A fixed point theorem for w-distance
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Abstract. In this paper, a fixed point theorem for a (®, ¥, p)-contractive
map on a complete metric space is proved. In other words, let p be a w-
distance on a complete metric space (X,d) and S a (¢, 1, p)-contractive
map on X [i.e. for each x,y € X, op(Sz, Sy) < Yop(z,y)], then S has a
unique fixed point in X. Moreover, lim,,S™x is a fixed point of S for each
reX.
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1 Introduction

Branciari [1] established a fixed point result for an integral-type inequality, which
is a generalization of Banach contraction principle. Vijayaraju et al. [4] obtained a
general principle, which made it possible to prove many fixed point theorems for pairs
of integral type maps. Kada et al. [2] defined the concept of w-distance in a metric
space and studied some fixed point theorems.

Now, we prove a fixed point theorem which is a new version of the main theorem in
[1], by considering the concept of the w-distance, and as a result of it, we can have
the main theorem of [1]. In order to do this, we recall some definitions and lemmas
form [1], [2] and [3].

Definition 1.1. Let X be a metric space with metric d. A function p: X x X —
[0,00) is called a w-distance on X if

(1) p(z,2) < p(x,y) + p(y, 2) for any z,y,2z € X;

(2) p is lower semi-continuous in its second variable i.e. if x € X and y,, — y in X
then p(z,y) < liminfn,p(z, yn);

(3) For each € > 0, there exists § > 0 such that p(z,2) < § and p(z,y) < § implies
d(z,y) <e.

Example 1.2. If X = {1|ln e N}U{0}. For each z,y € X, d(z,y) =z +y ifx #y
and d(z,y) = 0 if © = y is a metric on X and (X,d) is a complete metric space.
Moreover, by defining p(x,y) =y, p is a w-distance on (X,d).

Suppose
¢ = {</7|90 : [Ov OO) - [Ov OO)}
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where ¢ is non-decreasing, continuous and ¢(g) > 0 for each & > 0. Moreover, let

U = {¢l¢:[0,00) — [0,00)}
where 1 is non-decreasing, right continuous and () < t for all ¢ > 0.

Example 1.3. Let {a,}52and{c,}2, are two non-negative sequences such that
{an} strictly decreasing, convergence to zero, and for each n € N,cp_1a, > apy1
where 0 < ¢p,—1 < 1 define ¢ : [0,00) — [0,00) by ¥(0) = 0,9(t) = cpt, if ant1 <t <
an, W(t) = cot if t > aq, then ¢ is in V.

Now, we prove the following lemma.

Lemma 1.4. Ifvy € U then limpp"(t) = 0 for each t > 0 and if p € ®,{a,} C [0,0)
and limyp(ay) =0 then limpa, = 0.

Proof. For each t > 0,{¢"(t)} is decreasing non-negative sequence thus there
exists a > 0 such that a = lim,¢"(t) or ¥"(t) — aT as n— oo but ¢ is right
continuous in a thus Y"1 (t) — 1 (a) as n — oo thus 1¥(a) = « and therefore o = 0.
If there exists € > 0 and {ns}3>, such that

Gp, >€>0

then
limksupga(ank) 2 90(‘9) >0

thus lim,(a,) # 0. O
The following two lemmas are used in the next section.

Lemma 1.5. [2] Let (X, d) be a metric space and p be a w-distance on X. If {x,} is
a sequence in X such that lim,p(x,, ) = lim,p(x,,y) = 0 then x = y. In particular,
if p(z,2) = p(z,y) =0 then v = y.

If p(a,b) = p(b,a) = 0 and p(a, a) < p(a,b) + p(b,a) = 0, then p(a,a) = 0 and by
Lemma 1.5 a = b.

Lemma 1.6. [2] Let p be a w-distance on metric space (X,d) and {x,} be a sequence
in X such that for each € > 0 there exist N. € N such that m > n > N. implies
P(Tn, ) < € (or limy, ,, p(Tp, Tm) = 0) then {z,} is a Cauchy sequence.

2 Main Result

In this section, we state the main theorem as follows:

Theorem 2.1. Let p be a w-distance on a complete metric space (X,d),p € ®
and ¢ € U. Suppose S is a (p,¥,p)- contractive map on X [i.e. for each x,y €
X, op(Sx, Sy) < vep(z,y)] then S has a unique fized point in X. Moreover, lim,S™x
is a fived point of S for each v € X.
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Proof. Fix x € X. Set 41 = Sz, with 9 = 2. Then

w@p(xn—lv xn)
V2op(2n—2,Tn_1)

T/’”(<Pp($0,$1))~

Thus lim,, pp(x,, Tye1) = 0 and Lemma 1.4 implies

@p(xm xn—i—l)

VARVAN VANV

(2.1) lim,, p(2p, Tpi1) =0
and similarly
(2.2) lim, p(zp41,2,) =0

stepl: limpy, » p(Tn, Tm) = 0.
proof of stepl: Suppose there exists ¢ > 0 and {m}, {ng}7>; such that

(2.3) Py ) > €

where my, > ng. By (2.1) there exists kg € N such that ng > ko implies

(2.4) p(xnk ) xnk+1) <E.

If ni > ko by (2.3) and (2.4), my, # ngy1. We can assume that my, is a minimal index
such that p(xy, , Tm, ) > € but p(zn,,zn) <&, h € {ngg1, - ,mr — 1}

‘We have

S p(xnk7xmkfl) +p(xmk71axmk)
< E+p(xmk—17xmk)_>€+

as k — oo this implies limy, p(@y, , Tm, ) = et If n := limsupy, p(Tn, +1, Tm,+1) > €
then there exists {k,}22, such that

P(Tnp 41, T, +1) = 1N > €
as r — 00. Since ¢ is continuous and non- decreasing

= hmr Sﬁp(xnkr-i-la xmk,,-"rl)
< lim, l/xpp(%n,w ) xmkr)

Yp(e).

o(e) < o(n)

Note that

ep(Tny, » Tmy, ) — ()"
and ¢ is right continuous. Thus ¢(¢) = 0. This is a contradiction and
lim supy, p(@n,+1, Tme+1) < €, S0 we have

9 S p(gjnk7xmk)
S p(xnkvl'nkJrl) +p(xnk+laxmk+1) +p(xmk+1a xmk)'

Then (2.1) and (2.2) implies that

€ S hmk p(znk ) ’Ink-‘rl) + lim Supg p(xnk-‘rl? xmk-l—l) + hmk p(zmk-‘rla 'Imk)
= limsupy, p(Tn, 11, Tmy41) <€
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which is a contradiction. Now, we proved

(2.5) lim p(zy,, m) = 0.

m,n

By Lemma 1.6, {z,} is a Cauchy sequence and since X is complete, there exists u € X
such that z,, — u in X.

step2: wu is a fixed point of S.

proof of step2: By (2.5) for each € > 0 there exists N.€ N such that n > N,
implies p(zn,,2,) < € but z, — u and p(z,.) is lower semi continuous thus

p(zn.,u) <liminf p(zy,,x,) <e.
n

Therefore p(xn_,u) <e. Set € = 1/k, N. = nj, and we have

(2.6) lilgnp(mnwu) = 0.

On the other hand,
op(Tny 41, Su) < PEp(Tn,,u) — 0

(as k — o0) and thus limy p(2y, +1, Su) = 0, but

p(mnkasu) S p(mnkaz71k+1) +p(xnk+17 SU)

thus

(2.7) lilgnp(:cnk,Su) =0.

Now (2.6), (2.7) and Lemma 1.5 implies that Su = w.
step8: The fixed point of S is unique.
proof of step3: Suppose u; and uy are two arbitrary fixed points of S. We have

ep(ur,u2) = pp(Su, Suz) < Yop(u, us)
Thus pp(u1,uz) = 0 and p(u1,uz) = 0. Similarly, p(usz,u;) = 0 and then u; = ug. O

Remark 2.2. (1) In the above theorem, let p = d,p(t) = t,9%(t) = ct(c € [0,1]).
Then Theorem 2.1 is the classical Banach fixed point theorem.

(2) Suppose 6 : RT — RT is Lebesque- integrable mapping which is summable and
J, 0(n)dn > 0 for each e > 0. Set p(t) = [ 0(n)dn and 1(t) = ct, where c € [0,1[.
Then ¢ € ® and the main theorem of [1] is obtained.

Remark 2.3. If p and d are in example 1.2, o € ® and v € U then for each

2,y € X(y # 0),pla,y) = y = d(0,y) thus each (12, d)-contractive map is (i, %, p)-
contractive map. But, the converse is not valid.

Example 2.4. Let (X,d) and p be in Ezample 1.2 and S : X — X be a map as
S% = n%rl, S0 = 0. Suppose ¢ : [0,00) — [0,00) is a continuous and strictly non-
decreasing map. Let 1 be the map in Erample 1.3 as a, = go(%) Moreover, we

assume that
l1)e G + 77) < e(3)e(aT + o)
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(for example p(t) =t), then S is (o, 1, p)-contractive, since

1 .1 1 11
S—,5-) = mn— —-) = T )
wp(S—. 5 ) @(n+1)<c 19() = vep(—, )
where . L L
o (757) ¢ + ae)
T SNV S N
e(3) (5 + 1)

but S is not (p,,d)-contractive, since
pd(S+,87i1) = el + gm) > e19(5 + )
= Po(E+ ) = Yed(%, =)

3 Conclusion

In this paper, a fixed point theorem for a (¢, ), p)- contractive map was proved. As
a result, the classical Banach fixed point theorem was obtained. Moreover, the main
theorem of [1] which proves a fixed point theorem for a general contractive condition
of integral type will be obtained from the main theorem of this paper. Finally, an
example was given to prove the validity of the theorem.
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