Characterization of certain matrix classes involving
generalized difference summability spaces

Hemen Dutta

Abstract. The main aim of this article is to generalize the notion of
almost convergent, Cesaro summable and lacunary summable spaces by
using a generalized difference operator defined associating a sequence of
non-zero scalars and characterize some matrix classes involving these se-
quence spaces. In this article we also introduce the idea of difference
infinite matrices. It is expected that these investigations will generalize
several notions associated with thus constructed spaces as well as of matrix
transformations.
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1 Introduction

Let w denote the space of all scalar sequences and any subspace of w is called a
sequence space. Let l,, ¢ and ¢y be the spaces of bounded, convergent and null
sequences x = (z) with complex terms, respectively, normed by

[2]|oo = Siplxkl

The notion of difference sequence spaces was introduced by Kizmaz [10]. The
notion was further generalized by Et and Colak [4] by introducing the spaces £, (A?),
c¢(A?®) and co(A®). Another type of generalization of the difference sequence spaces
is due to Tripathy and Esi [15], who studied the spaces £ (A}), ¢(A,) and co(A,).
Tripathy, Esi and Tripathy [16] generalized the above notions and unified these as
follows:

Let 7, s be non-negative integers, then for Z a given sequence space we have

Z(A3) = {a = (1) € w: (Alay) € 2},

where ASz = (ASxy) = (AS7 1oy — AS7lay,) and Ay, = xy for all k € N, which
is equivalent to the following binomial representation:

Btan =30 (o

=0
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Let r, s be non-negative integers and v = (v;) be a sequence of non-zero scalars.
Then for Z, a given sequence space we define the following sequence spaces:

Z(Alyry) ={z = (z) € w: (Af,yz1) € Z}, for Z = Lo, cand ¢

Where(Afw)xk) = (Af;})xk — A?;Tl)xk,,«) and AY )Tk = Uk for all k €N, which is

(vr
equivalent to the following binomial representation:

n
- (S
AlyryTr = Z(—l)l <z) Vk—ri T h—ri-

=0

In this expansion it is important to note that we take vy_,; = 0 and x_,; = 0 for
non-positive values of k — ri.
In the next section we shall show that these spaces can be made BK-spaces under
the norm
] = sup A7

For s=1 and v;=1 for all k €N, we get the spaces s (A;), c(A,) and co(A,).
For r=1 and vip=1 for all k €N, we get the spaces {o,(A®), ¢c(A®) and ¢o(A?®). For
r=s=1and vp=1 for all k € N, we get the spaces s (A), ¢(A) and ¢o(A).

Let E and F be two sequence spaces and A = (ank) be an infinite matrix of
real or complex numbers a,k, where n,k € N.Then we say that A defines a matriz
mapping from E into F, and denote it by writing A : E — F if for every sequence
x = (z1) € E the sequence Az = {(Ax),}, the A-transform of z, is in F, where

(1) (Ar)y = 3 aniri (n € N)
k=1

We denote be (E, F) the class of all matrices A such that A : E — F. Thus
A € (E,F) if and only if the series on the right hand side of (1.1) converges for each
n € N and every x € E, and we have Az = {(Az)p}neny € F for all z € E. A
sequence x is said to be A-summable to [ if Az converges to [ which is called the
A-limit of z. Further we write (E, F, P) to the subset of (F, F') which preserves the
limit or sum.

Interest in general matrix transformation theory was, to some extent, stimulated
by special results in summability theory which were obtain by Cesaro, Borel and
others, at the turn of the 20" century. It was however the celebrated German math-
ematician O. Toeplitz who, in 1911, brought the methods of linear space theory to
bear on problems connected with matrix transformations on sequence spaces. Toeplitz
characterized all those infinite matrices A = (ant), n, k € N, which map the space of
convergent sequences into itself, leaving the limit of each convergent sequence invari-
ant (See for instance Maddox [12]).

A linear functional L on £, is said to be a Banach limit (see Banach [1]) if it has
the properties:

(1) L(z) > 0if 2 > 0,

(i3) L(e) = 1, where e = (1,1,1,...),

(#i1) L(Dx) = L(x), where D is the shift operator defined by (Dz,) = (p+1).
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Let B be the set of all Banach limits on ¢,,. A sequence z is said to be almost
convergent to a number [ if L(z) = for all L in B. Let ¢ denote the set of all almost
convergent sequences. Lorentz [11] proved that

m

c={xr: li ; exist iformly i .
é={z R 2xn+l exists uniformly in n}
=

By a lacunary sequence § = (k;);q = 1,2,3,..., where kg = 0, we mean an
increasing sequence of non-negative integers with hy = (k; — kq—1) — 00 as ¢ — oo.
We denote I, = (kq—1, kql-

Let Cy denote the space of all lacunary summable sequences. Then

Cyo={x: lim — Z xy exists}.

r—00
k}EIr

Let o1 denote the space of all Cesaro summable sequences. Then

LG ,
or={x: nler;O - Zml exists}.
i=1
Let r, s be non negative integers and v = (vg) be a sequence of non-zero scalars.
Then we define the following spaces:

122

e(Af,) = {z plingo 5 Z Af,r)Tni exists uniformly in n},

: 1 - s .
Ul( ?vr)) = {.’E : nh—>H<§o g Z Aivr)mi ex1sts}7

Co(Alyy) ={z: lim —— Z Af,p Tk exists}.

qHOO
kGI

We call the spaces é(A(UT ), al(ASUT)) and C@(Afw)) as the spaces of A7 -almost
convergent, A ( m)—Cesaro summable and A )—lacunary summable sequences respec-
tively. For s =0 and vy =1 for all k € N we get the spaces of almost convergent([1],

[11]), Cesaro summable and lacunary summable ([6], [8]) sequences respectively.

2 Main Results

In this section we show that the spaces Z(A(W)), for Z = l, c and cg are BK-spaces.
We also characterize the matrix classes (c, c(AfUT))), (c, al(AfvT))), (¢, Co(A w)))

(Ca 6(A?v7))a P)a (Cv g1 (A?vr))7 P) and (Ca CQ(AfUT))v P)

Theorem 2.1. The spaces Z(Afw)) for Z =lw,c and co are BK-spaces under the
norm defined by
2] = sup [AL,,) k]
k
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Proof. First we show that the spaces Z (Afw)) are normed linear spaces normed by
I11[-
For x = 0, we have ||z|| = 0. Conversely, let ||z|| = 0. Then using definition of
norm, we have
sup |Af,y k| =0
k

It follows that
Afw)xk =0 for all £k > 1.
S .
Let k£ = 1, then Afw)xl = Z(—l)l(i)vl,rixl,m = 0 and so viz; = 0, by putting
i=0
vi_p; = 0 and z1_,; = 0 for ¢ = 1,...,s. Hence 27 = 0, since (\) is a sequence of
non-zero scalars. Similarly taking k = 2,...,rs, we have x3 = . . . = x,s = 0. Next
S .
let k =rs+ ]-7 then Afvr)xrs+1 = Z(_1)1(2)01+Tsfrixl+rsfri = 0. Since Tl = X2 =
i=0
. = x5 = 0, we must have v,5412,s41 = 0 and thus z,541 = 0. Proceeding in this
way we can conclude that z; = 0 for all £ > 1. Hence z = 6.
Again it is easy to show that ||z +y|| < [lz|| + [ly[| and for any scalar «, [[ax|| =
laf[|z]]-
Thus Z(A{,,)) is a normed linear space normed by II1]-
Now we show that Z(Af,,,) is a Banach space under the norm |.|.
Let (2) be a Cauchy sequence in Z(A7,,,), where z* = (z}) = (21,23, ...) for each
1 > 1. Then for a given € > 0, there exists a positive integer ng such that

2" — 27| = sup |A‘(‘;w,)(acfc —z])| < e foralli,j > mng
k

It follows that
2t —al)| < e for a 1,7 > ng and for a > 1.
Afw) % . for all d for all £ > 1

This implies that (Afw)%) is a Cauchy sequence in C for all k¥ > 1 and so it is
convergent in C for all k > 1.
Let lim Afw)a:}‘c =y, say for each k > 1. Considering k = 1,2,...,7s, ..., we can
1— 00
easily conclude that lim xi = xy, say exists for each k > 1.

11— 00

Now we can have

lim |Afw)(x§; — xi)| <eforalli>ngand k>1
Jj—00
Hence )
sup |Af, (z), — ax)| < e for all i > no.
k
This implies that (2! —z) € Z(A(,,)- Since Z(A(,,) is a linear space, z = ot — (2t —
x) € Z(Af,)-
Hence Z(A{,,,) are complete.
From the above proof we can easily conclude that ||z°—x|| — 0 implies |z} —zx| — 0
as i — oo, for each k > 1.
Hence we can conclude that Z (Af,u ) are BK-spaces.
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This completes the proof. O

Remark. One may find it interesting to see the above proof by taking particular
values of r and s in the difference operator A? ) For example, let us take r = 3 and

s = 2, then A( 3)Th = VkTk - 20k _3%k_3 + Vk_gTk_g. For k = 2, we have A( 3T2 =
Voo - 20_12Z_1 + v_4x_4 = vax2. Also for k = 7, we have A(U3)x7 = vrx7 - 2044 +
V11 ete.

Theorem 2.2. A € (¢,¢(Af,,)) if and only if
) 0o 1 n+p—1
(1) sup{kz1 sl 2 AlaiklipENF <oon=12,..
= j:n

(ii) there exists ag, k =1,2,..., such that
n+p—1
lim 1 A(w)ajk = ay,, uniformly in n and
p—oo P

(#it) there exists a such that

1 n+p—1 oo
lim = A% a;r = a, uniformly in n,
Jmp 2 2 Al formly
S .
where Afw)ajk = Z(fl)l(j)vkaj,mk and we take aj_p; ) = 0 for non-positive
i=0

- 2 _ _ 2 _
values of j-ri. (e.g., A(g)vlan =v1a11 —2V16_21+v1a_51 = a11, A(S)vlan = via7 —
2via41 + via11 €tC.)

n+p—1
Proof. Suppose A € (c,é(A7,,)). Fix n and put Sy, (z) = % Z Al (Az);, where
Al (Az); = AL (Ax); — A7 (Ax); - ZA(W)CLM,C
k=1

We write Bj(z) = A{,,,(Az);,j = 1,2,.... Then we observe that (B;) is a sequence
of bounded linear operators on ¢ and so Spn, p=1,2,...is a bounded linear operator on
¢ such that lim S, () exists uniformly in n. NOW (z) follows from an application of

p—00

uniform boundedness principle. Let e = (1,1,...) and e, = (0,0, ...,1,0,...),k = 1,2, ...
where 1 is in the k" position. Since e and ey, k = 1,2, ... are convergent sequences,
lim Spn(ex) and lim S, (e) must exists uniformly in n. Hence (i7) and (ii7) must
p— 00 p—00
hold.

For the converse part let () converges to ! and the conditions (i), (i) and (7i7)

hold. We write

oo n+p—1 oo n+p—1 co ntp—1
E E A(vr ATl = E E A? m,)ajk Tl —l *l E E A (vr) ajk
k=1 j=n k 1 j=n k=1 j=n

Since (zy) converges to I, using () and (i) it follows that the first term on the right

of (2.1) tends to Z ap(zr — 1) as p — oo. Again since (447) holds, the second term

on the right of (2.1) tends to la as p — co.
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oo n+p—1

Therefore lim Z DAY
p—oo P k=1 j=n
This completes the proof. O

(or) Q5K Tk exists uniformly in n.

Proof of the following two Theorems follow by applying similar arguments as
applied to prove Theorem 2.2.

Theorem 2.3. A € (c,01(Af,,)) if and only if
oo P
(i) supl 3 11 32 AL, azel :p € N} < ox,
k=1" j=1
(ii) there exists ak, k=1,2,..., such that

p—)OO

lim L E Agw)a]k = ay,, and
Jj=

(#i2) there e:rists a such that

lim - Z Z Al @ik = a.

p—oo P Jj=1k=1

Theorem 2.4. A € (¢,Cy(A{,,)) if and only if

(i) Sup{Z ol 2 Alnaskl g€ N} < oo,
Jj€ly

(1) there ea:ists o, k=1,2, ..., such that

lim h > A(UT)CLJk = g, and
q— 00 ]e

(ii2) there exists @ such that

lim Z Z Al ik = a.

q—0o0 q
Theorem 2.5. A € (c, é(AfUT)),P) if and only if

00 n+p—1
(1) sup{g:1 %| > Alnaikl:p €N} <oo,n=12,..
= j=n

n+p—1
(7) lim % Z Al ajk = 0, uniformly in n, k=1,2,.
p—00 j
n+p—1 oo
(#4¢) lim % > > Alnaje =1 uniformly in n.
P=0o0 T j=n k=1

Proof. Suppose A € (c,é(A{,,)), P). Then the condition (i) holds by Theorem 2.2.
Also (i) and (iii) hold since we must have ¢(Af,,)) — lim Ae,, = 0,k = 1,2,... and
¢(Af,) — lim Ae = 1 respectively.

For converse part suppose the conditions hold and (zy) converges to I. Then by
Theorem 2.2, we have A € (c,é(Af,,))) and using (2.1) we must have

oo n+p—1

plirf)lo};z Z A(Ur)ajkmk =1.

k=1 j=n
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This completes the proof. O

Proof of the following two Theorems follow by applying similar arguments as
applied to prove Theorem 2.5.

Theorem 2.6. A € (¢,01(A?

(W)), P) if and only if

o0 p
(i) sup{ > 3| 3 Af,aml i p € N} < oo,
k=1" j=1

ajr=0,k=1,2,..

—
<
S
SN~—
=
B
D =
=
>
—~®n

kvr)

Theorem 2.7. A € (¢, Co(A?

(vr

)), P) if and only if
(i) sup{>_ hiq\ > Alnaikl 1 ¢ € N} < o0,
k=1"" jel,

ii) lim A$
( ) 40 hq jEZIq (vr)

ajr=0,k=1,2,..

(i) lim 7= > 3 Ay, a5 = 1.

=00 7 jel, k=1
Remark. By taking s = 0, and vy = 1 for all kK € N, in Theorem 2.2 and Theorem
2.5, we get the matrix classes (¢, é), (¢, é, P) studied by King [9].

3 Conclusions

In the present paper we present a generalization of the notion of almost con-
vergent, Cesaro summable and lacunary summable spaces by using the generalized
difference operator Afw) and study the spaces of these difference sequences for BK-
spaces. We also characterize the matrix classes involving these sequence spaces and
the space c¢. Further we characterize the matrix classes which preserves the limit. One
may find it interesting to see ([14], [2], [7]) for some results on matrices and functional

analytic studies on spaces.

References

[1] S. Banach, Theorie des Operations Lineaires, Warszawa, 1932.

[2] O. Demirel and E. Soyturk, On the ordered sets in n-dimensional real inner
product spaces, Applied Sciences (APPS), 10 (2008), 66-72.

[3] J.P. Duran, Infinite Matrices and almost convergence, Math. Zeit. 128 (1972),
75.

[4] M. Et and R. Colak, On generalized difference sequence spaces, Soochow Jour.
Math. 21 (1995), 377-386.



Characterization of certain matrix classes 67

[5]

[15]

[16]

M. Et and A. Esi, On Kothe-Toeplitz duals of Generalized difference sequence
spaces, Bull. Malaysian Math.Soc.(Second Series) 23 (2000), 25-32.

A.R. Freedman, 1.J. Sember and M. Raphael, Some Cesaro-type summability
spaces, Proc. Lond. Math. Soc. 37 (1978), 508-520.

O. Gelisgen and R. Kaya, On alpha— — i - distance in n-dimensional space ,
Applied Sciences (APPS), 10 (2008), 88-93.

A. Gokhan, M. Gingdr and Y. Bulut, On the strong lacunary convergence and
strong Cesaro summability of sequences of real-valued functions, Applied Sciences
8 (2006), 70-77.

J.P. King, Almost summable sequences, Proc. Amer. Math. Soc. 17 (1966), 1219-
25.

H. Kizmaz, On certain sequence spaces, Canad. Math. Bull. 24 (1981), 169-176.
G.G. Lorentz, A contribution to the theory of divergent sequences, Acta Math.
80 (1948).

1.J. Maddox, Elements of Functional Analysis, Camb. Univ. Press, 1970.

S. Nanda, Matriz Transformations and Sequence Spaces, Miramare-Trieste, 1983.
L. Noui, 4 note on consecutive ones in a binary matriz, Applied Sciences (APPS),
9 (2007), 141-147.

B.C. Tripathy and A. Esi, A new type of difference sequence spaces, Int. J. of Sci.
and Tech. 1 (2006), 11-14.

B.C. Tripathy, A. Esi and B.K. Tripathy, On a new type of generalized difference
Cesaro sequence spaces, Soochow J. Math. 31 (2005), 333-340.

Authors’ addresses:

Hemen Dutta

Department of Mathematics,

A.D.P. College, Nagaon-782002, Assam, India.
E-mail: hemen_ dutta08Qrediffmail.com



