Magnetic fields generated by piecewise rectilinear
configurations
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Abstract. The paper determines the magnetic field and its vector and
scalar potentials for spatial piecewise rectilinear configurations. Several
applications for configurations which generate open magnetic lines, plane
angular circuits and properties of the magnetic lines and surfaces, are
provided.
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1  Decomposition in elementary circuits of
a piecewise rectilinear spatial configuration

For i = 1,n , let 4; be a piecewise rectilinear electric circuit traversed by the current I;
which is constant on each rectilinear part. Let J; be the associated versor, piecewise
defined via J; = I;/I;, where I; =| I ||.

The circuit ~; is expressed in the form

m
Yi = U Yijs
j=1

where 7;; is a straight line, a semi-line or a segment in space, disposed under the
condition of circuit closedness (either at finite distance, or at infinity). Let

n n

r=Us=UU

i=1 i=1j=1

be a configuration in space, union of piecewise linear electric circuits. For modelling
real phenomena, we agree that a configuration in space has to satisfy the following
axioms:

(A.1) - Each segment 7;; has its edges in contact with the extremities of other
segments or semi-lines ;. Each semi-line 7;; has its finite edge in contact with the
edge of a segment or of a semi-line ;.
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(A.2) - At each knot (contact point) the second Kirchhoff law shall be satisfied,
i.e., the algebraic sum of the intensities vanishes. If this won’t happen, the magnetic
field associated to the net doesn’t admit a scalar potential U.

Assuming that these axioms are satisfied, the magnetic field associated to the
configuration I" will be, according to the Biot-Savart-Laplace (BSL) rule,

_ L _ J; x PM
HF = E H,y” H’yi, (M) - Iz/ ﬁdTP, VM € RS\F,
i=1 Vi

where P € ~; is the arbitrary point on the electric circuit ~;, and FI% is the magnetic
field generated by the electric circuit ; (modulo a multiplicative constant, 1/4).
Using the additivity of the integral, we can write

_ N _ Jij x PM f
Hp =Y > H,, H, (M)= Iij/ JPTdTP, VM € R3\T,
i=1 j=1 Vij

where P € v;; is the arbitrary point on the rectilinear segment ~y;;. We notice that
H'%.j is a proper magnetic field iff v;; is a straight line.

The configuration T' which satisfies the axioms (A.1), (A.2) produces the same
magnetic field as the one determined by the configuration

n m
= U U Vij
i=1j=1
where 7;; are electric circuits determined as follows:

a) If v;; is a finite segment ~;; = [AB], then #;; is the union

Yij = (A= 4] U%‘j U[BBQ’

where the semi-lines (A_A] and [BB.y) are parallel to the axis Oz and are traversed
by a current of constant magnitude I;;, with the sense given by the order of points

(Fig.1).

7

A

Fig. 1

b) If v;; is a semi-line which is oriented by the current I, then:
by) for v;; = [AB4), we have ¥;; = (A_A]U[AB});
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by) for ~;; = (A_B], we have 7;; = (A_B|U[BB4),

Vij

Fig. 2.2

where (A_A] and [BB4) are semi-lines parallel to Oz, traversed by a current of
magnitude [;;, with the sense given by the order of points (Fig.2.1, 2.2). ¢) If ;5 is
a line (A_B,) oriented by I,;, then 7;; = v,;.

Remarks. 1) In this framework, we have the equal magnetic fields
Hr(M) = Hp(M),¥YM € R3\T,

because adding the terms,
Hf‘(M) = Z 7“7«;(M)7M € R3\f7
i=1

the domain of the function H: is extended (by continuity) from R3\T to R3\T.

2) A configuration 7;; of type a), 7;; = (A-A|U[AB]U[BB<), produces a mag-
netic field, which is equivalent to the one produced by a pair of angular configurations,
namely

o Uy L i = (A-AJU[ABo)
g =Y i { gusn = (BoB| U BB,

as shown in Fig.3.

B B,
A 5 A
Yij .
! Yij = Vi1 Y Vija
Fig. 3

3) Hence, it follows that any spatial configuration T' which satisfies the postu-
lates (A.1), (A.2) decomposes into angular configurations v (called in the following,
elementary angular configurations) traversed by the current I (of intensity I, and
associated versor J).
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Fig. 4

Here the current I |, represents a vectorfield which is tangent to the curve v, which
has a discontinuity at the vertex V. The mapping [ is piecewise constant.

We remark that the straight line is a particular case, obtained easily as opposed
semi-lines (with the angle of magnitude ).

The magnetic field Hr defined on R3\I" by the BSL formula is irrotational (rot Hp
= 0) and solenoidal (div Hr = 0). Therefore, it admits a local scalar potential Ur,
i.e., Hp = grad Ur and a vector potential

_ n i
dr =S "1, drp,
=3

ie., Hr = rot ®r.

2 The magnetic field associated to an elementary
angular spatial configuration

In the following, we shall study the magnetic field Hv of an elementary angular
spatial configuration . Using the additivity of the Biot-Savart-Laplace formula, we
shall obtain in Section 3 the magnetic field associated to an arbitrary configuration
I" which satisfies the axioms from Section 1.

Notations. For the elementary configuration v from Fig.4, we shall denote

Fig. 5

7=7-Urs,
V- =T(V.0_,p-) = (A-V], 7 =T(Vi01,p4) =[VAy),
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where - -
{ 0_ = (0z,WB_),0, = (Ox,WB.) € [0,2r)
¢p-=(WB_,VA_),py = (WB4,VA,) € [-71/2,7/2],

and By, B_,W are respectively the projections of Ay, A_,V  on 2Oy. We can de-
termine these four angles, considering the following result

Lemma 1. Let be the segment [AB] of extremities
A= (xa,ya,24),B = (zB,yp,25),A# B € R’
We shall use the notations

TA =TB —TAYA = YB — YA, RA = ZB — ZA,
p= (A +yi +22)V2

In spherical coordinates, the semi-lines
v- =T(B,0_,0_) = (A_B]|, where [AB] C (A_B];
Y+ =T(A,04,04) = [ABy), where [AB] C [AB,)
are fixed by the angles

. ZA
Yo =pyr == arcsm7

arccos pCOAS@, ya >0
27 — arccos jci , ya <0
0_=0,=0= peose
07 YA = O,J)A Z 0
™, yn = 0,$A < 0.
Proof. We use the relations

rA = pcosfcosy o
ya = psinfcosyp (p,8,¢) € RY x [0,27) x [—575}

zan = psing,

Let ¢ : I — R? be a parametrized curve, with c(I) closed or unbounded at both edges
("closed at infinity”), traversed by the current J = I¢/ || ¢ ||. Let H, be the magnetic
field associated to the electric circuit v = Im c.

Proposition 1. If 7 : R?* — R3 is a translation and R : R® — R? is a rotation,
then

a) Hry(RM) = RH.(M);
b) HT’Y(TM) = E[’Y(M);
&) Hy,(TM) = RIL (M),

for all M € R3\~y, where 7 =T oR.
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Proof. We shall use the following notations

v=¢/lell, drp = ||élldt,
PM =0M —¢, P=c(t)€~, MecR3y.

a) R is parametrized by Rc: I — R? and we have

R = Ref|Rell = Re/||cll, drryp = || Re|ldt = ||cl|dt,
RpRy = Rw — Re = R(w —¢),

where we denoted w = OM. Then the magnetic field of the rotated curve will be

ROXRW_D s = o [ T gy i, (30),
 IR@-o @0l

VM (z,y,2) € R¥\y.

HR’Y(RM) =

b) For the translation 7, denoting ¢ : I — R, we have

T(P)T (M) =PM = OM — c(t),
where P = ¢(t). Using this equality, we get
Hry(TM) = Hy(M).
We remark that c) is a consequence of the relations a) and b).

More generally, we can state the following result:

Proposition 2. Let v be an elementary spatial configuration traversed by an
unitary electric current J and let ¢ be an isometry of the space R3; let Hv and H} be
respectively the magnetic fields associated to the configurations v and v = @7y, then
the magnetic field associated to the elementary configuration v is given by

H5(N) = e() o, (97 'N),¥N € R\, (1)
where @, s the orthogonal linear mapping associated to the isometry ¢, and

€(p) = det(p.).

Proof. Considering that on v = I'mc,c: I — R3 we have J =, = ¢ o ¢, and by
using the Biot-Savart-Laplace formula, we get

- B al(t) X a(t)p(M) e (c ())><¢( t)eM)
N -
- %wmwwm@M@:dw/ﬂﬂwﬂgﬁ:
o) oD v e |

= e(p)H\(M),YM € R?\y.
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By denoting N = (M), i.e., M = p~1(N), we obtain the relation (1). In the proof
we used the known result, that for any orthogonal mapping A € O(R?) of the vector
space R3, the following relations hold true

A x v) = e(A)A(a) x A(v),Va,v € R3,
| Al = ||al|, Ya € R?.

Regarding U5 and &):, we can state the following results:

Proposition 3. The scalar potential Us associated to the elementary configuration
v is given by
U5 (N) = U, (¢7'N), YN € B35,

Proposition 4. The vector potential é:, associated to the elementary configura-
tion ¥ is given by

P5(N) = e(p)p« P, (97 'N), VN € R*\7.

In the following, we shall consider the case in which ¢ is a congruence, hence the
associated orthogonal mapping ¢, is a rotation and therefore e(p) = 1.

For deriving the magnetic field and the associated potentials of an arbitrary ele-
mentary configuration, we shall apply the previous result to a pair of elementary plane
semi-lines (located inside the plane Oz, Fig. 6), whose BSL associated integrals are
provided by

o] t>0 T o] t<0 T
T+ Y-
Fig. 6

Lemma 3. Let be the elementary plane semi-lines from Fig.6, described by

Y+ =Imecy, ci(t) = (¢,0,0), t>0 and 2z
v— = Im ca, c2(t) = (—t,0,0), ¢ <0.
Then the BSL integrals have on these semi-lines the form

1, (M) = 2200, —2,y),  Hy (M) =210

(05 —Z, y)7

ur ur

where
w =yt 42 = (2t + 20 M2y, 2) € R\,
and the vector potential is, respectively

o, (M)=-In|r—z|i, @, (M)=In|r—z|i.

Proof. a) For the semi-line 7., denoting ¢ = ¢;, we notice that Im ¢ C Oz and the
traversing sense given by the velocity ¢ coincides with the positive sense of the axis
Ox. Let M(x,y,z) € R*,w = OM. We have ¢(t) = ti = (t,0,0), t >0, and

PM=w-c=(z—t,y,2),¢t)=i=(1,0,0),9 = ¢&/||¢]|.



Magnetic Fields 19

Then the BSL integral for the semi-line 7 is

a0 = [ - | 0D ) ar =
v+ |[PM]|| o fo-¢
| ]k
= / 1 0 0 dt .
0 r—t y =z (V=1 +y>+2%)3
> dt t o
B . —x
= k—z = (yk —2j) - -
(y 7) o (V-7 @) (y 7) u2\/(t — 2)2 + u2 o

Wk =) [+ s | = 282 = 20) = 250 (0,0,
where ||¢(t)|| = ||i]] = 1, = OP, and we denoted
w =12+ 22,0 =0M,r = |0 = (2% +y* + 222, M(z,y, 2) € R\,

b) For the semi-line y_, by denoting ¢ = ¢, we notice that Im ¢ C Oz, with opposite
traversing sense, vs. the positive sense of the Ox axis, ¢(t) = —ti, ¢ > 0.

Let M(z,y,z) € R®,w = OM. We have
PM=w-c¢=(z+ty,2),¢=—i,0=_2¢/||¢| =—i=(-1,0,0)

and the BSL integral on the semi-line v_ is

_ PM 0 teJ dt
Hy (M) = / 7UX73dTp=/ 1 0 0 |————=
- ([P lat oy o |V PTa
t=0
— (b — 5g) .tz — —(yk — 7). (= 1Y) =
= ks | T W) () =
B T+
= _W(Ov_zvy)'

We remark that H, (M) = —H, (M) and we can easily check straightforward that
the following functions have as curl the two BSL H.,, and H,_, respectively,

oy, (M)=-In|r—=x|i

O, (M)=In|r—x]i.
In the following we shall determine the isometries which provide from the semi-lines
Y4+,7— from Lemma 3, the angular elementary configurations.

Remarks. Let Ry the rotation of angle 6 around the Oz axis in trigonometric
sense (from Oz to Oy), and R, the rotation around the Oy axis (from Oz to Oz).
Then we have

a) The matrices Ry, respectively R, associated to the two rotations are

d -5 0 c 0 —s
Ry=| s ¢ 0 |,R, =010
0O 0 0 s 0 ¢



20 C. Udrigte, V. Balan, A. Udrigte

and we have

B cd —s' —sc
Rg,notRgR, = | cs' ¢ —ss' |,
s 0 ¢
where we denoted
¢ =cosf c=cosp
s’ =sinf s = sin .

b) We have the relations
Ry} ='Roy='R, 'Ry =R,'-R;' = R_, R,

c) For a point M (z,y, z) € R3, the associated position vector # = OM can be written
7= (x,y,2) = (red,res’, rs), and the versors of the associated spherical moving frame

S s
"o dp [’

form an orthonormal basis, whose matrix is

Hence, the spherical frame can be obtained by rotating the canonic frame {3, j, k} with
the angle ¢ around the Oy axis (with the sense from Oz towards Oz), followed by a
rotation of angle 6 around the Oz axis (with the sense from Oz towards Oy)-see Fig.7.

o 7 ||oe

or o _|or
86" " ||agp

Ry, = [ér,ég,éw} .

z

¥

/ M:pery M

X

Fig. 7

d) Let R, the rotation of angle v around the Ox axis; R., has the associated matrix

100 ¢ = cos
Ro=[0 ¢ —5 |, where & S~ 7y c[0,2n).
0 5 & 5 =siny
Then
_ cd —s'¢—scs s'5—5sc's
RopynotRgR,Ry = | ¢’ (deé—ss's —c5—ss'c

s’ cs cé
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3 Applications to particular angular configurations

Using the results of the previous section, for the case # = 0, we get the following
known results regarding plane elementary configurations I' C zOz.

Corollary 1. Let be a plane angular configuration I' = T'y(V,a, 8) C 20z, of
vertex V(a,b,c), b =0, which is traversed by a unitary current, as in Fig.8,

Fig. 8

The magnetic field and its vector and scalar potentials associated to the configuration
I' have respectively the form

Hr(M) = ﬁ(fvs, us — we,ve) — ﬁ(fvg, us — we,ve), VM € R3\T,
= = = (i)+:—1H|T—T|(C,O,S),
op(M) = @4+, = .
®_ =In|r—7](c0,5), VM € R3\T,
—wsin 2 — a A
Ur(M) = 2arctan Wiy U.COSA2 +reos s VM € R¥\20z,
vsin

2
where we denoted
c=cosa,s =sina,¢ = cos 3,5 = sin 3,
A=a—fF,0=a+0,
u=r—av=y—bw=z—cb=0,
r=(u?+ 0>+ w2 7 =uc+ ws, 7 = uc + ws.
Moreover, I' decomposes as follows
L=Tp(Vips, o) =(A_V] U [VAL) =T (V,0,04) U T_(V,0,0-),
where ¢y = (0z,VAy) = a,p_ = (0x,VA_) = j.

Proof. For o = ¢4 and v4+ = [Ox), we remark that the given configuration can be
obtained by a rotation [OA) = R4v4. From Proposition 2 and Lemma 3, we get

H[OA+) = HRa’H (M) = ROLH'H— (R—aM)
c 0 —s 0
1 1
= 0 1 0 us — wc L=
r—T1 T
s 0 c v
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where we denoted ¢ =cosa, s =sina, T = uc + ws.
Similarly, for 8 = ¢_ and y_ = (O], we have (A_O] = Rgy—_, and hence

Hu o) = Hryy (M)=RgH, (RsM)
-1

= = (e ws) (—v§, us — we, ve).

Adding the two fields, and composing with 7! we get H.,. Similarly we obtain also
the vector potential ® associated to the circuit I'; by integrating the field Hp, we
get also the scalar potential Ur. We notice that for a = § we have H =-H, .

Corollary 2. In particular, for T =T,(V,a,—a), (see Fig.9)

Fig. 9

we have the magnetic field and its associated vector and scalar potentials, respectively

7 — —vs 1 1 us—wc ustwe ve 1 1

HF(M) = [T (rf‘rl + 7‘77'2) ’% ( r—71 + TjTQ ) ) (rle - rf‘rg)] )

or(M) = (ln rouetws| 0, —1In | (r — uc + ws)(r — uc — ws) \S), VM € R3\T,
Ur(M) = 2arctan =%treose AL e R3\z0z,

where we denoted
c=cosa,s =sina, T =cu+ sw,Ty = cu — Sw,
r= (u2—|—v2+w2)1/2,y3ﬁb50

Corollary 3. For the configuration given by a straight line ' =T',(V,a, a0 + 1),
see Fig.10, we find

Hr(M) = [ (Z+a7). 27 S+ as) 2 e+ =
= 2(@8 us — we,ve), VM € R3\T',
Or(M) = (=In|(r —uc—ws)(r+uc+ws) [¢,0,—In %S):
= —Inp-(c,0,5), VM € R3\T,
Ur(M) = 2arctan 2= VM € R*\zOz,
where

{ p=r%— (uc+ws)? = (we — us)? +v?,

T =uc+ ws,c = cosa,s = sina.



Magnetic Fields 23

x"

vz
Fig. 10

Using the results obtained above, we can derive the magnetic field of an elementary
spatial configuration. Let I' = 4 |Jv—, where ~4,v_ are the semi-lines

Y =70,01,04),7- =7(0,0_,0),

as in the following figure:

Fig. 11

Theorem 1. The magnetic field of the configuration G and its vector potential
are respectively Hr = H,, + H,_, with

H, = ﬁ(—ys + zes',xs — zed , —xes’ + yed),
H, = —ts(—ys+2c8 25— zed, —wes +yed)
and » » )
e (mr R T ).

where we denoted

7= (xc +ys')c+ 28,7 = (2€ + y&)E + 25,1 = (2 + > + 2V,

and

c=cosypy,c =cosby c=cosp_,¢ =cosf_
s=sinp,,s =sinf, | 5=sinp_,§ =sinf_



24 C. Udrigte, V. Balan, A. Udrigte

Proof. We use the relation Hr = er + flw, where

'H-’Y-# = R0+QD+H};$ ORil HFY— = RG—W—H'tyB 0R71

Orpy 0_p_>

with 4 and 7 are respectively the elementary semi-lines traversed by current, from
Lemma 1. The same result can be obtained by using the BSL integrals Hjp4,) and
H(4_o) from the proof of Corollary 1, obtaining, e.g.,

H, =R Hjpy,)o REL
Moreover, we notice that we have the relation
r=((zd +ys)? + (—as' +yc )2 + 22)V2 = (2% + 4% + 22V
Corollary 4. For the angular configuration
L=~y U Y-,
of arbitrary vertex V(a,b,c) and semi-lines
Y+ =7V, 04, 04),7- =v(V.0_,0-),
the associated magnetic field has the expression I:Iﬂ, = H,H + Hv_’ with
H, = ﬁ(—vs + wes', us — wed, —ues’ + vec')
{ H, = —ﬁ(—u«? + wEs', u5 — wed , —ucs' + ved)

and its potential vector is

_ = |ee _ = |c§ =15
<I)p<ln|r 7| ln‘r | ln|T T|>,

[r =77 r—7|s T |r—1 |8

where we denoted
(u,v,w) = (x —a,y — b,z —¢),r = (u® +v> + w?)/?
7= (ud +vs')c+ws, T = (ué + v3')e + ws,

and c,s,c,s',¢,5,c,5 have the same meanings as in Theorem 1.

We shall prove in the following, that applying Proposition 1 we can provide also
the scalar potential of the elementary configuration I' from Theorem 1.

Proposition 5. The scalar potential of the elementary configuration (see Fig.12)

I'=7(0,0, =0,0, =) J1(0,6- =0,0_ =)
has the form

—xCC + Y5¢ + 25 + rcosécosgb

Ur = 2arctan ~ = ~ ,
z(c§sinf cos @ + ssin Q) + y(¢sin g — §5sinf cos p) — zésin b cos ¢
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where we denoted

G_f=0 o0 G_0+6 . _oto
- 2 aSD— 2 ) - 2 9 50_ 2
Az /
/
/
/
/
/
/
Yy
4V . y
e/é / \\
~ ~N
¢ / 8 \ ~
// 0 \ h
Fig. 12

Proof. We notice that by rotating the configuration I,
R_gR_;T =T,

we produce the configuration

L =T(0,0,¢)|JT(0,-0,—¢)

which is symmetric relative to the Oz axis. As well, we fulfill the conditions for
having:
e the (equal) angles 7 of the semi-lines of the configuration T’ with the Oz axis,

e the angle ¢ of the necessary rotation for including the configuration I in the
xOz plane (see Fig. 13)
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cos 7 = cosf cos p,7 € [0, 7]

(Ul) s sin ¢ N N
sinth = 515, cos ) = tgb/tgn,
costp = 812,

(Ug) : tgh s Hcos @
siny = T = sm@sim]7

: _ sing
sm7n = Cos ¥

cosn = cos 6 cos P.

Then applying the rotation wa‘ =T, we get the configuration (which is symmetric

w.r.t. the Ox axis)
Ioy=T,0,aa=n,8=—n) C20z

which is a configuration of the type studied in corollary 2; also, we have
Rwr = 'Rd, -'R,fga -'R7§ . P;

whence

I'=R; Ry R_y-Ty.

Therefore, we have Ur = Ur, - J !, where J is an orthogonal mapping, namely a

rotation of matrix
M=R;-Rg-R_y.

The matrix of the inverse transform J 1! will be

cosf sinf 0

1 0 0 cosp 0 sing 4 ’
=1 0 cosyp —siny |- 0 1 | —sinf cosf 0 | =
0 siny cosy —sing 0 cos@ 0 O 1
1 0 0 ¢ 0 3§ c 5 0
= 0 ¢ —s . 0 1 0 . -5 ¢ 0 =
0 s ¢ -5 0 ¢ 0 01
¢c 0 s c 5 0
= s§ ¢ —sc |- -5 ¢ 0 | =
—cS5 s cc 0 0 1
cé 3¢ S

= §€s —c8 s8§5+cc —sc |,
—cCS — 85 ¢85+ sCc cc
where we denoted § =sinp, ¢ =cosp; §=sinf, ¢ =cosf; s =siny,c = cos.

Since
—x +1rcosn = 9 9 2)1/2

Ur, = 2arctan - ,
ysinny
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we obtain finally the scalar potential associated to the configuration I,

Ur = 2arctan{—xcé+ ys¢+ 25+ rcos 0 cos o)
[(z(sE5 — ¢3) + y(cc + s83) — 250)s]| 1} =

= 2arctan[(—cé + y5¢ + 25 + rcosfcos @) - O],

where
o — lx <5§Sin 0 cos B gsin @) +y (Esin @ N ggsin f cos ¢> B Zésin 0 cos @1 .
S S S s P
which proves the theorem. O

We can also state the following result, regarding the scalar potential of an angular
spatial configuration of arbitrary vertex.

Corollary 6. The scalar potential of the elementary configuration of the vertex
V = (a,b,c) € R3,

L=9(V,0:=0,01 =) JWV.0- =0,0- =)
has the form

—UCC + v8¢ + ws + 7 cos B cos Y

Ur = 2arctan ~ ~ ~ ,
u(c§sinf cos @ + §sin ) + v(¢sin @ — §§sin b cos p) — wésin b cos P

where we used the notations u=z—a,v=y—bw=2z—c.

4  Applications to skew polygonal nets and to
polyhedral circuits

Based on the Corollaries 4 and 5, we can determine the magnetic field of a skew
polygonal net, and of a polyhedral circuit, which satisfy the axioms (A1), (A2).
A particular case of such a spatial configuration is presented in

Proposition 6. a) For the configuration (see Fig.14a)

I'=7,(0,0, =0,01 =0)( Jy-(0,60- =0,0=9)

/

Fig. 1/
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we have,

Hr,(w) = T(Ti{x)(o, —2,y) + N;ijf)(—yg + 265, x5 — zec , —xes' + yed),

_ |r—7 |
Br. (w) = <1“|r_x|

,ln|r—7|csl,ln|r—7|5> ,Vw € R3\T,

where we denoted

{ C=COSY4,8 =sinp,,Cc=Cosp_,5=sinp_

d =cosf,,s' =sinf,,& =cosf_,5 =sinf_,

and T = (x¢ 4 y§')é + z8.
b) For the configuration (see Fig.14b)

I =71(0,04 =0, =) J7-(0,0_ = 0,0 =0)
we have, for all w € R3\T,
Hr,(w) = ﬁ(—ys + zes',xs — zed , —xes’ + yed) — ﬁ(& —2,Y)

Br,(w) = (I r = ||r=7 ")~ |r =7 ~In|r—7 ).

Proposition 7. a) For the configuration in Fig.15

YABo B

YAl?» )

Fig. 15
given by T' =T T2, with

{ = ’Y—i—(A,Hv@) U’}/_(A,0,0),
FZ = 7+(B,0,0)U7_(B,9,(p),

where A(a,b,c), B(a,b,é) € R, we get the magnetic field and the vector potential

Hr(M) = Hapo+ Hapo,
Hapy, = —ﬁ(—ﬁs + wes', us — wed, —uces’ + ved )+

+ (—vs + wes',us — wed, —ucs’ + ved),

1
r(r—r)

HABOO = ¥(Oa —’LU7’U> + %(07 —UJ,U),

r(r—u) F—1)
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Or(M) =Paps + PaBoos

’ ’
= - ‘,’:77—_‘(‘,5 "F*‘T‘lcs ‘F*‘T"S
q)ABa' - (ln 7 ,hl _ 7y In [r—7c | »

|r—T|ce |r—T|cs

o).

r—u

(i)ABoo = (ln .

and the scalar potential has the form

—(u¢ — v8)¢é + ws + ree

M) = 2 t —
Ur(M) <arc a u(5C5¢ + §88) + v(es — §25¢) — wsE?

—(u¢ — v5)¢ + ws + Teé
—— — o~ — | = UABa
u(scse + 58) 4 v(cs — §25¢) — wse

where we denoted

(v —a,y—b,z—¢)

{r:||1/||,1/:(u7v,w)Z(x—a,y—b,z—c) {TZ?LC-FU)S

r=|ll,7 = (a,v,)
Theorem 2.a) For a skew polygon Il = Ay ... A, we have
n
Hp = ZHA Aipros ¥ Z\IfA Aiproy U Z AiAisrs
i=1 i=1

where we used the notation A,+1 = A1, and the terms in the right sums are determined
based on Proposition 7.

b) For a closed polyhedral circuit P of edges l; which are oriented by the currents J;
of intensities I;, i = 1,m, we have

A, ZI ., ® ZI éla,U—ZI Ui,

where the terms in the right sums are determined based on Proposition 7.

Remark. At each knot of the configurations in the theorem, we have the II-nd
Kirchoff law (the algebraic sum of the intensities vanishes; in the opposite case, the
net does not admit a scalar potential U).

Proposition 8. For the circuit from Fig.16 given by the union of elementary
configurations

IN=v%(A=0,0=7/2,0=0)U~_(A=0,0,0)
Iy = 7+(Bv9v(p) UV—(BaW/210)7

where A = (0,0,0), B = (0,b,0) € R, the magnetic field and the potentials have the
form
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X

Fig. 16
HF(M) = ﬁ(z’/aoa —.’L‘) - ﬁ((),—,&y)—i—

+ﬁ(fvs + zcs',xs — zed | —xes’ + ved') — ﬁ(z, 0, —x),

Or(M) = In|r—z|,—-In|r—y|,—-ln|r—y|)+
I 7= I i I 7 ),
Ur(M) = 2 [— arctan 7(9”_3)“ + arctan m(_@gfﬁéﬁ;ﬁjg;ﬁ;ﬁfﬁééz} )

where
T=(xd +vs)c+ zs,v =y —b,

r=(x2 + >+ 222 F = (2% + 0% + 22)V/2,

¢c=cosp,c =cosh;c=cosp,é = cosh.

5 Magnetic lines and surfaces

Let H = H,i+ Hyj —s—inl?: a magnetic field on a domain D in R3. The magnetic
lines (the field lines of H) are oriented curves which satisfy the (kinematic) system of

differential equations

dx dy dz
7:Hxa*:H>7:
dt dt YT dt

and the magnetic surfaces (the field surfaces of H) are constant level sets attached to
the solutions h of the PDE of first order
Oh Oh Oh

H,—+H,— +H,— =0.
8$+ y@er 0z 0

HZ?

A Cauchy problem for the differential system (1) consists of finding a solution
a:I— D, a(t) = (x(t),y(t),2(t), t € I = (=¢e),

which emerges form the point z(0) = xg,y(0) = yo, 2(0) = 2p at the moment ¢ = 0.
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The field surfaces are generated by field lines. A Cauchy problem for the PDE (2)
consists of finding a field surface

EC : h(1.7 y7 Z) = C?

which contains a curve S :.J — D, which is normal to the field lines. Since H is of
class C*°, the previous Cauchy problems have unique solutions.

The zeroes of the field H are constant field lines, the equilibrium points of the
kinematic system (2).

Let M(z,y,2) € D. A maximal magnetic line
a]\/[Z](]\f)—>D7 OtM(O):M

is defined on an open interval I(M) = (w—(M),w(M)) which contains the origin
0 € R. The local flow B
T, :D(H) = D, Ty(M) = apn(2),
where )
DH)={tz,y,2) ERXD|w_(M) <t<wi(M)},

is a mapping of class C°°, defined on the open set D(H). This flow preserves the
volume, since H is a solenoidal vector field.

In the following we are interested in those configurations which have open magnetic
lines. As examples, we can enumerate the following

1) Configurations which consist of at least two electric coplanar circuits, which are
piecewise rectilinear, and which have open magnetic lines.

We consider the configuration in Fig. 17, which has the magnetic field

-y Y
Hy = ri(ry —z =) +7‘2(r2+z—b)
- r+a B z+b _ T —a z—b
Y ri(ri—z—="0b) mrmt+z+a) re(re+z—->0) ro(ro—x+a)
- y B y

ri(rm+z+a) re(ro—z+a)

(—a,0,—b) o

8

(a,0,b)

Fig. 17
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where 71 = \/(z +a)2 + 42 + (2 + b)2, 172 = /(z — a)2 + y2 + (2 — b)2.

Theorem 3. a) If b > a, then the azis Oy is a non-constant field line.

b) If b > a,ab > 0 then the azis Oy consists of two equilibrium points and three
non-constant field lines.

¢) If b > a,ab < 0 (i.e., a < 0,b > 0), then the negative semiazis Oy’ of the axis Oy
is a non-constant field line.

Proof. At the points of the axis Oy : { ng , we have

r1 =19 = \/y2 + a2+ b2

and
dx

dt

dz

f Hl 207 _
‘Oy dt

Oy

= Hz|0y =0.
Oy

Also we have,
2a 2b

H. =
y|oy ri(ri —b)  r(ri+a)’

and the following subcases occur:

a) If b <a, then Hyl|,, > 0.

b) If b > a, then Hy|0y = 0 implies 71 = a;fzz, and hence
2ab(a? + b?)

5 , pentru ab > 0.
—a

Y12 = *

The points F;(0,y;,0),i = 1,2 are stationary points. The open segment FjF5) is a
field line and Hy|g p > 0. The semi-lines

{0} > (=o0,51) x {0}, {0} x (y2,00) x {0}

are field lines and H,, is negative on them.

¢) If a <b,ab <0, then Hyl, <O0.

2) There exist sets of at least two non-coplanar configurations, which are piecewise
rectilinear, and which have open field lines For example, the configuration in Fig.18,
consisting of two pairs of rectilinear wires which are located in parallel planes z = a
and z = —a traversed by opposed electric currents, have the magnetic field

_ —Z z z _ z -y Yy x _ x
H - ($2+22 + $2+22) y2+22 y2+527 y2+22 y2+22 + $2+22 I2+22> .
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b2
Yy
< >
x
Fig. 18

This configuration admits as open field line the straight line
D: z4+y=0, 2=0

indeed, we have -
H|D:(I%¢Lﬂ’ _x‘%(;27 0)’
and hence, the components of the field satisfy the relations

H,|,+ Hy|, =0, H.|,=0.

Let H be an irrotational magnetic field on D C R3; let
Lo 2 2

be the energy of the field H and the Hamiltonian

dr dy dz, 1 dz\? dy2 dz\?
H(xayazadtadt,dt)2<<dt> +<dt> + E 7f(’l},y,Z).

Then any magnetic line is the trajectory of a conservative dynamical system with
three degrees of freedom

- o dy_of @ _of
’ dt2 oz’ dt2 Oy’ dt2 Oz

and the following Theorems 3 and 4 hold true.

Theorem 4 [10]. Each trajectory of the dynamical system (3) which has the total
energy H is a re-parametrized geodesic of the Riemann-Jacobi manifold

(D\Zﬁvgij = (H+f)5z],27] = 172a3)7

where Zg = {M € D | H(M) = 0}.
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A ruled surface in a Riemannian manifold (M, g) is a surface generated by a
geodesic which moves along a curve 8. Different positions of the generating geodesic
« are called generators of the surface. A ruled surface admits always a parametrization
of the form

r:1x0,1] — M,

where r(u,v,) = B(u) is the director curve and r(u,,v) = v(v) is a geodesic.

Theorem 5 [18] 1) The magnetic surfaces are ruled surfaces in the Riemann-
Jacobi manifold (D\Zg, gij)-
2) The Gauss curvature K of a magnetic surface cannot be strictly positive.

In D we shall use a cylindric system of coordinates {p, 0, z}. Let H be a magnetic
field on D. The field H admits the following symmetries

1) translational, iff H = H(p, 6);

2) axial, iff H = H(p, 2);

3) helicoidal, iff H = H(p,0 — az),
where a = 2{, and L is the step of the helix.

Let {€,,€p, €.} the cylindric orthonormal frame and
H = H,e,+ Hoéyg + H.,&..
The symmetric differential system which describes the field lines of H rewrites

dp _ pd _ dz

H, Hy H:
The components of H are related to the components of the vector potential
A= Aye,+ Ageg + Ase,
by the relations

_laAz_%H_%_% _12( )_1%
o= oz T o T e T 0,0 T e

Therefore, considering the existing symmetries we can find first integrals of the system
(4).

Theorem 6 [1]. 1) If H admits translational symmetry, then A.(p,0) is a first
integral, i.e., the surfaces given by

A.(p,0) =c

are field surfaces.

2) If H admits axial symmetry, then pAg(p,z) is a first integral, i.e., the surfaces
given by
pAo(p,z) =c

are field surfaces.
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3) If H admits helicoidal symmetry, then
A (p,0 — az) + apAy(p,0 — az)
s a first integral, i.e., the surfaces given by
A.(p,0 —az) + apAp(p,0 —az) =c

are field surfaces.

The field surfaces (magnetic surfaces) of the previous theorem have the same
symmetries as the field H. Amon these, only the field surfaces which have axial
symmetry can be bounded. Also, if known a first integral of the system (4), the
second first integral can be determined also.

6 Phase portraits

Let 8 : I — R? be a simple curve, which is regular and transversal to the mag-
netic lines, and « : I — R? the magnetic line which passes through P € R3. A
magnetic surface > = Im r which is lining on the curve g, can be described by the
parametrization r : D C R? — R3,

r(u,v) = ag (v),¥(u,v) € D = {(u,v) € R? luel,ve Jgu)}

In the following, we shall represent certain magnetic lines and surfaces associated
to the magnetic field H. The field surfaces appear as a mesh

Y=Yy ={P;|i=0,m,j=1n},

where F = {Py; | j = 1,n} are equidistant points which belong to a segment Im «,
where
POj = O[(tj)ﬂfj :] . l/(n— 1),] = 0,71— ].7I: [0,[]7

and the grid points of the surface X,

{-PZJ|Z:07m}7 .7:1)77’

are located on n field lines Im ap,, j = 1,n, which appear as a result of the numerical
integration of the Cauchy problems

{ o, (1) = Hlaup, (1))

The numerical integration is done using the method Runge-Kutta of order four; the
initial time is tg = 0 and the number of steps is m > 1.

The software package SURFIELD which describes locally a magnetic line or sur-
face is designed in the C programming language, and is optimized for speed and
allocated memory.
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The 3D-objects can be translated, rotated and scaled. The magnetic curves o and

surfaces X are represented by central (perspective) projection.

The study of the shape of different magnetic surfaces 3. associated to the piecewise
rectilinear nets, provides valuable experimental hints for the study of:

- the space displacement of the magnetic lines and surfaces,

- the localization of the fractal indecision zone, for close trajectories which enter
different magnetic traps.

-‘ew'

|

A

\

e

>:169

©-rotate!270  w=lift:180
X A . phi) hg. theta) .,
), 3,4, (P

clcolour) .

acquit)
gun/dn) , (Del/end)

## Magnetic surface-tracer ¥ SURFIELD ¥ U.P.B. #¢

Fig. 19
In this context, of considerable interest is the evolution of magnetic field lines for

a special configuration (”deformed U”, [3], [4], see Fig. 19), whose magnetic lines
appear to be open, and which is given by I' = I'y | JI'y, where

F1=7(A,04 = 5,0+ =0)Uv(A4,0- =0, =0)
Lo =7(B,0=0,p=¢)UB, 0 =3,¢ =0)
with the vertices A(0,—1,0), B(0,1,0) € Oy, ¢ # 0.

An example of such a magnetic line is plotted below (see Fig. 20).

180 £_flas:0
theta),Cécolour ), OCquity
L 8,4, (Paupsdn), (Del/end)
. 0.3,
Displacerents, H

+¢ NMagnetic surface-tracer % SURFIELD % U.F.B. #+

Fig. 20
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Conclusions. The magnetic field and its vector and scalar potentials were de-

termined for spatial piecewise rectilinear configurations. Classical planar and spatial
particular cases were pointed out, and examples of configurations which generate
open magnetic lines were provided. In this context, computer-drawn magnetic lines
associated to the classical ”deformed U” configuration ([3], [4]) were included.
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