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Abstract. The Z—eigenvalues, F—eigenvalues and the corresponding
eigenvectors for the Berwald-Moor associated multilinear form in the case
m =n = 3, are computed by means of applying the method of resultants.
The complexity of the algorithm and further developments are discussed.
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1 Introduction

In recent years, the theory of resultants has flourished, and its bases as stand-alone
branch of mathematics have widely developed ([6], [7], [8], [10], [18], etc). At the
same time, much attention has been payed to the spectral theory of supersymmetric
tensors, whose numerous applications exhibit unexpectedly promising specific solu-
tions ([14], [15], [16], [17], etc). The present paper applies the theory of resultants
to the supersymmetric tensors which naturally emerges from the recently proposed
3-dimensional Berwald-Moor model for relativity theory ([11], [12], [5], etc), aiming to
determine the main associated spectral related objects: the Z—, H—, F—eigenvalues,
and the corresponding eigenvectors. It should be emphasized, that though the highly
tedious straightforward computation technique can be successfully improved by soft-
ware which leads to the desired goal ([2], [1]), the resultant theory is a useful aid
which might significantly accelerate the employed spectral algorithms.

2 The resultant method

Generally, within the resultant theory, one may consider the problem of solving the
system

(2.1) { F@)lg@yo = root (R H g(;)F:(g%) — 0 },{x}] ,c>.
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Further, the system (2.1) can be re-written as
O i e B L [ A B RS

where
e R[f(z) = 0,{z}] is the compatibility condition of the system of equations

{f(z) = 0};

o R{f(x)} is the resultant of the system of equations {f(z) = 0} relative to the
variables {z};

o F(z) € Pol(x',...2"), G(z) = (G(z),...Gk(x)), Gi(x) € Pol(zt,...a"); F
and G are practically determined by F' and G, respectively;

e root(P(C),C) is the set of roots of the algebraic equation P(C') = 0 relative to
C.

There exist several functions F and G which satisfy the condition (2.2). Depending on
their choice, the complexity of the algorithm which determines R H g((hc ’x};? ?) } ,1h, x}} )
strongly differs ( [6], [7], [8]).

3 Eigenvalues and eigenvectors of multilinear su-
persymmetric tensors
We apply the stated technique to find the eigenvalues and eigenvectors of real super-

symmetric tensors. It is known that there exist three type of eigenvalues - having
corresponding associated eigenvectors, defined as follows ([14, 17]).

Definition 3.1. Consider a supersymmetric tensor T' € 7,9 (R™) of order m on R™.
Then

a) We say that A € R is an (Z—)eigenvalue and a vector y € 7' (R™) = R" is an
associated (Z—)eigenvector, if they satisfy the system:

(3.1) Ty" ' =Xy; gly,y) =1,
where we have considered the transvection

Ty™ ' =ClC3..Cn{(Tey®--®y),
—_—

m—1 times

C]’: is the transvection operator on the corresponding indices and y = y'e; is the
Liouville vector field on the flat manifold R™, considered at some point € R™, and
g = 6;jdz’ @ dz? is the flat Euclidean metric on R™ which implicitly raises/lowers the
tensor indices. For the complex variant, A and y are simply called eigenvalue and
eigenvector, respectively.
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b) We say that A € R is an (H—)eigenvalue and a vector y € R™ is an associated
(H —)eigenvector, if they satisfy the homogeneous polynomial system of order m — 1:

(3.2) (Ty™ e = Aye)™ "

For the complex variant, A and y are simply called (E-)eigenvalue and (E-)eigenvector,
respectively.

Regarding the existence of eigenvalues/eigenvectors, the following result holds
true:

Theorem 3.1. H—eigenvalues and Z—eigenvalues always exist for even supersym-
metric tensors. A supersymmetric tensor T is positive definite/semi-definite iff all its
H— (or Z—) eigenvalues are positive/non-negative.

The Z—, H— and E—eigenvalues and the corresponding eigenvectors for the mul-
tilinear tensor (4.1) have been completely determined for the 4-dimensional case ([2],
[1]). In the following, we show that employing resultants theory might significantly
improve the computational task, and we illustrate this in the Berwald-Moor H3 par-
ticular case.

4 Applications of resultants theory - the H3 case

In this section, we shall apply the resultant theory for finding the eigenvalues and
eigenvectors for an m—root type supersymmetric tensor with applications in Special
Relativity, namely the (0, 3) Berwald-Moor tensor ([11, 12]):

—, for {i,j,k} ={1,2,3
(4.1) Aol B i gk} ={ }

0, otherwise,

associated to the Berwald — Moor pseudonorm Fr, = /|y1y2ysl;

These supersymmetric tensor provides a natural alternative model in SRT, which
extends the 3-dimensional classical Minkowski models. The emerging new geometric
framework is tightly related to the hypercomplex polynumbers theory and their appli-
cations. This leads both to the enhancement of the algebraic subjacent theory due to
the geometrical viewpoint, and to the possibility of illustrating basic non-trivial and
non-evident objects of the Berwald-Moor type approach by means of the relatively
simple objects, such as the polynumbers ([11, 12, 5]).

4.1 Application: the Z—spectrum

Applying the method for super-symmetric polynomials S(y), with deg(S) = k, the
Z—spectral problem leads to the system in the unknowns A and y = (y1,...,Yn),

@S — )\yl =0
(4.2) n

D W) —1=0,

i=1
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n
where we denote S := S(s,), 84 = Z(yi)“, and o, = Z Yiy -+ -+ Yi, . For solving
i=1 i1 <<
the system (4.2) we shall first focus on the adjacent problem of finding the quantities
Pa = Oal(4.2). Using p,, we further obtain the system {o4(y) — p, = 0}, whence we
infer that y; are solutions of the algebraic equation

(4.3) t" — it ot 2 (=), = 0,

which follows from the Viéte theorem.

This step practically allows to split the set of unknowns from (2.2). We subse-
quently obtain
(4.4)
C—o04(y)=0 C—o04(y)=0

N aiS—)\yi:O
root | R ANy L C | =pe &

2 W) —1=0 S ) -1=0
C-h" —h"" " 04(y)

R 9,5 — B Ay
=R ANhyh =0

hn72 zn:(yz)2 R
=1

ﬁ>
-
>
<
—

where R is the compatibility condition, and R is the resultant.

4.2 Application: the H— and EF—spectrum
For applying the resultant technique towards solving the H— and E—spectral prob-
lems, we consider the case when S = S(s,), sS4 = Z(yi)“, with deg(S) = k, and

i=1
m < k < n and we aim to solve the homogeneous system

(4.5) {08 = Aya)™ ' =0}

In this case we obtain the similar intermediate problem

s [f C—ouly) =0
root (R { 8,5 — /\(yi)m—1 -0 },{/\,g}

C—oa(y)=0
{ 865 — Al = 0 },{/\,y}] =
(4.6) C . hn — pn—a ~0a(y)

hnkarl . 375 . hn7m+1>\(yi)mfl
R b {)‘7 ha y} = O 9

hn—Q zn:(yi)Q A
i=1

7C> =Pa <
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where R is the compatibility condition, and R is the resultant.

For applying the general theory to the case (4.1), we first note that in the first
case, we have
Ty* = Ay0} + Aso105 + Azos,

where Ty? = S3 and
{01 =y1 + Y2 +y3,02 = y1y2 + Y2ys + Y3y1, 03 = Y1y2y3}

is the Grobner basis of the space of 3-rd order polynomials. We note that for A; =
As =0, A3 =1 we obtain the first case H3. In this case we solve the equations

(4.7) {(Ty*)k — Ayx)? = 0}.

We solve the problem of finding the conditions for which the system (4.7) has non-
degenerate solutions (non-zero roots):

Theorem 4.1. The system of homogeneous equations of order r {F;(xz) = 0} has
non-degenerate solutions iff R{F;(x)} = 0, where R is the resultant [6].

Proof. In our case we compute R{(Ty?)r — Myx)?}:

(T4)e — Ak)” = O0(S5) — Adk(553) = 04(S5 — 3)53),

where 9, = %, Sp = i(yi)p,p € {1,2,3}. Like {o,}, the family {s,} is a basis for
the space of symmctrici:plolynomials, and they are related via:
§1 =01, Sg= Jf — 209, sS3= ai’ — 30109 + 303.
Hence, we infer
S3 =853—3As3 =S8 —2A(0} — 30102 + 303) =
= (A1 — 3N)0} + (A1 + N)o102 + (A3 — N)og = A10% + Azo103 + Asos,
where ) 1 ) )
A1:A1—§)\, A =As+ A\, Ag=As5— A\
Then the system (4.7) gets the form
(4.8) {0 S35 = 0}.

The resultant of the system (4.8) is a particular case of the basic function considered
in the paper [13], and the conditions R{9;S3} = 0 are equivalent to any of the three
conditions

A3 =0

(245 — 3(As + A))® — 9((Ay + Ag)(zAg _3(Ay + Ag))—

(4.9) —4(A3(64, A3 + Ay Az — A3)) =

(243 — 3(A2 + A3))® — ((A2 + A3) (245 — 3(A2 + A3))—
—4(A3(6A1 A3 + Ay A3 — A3)) = 0.
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If one of the three before mentioned conditions holds true, then the system (4.8)
admits a one-parametric family of solutions. In the case when all the three conditions
are fulfilled, then Ay = Ay, = A3 = 0 and the system (4.8) is satisfied for any
y = (y1,v2,y3) € R3 (the 3-parametric family of solutions {y; = 71, y2 = T2, y3 = 73}).

While solving the system {9;,S3 = 0}, we shall examine only the case when just
one of the conditions of (4.9). In this case we infer the system of equations

OS5 = 0k04 - 0aSs,

where 9, = 8% and, in the equation, we assume summation by «, and
«

81'0'1 =1 61»?3 = 3/_110'% + /_120'2
0;00 =01 — Vi s 5253 = AQUl
0io3 = 02 — o1y + (y;)? 0553 = As.

Hence
0;S3 + 0153 + (01 — i) 9253 + (02 — o1ys + (4:)?) D353 =
= (0353)(yi)? + (=023 — 010553)y; + (0153 + 010253 + 0205 53) =
= A3(y:)* + [~ (A2 + A3)o1y; + [(BA1 + As)o? + (As + A3)os] = 0.

We shall first consider the case when the first relation in (4.9) is satisfied. From

As = 0, after several computations in which we choose as natural parameter o = oy,
we find the following solution:

1 1 1
(4.10) Y1 = =0, Y= =0, Y3 = =0.

3 3 3
We examine further the cases when the last two relations in (4.9), are satisfied. In
these cases we assume As # 0. For solving our system, we use the following transfor-
mation ([13, formula (5)]):

1 . - Ay + A _
F,L' = = 815 + = = = - azS .
A3 70T Ag(245 — 3(Ay + Ag)) Zi:l °

We note that 243 —3(Ay+ A3) # 0 (in the contrary case, the last two relations in (4.9)
are simultaneously satisfied, fact which leads to the solution (4.10)), and hence the

considered transformation is non-degenerate, since its determinant is

A3(243 — 3(Ay + Ay)) 7
0. Then we obtain the following system, which is equivalent to the original one:
(:)* + 2401y; + Boi =0,
where _ -
_Ax 4 Ag
245
64, Ay + 24,4, — A3
A3(243 — 3(As + A3))’

A:
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Further, choosing as natural parameter ¢ = o1, we finally infer
(4.11) Y1 = P10, Y2 = P20, Yz = P30,
with p1,p2,ps € {1, g}, with
= —A+ (A2 — B)1/?
{ po = —A — (A2 — B)Y/2,
Further, we shall examine the case of the system
(Ty" ")k = Aye =0
{ (W)? 44 (n)* = 1,
for Ty? = S3 = A0} + Ayo109 + Azos. O

3
We shall further use the basis {s1, $2, 3}, So = Z(yz)“ of the space of 3-rd order
i=1
symmetric polynomials. We note that S3 = Ajs? + Assise + Azsz, where A; are
certain constants. We aim to solve with respect to {\, y1, 42, y3} the system

0; S —Ay; =0,1€{1,2,3
(4.12) ’ 2,3}
So = 1.

While solving (4.12), we shall impose on Aj, A, A3 no additional constrains, hence
we shall examine the most general case. The system (4.12) is equivalent to

3
i)™ - (0383 — Ay;) =0, m € {0,1,2
(4.13) ;(y) (0:S3 — \yi) { }
52:1.

The (4.13) leads to the system whose unknowns are {\, s1, s2, s3}:

3
= 1
E @+ Sqrm—10q | S3—=As2 ) =0, m e {0,1,2
(4.14) e (3 2 2) 0.1,2)

a=1

8221.

Assuming that the solutions of the system (4.14) are found, then the solutions of (4.13)
can be determined as follows. Let {\(Ay); s1(Ax), s2(Ak), s3(Ax)} be the solutions off
(4.14). Then each solution of (4.14) will lead to a class of solutions of (4.13), denoted
by {A(Ar); p1(Ai), p2(4;), p3(A;)}, where (p1,p2, p3) are the solutions of the equation
(4.15) p® —o1p? +oap — 03 =0,

with {o,} functions of s,, as follows:

g1 = 81

_ 1.2 1
0'2—5517582

_ 1.3 1 1
03—631—58182"—3.
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It is important to stress that the solutions of (4.15) are expressed in terms of radicals,
and, for briefness, we shall not include their explicit expressions. We solve in the
following the system (4.14). Since in our case the basis of symmetric polynomials is
{s1, 52,83}, then s, for a > 4 will functionally depend on si, s2,s3. In particular,

1.4 4 1
§4= §S1 — 8%82 + 35183 + 53%. Hence,

3
5771 = Za : 5a+m715a; me {Oa 172}780 =1
a=1

will have the following explicit form:

9o 1] [2s1] [3s2] &
(416) (?1 = [51] [282] [383} Qg y
s [s2] [2s3] [3s4] 2

where s4 = §s{ — s?so + 35153 + 3s3. Having in view that

él )\ 3A15% + A252
Ja | (83— 582) = Agsy — £ )
03 Az
the equations (4.14) lead to the following equivalent system
[1] [281] [352] 3A18% + AQSQ
[81} [282] [383] A281 - %)\ =0
(417) [82} [283] [384] A3
S4 = %5‘11 — s%sz + %8183 + %s%
So9 = 1.

Simplifying, we infer the following 3 + 2 equations

A s (3] 3A1sT + Aasy
[81} [2] [383] A281 - %)\ =0
(1] [2s3] [3s4] As

(4.18)

_ 1.4 2, 4 1
84—681—51+§8183+§

S9 = 1.
Eliminating from the second equation of the system (4.18) the variables A, s3, s4, we

get the system of 4 equations:

A= 5*11((3141 +24,)s7 + Ag + 3A3)

(53 — 1)[(18A2 — 24 A, A3 + 3A32)(s?)? + (1241 Ay + 36A; Az—

(4.19) —8AyA3 — 15A42%)s? + (243 + 124243 + 184%)] =0

so =1

1
3A3s1

S3 (—3141541L — AQS% + 3A15% + Ay + 3A3)
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The solutions of the second equation of the system (4.19), according to the rest of
the equations of the system, form an infinite set {A(A), s1(Ax), s2(Ax),s3(Ax)}. Tt
is essential to stress that the second equation of (4.19) has its solution expressed in
terms of radicals, and for briefness, we shall not include its explicit form.

Hence we have obtained that, considering (4.15) and the second equation of (4.19),
the solution of the original system (4.12) can be expressed in terms of radicals (is
rational), and its exact form is given by (4.15) and (4.19). We note, that the system
(4.19) admits, as well, solutions which do not satisfy the system (4.13). These roots
correspond to the solutions of the second equation of (4.19), s; = £1. By discarding
them, we obtain the final set of solutions.

5 Conclusions
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