The CC-version of Stewart’s Theorem
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Abstract. E. F. Krause [8] asked the question of how to develop a metric
which would be similar to the movement made by playing Chinese Checker.
Latter G. Chen [1] developed the Chinese Checker metric for plane. In
this work, we give a C'C-analog of the Theorem of Stewart and the median
property.
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1 Introduction

The C'C-plane geometry is a Minkowski geometry of dimension two with the distance
function

de (P1, Py) = max {|z1 — 22, [y1 — yal} + (\/5— 1) min {|z1 — 22|, |y1 — y2|}

where Py = (z1,41), P> = (22,y2). That is, Chinese Checker plane R? is almost
the same as the Euclidean analytical plane R2. The points and lines are the same,
and angles are measured in the same way. However, distance function is different.
According to definition of d.-distance the shortest path between the points P; and Ps
is the union of a vertical or horizontal line segment and a line segment with the slope
1 or —1. CC-analogues of some of the topics that include the concept of CC-distance
have been studied by some authors [1], [2], [3], [11], [12] and [5] which generalizes the
CC-distance; the group of isometries of the CC-plane has been given in [6]; and two
different CC-analogues of the Pythagoras’ theorem have been introduced in [4]. In
this work, we give the CC-versions of Stewart’s theorem and the median property.

2 Preliminaries

Let R? denote the CC-plane. The following proposition and corollaries give some
results of RZ.

Proposition 2.1. Every Euclidean translation is an isometry of R2.
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Corollary 2.1. If A, B, X are any three collinear points in the analytical plane R?,
then
d(X,A) =d(X,B) if and only if d.(X, A) = d.(X, B)

where d stands for the Fuclidean distance.
Corollary 2.2. If A,B and X are any three distinct collinear points in R?, then
de(X,A)/d.(X,B) =d(X,A)/d(X,B) .

Proof of the above assertations are given in [6].

We need the following definitions given in [7] and [9]:

Let ABC be any triangle in R2. Clearly, there exists a pair of lines passing through
every vertex of the triangle, each of which is parallel to a coordinate axis. A line [ is
called a base line of ABC' iff

1) [ passes through a vertex,
2) [ is parallel to a coordinate axis,

3) [ intersects the opposite side (as a line segment) to the vertex in Condition
1. Clearly, at least one of the vertices of a triangle always has one or two base lines.
Such a vertex of a triangle is called a basic vertexr. A base segment is a line segment
on a base line, which is bounded by a basic vertex and its opposite side.

Finally, we consider the following separation of R? to eight regions S; (=0, 1,...,7)
such that

So ={(z,y)lz =y = 0}

S1={(z,y)ly 2z >0}

S3={($,y)||.13|2y20 ) Z‘<0}

Sy =A{(z,y)|lr <y <0}

S5 ={(z,y)ly <z <0}

Se ={(z,y)llyl 22 >0 , y <0}

Sr={(z,y)lz = [y[=20 , y<0}

Figure 1

as shown in Figure 1. In what follows S; 1, S;t2, Sit3 and S;4 stand for Si+1(mod 8)
Si+2(mod 8) Sz'+3(mod 8) and Si+4(mod 8) respectively.

3 A CC-Version of the Stewart’s Theorem
It is known for any triangle ABC in the Euclidean plane that if X € BC and a =
d(B,C),b=d(A,C),c=d(A,B),p=d(B,X), g=d(C,X), z = d(A, X), then

22 = b*p + c?q ~pq
p+q

which is known as Stewart’s theorem.
The next theorem gives a CC-version of the Stewart’s theorem.
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Theorem 3.1. Let the sides of a triangle ABC in the R? have lengths
a=d.(B,(C), b=d.(A,C) and c=d.(A,B). If X € BC and p=d.(B, X), q=d.(C, X)
and x=d.(A, X), then x=(bp+qc-A)/(p+q), where A is as in the following table:

X AB | AN | AJ
MNumber of base lines | lies | lies | lies
in in in
] o S 5 8w
~NZ | p-Slp o S S S Wi
-\1‘"2_ w| & - 8lg B &5 Sl | Sl Wi
Jwqmin{ &, B} 1 S5 S | Sk WL
Jwpmin{y, &} 1 S &5 Sl Wi
2w y- Sp+awqmin{ 8, B} 1| & |8 | Sz 1ef13:57)
2 pmax{ v-wd, &-wy } 1 &5 S5 Sz 1e{1,3,57}
7 qmin (6+wp | p+w8 } T8 | Sz | Sez ie{1,357)
Jwpmin{y, &1+ Nz w|@-48lq 1 5 Sl | Sz 1e{0,2,4,6}
o qmaxz{ -wh , p-wd } 1 S Sz | Sz 1={0,2,4,6}
A2 pmin{ v +wd, &+wy 1 = & S 1e{0,2,4,6}
‘\I‘E w|y- ap + q,E qmax{ G-wp , p-wd } 1 5 S | Shs Wi
A2 pmax{ y-wb, 6wy 1+ 2 wq| & -8 | 1 = Sl | Ska WL
Eqma}:{ a Bll 1 Si Si+3 Si+3 1
Zpmaz{y, &} 1 & S| Shs Wi
A2 pmin{ytwh, E+wy }+2wqmin{ 8, B} 2 S S | Ses W
NZ (pt S 2| 5 S| Sas Wi
Zwpmin{y, 514 2 qmin{ §+wp , f+wd } 2 S| Sw2 | Sk WL
72 8+ Biq 205 ] Sus | Sha W
pmax{y, 8} +2wqmin{f, B} 2 R Sl | Shs  1={1,3,57)
2 pmax{ v-wd, &-wy 1+ -2 qmin{ +wp , frwd } 2 S e | She 101,357}
NZw| y- Spr 2 B+ fig 21 08 | Sz | Sk 1€{L357)
Jwpmin{y, &1+ 2qmax{f, B} 2 R Sas | She 1={0,2,46}
7 proin{ v +wd, Gtwy 1+ N qmazx | -wh , p-wd 2 &5 Saa | e 1={0,24,6}
NZ (+ SprfZwle- gla 2| & | Ser | Sws ie(0.2.46)
2ph 2 &5 S| g WL
dq¢ 208 ] Sy | She W

o k (Y= k =4 e
B=ib,byl, C=ic,o4), |‘51|—“, |b2|_.'8’

= |C;.|= 4 and w =nj’2_—l.

1

Proof. Without loss of generality, the vertex A of the triangle ABC in R? can
be chosen at origin by Proposition 2.1. Let B=(b1,bs), C=(c1,¢2), X = (x1,x2),
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|bi] = 0, |ba] = B, |c1| = v and |ez| = 8. Thus b=max {,§}4+(v/2 — 1) min {7, 0},
c=max {#, 8} +(v/2—1) min {6, 3} and x = max {|z;]|, |z2|} +(v/2—1) min {|z1|, |z2|} .

Three main cases are possible for the base line through the vertex A:

Case I: Let ABC be a triangle which has no base line through the vertex A. Since
vertex A is at origin, AB and AC are in same quadrant. So one can easily obtain

ay -0 =P+a(y—=1) , p0—-pF)=/P+a)(lr2—-H),

by the Corollaries 2.2 and Corollaries 2.3. Thus z; = pgjr—ge and
To = % . According to the positions of AB, AC' and AX, one can obtain

d.(A, X) = x as follows:

If the AB, AC and AX are in S; as in Figure 2, then x= bgigc .
If AB and AX are in S; and AC is in S;;1 as in Figure 2, then

x — (b=C=v?)h-s)p+qc _ bp+qc _ v2(v2-1)ly=4|p
p+q p+q prd

If AB isin S; and AX and AC are in S;;1 as in Figure 2, then

X

_ bp+c-@-v2)l0-8)q _ bp+gc _ v2(v2-1)|6-glq
pP+q pP+q pP+q ’

A e

x5y

Figure 2

Case II: Let ABC be a triangle which has only one base line through the vertex
A. Since vertex A is at origin, AB and AC' are in a neighbor quadrant. That is,
bicy < 0or bacy < 0. According to the positions of AB, AC' and AX, one can obtain

_py+af _ pd—qp _ —pé+qpB
r1=——— and x9=——— oOr 3= ———
P+q P+q p+q
or
_py—qf e e _ pi+qp
r1=— or x1=——— and zo="——"—.
P+q P+q pP+q

Now using these values, d.(A4, X) = x is obtained as follows:
If ABisin S; and AX and AC are in S;;1, then

_ bp+qc—2(v2-1)min{6,8}) _ bp+qc _ 2(\/§—l)min{9,ﬁ}q.

X pP+q p+q p+q
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If AB and AX are in S; and AC is in S;41 as in Figure 3, then

_— (b72(\/§71) min{'y,(s})erqC
= p+a - ptq b+q

_ bp+qc _ 2(v2-1) min{y.5}p

If AB, AX and AC are in S;, S;+1, Siye for i € {1,3,5,7}, respectively, then

x — (b=2(/Z-Dls—1)P+g(€-2(v2-Dmin{0.5D) _ bp+gc _ va(/2-1)|5—y|P+2(v2-1) min{0.5}q
P+q p+q Piq :

If AB and AX are in S; and AC is in S;4o for i € {1,3,5,7}, then

x — (b—\/imaX{5—(\/5—1)777—(\/5—1)5})P+qc . bp+qC . ﬂmax{éfw'y,'yfw(?}p
B p+q - p+q pP+q ’

If ABisin S; and AX and AC are in S; o for i € {1,3,5,7}, then

x = prrq(Cf\/imin{0+(ﬁ71)ﬁ,ﬁ+(ﬁfl)0}) _ bp+qc . V2 min{0+wp,+wo}q

p+q p+q p+q

If AB, AX and AC are in S;, Sit1, Sit2 for i € {0,2,4,6} as in Figure 3, respec-
tively, then

(b—2(v2-1) min{~,6)P+q(c—(2-v2)|3-0)) _ bp+gc _ 2wmin{~,5}p+v2w|8-0|q
pP+q p+q pP+q :

If AB isin S; and AX and AC are in S; 5 for i € {0,2,4,6}, then

< = PP+aC—vEZmax{0—(VZ-1)3,5-(v2-1)0}) _ bp+qc _ vZqmax{9—wp.f-wo}
- pP+q - pHa pP+q :

If AB and AX are in S; and AC is in S; 45 for i € {0,2,4,6}, then

x — (b—\/5min{6+(\/§—l)v,v+(\/§—1)5})P+qC . bp+qC . \/§min{5+w'y,'y+w5}p
B pP+q - p+q p+q ’

If AB, AX and AC are in S;, S;y2, Sit3, respectively, then

(b—(2—v2)|5—y)P+q(C— V2 max{6—(v2-1)8,6—(/2—1)8})

x = P+rq
_  bp+qc  v2w|s—|p+v2Qq max{0—ws,3—wb}
-~ pta pP+q :

If AB, AX and AC in S;, S;11, Sit+3 as in Figure 3, respectively, then

(b—vZmax{5-(v2-1)y,/—(vV2Z-1)5 )P+Q(C— (2—v2)|3—0])

p+q
_  bp+gc  v2p max{s—wy,y—wi}+v2wq|3—6|
p+a pP+q :

If AB isin S; and AX and AC are in S;;3, then

X

_ bp+q(c—2max{9,5}) _ bp+qc  2max{¢,5}q
B pP+q - p+q p+q -

If AB and AX are in S; and AC' is in S;43, then

(b—2max{y,6})p+qc _ bp+qc _2p max{’y,é}.

x= p+q p+q P+q
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Case III: Let ABC is a triangle which has two base line through the vertex A.
Since the vertex A is at origin, AB and AC are in opposite quadrants. According to
the positions of AB, AC and AX, one can obtain

e e _py—af _ —pi+aqp _ pdi—qp
=—— or r3=—— and r9 = ———" OF Tg=———

1 2 2
pP+q P+q p+q p+q

Using these values of 21 and x9, d.(A, X) = x is obtained as follows:

If AB, AX and AC are in S;, S;y1, Sit3 as in Figure 4, respectively, then

(b—vZmin{5+(v2-1)7.7+(vV2-1)5 ) P+Q(C—2(v2—1) min{6,5})

pP+q
bp+qc  v2p min{é+wy,y+ws}+2wq min{f,5})
pP+q p+q )

If AB and AX are in S; and AC is in S;43, then

x — (b=Vv2(+y))p+qe _ bp+qc  v2p(s+y)
B p+q - pHq P+

If AB, AX and AC are in S;, S;y2, Sit3, respectively, then

(b—2(v/2—1) min{~,6)P+q(C—v2 min{0+(v/2-1)3,8+(vV2-1)0 })
p+q
bp+qC _ 2wp min{~,6}+v2q min{0+ws3,8+wb}
p+q pP+q ’
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If AB is in S; and AX and AC are in S;43, then

« — bp+ac—va(e+5)) _ bp+qc _ v2q(o+p)
- p+q ~ P p+q

If AB, AX and AC are in S;, Sit1, Sit4 for i € {1,3,5, 7}, respectively, then

x = (b—2 max{3,7})P+Q(C—2(v2—1) min{0,5}) bp+qC _ 2p max{d,y}+2wq min{6,5}
- p+q B ] p+q ’

If AB, AX and AC are in S;, Siy2, Siyq for i € {1,3,5,7} as in Figure4, respec-
tively, then

(b—v2max{6—(v2-1)y,y—(vV2-1)s HP+q(C—v2 min{ 6+ (v2—1)3,+(v/2-1)8 })

- pP+q
o bp+qC B \/§p max{§7w7,77w5}+\/§qmin{0+wﬁ,ﬁ+w9}
B pP+q p+q ’

If AB, AX and AC are in S;, Sit3, Si+q for i € {1,3,5, 7}, respectively, then

< = (b-@—VB-5)p+q(e—v2(0+8) _ bp+gc _ v2uwply—s+v2q(o-+6)
P+q p+q Pq '

If AB and AC are in S;, Si+4 and AX is in S;13, Site, Si+1 for i € {1,3,5,7},
then

(b—2(v2—1) min{~,6}) P+q(C—2 max{6,5}) _ bp+qc _ 2wP min{~y,§}+2q max{6,3}

x = p+d p+q pP+q ’
_ (b=v2min{5+(vV2-1)7,7+(vV2-1)6 hP+Q(C— V2 max{0—(v2-1)8,8—(vV2-1)0})
x = ptq
x = bp+qC _ \/ip min{5+w'y,'y+w6}+\/§qmax{@—wﬁ,ﬁ—w@})
- pta pP+q '
< (b-v2(r+6)p+q(c-(2-v2)|0-5]) _ bp+qc _ v2p(r+8)+v2uwq|o-5|
p+q pP+q pP+q '
respectively.

If AB and AC are in S;, S;14, respectively, and AX is in S; or S;y4, then

bp+gqc  2pb i
x— |bp_qc| _ prq — 7p+q7 AX in SZ
piq bpigc _ 2q¢ = 4y g,

P4 ~ pP+Q’
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If X is the midpoint of BC of any triangle ABC in the Euclidean plane with
a=d(B,(C), b=d(A,C), c=d(A, B) and V,=d(A4, X), then

2V2 =b* +c? —a?/2

which is known as the Median property. The following corollary gives a CC-version

of this property, for p = q in Theorem 3.1:

Corollary 3.1. Let the side of a triangle ABC in R? have lengths a=d.(B,C),
b=d.(4,C). If X is the midpoint of BC and V,=d.(A, X), then 2V, can be given as

in following table:
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AB| AN | AC
2V, Number of base lines | lies | lies | lies

in | in | in
e o & | 5 |5 w
b+c - \'E“’l ¥ 8| oy 5i RV TR 1
b+e -f2wg- 8 O] S | Sher | S Wi
b+c -2wmin{#, B} I PR RPN ST 1
b+e -2wrnin{y, 8} L& S S Wi
b+e -+f2 w|p- 6| 2wmin{8 B} VI & S5 | Sen 16{1,3,5,7}
bc - f2max{ v-wh, 5wy ) V& |5 | Sk 1€{1,3,5,7}
bc - f2 min{ #+wp , p+wd } LI & | Sz | Sz 1£(1,3,5.7)
b+e -Zwinin{y, 81- 2 w|g-4 | | & | Sier | Siez 1€00,2,4,8}
bc -2 max{ -wp , p-wd } VI &1 | Sz | sz 12{0,2,4.6}
bc -2 min{vtwd, wy V& |8 | Sz 1€{0.2,4,6}
bc -2 w|p- 6| - N2 max{ #-wh , B-w8} T S | Sz | Shs Wi
bc - f2max{ v-wh, 5wy }-f2 wg-8| L& [ S | Ses W1
b+c -Zmax {7, 8} T & [ Sz | Sies Wi
b+ -Zmax{v, &} L& | 5 | Sks Wi
be - f2min{ yrwd, Srtwy }-Zwmin{@, B} 2] 5 | Sy | Shs VI
btc - +f2 {3+ &) 21 S| & | Shs ¥
b+ -Zwmin{ v, 5 }- 2 min{@+wp , prwd) 2| S| S| Sks Wi
Rirer \E 6+ 8 21 5 | S| S Wi
b+e -Zma{ v, & }-Zwmin{#, B} 2| 8 | S | Sies 1€{1,3,57}
b+c - \Emag{ vwd, G-wy |- ) min{ @Hwp, prwd | 2] S| Sz | Shs 1€(1,3,5.7}
btc -Af2w| p- 8|-+f2 @+ 5) 2| 5 | Sis|Sks i€{1,3.5.7)
b+c -Zwinin {y, 8}-2 max{d B} 20 5| Ses | Ss 12{0,2,4,6]
be -2 min{ vrwd, Srwy }-~2 max{ fwp, powd) 2| 81 | Sz |Sies 1£{0,2.4,6}
bte -2 (p+ §)-2wB - 8] 2| 8 | S | Shes 12{0,2,4,6}
[ - ¢ 21 5 | S | See W
|h i {-l 215 | g | Sieg Vi
B=(b.8,), C=(c1.65). Bu|=8. Bi|= 8. |er|= 7. |c;|= & and w2 =1
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