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Abstract. In this paper, we give some combinatorial properties of finite
circular spaces which are circle regular, and two characterizations of in-
versive planes by using circular spaces.
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1 Introduction

In this section, we give some basic definitions and concepts used in this paper.

Definition. A set P whose elements are called points and a set £ of certain
subsets of P whose elements are called lines and o C P x £. The incidence structure
S = (P, L,0) is called a linear space if:

L1. Every line contains at least two points.

L2. Any two points belong to a unique line.

If |P| and |£] are finite then S is called finite. If every line has k points and every
point is on r lines then, the linear space is called (k,r)-regular.

It is known that line regularity of a linear space implies point regularity [1]. Finite
linear spaces have been studied in detaily by many mathematicians and it has been
obtained very nice results [1]-[8].

In this paper, we define the concept of a finite circular space similar to the concept
of a finite linear space. Firstly, we prove some propositions which establish connections
between linear spaces and circular spaces and then we want to characterize inversive
planes by using circular spaces.

Definition. Let P be a set of points, C be a set of certain distinguished subsets
of points called circles and o C P x C. The incidence structure C = (P,C, o) is called
a circular space if:

C1. Every circle contains at least three distinct points.

C2. Any three distinct points are contained in exactly one circle.
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If |P| and |C| are finite then C is called finite. A circular space C is said to be
circle regular if every circle has the same number of points and C is said to be point
regular if every point is on the same number of circles.

Definition.  An inversive plane (or a Mobius plane) I is a collection of points
and distinguished subsets of points called circles satisfying the following axioms:

I1. Any three distinct points are contained in exactly one circle.

12. If ¢ is a circle such that q o ¢, pgc for two points p,q, then there is exactly one
circle ¢ pass through p and tangent to c at g. (Two circles are called tangent if
they have exactly one point in common).

13. There are at least two circles and every circle contains at least three distinct
points.

It is clear that every inversive plane is a circular space.

We shall concern with some important types of circles set of I ( or the circular
space C). The set of all circles pass through two distinct points p, ¢ is called a boundle
[p, q] and these points are called carriers of the boundle [p, g]. The set of all circles
which have only point r in common is called as a pencil. Where this point is called
carrier of the pencil. Alternatively, any point p and any circle ¢ with poc or any pair
of tangent circles ¢, ¢’ also determine a pencil uniquely and are denoted by (p,c) or
(¢, ') respectively. A flock is a set F of mutually disjoint circles in I (or C) such that
with the exception of precisely two points p, g, every point of I is on a (necessarily
unique) circle of . These points are again called the carriers of flock. (Dembowski

[51) -

2 Some connections between linear spaces and cir-
cular spaces

Now, we give a clear connection between linear spaces and circular spaces.

Proposition 2.1. If C = (P,C,0) is a circular space, p € P and L={1 C P :
LU {p} € C}, then C, = (P\{ p},L,0) is a linear space.

Proof.  Letl be any line of L. | IU{p}| > 3, since 1U{p} €C by C1. So|l| > 2,
that is, L1 holds in C,. Let q and v be any two distinct points. q and r are on just
one line in C, , since p,q and r are on just one circle in C,that is L2 holds. So C,
is a linear space. O

Proposition 2.2. Let C = (P,C,0) be a finite circular space, p € P, ¢ € C, poc.
Then 1, > (kg) where ), is the total number of circles on p and k. is the total number
of points on c.

Proof.  Let q and r be any points on c distinct from p. Since p,q,r are on just

one circle of C by C2, r, > (k;).lj |

Proposition 2.3. Let C = (P,C,0) be a circular space whose every circle con-
tains exactly n+ 1 points and | C |= b > 1. Let ¢ be a circle and q,r be any two points
with r o cpq and k be total number of circles through q tangent to ¢ at r.
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(i) If k = 0 and n > 3, then C, is a projective plane of order n — 1 where n €
{3,5,11}.

(i) If k=1 and n > 2, then C, is an affine plane of order n (in this case, C is an
inversive plane).

(111) If k,n>2 andn > 1+ 1+ k, then C, is a hyperbolic plane.

Proof. (i) Let k = 0 and n > 3.Then any two circles on p intersect in a point
different from p, that is, any two lines of C,, intersect.

Let s,t be two distinct points of Cp. st is a line in C,, since s,t,p belong to unique
circle in C by C2. There exists a set of four points no three of which are collinear by
n > 3. Thus C, is a projective plane of order n — 1, since there are n points on every
line in C,. On the otherhand, one can write

b=[n—12+mn-1)+2] [(n—1)%+(n—-1)+1] /(n+1).

So it must be (n+ 1)|12, since b € N, that is, the order of projective plane C, is
n—1=2,n—1=4orn—1=10.

(i) If k =1, n > 2, then it is well known that C, is an affine plane of order n,
since C is an inversive plane of order n in this case (Dembowski [6]).

(i1i) Let mazimum and minimum number of lines through a point in C, be ry
and rp,, and, mazimum and minimum number of points on a line in C, be kyr and
km with k,n>2, n>14+ 1+ k.

If ry > ke +2 and kyy (kp, —1) > rag, then it is well known that Cy, is a hyperbolic
plane in the sense of Graves [7(Bumcrot [3]).

1t is clear that k,, = kyr =n and rp, = ryr = n+k by the definition of C,. Hence
rv >k +2. n>1+vV1+k implies kpy(kyy — 1) > n+ k. O

Remark 2.1. If n — 1 is an odd integer in the Proposition 2.3 (i), all circles of
C is concurrent at the point p. In fact that C, is a projective plane, if there exists
at least one circle ¢’ not through p, then ¢ is a hyperoval in C,. But a projective
plane of odd order does mot contain any hyperoval, that is, ¢ must be on p. Thus C
contains only one circle(this is degenerate case!).

Proposition 2.4. Let C = (P,C,0) be a circular space in which every circle
contains n + 1 points with n € {3,5,11}, k = 0. Then,

(i) There are exactly (n —1)%> + (n — 1) + 2 points in C.
(ii) There are exactly (n —1)% + (n — 1) + 1 circles on each point of C.
(iti) The total number of circles is
[(n=12+(n-1)+2] [(n—1)?+(n—1)+1] /(n+1).
(iv) Each boundle contains n circles.

(v) C does not contain tangent circles.
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(vi) Each flock contains 2, 3 or 10 circles, in according asn =3, n=>5 orn = 11.

h nt —5n3+9n2 —Tn+2

SntT) circles.

(vii) Each circle is disjoint wit

Proof. (i) Let p be any point of C. By the Proposition 2.3(i) C, is a projective
plane of order n — 1. Therefore, there are exactly (n — 1) + (n — 1) + 2 points in C.

(ii) The total number of lines of C, is (n—1)%+ (n—1)+1, since C,, is a projective
plane of order n — 1. Thus, the mention number is the total number of circles on p.

(iii) For each point p of P the total number of circles on pis (n —1)2+ (n—1) + 1.
Since the total number of points of C is (n — 1)2 4+ (n — 1) + 2 and each circle of C
contains n + 1 points, the total number of circles of C is

(=124 m-1)+2][(n=1+(n—-1)+1] /(n+1)

(iv) Since the total number of points in C is (n — 1)%2 + (n — 1) + 2, each circle
contains n + 1 points and each boundle, in C, contains exactly

n—=1)2%2+Mn-1)+2-2

n—1

(v) Tt is trivial, since k = 0.

(vi) Tt is trivial.

(vii) Let ¢ be any circle in C and the total number of circles which are disjoint
with ¢ be an integer number t. If a circle intersects ¢, then the intersection contains
at least two points. The total number of circles intersecting c is ("4')(n — 1), since
cach boundle contains n circles. Therefore, t = [(n — 1)2 4 (n — 1) 4+ 2)[(n — 1)* +
(n—1)+1/(n+1) - [("3") (1= 1) +1]

nt —5n3 +9n? — Tn +2

B 2(n +1) ' =

= n circles.

Proposition 2.5. Let C be a finite circular space in which each circle contains
n+1 points. If k=1 and n > 2, then

(i) The total number of points in C is n? + 1.
(ii) The total number of circles in C is n(n? + 1).
(iii) The total number of circles on each point is n? + n.
(iv) Each boundle contains n+ 1 circles.
(v) Each pencil contains n circles.
(vi) Each flock contains n — 1 circles.
(vii) Each circle is tangent to n? — 1 circles.
(viti) Each circle is disjoint with n(n — 1)(n — 2)/2 circles.
The proof may be found in Dembowski [6].

Proposition 2.6. Let C be a finite circular space in which each circle contains
n+1 points. If k,n>2 andn > 1+ 1+ k, then
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(i) The total number of circles in C is "tk 4 2.

(ii) The total number of circles on each point is

[(n+k)(n—1)+1](n+k)/n.

(1ii) The total number of circles in C is
a=[n+k)n-1)+2[(n+k)(n—-1)+1](n+k)/n(n+1).

(iv) Each boundle contains n+ k circles.
(v) Fach pencil contains n+ k — 1 circles.
(vi) Each flock contains n+ k — 3 circles.

(vii) Each circle is tangent to
B=Aln+k)(n—-1)+1(n+k)/n—[nn+k—-1)+1]}(n+1)
circles.

(viii) Fach circle disjoints with o — [+ v + 1] circles. Where 7 is the total number
of circles meeting c in two points, namely

N = (”;1>(n+k1).

Proof.  The proof is completely similar to the Proposition 2.4 or the Proposition
2.5. ]

Proposition 2.7. Let C be a finite circular space with v points. Then, C is an
inversive plane if and only if each boundle [p,q] contains exactly n + 1 circles and
each circle contains n + 1 points with n € N, n > 2.

Proof. Let C be an inversive plane, and [p, ¢] be a boundle. Since C, is an
affine plane, there is an integer n,n > 2, such that the boundle [p, g] contains all lines
on g in C,, the total number of lines on each point of C,, is n+ 1 and each line of C,,
contains n points.

Conversely, let C be a finite circular space with v points such that each boundle
contains n + 1 circles and each circle contains exactly n 4+ 1 points, n > 2. Then the
conditions I1 and I2 are trivial, since C is a circular space. Let ¢ be a circle, p and ¢
be any points such that q o c¢p.Then we must show that there is a unique circle ¢’ on
p tangent to ¢ at ¢. But |[p, ¢]| = n+ 1 and exactly n circles of [p, ¢] meet ¢ in points
different from ¢ by C2, thus one circle of [p, q] , say ¢, is tangent to ¢ at q. O

Proposition 2.8. Let C be a non-trivial finite circular space with v points and b
circles. Then, C is an Inversive plane iff:

(i) There is a possitive integer n such that b = n.v.

(i) Each circle contains k points.



90 I. Giinaltili , Z. Akca and S. Olgun

(iii) (k—1)2=v—1.

Proof.  Let C be an inversive plane and p be any point of C. It is known that
there is an integer n,n > 2, such that every point is on n+1 lines and every line has n
points, in the affine plane C,. Therefore, v =n?+1and b =n3+n =n(n?+1) = nv,
that is, (i) holds. Since every circle of C contains k = n + 1 points and (k — 1)? =
n? =wv —1, (i) and (iii) also hold.

Conversely, if every circle contains k£ points, then any boundle of C contains k
circles by (iii). We need that k = n+1. Since (k—1)? = v—1 by (iii), v = (k—1)2+1
and

(u) ((k—1)2+1)
3 3
Hence, it is obtained the following equation:

B —(n+3)k*+ 2n+4)k—2n+1)=(k—n—-1)(k* -2k +2) = 0.

Sok—mn—1=0,since k2 —2k+2 > 0, that is, k =n + 1. O
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