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Abstract. The object of this paper is to study a-Kenmotsu manifolds
which can be derived from almost contact Riemannian manifolds satis-
fying some certain conditions. We first examine the generalized recur-
rent a-Kenmotsu manifolds, and next we give some relations about Ricci
semi-symmetric and D-conformal curvature tensors. We show that Ricci
semi-symmetric a-Kenmotsu manifolds are also Einstein manifolds. Fur-
thermore, we prove that the scalar curvature of a-Kenmotsu manifolds
with n-parallel Ricci tensors is constant. We conclude the paper with an
example on a-Kenmotsu manifolds.
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1 Introduction

A (2n41)-dimensional differentiable manifold M of class C* is said to have an almost
contact structure if the structural group of its tangent bundle reduces to U(n) x 1,
(see [2], [19]) equivalently an almost contact structure is given by a triple (¢,&,n)
satisfying certain conditions (see Section 2). Many different types of almost contact
structures are defined in the literature (cosymplectic, almost cosymplectic, Sasakian,
Quassi Sasakian, a-Kenmotsu, almost a-Kenmotsu,..., [12], [21]).

The main purpose of this paper is to investigate the class of almost contact metric
manifolds which are called a-Kenmotsu manifolds. These manifolds appear for the
first time in (see [9]), where they have been locally classified. The author characterized
the warped product space by tensor equations.

In Section 1, we give some basic definitions on Riemannian manifolds. According
to these definitions, we introduce almost contact structure and a-Kenmotsu manifolds
for n-dimension in Section 2. In Section 3, we study generalized recurrent a-Kenmotsu
manifolds and we prove some theorems about the scalar curvature of the manifolds.
In Section 4, we consider the Ricci semi-symmetric condition and show that Ricci
semi-symmetric a-Kenmotsu manifolds are Einstein manifolds too. In Section 5, we
deal with a-Kenmotsu manifolds whose D-conformal curvature tensor is irrotational.
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In Section 6, we examine a-Kenmotsu manifold with rn-parallel Ricci tensor. We
prove that a-Kenmotsu manifolds with n-parallel Ricci tensors have constant scalar
curvatures. Finally, in Section 7 we construct an illustrating example on a-Kenmotsu
manifolds.

2 Preliminaries

Let (M, g) be an n-dimensional Riemannian manifold. We denote by V the covariant
differentiation with respect to the Riemannian metric g. Then we have

R(X,Y)Z =VxVyZ —VyVxZ -V xyZ.
The Riemannian curvature tensor and the Ricci tensor of M are defined by
R(X,Y,Z,W)=g(R(X,Y)Z,W),
and
S(X,Y) =trace{Z — R(X,Z)Y},

respectively. Locally, the Ricci tensor is also given by

n
S(X,Y) =) R(X,E,Y,E),
i=1
where {E1, Es, ..., E,, } is a local orthonormal frame and X,Y, Z, W are vector fields

on M.
The Ricci operator @ is a tensor field of type (1,1) on M defined by

9(QX,Y) = 5(X,Y),

for all vector fields on M.
A Riemannian manifold (M, g) is called a generalized recurrent Riemannian man-
ifold (see [3]) if the curvature tensor R satisfies the following condition

(2.1) (VxR)(Y, Z)W = o(X)R(Y, Z)W + B(X) [9(Z, W)Y — g(Y,W)Z],
where ¥ and 3 are two 1-forms, 3 is non-zero and these are defined by

(22) ¢(X):g(X7A)’ ﬁ(X):g(X7B)a

where A, B are vector fields associated with 1-forms « and (3, respectively and V is
the Riemannian connection of g.

A Riemannian manifold (M, g) is called generalized Ricci recurrent (see [3]) if its
Ricci tensor S satisfies the following condition

(2.3) (VxS)(Y, Z2) = p(X)S(Y, 2) + (n — 1) B(X)g(Y, Z),

where « and [ are defined as in (2.2).
A Riemannian manifold (M, g) is called generalized concircular recurrent if its
concircular curvature tensor C' (see [13])

(2.4) C(X,Y)Z = R(X,Y)Z — (9(Y, 2)X — g(X, 2)Y),

n(n —1)
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satisfies the following condition
(2.5) (VxO)Y, 2)W = p(X)O(Y, Z)W + B(X)[g(Z, W)Y — g(Y,W)Z],

(see [13]), where ¢ and (3 are defined as in (2.2) and 7 is the scalar curvature of (M, g).

3 a-Kenmotsu manifolds

Let M be a real n-dimensional C'* manifold and x(M) the Lie algebra of C'*° vector
fields on M. An almost contact structure on M is defined by a (1, 1)-tensor field ¢, a
vector field £ and a 1-form 17 on M such that for any point p € M we have

(3.1) np(fp) =1, (b;% =—1+n,®&,

which implies

(3.2) ¢p(&p) =0, mpod, =0 rank(p,) =n—1,

where I denotes the identity transformation of the tangent space T, M at the point
of p. Manifolds equipped with an almost contact structure are called almost contact
manifolds. A Riemannian manifold M with metric tensor g and with a triple (¢,&,n)
such that

(3.3) 9(¢X,9Y) =g(X,Y) —n(X)n(Y),
and
(3.4) 9(§, X) = n(X),

where X,Y € x(M), is an almost contact metric manifold. Then M is said to have a

(¢, &,m, g)-structure.
An almost contact metric manifold M is said to be almost a-Kenmotsu if dn =0

and d® = 2an A @, a being a non-zero real constant where the 2-form @ is defined as
O(X,Y) = g(¢X,Y).

We have known that an almost contact metric manifold (M, ¢,&,n,g) is said to be
normal if the Nijenhuis torsion

No(X,Y) = [¢X,0Y] = ¢[0X, Y] = 01X, 0Y] + ¢*[X, Y] + 2dn(X, Y )¢,

vanishes for any X,Y € x(M). Remarking that a normal almost a-Kenmotsu mani-
fold is said to be a-Kenmotsu manifold (a # 0), (see [12]).
Moreover, if the manifold M satisfies the following relations

(3.5) (Vx9)Y = —alg(X,9Y)E +n(Y) ¢X],

and

(3.6) Vxé=—ap’X,
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then (M"™,$,&,n,g) is called an a-Kenmotsu manifold (see [2], [12]), where 57 denotes
the Riemannian connection of g.
On an a-Kenmotsu manifold M, the following relations are held

(3.7) S(X,§) = —a*(n—1)n(X),

(3-8) REX)Y = o[-g(X,Y)E+n(Y)X]
(3.9) RIX,Y)e = o*[n(X)Y —n(Y)X],
(3.10) g(R(EX)Y.8) = o [-g(X,Y) +n(X)n(Y)],
(3.11) R X)E = o?[X —n(X)g] = —a?¢’X,

for any X, Y € x(M
Since g(QX,Y) = S(X,Y), we have

S(0X,¢Y) = g(QoX, ¢Y),

where @) is the Ricci operator.
Using the properties g(X, ¢Y) = —g(¢X,Y), Q¢ = ¢Q, (3.1) and (3.7), we obtain

(3.12) S(¢X,9Y) = S(X,Y) +a*(n — L)n(X)n(Y).
Also, we have

(3.13) (Vxn)(Y) = afg(X,Y) = n(X)n(Y)].

4 Generalized recurrent a-Kenmotsu manifolds

In this section, we give some theorems about generalized recurrent a-Kenmotsu man-
ifolds. At first, we give the following theorems

Theorem 4.1. If M is a generalized recurrent a-Kenmotsu manifold, then oy — 3
is everywhere zero.

Proof. Assume that M is a generalized recurrent a-Kenmotsu manifold. Then the
curvature tensor R of M satisfies the condition (2.1) for any X, Y, Z, W € x(M).
Taking Y =W = ¢ in (2.1), we have

(4.1) (VxR)(&, 2)¢ = v(X)R(E, 2)€ + B(X)[9(Z,£)€ — 9(£,£) Z].
On the other hand, it is well-known that
(4.2) (VxR)(&,Z2)§ = VxR Z)§— R(VxE, Z)§

—R(, VxZ)§ — R(¢, Z)V x§.
So using (3.8), (3.9) and (3.11), the equation (4.2) can be written as
(VxR)(£,2)€ = 0.
From the left hand side of the equation (4.1) and using (3.11), (3.4), we get

[0 (X) = B(X)] n(Z)€ — Z] = 0.
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Remarking that the equality n(Z)¢—Z = 0 does not hold for an a-Kenmotsu manifold.
So we obtain

a*P(X) = B(X) =0,
for all X € x(M). Since the equation a?¢(X) — 3(X) = 0 is independent from the
choice of the vector field X, we have a?y — 3 =0 on M. |

Theorem 4.2. If M is a generalized Ricci-recurrent a-Kenmotsu manifold, then
o’y = .
Proof. Assume that M is a generalized Ricci-recurrent a-Kenmotsu manifold. Then

the Ricci tensor S of M satisfies the condition (2.3) for any XY, Z € x(M). Now,
putting Y = Z = £ in (2.3), we obtain

(4.3) (Vx8)(&,6) = —a®(n = 1)ih(X) + (n — 1)B(X).
On the other hand, it is known that

(4.4) (Vx9)(£€) = 0.

By using (4.4) in (4.3), we get

(4.5) —a?(n — D)Y(X) + (n — 1)8(X) = 0.

Since the equation (n — 1) [-a?¥(X) + 3(X)] = 0 is independent from the choice of
the vector field X, we obtain —a?iy + 8 = 0 on M. This completes the proof of the
theorem. 0

In order to find the scalar curvature of the manifold M, we have the following

theorems

Theorem 4.3. Let M be a generalized recurrent a-Kenmotsu manifold. Then the
scalar curvature T of M satisfies the below condition

™ (A) = (1 —n) [my(B) + 204217(A)} .

Proof. Suppose that M is a generalized recurrent a-Kenmotsu manifold. So by the
using of second Bianchi identity, we get

VX)RY, Z)W + B(X)[g(Z, W)Y —g(Y,W)Z]
(4.6) FY)R{Z, X)W + B(Y)[g(X, W)Z — g(Z, W) X]
FY(Z2)R(X, Y)W + B(Z)[g(Y, W)X — g(X,W)Y] =0.
By a contraction of (4.6) with respect to Y, we have
V(X)S(Z,W) +nB(X)g(Z, W) + R(Z, X, W, A)
(4.7) B(Z)g(X, W) — B(X)g(Z, W)

Contracting (4.7) over Z and W, we get

(4.8) TP(X) +n(n—1)3(X) — 25(X, A) = 0.
Putting X = ¢ in (4.8) and using (2.2) and (3.7), we obtain
(4.9) ™ (A) +n(n — 1)n(B) + 20 (n — 1) n(A) = 0.

From the equation (4.9), we have the desired result. O
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Theorem 4.4. Let M be a generalized concircular recurrent a-Kenmotsu manifold.
Then the following relation

[<a2+,1(,fl)> vX) = AX) s | =0

holds for every vector field X on M, where X[1] denote the derivative of T with respect
to the vector field X .

Proof. Suppose that M is a generalized concircular recurrent a-Kenmotsu manifold.
Then the concircular curvature tensor C' of M satisfies the condition (2.5) for all
X, Y,Z,W € x(M). Taking Y =W = ¢ in (2.5), we get

(4.10) (VxC)(§ 2)¢ = a(X)C (&, 2)§ + B(X)[g(Z,6)€ — 9(&,€) Z].

On the other hand, from the definition of covariant derivative we have

(4.11) (VxO)(&2)¢ = VxC(§2)E—C(VxE Z)E
—C(§,VxZ)§—-C(£,Z) VxE.

So using (2.4) and (3.8), the equation (4.11) can be written as follows
C - 2, T _
OxOEe2)8 = Vx [(o?+ T ) (-2

)

o (o + sy )| om0 30
}
)

Hence, we obtain

1

(4.12) (VxC)(&,2)s = py

X[71(Z - (2)6).
On the other hand, by using (4.12), the equation (4.10) can be written as
YX)T(E 2)6 + BX) (1(2)6 - 2)

(113) = 2029 ([(e*+ o ) w0 - 500) )

So from the equation (4.12) and (4.13), we get

(4.14) [(aQ + n(nTl)) $(X) = B(X) — m

Since the equality Z —n(Z)¢ = 0 does not hold, the equation (4.14) clearly completes
the proof. O

|z w29 -0
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5 Ricci semi-symmetric a-Kenmotsu manifolds

In this section, we suppose that n-dimensional a-Kenmotsu manifolds which satisfy
the following condition

(5.1) (R(X,Y)-S)(Z,U) =
So we have
(R(X,Y)-S)(Z,U)=R(X,Y)S(Z,U) - S(R(X,Y)Z,U) — S(Z,R(X,Y)U) =0,
for any X,Y,Z and U € x(M). Taking X = ¢ and Z = ¢ in (5.1), we get
S(Y,U) = —a*(n —1)g(Y,U).
by using (3.8) and (3.11). Hence, we can give the following theorem

Theorem 5.1. A Ricci semi-symmetric a-Kenmotsu manifold is an Einstein mani-

fold.
In a similar, if (R(X,Y) - R)(Z,U) = 0, we obtain
S(Y,U) = (=a*n+ 1)g(Y,U),

for any X,Y,Z and U € x(M). It is important to note that R-R=0C R-S = 0.
Since R+ R =0 implies R - S = 0, we can state the following corollary

Corollary 5.1. A semi-symmetric a-Kenmotsu manifold is an Einstein manifold.

6 D-conformal curvature tensor on a-Kenmotsu manifolds

In this section, we give definitions related to the D-conformal curvature tensor

Definition 6.1. The D-conformal curvature tensor B on a Riemannian manifold M
(n > 4) is defined as

B(X,Y)Z = R(X,Y)Z+ ﬁ[S(X, 2)Y — S(Y, 2)X + g(X, Z)QY
—g(Y,
—n(X

,Z2)QX — S(X, Z)n(Y)E + S(Y, Z)n(X)¢
IN(Z2)QY +n(Y)n(Z)QX]
-2)

(k
(6.1) =3 [9(X,2)Y —g(Y, Z2)X]
gy X200 )¢ = 9. Z)( 2)eX,
+n(X)n(Z2)Y —n(Y)n(Z)]
where k = m and 7 is the scalar curvature of the manifold M.

(n—2)



122 Hakan Oztiirk, Nesip Aktan and Cengizhan Murathan

Definition 6.2. The rotation (curl) of the D-conformal curvature tensor B on a
Riemannian manifold is given by

(6.2) RotB = (VyB)(X,Y,Z)+(VxB)(V,Y,Z)
+(VYB)(V5KZ)_(VZB)(X7Y5V)

By virtue of second Bianchi identity
(6.3) (VvB)(X,Y)Z) + (VxB)(Y,V)Z) + (VyB)(V, X)Z) =0,
(6.2) reduces to
(6.4) curl B= —(VzB)(X,Y)V.
If the D-conformal curvature tensor is irrotational then curl B = 0 and we have
(VzB)(X,Y)V =0,
which implies
(6.5) Vz{B(X,Y)V}=B(VzX,Y)V+B(X,VzY)V + B(X,Y)V;V.
Putting V = ¢ in (6.5), we get
(6.6) Vz{B(X,Y)(} =B(VzX,Y)E+ B(X,VzY)¢+ B(X,Y)VE.
So we can give the following lemmas

Lemma 6.1. The D-conformal curvature tensor B on a-Kenmotsu manifolds satis-
fies the following relation

(6.7) B(X,Y)§ = An(X)Y —n(Y)X],
_ (a?—1)
where A = 27(11 )
Proof. Using (3.7) and (3.9) in (6.1), we obtain (6.7). O

Lemma 6.2. If the D-conformal curvature tensor B on a-Kenmotsu manifolds is
irrotational, then the D-conformal curvature tensor B is given by

(6.8) B(X,Y)Z = \[g(X, 2)Y — g(Y, Z)X].
Proof. Using (6.7) and (3.6) in (6.6), we have

VA (X)Y —n()X]) = A(X)V2Y —n(V2Y)X]
FAM(V2X)Y —n(Y)VzX]
+a[B(X,Y)(Z —n(2)§)].

We simplify the above equation, we get (6.8). |

Now, we can state the following theorem in order to find the scalar curvature of
the manifold M
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Theorem 6.1. If the D-conformal curvature tensor B on a-Kenmotsu manifolds is
irrotational, then the scalar curvature of M is given by

(6.9) 7=—la(n—1)]*—n?+1,
where T is the scalar curvature of the manifold M.

Proof. By using the definition of the D-conformal curvature tensor B and (6.8), we

get

(6.10)

RX,)Y)Z = Xg(X,2)Y —g(Y,2)X] - 5[S(X,2)Y - 5(Y,2)X
+9(X, 2)QY —g(Y, 2)QX — S(X Z)n(Y)¢
+5(Y, Z)n(X)€ = n(X)In(Z2)QY +n(Y)n(Z2)QX]

+Eii 2 [9(X. 2)Y —g(Y, 2)X]

— ity [9(X, 2)n(Y)E = g(Y, Z)n(2)€ +n(X)n(Z)Y —n(Y)n(Z)X].

Let {F1, Es, ..., E,_1,£} be an orthonormal basis of the tangent space at any point.
First, we apply inner product with any vector field W both two sides. Then the sum
for 1 <4 < n of the relation (6.10) with X = W = E;, yields
kE—2)(1- k
A1 —n)+ T ( Ja-n +
(6.11) 202( 1n)—3 k(Qn—)?) n—3
' a‘(n—1)+7+ -n
-( . ) nz) =o.

9(Y, Z)

By a contraction of (6.11) with respect to Y and Z, we have

TzAn(n—3)+(k—2)n+k(1" )—k(?:g)—i—Qa?.

—-—n

Simplifying the above equation, the proof of the theorem is clear. |

7 o-Kenmotsu manifolds with n-parallel Ricci tensor
In this section, we examine the notion of Ricci n-parallelity for an a-Kenmotsu man-
ifold. At first, we give the definition of n-parallel Ricci tensor

Definition 7.1. The Ricci tensor S of an a-Kenmotsu manifold M is called n-parallel,
if it satisfies

(7.1) (VxS) (Y, 0Z) =0, for all X,Y, Z € x(M).

Let us consider an n-dimensional a-Kenmotsu manifold M with n-parallel Ricci
tensor. Then we have

(7.2) (VxS)(¢Y,02) = VxS(¢Y,0Z) = S(Vx¢Y,¢Z) — S(¢Y,Vx9Z).
Using (3.5), (3.7), (3.12) and (3.2) in (7.2), we obtain
(VxS)(9Y,0Z) = VxS(Y.Z)+a’*(n—1)n(Z )Vxﬁ(Y) +n(Y)Vxn(Z)]
+an(Y) [S(X, Z) + &*(n — 1)n(X)n(2)]
(7.3) +an(Z) [S(Y, X) + a*(n — 1)y XnY)] S(VxY,Z)
=S(Y,VxZ) = a*(n = 1) n(Z)n(VxY) +n(Y)n(VxZ)] .
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Also, we have
(7.4) (Vxn)Y =VxnY) —n(VxY),
and
(7.5) VxS(Y,2) = (VxS)(Y,2) + S(VxY,¢Z) + S(Y,Vx Z).
Using (7.4), (7.5) and (3.13), the relation (7.3) reduces to
(VxS)(@#Y,0Z) = (VxS)(Y.Z)+a’(n—1)n(Z2)9(X.Y) +n(Y)g(X, Z)]
(7.6) +an(2)S(Y, X) +n(Y)S(X, Z)].
Then using (7.1) in (7.6), we obtain
(7.7) (VxS)(Y.Z2) = —a’(n—-1)[(2)9(X,Y) +n(Y)9(X, Z)]
—a[n(2)S(Y, X) +n(Y)S(X, Z)].
Hence, we can give the following proposition

Proposition 7.1. An a-Kenmotsu manifold M has n-parallel Ricci tensor if and
only if the above equation (7.7) holds.

Now, let {E1, Es, ..., E,,—1,&} be an orthonormal basis of the tangent space at any
point for : =1,2,...,n. Taking Y = Z = F; in (7.7) and then taking summation over
the index i, we get

n n

Y (VxS)ELE) = —a®(n—=1)Y n(E)g(X, Ei) +n(E)g(X, E;)

i=1 i=1
-« Z n(E;)S(E;, X) +n(E;)S(X, E;)

= —2a%(n— n(X) +2a°(n — 1)n(X)

So we have dr(X) = 0, which implies 7 is constant, where 7 is the scalar curvature
of the manifold M. Thus we can give the following theorem

Theorem 7.1. If an a-Kenmotsu manifold M has n-parallel Ricci tensor, then the
scalar curvature is constant.

8 Example

We consider the 3-dimensional manifold M3 = {(x,y,z) € RS}, where (z,y, z) are
the standard coordinates in R3. The vector fields are

0 0 0 0 0

ey = fl(Z)% + fz(z)a—y, ey = —f2(2)% + fl(z)@’ €3 = 5,

where f1, fo are given by f1(2) = coe™*, fa(2) = c1e7%*, with ¢ + 2 #0, a #0
for constants c1,co and a. It is obvious that {ej,eq,e3} are linearly independent at
each point of M3. Let ¢ be the Riemannian metric defined by

gler,e1) = glez,ea) = gles,e3) = 1, gler,e2) = g(e1,e3) = glez,e3) =0
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and given by the tensor product ¢ = (fZ + f3) " }(dz @ dz + dy @ dy) + dz ® dz.
Let n be the 1-form defined by 1n(X) = g(X, e3) for any vector field X on M3 and ¢
be the (1,1) tensor field defined by ¢(e1) = ea, ¢(e2) = —e1, ¢(e3) = 0. Then using
linearity of g and ¢, we have

P°X =—X+n(X)es, mles) =1,  g(¢X,9Y) =g(X,Y) —n(X)n(Y),

for any vector fields on M?3.
Let V be the Levi-Civita connection with respect to the metric g. Then we get

e1,e3] = aer, [e2,e3] = aez, le1,e2] = 0.
Using Koszul’s formula, the Riemannian connection V of the metric g is given by

29(VxY,Z) = Xg(Y,2)+Yg(Z X)— Zg(X,Y)
—9(X,[Y, Z]) = g(Y, [X, Z]) — 9(Z,[X,Y]).

Koszul’s formula yields

Veer = —ae3 Vges = —e3, Vges3 = ae,
Ve,€1 = —es, Ve,e2 = —ae3, Vees = aeo,
Vesel = O, Veseg = 0, V63€3 = 0.

Thus it can be easily seen that (M3, $,¢,n,g) is an a-Kenmotsu manifold. Hence,
one can easily obtain by simple calculation that the curvature tensor components are
as follows

R(e1,ez)er = alaey —e1), Rler,es)es = afes —aeq),
R(ey,ez)es = 0, R(e1,e3)er = a’es,
R(e1,e3)ea = «es, R(ei,e3)es = —a’ey,
R(ea,e3)er =  aes, R(ea,e3)es = a’es,
R(es,e3)es = —a’es.
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