m>~"71)k17"'7vkm)a
where for any j =1,...,k we put
(54) (’Ujlv e ,Ujm) = (ajl, ey Oéjm) + (5j1, ey 6jm)
Moreover,
a?+B% = ((a11,--.,01m), .-, (1, ..o 0m)) P+
H((Bits - Bim)s -5 (Brry - Bem))? =
= (04117-~-a041m,-~-’04k17--~7<1km)-7-
:i:(lgllf"7/81m7"'aﬂk17"'7ﬂkm) ==
- (ullv"'aulma'";ukla"'aukm),
where, according to the definition of the operation +, for any j = {1,...,k} we have
(5.5) (W1, s Ujm) = (1, -+ s Q) + (Bj1, -+ -5 Bjm)-

Since the right sides of (5.4) and (5.5) are equal, it follows that

(5.6) (a+B)% =a¥13%.



58 A.M. Gal’mak, V. Balan, G.N. Vorobiev, I.R. Nicola

Let a = ((Q11,--+,Q1m)s -+ (Qk1, - - -, Q) be an arbitrary element from A*. Then
Aa)? = (A(@11y -5 Q1m)s vy (Q1y ey em)))¥ =

= (Ma11y- - Q1m)y s A1, ooy qem))¥ =

= ((V11s- -, V1m)s e v s (Vk1y - vy UVkm))? =

= (V115 s ULy -+ Ukls - -+ V),

where we put

(57) (’Ujl,...,vjm) = /\(ozjl,...,ozjm).

Moreover, we have

Aoa® =Xo (11, Qum)s- vy (Q1y. ey Qm))? =
= A0 (11, ey Mgy e e vy Qs -+ s Q) =
= (ULls -y ULy - o UkLs - - - > Uk )

where, according to the definition of the product ”0”, for any j = {1,...,k},
(58) (Ujl,...,Ujm) = )\(ajl,...,ajm).

Since the right sides of (5.7) and (5.8) are equal, then

(5.9) (Aa)? = Ao a®

From (5.3), (5.6) and (5.9) it follows that ¢ is an isomorphism from
(A 4] Niok) to (B™ T Tiommk). But since (A¥ 4+ [ ];,) is an associa-
tive (2,1)-algebra over P, then (B™F + [ ]ism.mk) is an associative (2,1)-algebra
over P.

2) According to item 1) in Theorem 3.20, in the (2,1)-algebra (A% + [ Jio4), all
the elements are divisors of its zero element

0...0)=((01,....0m),...,(01,....00)).
k

Further, we apply the isomorphism ¢ defined in 1). For proving the items 3), 5), 6), 7)
and 8), we respectively use the items 2), 4), 5), 6) and 7) of Theorem 3.20 and apply
the isomorphism . For item 4), we use item 3) from Theorem 3.20 and the equality
((A\{(61,...,0,)}¥)? = B. For 9), we use Lemma 5.8, and we get a = (a®)? for
any a € B™F where 1) is the isomorphism from Lemma 5.1, and ¢ = ¢! is the
isomorphism from item 1). Then, according to item 8) of Theorem 3.20, for even
(I —1)(k —1)/k we have

[a10s .. o]l ommi = ([o1a o], ) =

= (afay...af],, )7 = (o} af ...afliome)? =

= [(@?)* (@$)? ... (] ot = o1 @2 .. Ut mm
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For odd (I — 1)(k — 1)/k, we apply again item 8) of Theorem 3.20, and we get

1oz ...uliommk = (@10 . .. al}zlj07m7mk)‘0 = ([a¥a? ... a;/’]l’o’mk)“’ =
= (~laf af ..o Jurn)? = (1 of .. P ) gmni) =
= —[(@})? ()7 ... (@) omami = ~loa 2. @l
Hence the Theorem is proved. O

If in Theorem 5.9 we put m =2, =4, k=3, 0 = (132), B=R and (A = R? +, x)
is the algebra of complex numbers, then we get

Corollary 5.10. The following assertions hold true:

1) (RS, +,] la,(132),2,6) is associative, non-abelian, semi-abelian (2, 4)-algebra over
R, in which all the elements are divisors of its zero (0, 0, 0, 0, 0, 0), and which has
no unity;

2) (R,[ la132).2.6) is a 4-ary group, where
R=R°\ ( {(0,0, a b ¢ d)la b c deR}
U{(a, b, 0, 0, ¢, d) | a, b, ¢, dE€R}
U{(a, b, ¢, d, 0, 0) | a, b, ¢, dE€R} );
3) the set of all the multiplicative idempotents of (RS, +, [ l4,(132),2,6) has the form
ac — bd —ad — be
I(RS = b d
(R® +,[ la,26) {(a, » G (a2 + 02)(2 + d2)’ (a2+b2)(02—|—d2))
a, b, ¢, deR, a?+b2#£0, 2+d*>#0} U {(0, 0, 0, 0, 0,0)}.

4) for any a, ..., € RS we have

[aras. ~~C¥6}4,(132),2,6 =l as.. -%]4,(132),2,&

Remark. The assertion 3) from above emerges from Corollary 3.19, which states
that for the abelian group A and arbitrary permutations o and 7 € Sj, which satisfy
the conditions 0! = o, 7' = 7, we have I(A*,[ 1iok) = I(A* [ 1irk)-

6 The corresponding group of the (-ary group (A* [ ],,.x)

If A is a group, and the condition ¢! = & holds true, then according to Proposition

3.11, (A*)[ Ji.0.x) is an f-ary group. But since according to Post [22], any l-ary group
has a corresponding group, then appears the question of finding the corresponding
Post group (A*)g of the l-ary group (A, [ ] .x).

Proposition 6.1. If A is a group, | > 3, k > 2, 0 a permutation from Sy which
satisfies the condition o' = o, then the corresponding Post group (A*)o of the l-ary
group (A*.[ 1i.0.k) is isomorphic to the direct product A* of k copies of the group A,
(Ak)o >~ Ak
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Proof. We put e = (1,...,1), where 1 is the unity of the group A. According to
——

k
Proposition 1.6.1 from [15], the group (A¥)q is isomorphic to the group (A*, (@)
whose operation is defined as

x@y=[xe...e Yok

-2

Since o!71(j) = j for any j € {1,2,...,k}, then putting x = (211,...,21%), y =
(xi1, ..., x1k), We get

x@y =[x e..¢ Yior = [(@11, - z1) (@1 =1, z0p = 1) ...
=2
ooy =1 rgmnkr = D@, - zw) ok =

= (xnxga(l) N x(l,1)0172(1)1‘10171(1), N

ce 7$1k$20(k) ce x(l,l)azfz(k)xlngl(k)) =

= (211 1...1$51,...,.’L‘1k1...11}l;€) = (xllaj“,...7x1ka?lk) =
-2 -2
= (z11,. -, 1) (%01, - -, Tk) = XY

Hence, x (@ y = xy. Then the operation (¢) coincides with the operation of the direct
product AF of k copies of the group A, and the Proposition is proved. |

Corollary 6.2. If A is a group, | > 3 and k > 2, then for any permutations o,
T € Sy, which satisfy o' = o, 7' = T, the corresponding Post groups of the l-ary groups
(A*)[ Niox) and (A¥ [ 1i+.x) are isomorphic.

Proposition 6.1 is of notable importance, since using the corresponding results
form the theory of polyadic groups, one can obtain new information about the ¢-ary
group (A, [ Jiox)-

As an example, we prove the following

Proposition 6.3. If A is a group, | > 3, k > 2 and o is a permutation from Sy which
satisfies the condition o' = o, then the l-ary group (A*.[ |i.o.k) is not semicyclic.

Proof. A polyadic group is called semicyclic [15], if its corresponding Post group is
cyclic. Since the direct product A¥ is not a cyclic group, then according to Proposition
6.1, the corresponding Post group (A¥)g of the f-ary group (A*, [ ];.,.x) is not cyclic as
well. Hence the f-ary group (A*, [ ];.,.%) is not cyclic, and the Proposition is proved. [J

We note that the non-cyclicity of the l-ary group (A*, [ ];.,.) follows from Proposition
3.9, according to which (A¥,[ ]; k) is non-abelian.

Finally, from Propositions 3.10 and 6.3, we get the following
Corollary 6.4. If A is an abelian group, | > 3, k > 2, 0 a permutation from Sy which

satisfies the condition o' = o, then the l-ary group (A*,[ 1i.ox) is semi-abelian, but
is mot semi-cyclic.
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Since any semi-cyclic £-ary group is semi-abelian, then from Corollary 6.4 it follows
that for any ¢ > 3, the class of all semi-abelian ¢-ary groups is larger than the class
of all poly-cyclic f-ary groups. Proposition 6.1 can be used not only for obtaining
new results, but also for simplifying the proofs of already known results. As an
example, according to the Post criterion, the semi-commutativity of polyadic groups
is equivalent to the commutativity of the corresponding Post group. Therefore, if A
is an abelian group and ¢! = o, then from the commutativity of the direct product
AF according to Proposition 6.1, it follows the semi-commutativity of the f-ary group

(A% ok)-

7 Particular cases. Applications

The described above n-ary operations are tightly related to multilinear forms (covari-
ant tensors) defined on Cartesian powers of the field of real numbers. We shall further
present illustrative examples which relate the prior developed theory - by means of
multilinear forms, to the Berwald-Moor, Chernov and Bogoslovski geometric struc-
tures used in Relativity Theory.

If G is a multiplicative group we define on G™ the induced n—ary operation

Hnm = [ EERREE I }n,m : (Gm)n — G™, given by
(7.1) o (@1, ) = [0, Tnlnm = (D1 D),
for all z, = (zh1, ..., Trm) € G™, k € 1,n, where

Pr = ijT(j,k)) T(jvk) = mOdm(j +k— 2) +1, ke 1,m.
j=1

Consider now for the multiplicative group G, the abelian multiplicative group of
positive reals (R% = (0,00), - ), and the mapping 6 : G™ — G,

(7.2) 0(p) =p1+.. +pm, V= (P1,-.,pm) €G.

We note that both the mappings yi, ,, and 6 are both additive and positive-homogeneous
relative to the vectors of G™. Hence the composition 6 o ., @ (G™)" — G
is positive n—multilinear and defines by extension to V' = R™ O G™ a tensor
A€ TO(V)=®@"V* whose coefficients are

1, if 35 €1,m, s.t. ix = 0 (mody(k — 1) +1), Vk = 1,n,

0, the rest,

(7.3) Ay, = {

where o is the cycle (1...m) € 0, (the roll-left operator).

We shall further provide a series of notable particular cases, which provide the
structures for alternative models of Relativity Theory.
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Applications.

1. The Bogoslovsky case. The particular case ft,,—1 provides the rank-n
reduced Bogoslovsky tensor A,.p = 6oy, n—1 on R" ! whose nontrivial coefficients
are

(ArB)iy.i, =1, for (iy...ip1) €{0?(1...n—1) | j =0,n — 2} and 4,, = 4y,

where we denoted by o the cycle (1...n — 1) € O,—1. This tensor has
n — 1 nonzero components, and leads by symmetrization to the full Bogoslovsky
tensor, of C2 - (n — 1)! nontrivial coefficients

1 . .
= ooy O i = ln o

Both of them provide the m—root Finsler norm

FB(y) :AB(ya"'7y):-ATB(ya"'vy):

(AB)iy..in

n—1
=gty Y Y vy =yt e (R
k=1

2. The Berwald-Moor case. The particular case fiy, ,, provides the rank-n reduced
Berwald-Moor tensor A, g = 6 o iy, on R™, whose nontrivial coefficients are

(ArBr)iy.i, =1, if 35 €T,n, of(1...0n) = (i1 ...1in),

where ¢ is the cycle (1...n) € 0, and which has n nonzero components. Its sym-
metrization leads to the full Berwald-Moor tensor of n! nontrivial coefficients

1 . .
(ABJW)M.J:" = ﬁ’ fOI‘ {’Ll, ey Zn} = {1, e ,n}.
Both of them produce the m—root Finsler norm
Fpu(y) =Asm(y, .. y) = Ay, .- y) =

=V Yy =yt e R

3. The Chernov case. The particular case p,,—1,, provides the rank- n —1 reduced
Chernov tensor A,¢c =60 o p,—1,, on R™ of n nontrivial coefficients

(ATC)il...in =1, if i, = modn(ik) +1,Vkel,n—1.

Its symmetrization leads to the full Chernov tensor of n! nontrivial coefficients

(Ac)il---in =

T for card{i1,...,in—1t=n—1, d1,...,ip—1 € I,n.

1
(n—1)!
Both of them provide the m—root Finsler norm

FC(y) :AC(yv"'ay):ATC(yv"'ay):

n

3

=" Zylz)ky"a vy:(yl’”.’yn)e(Ri)n.
k=1

3The hat denotes absence of the corresponding factor.
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We note that the algebraic properties of these tensors have been intensive subject of
recent research, especially due to the existing interrelation between the properties of
their attached algebras, and the Finsler geometry lying beyond their related physical
models ([19, 20, 21, 9, 7, 8, 1, 2, 6, 3, 4, 5]).
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