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Abstract. The topologies on the finite sets are considered. The problems,
connected with the classification of the topologies, with the calculation of
the number of the topologies, which consist of the given number of the
elements m = 3, ..., 7, are solved. The notion of a matreshka is introduced.
The initial problem is reduced to the calculation of the number of the
matreshkas. The obtained theoretical results are verified by experiments.
The experiments were carried out on a computer.
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1 Statement of the problem

Let the set T of n elements is given. The topological structure on it can be constructed
in various ways. The problem, connected with the calculation of the topologies on
the set T, is not solved yet. The problem, connected with the finding of the number
of the topologies, which have the given number of the elements (from 2 to 7) is posed
in this article. Since the topology is the subsystem of the system of all the subsets of
the set T, then it’s inconveniently to select the topologies for a great n directly, even
with the help of a computer. As is known, the number of all the subsets of the set T
is equal to 2".

Let us divide all the topologies into the classes. We shall associate all the topolo-
gies, which consist of m + 2 elements with m-class m = 0,1,...2" — 2. Namely, all
the topologies of m-class contain m nontrivial elements. In particular, the trivial
topology and the discrete topology are considered to be the topologies of 0-class and
2" — 2-class respectively.

Let us designate by o; the number of all the topologies in i-class. o;, i = 1,5 are
calculated in the article.

2 The complete and noncomplete topologies

We shall divide all the topologies in each class into two subclasses - the complete and
the noncomplete ones. The topology on the set T is called the complete one, if the
union of its nontrivial elements gives all set T. Otherwise we shall call this topology
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the noncomplete. The following lemma allows to find the properties of the complete
topologies.

Lemma If the topology is complete, then there exists at least one pair of its non-
trivial elements A, B, the union of which gives set T'.

Proof. The topology 7 is complete. Then UAiET =AUAsU...UAL =T. Let
us designate by By = Ay U As U ... U Ax_1 (according to the definition B; € 1),
then T = By U Ag. If By # T, then the lemma is proved. If By = T, then T =
Ay UAsU...UA,_1. Obviously, we shall obtain "= A; U A on the some step of the
recursion, at least on (k — 1) step.
O

3 Matreshkas

We shall call the matreshka the system of the subsets, which contains & and T,
where all the elements are ordered with respect to the inclusion. The number of
nontrivial elements in the matreshka is called its length. Obviously, the matreshka is
considered to be the topology. The matreshka is called the dense one if the addition
of at least one element gives the system of the subsets, which is not considered to be
the matreshka. Otherwise, the matreshka is called nondense. The dense matreshkas
on n-element set T belong to (n — 1)-class and have the form

T = {Q/aaimahaiw "'aail"'ain_l}-

Let us designate by S(n,m) the number of the different matreshkas of m length
on n-element set.

Theorem 1. The number of the matreshkas in m-class is related to the number
of the matreshkas in (m — 1)-class by the following recurrent formula:

(3.1) S(n,m) = i C*S(k,m —1).
k=m

Proof. We shall use the induction on m. Let us designate by S(n,m,p1, D2, ..., D)
the number of the matreshkas of the length m on n-element set, i-th element of these
matreshkas contains p; elements (p1 > p2 > ... > pp,). The formula

S(n7m7p17p27 7pm) = Cglcglchm

Pm—1
takes place. Then
S(nvm) = Z S(namvplap%'"apm)‘
n—12p1>p2>..>pm>1

Ifm=1
n—1
S, )= > Sm,1,p) =Y Ch.

n—1>p;>1 p1=1
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Iftm=2

S(n,2) = Z S(n,2,p1,p2) = Z OntCpr =

n—1>p1>p2>1 n—1>p1>p2>1
n—1pi—1 p1—1 n—1
— P1 (P2 — P1 P2 D1
=D . Chep= ZC > Chi=2_ Crslp,)
p1=2p2=1 p1=2 p2=1 p1=2

We shall assume that for the matreshkas of the length m — 1 the formula

S(n,m—1) = Z S(k,m—2) =

k=m—1
p1—1 Pm—2—1
P1 P2 Pm—1
Z C Z Cpl"' Z Cp'm,72
p2=m—1 Pm—1=1

takes place. Let us prove it for the matreshkas of the length m.

S(n,m) = Z S(namaplap%'“apm) =

n—1>p1>p2>..>pm>1

n—1 p1—1 Pm—1—1 n—1
_ P1 P2 P P1 _
= g cr E che... E cem = E CPrS(p1,m —1).
p1=m p2=m—1 pm=1 p1=m

The theorem is proved.

Theorem 2. Formula

m+1
(32) S(n,m = m+1 Z ’rn+1kn

takes place.

It is possible to prove this theorem using the induction on m, and the formula
(3.1). Also it is necessary to note that S(n,1) = 2" — 2.

In the case of the dense matreshkas the formula (3.2) gives S(n,n — 1) = n! Let
us note, that if m > n — 1, then S(n,m) is equal to zero.

4 The calculation of the number of the topologies
of m-class (m =1, 3)
The topologies of the 1-class have the form 7 = {&', A, T}. Then
g1 = 2" — 2.

The topologies of the 2-class have the form 7 = {&f, A, B,T}. The equality
B = T\ A takes place in the complete topologies (AU B = T). The topology
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T ={,A T\ AT} is put in correspondence with the matreshkas {&, 4,7} or

{&, T\ A, T}. Then

S(n,1)
2

The equality AUB = B takes place in the noncomplete topologies (AUB # T'), under

the condition of |A| < |B]|. These topologies are considered to be the matreshkas of
the length 2. That is why

02,1 = e

02’225(71,2):3n—3~2"+3.

Then
S(n,1)
2

02 20'2,14-(72’2 = +S(TL72)

The topologies of the 3-class have the form 7 = {&f, A, B, C, T}. The equality
BN C = A takes place in the complete topologies (B U C = T'). These topologies
have the form {&', A, B, (T\B) U A, T} or { ,A,C,(T\C) U A, T}, because they
can be determined with the help of the matreshka {&, A, B, T}, or with the help of
the matreshka {&, A, C, T}, then the number of the topologies in this subclass will
be

S(n,2) 1

5 =5 (3" =324 3).

031 =

Let us consider the noncomplete topologies. For these topologies AU B = C. Only
two variants are possible: AN B = & or AN B = B, that is we have two more
subclasses of the 3-class - the second and the third respectively. Each topology of the
second subclass is defined by the matreshka { ', A, C, T} of the length 2 and has the

form {&, A,C\A,C, T}, thus

S(n,2) 1
= =—-(3"-3-2"+3).
03,2 B 2 (3 3 3)

Since in the third subclass A € B C C, then its topologies are the matreshkas of the
length 3. According to the formula (3.2), we shall obtain

033 =295(n,3)=4"—-4-3"4+6-2" — 4.
Thus, in 3-class of the topologies one has

o3 =031+ 032+ 033 =.51n,2)+S5(n,3).

5 The topologies of the 4-and 5-classes

The data on the number of the topologies in these classes are given in the follow-
ing tables. The obtained results were checked up with the help of the programs in
computer algebra system GAP (http://www.gap-system.org).



12 Nadezhda Adamenko and Igor Velichko

The corresponding | The number of
The subclasses matreshkas and the topologies
the other open sets | in the subclass
= s 04,1 = n,
AUB=C,(AUB=) D=(T\C)UB
) CuD=T,CNnD =B, {& ,A B,C,TY, ag = S003)
AUB=B D=(T'\C)UB ’ 2
5| CUD#T,BUC=D, {&.ABDTY, | | _ st
BNnC=A4 C=(D\B)UA ’
4 CUD#£T.CCD, {,A,0,.D,T}, _ S(n3)
04,4 = —3
AUB=C,ANB=¢ B=C\A
CUD#T, _

5 AcCcBcCcD {Q/vAvachyT} U4,5_S(n’4)
T= {@/7A,B,C7D,T}; o4 =5(n,2) + gS(mS) + S(n,4).
Table 1. 4-class

The corresponding The number of
The subclasses matreshkas and the topologies
the other open sets in the subclass
L DUE=T,DNE=C, {&,A B,C,D,T}, 05, = S
ACBcC E=(T\D)uC : 2
) DUE=T,DNE=C, {@/37 A,g,\DAT}, S(n,3)
_ _ = ; 052 = —1
AUB=C, AnB=¢ E—(T\D)uC
DUE=T,DNE =C, {&f,4,6,D,1},
31 BcoBnCc=Aacc | B=D\OUA | o5 =5n.3)
E=(T\D)uC
DUE#T,CUD=E, {F,A,C.ET},
4 CND=AAUB=C, B=C\A, 054 = S(n,3)
ANB=¢ D=(E\C)UA
5 DUE#T,CUD=E, {& A B,C,E,T}, oo - — Stud)
CND=B,ANB=A D=(E\C)UB T
6 DUE#T’DCE’ {Q7A707D7E7T}7 o — S(n,4)
BUC=D,BNC=A B=(D\C)UA 5,6 2
- DUE#T,CCDCE, {&,AC D,E,T}, 5y = Std)
AUB=C,ANB=¢ B=C\A ' 2
DUE #T, .
8 ACBcCCDCE {Q/7A7B,C,D,E7T} 0'5,8_5(77‘75)
r={Z AB.C,D.ETY  o5=15(n3)+25(n4) +S(n,5)

Table 2. 5-class
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