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PRESENTATION

This thesis is devoted to the study the Dirichlet problem for some nonlinear elliptic
equation within a non variational framework.
This works is divided into two principal parts. Each part is preceded by an intro-
duction and a detailed summary which starts with a general introduction.
In the first part, we investigate the existence of a solution of the following nonlinear
elliptic problem:
Au+ g(x,u, Vu) — dive(u) = p,

where Au = div(a(z,u, Vu)) is the Leray-Lions operator, the function g(x,u, Vu) is a
nonlinear lower order term with natural growth, while ¢ is a continuous function from
IR into IRN. Two different kind of questions have been considered:

On one hand, we focused on the existence of solutions of the unilateral problem
in the context of Orlicz Sobolev spaces, with the source 4 € L' or L!'-dual and the
nonlinearity term satisfying the classical sign condition g(z, s,£).s > 0.

On the other hand, in the same context of Orlicz Sobolev spaces, we focus on the
study of the unilateral problem associated with the above equation with ¢ = 0 without
any sign condition on g.

The second part is devoted to the study of the strongly nonlinear elliptic problem
(degenerate or singular) in a broader context, that of weight Sobolev spaces.



Contents

(@Y= A=y 1 I B4 15 e Yo A0 Ui 0 ) « KA 3

Study of Some Unilateral

Problems
Introduction and summary of the first part.........cccoveviiiiiiiiiiiiiin.. 12
Chapter 1: Preliminaries ........cccoviiiiiiiiiiiiiiiiiiiiiiiiiinn e 15
1.1, Orlicz-SODOLEV SPACES ....ttuiiiiiiiiiiiiee e 15
111, NAfUNCTIONS Lot 15
1.1.2. OTHCZ SPACES oot 16
1.1.3. Orlicz-SODOIEV SPACES ..eeeiiiiiiiiiiieee et 17
1.1.4. Imbedding Theorem in Orlicz-Sobolev Spaces ..........cccccevvveviiiiiiiieiineeenn. 20
1.2 0 NOBABIOIIS 1evvniiiii e e 21

Chapter 2: Existence of solutions for unilateral problems in L' in Orlicz

SPPACES teuurererenrrearsratosnsosntessssasssnsosatossssssssssssnsssnsossssssssnsssnsosnss 22

2.1 . INETOAUCTION oo 22
2.2 0 Main TESUIES ..o 23
2.3 . Proof of Theorem 2.2.1 .......cooiiiiiiiiiiiiiee e 25
Chapter 3: Strongly nonlinear elliptic unilateral problems with natural
growth in Orlicz spaces .......cccoeveviiiiiiiiiiiiiiiiiiiiiiiiiiieenae, 40

3.1 . INtrodUCHION oooiiiii e 40
3.2 . Non variational problem ... 41
3.2.1. Statement of TESUIL ......cooeiiiiiiiiii e 41
3.2.2. Approximate problems and a priori estimates ............cccccceevviiiiiiiiiiiieieeeennn. 41
3.2.3. Modular convergence of the truncation .................cccoccc 42

3.3 . The variational CASE ............uuiiiiiiiiiiiie e 48
3.3. 1. Main TeSULt ..oooii i 48
3.3.2. Approximate problems and a priori estimate ............cccoeeeeeiiiiiiiiiiiinneeL 49

3.4 . Modular convergence of truncation ............cccccveeiiiiiiiiiiiiiiieee e 51
3.4.1. Proof of Theorem 3.3.1 ....ooooiiiiiiiii e 52
Chapter 4: Existence results for some unilateral problems without sign con-
dition in Orlicz SPACES .....oeveiiiniiiiiiiiiiiiiiiiir e 53

4.1 . INErOAUCTION oiiiiie e e 53
4.2 . Main TESULES .oiiiiiiii e 54
4.3 Proof of Theorem 4.2.1 ......uu e 55
4.3.1. Approximate problem and a priori estimates ..............ccccevvvvvviviiiiiiiinnnnnns 55
4.3.2. A Priori @SEIMATES ..ocoiiiiiiiiiiiiiie e 55

4.3.3. Proof of theorem 4.2.1 oo e 65



Chapter 5: Existence of solutions for unilateral problems in L' involving

lower order terms in divergence form in Orlicz spaces ....... 68

5.1 . INtrodUCtiON ooooiiiiii e 68
5.2 . Statement of main TeSUlItS .......ccoooiiiiiiiiiiii 69
5.2.1. Basic asSUIMIPEIONS ..ciiiiiiiiiiiieee et 69
5.2.2. Principal TeSULES .....oooiiiiiii e 70

5.3 . Proof of principal reSults ............oiiiiiiiiiiii e 72
5.3.1. Proof of Theorem 5.2.1 ....ccooiiiiiiiiiiei e 72

5.4 . Proof of intermediates results ............oiiiiiiiiiiiiiiiii e 74
5.4.1. Proof of Proposition 5.3.1 . ... 74
5.4.2. Proof of Proposition 5.3.2 . ... 75
5.4.3. Proof of proposition 5.3.3 . ... 76
5.4.4. Proof of theorem 5.2.2 ... ... 85

PART 11 87

QUASI-LINEAR DEGENERATED
PROBLEMS

Introduction and summary of the second part......c.ccceeveiiiiiiiiiiiinininnn. 89
Chapter 6: Preliminaries ........cccoiviiiiiiiiiiiiiiiiiiiiiiiiinn e 91
6.1 . Weighted SODOLEV SPACES .....vviiiiiiiiiiiiiiii e 91
6.2.1. Weighted Lebesgue SPaces ........uuiiiieiiiiiiiiie e 91
6.2.2. Weighted Sobolev SPaces ...ttt 92
6.2 . INOBATIOMS ©.euiiii i et 94

Chapter 7: Quasi-linear degenerated equations with L' datum and without

coercivity in perturbation terms .........ccceveviiiiiiiiiiiiiiiiiiininnn.. 95

6.1 . INETOAUCTION iiiiiiiiiiiiiiii e 95
6.2 . Main TESUIES ooeiiiiiii e 96
6.3 . Proof of main reSults ..o 97
6.3.1. Approximate Problem ........ ... e e 97
6.3.2. Strong convergence of truncations ............ccccccceiiiiiiiiiiiiiii 99
6.3.3. Passing to the limit ... 104
Chapter 8: Existence of solutions for degenerated unilateral problems in
L' having lower order terms with natural growth ............. 110

T.1 . INETOAUCTION L.uiiii e e 110
7.2 0 Main Resulbs .....iiiiii e 112
7.3 . Proof of Theorem 7.2.1 . ..o 113
| 2310 ETe7=y = 0] 4| /AN 125



General Introduction

The study of elliptic equations and inequations proved very important given their
application in various fields of physics, biology, astronomy,...
The case of nonlinear elliptic equations with second order of Leray-Lions type i.e.

Au = div(a(z,u, Vu)) = f, (0.0.1)

with different boundary conditions, has been the subject of numerous studied since the
early fifties years. There are for examples the work of Visik [110, 111], Browder [63],
Morrey [95], Nirenberg [100] and others.

For the variational case, i.e., when the second member f is in the dual W~ (Q)
p > 1, the nonlinear elliptic equation of the form (0.0.1), have been the subject of
an initial work given by Leray and Lions [93] in the early sixties, where they proved
the existence of a weak solution of variational problem (associated with the classical
Dirichlet problem) as follows :

u € WyP(Q),
/ a(z,u, Vu)Vo dr < (f,v), ¥ ve& WyP(Q). (00.2)
Q

When a does not depend on u, there is uniqueness of the solution. In more general
situation where a is a Lipshitz function with respect u, Boccardo, Murat and Gallouét
[51] showed the uniqueness of solution of (0.0.2) for p < 2, and there are counter-
example for the uniqueness for p > 2.
If we consider the elliptic problem where the data are no longer in W~'#(Q), the
above formulation not adapted. For f € M(Q) = (C(Q)), the space of measures,
Stampacchia [108] proposed in 1965 a method giving, in the lineare case. i.e.

u € H(Q),
| (AVu) v da < (f,0), (0.0.3)

V v e H}(Q) where A is a bounded and coercive matrix,

the existence and uniqueness of solution of this elliptic equation.
This method uses the duality (and a regularity result) and leads to variational formu-
lation of type :
e ) W)
<7
: t
—(div(A*Vu),v) :/Qv df, (0.0.4)
V ve Hy(Q)NC(Q)
such that div(A'Vv) e |J W (Q).

r>N




the weak classic formulation is would rather

ue () Wyl(Q)
<7

/ AUV d = / vdf ¥V veHNQNCE) such that div(A'Vo) e | Wem ().

[9) Q r>N

(0.0.5)
), and for all v € W,"(Q), we have div(A*Vv) € W1 (Q),
0.0.5) my be also chosen as a test function of (0.0.4), but the

Since W, () € C(Q
the test function of (
reciprocal is false.
Also (0.0.5) does not ensure the uniqueness of solutions, while (0.0.4) assured.
Always for f € M(Q), but with nonlinear operator (for example the nonlinear elliptic
equation (0.0.1)), the Stampacchia method deos not applicable. A little more after in
1989, Boccardo and Gallouét [48] built by approximation a solution to the equation
with homogenous Dirichlet boundary condition. The formulation is similar to this of
distributions :

we [ W),
N(p—1)

1SN (0.0.6)
/Qa(x,u,Vu)Vvdx—/vdf, Voee Wy ().

r>N

In the case where a does not depend on u, the existence of a solution is firstly given
in [48] and faster in [55], with a technical assumption on a in order to have the almost
everywhere convergence of Vu,, to Vu. This condition was delated in [49].
Concerning the case of homogenous Dirichlet elliptic boundary condition, where data
in L'(Q) (which is of course more restrictive than M(2)), three approach were used.
Dall’Aglio [64] has shown that even for a nonlinear problem, the method by approxima-
tion leads to a one solution called SOAL (solution obtained by approximations limit).
In [34], Bénilan, Boccardo, Gallouét, Gariepy, Pierre and Vazquez, define the notion
of entropy solution (here p > 2 — < for simplify),

u € Wy (), Tu(u) € WP ()
a(x, Vu)VTi(u —v) dx < / fTu(u—v)de, ¥ ve WP (Q) N L2(Q).
Q
(0.0.7)
For more general homogenous boundary conditions and in particular Neumann and
Fourier, the existence and uniqueness of entropy solution was shown by Andreu, Mazon,
Segura de Leon and Toledo [22].

Finally Lions and Murat [94, 96] have introduced another concept that of renormalized
solution (following the same name of solutions due to Di Peurna and Lions for the
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Boltzman equation). It verifies (here also, p > 2 — %) :

u e WHH(Q), Ti(u) € Wy P(Q) Yk >0

lim IVulP de =0 YEk>0
h—00 J{n<|u|<k+h}

/QS(u)a(:c, Vu)Vo dx + /Q S'(u)va(x, Vu)Vu dz =
/Q FS(wo de, ¥ ve WP Q)N L®(Q),

(0.0.8)

for any regular real variable function S, with compact support.
The uniqueness criteria (SOAL, entropy and renormalized solution) usable for f €
L'(2), because Ti(u) and S(u)v € L>®(2), however the uniqueness of entropy solution
was extend by Boccardo, Gallouét and Orsina [53] to case of second member measure
does not charge of p-capacity zero, i.e. for the second member p verified, for a Borelien
B

Capy(B,Q2) =0 = u(B) =0.

This equivalent , (see [53]) for a measure p € L*(Q) + W1 (Q).

Where the second member is any measure, we do know in general shown that, the
concept of SOAL ensures the uniqueness, and the entropy and renormalized solutions
are no longer defined.

For the elliptic equations, new equivalent definitions have been proposed by Dal Maso,
Murat, Orsina and Prignet [66], they generalize the previous three concepts, but do
not also to uniqueness.

Consider now the equation (0.0.1), but with the introduction of a nonlinear term
g(x,u), depending on x and w, i.e. an equation called strongly nonlinear of type

(Au = —div(a(z,u, Vu))) + g(x,u) = f. (0.0.9)

The study of this type of problem was firstly treated by F. E. Brower [63] by using
the theory of non bounded monotone operators in Sobolev spaces W™P((). after a
study of this kind was made by P. Hess [85], by using a regular enough truncation in
the case m = 1 and under weaker conditions. Afterward, J. Webb, H. Brezis and F. E.
Browder in [112, 61] have studied the problem (0.0.9) (with a second member in the
dual W= (Q)) in the case of higher order by using a Hedberg approximation type
[83], mentien also the work of Boccardo, Giachetti and Murat [57] which generalize that
of Brezis-Browder [61].The result obtained is used to show the existence of solutions
for some unilateral problems.

When the nonlinearity g depends on three variables x, u, Vu, our equation becomes :

(Au = —div(a(z,u, Vu))) + g(x,u, Vu) = f, (0.0.10)

with ¢ satisfies the natural growth condition on |Vu| and the classical sign condition
g(w,5,€).5s > 0, we found in the variational case (i.e. f € W=1P(Q)), the work of
Bensoussan, Boccardo and Murat [44], where the existence of a weak solution of the
strongly nonlinear problem associated to (0.0.10) was given by using the strong con-
vergence of the positive (resp. negative) part of the sequence wu. of the approached
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problem.

The same problem was studied by Boccardo, Gallouét and Murat [52] by using the
strong convergence of truncations.

The extension of these results when f € L'(Q) was treated in particular in [50],but
under a coercivity condition on the nonlinearity of type:

lg(x,s,&)] > ~v|¢P for |s| >n. (0.0.11)

The use of (0.0.11) appears in particularly at level of u € Wy ().
Next, Porretta [102] delated the condition (0.0.11) and proved the existence of solution
of the strongly nonlinear problem associated to (0.0.10) with v € W;(Q) for all
q < M
More recently, the same author [103] studied the problem (0.0.10) without assuming
the sign condition, but by changing the classical growth condition of the nonlinearity
g by

925, < h(z) + p(s)IEP, p € LY, p> 0. (0.0.12)

The unilateral case is also treated in our work [10] without assuming the sign condition.
Throughout the work cited earlier, the growth of the operator A and the nonlinearity
g are of polynomial type, i.e

la(@, 5,)] < k(x) + s~ + 1€, (0.0.13)

l9(, 5, &) < b([s])(c(x) + [€]), (0.0.14)

also the conditions of coercivity of A and g have the form,
a(z,s,§)& = algl’, (0.0.15)

lg(x,s,&)| > ~v|¢P for |s| >n. (0.0.16)

this required to formulate all the problems mentioned above in a classical functional,
that Sobolev spaces WP(Q2)(m > 1).

When the coefficients of A (resp. g) are relaxed, i.e. the growth and coercivity are
non-polynomial size (replace for example |t|P by the N-function M (t) ), the study
of elliptic problem (strongly nonlinear and unilateral) associated to different equations
(0.0.1), (0.0.9) et (0.0.10), requires a more general functional framework which of Orlicz
Sobolev spaces WLy (Q).

The problem of type (0.9) with ¢ = 0 have been solved by J. P. Gossez [77, 78]; while
the solving of problems (0.0.9) with (g # 0), it has been studied by J. P. Gossez [79, 81]
and by A. Benkirane - J. P. Gossez [42] int the case of higher order.

The problem of type (0.0.10) have been solved by A. Benkirane-A. Elmahi [39, 40]
where the datum in L'(€) or dual. These results were obtained under the assumption
that the N-function satisfies the As-condition near infinity, the extension of these
results for the general N-functions can be found in the work of D. Meskine - A. Elmahi
(72, 73].

Concerning the unilateral case with datum in L', we have treated in the first case in [5],
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with a constraint on the N-function which is the As-condition and an obstacle on the
positive part in Wi Ly (Q) N L>®(Q). In a second case, the same problem was restudied
in [8, 7] with the source term in L' or dual, but illuminating of two fundamental
assumptions, the first is the As-condition and the second is the regularity on the
obstacle ¢ (i.e. ¥+ € WyLy(Q) N L>®(Q)).
On the other side, A. Benkirane and J. Bennouna [38, 36] have studied the problem of
type

—div(a(z,u, Vu)) — divg(u) = f, (0.0.17)

(wheregp € C°(IR,IRY)), in the context of Orlicz spaces with ¢ = 0 for treated the
unilateral case associated to (0.0.17) and ¢ # 0 for the case of an equation where an
entropy solution have proved.

A generalization of (0.0.17) in the unilateral case in the sense of an obstacle free was
the major objective of my work [12, 13].

In this direction, we find the study of existence and in particular the regularity solutions
of the poisson equation :

Au=f

In the work of Azroul, Benkirane and Tienari [32], where the regularity is studied in
different cases of the second member f (f measure, distribution of order 1, an element of
Orlicz spaces), by using the Newton potential and the Torschinsky interpolation. The
results obtained in [32] gives in particular a refinement of the L? case where (p < 25
or p < 7). In this sense we found the results of [35, 3, 6].

On the other hand, if the condition of ellipticity (0.0.15) is replaced by

N
ale, 5,606 > a Y wi)|eP, (0.0.18)
i=1

where w = {w;(x),7 = 1,..., N}, is a family of functions defined and positive almost
everywhere on 2, but are not separated from zero (called weight functions), then the
differential operator becomes degenerate. In this case, it is brought to change the
traditional approach by introducing a modified version of the Sobolev spaces, called
weight Sobolev spaces W'P(Q,w). These spaces presented the functional framework
of a part of our work. Note that the major difficulties en countered during the study
of degenerate problem appear at of topological properties of weight Sobolev spaces,
such as compact imbedding and the type of convergence. The approach of degenerate
problems was introduced initially by M. K. Murthy and G. Stampachia [97] in the case
of a linear operator of second order. An extension to the case of linear degenerate
elliptic operator of higher order was treated by several authors, for examples, V. P.
Glushko [76], A. Kufner and B. Opic [89]. For degenerate nonlinear operator, we found
the work of J. P. Rakotoson [104, 105] in which the authors has studied the degenerate
problem of type
Au+ F(u,Vu) = f

and variational inequalities associated with the concept of relative rearrangement. We
refer also the reader to [23, 24, 25]. Later, F. Gugliemino and F. Nicolosi [82] have

7



shown in the case p = 2 the existence of a weak solution of the equation Au = f where

(2, u, Vu) + colulP2u + ag(z, u, Vu)

||Mz

by using another type of degeneration.

Z (2,n,8)E

=1

‘ p

where p(z) is a weight function on 2 and h is a function satisfying certain assumptions.
This result was generalized to the case p > 1 by P. Drabek and F. Nicolosi in [70] relying
on a special truncation and the Lreay-Lions theorem.

In 1994, P. Drabek, A. Kufner and F. Nicolosi in [68] (see also [70]) have studied the
nonlinear degenerate elliptic problem if higher order generated by the operator,

Au= Y (-1)MD*A,(2,u, ..., V"),

laj<m

by using the theory of degree. In 1998, P. Drabek, A. Kufner and V. Mustonen in
[67] have studied the nonlinear degenerate elliptic problem associated to an operator
without lower order term of type

(z,u, Vu),

||Mz

by using the large monotony condition. After Azroul [29] a generalized this result to
case of higher order by using the large monotony in the case where A has no lower
order terms and the strict monotony in the case where A is a lower order terms.

In 2001 — 2002 Akdim, Azroul and Benkirane studied in [17, 20] the strongly nonlinear
degenerate problem associated to equation (0.0.10) by taking the second member f in
the dual or in L' and with a nonlinearity g(z,u, Vu) satisfying a sign condition and
having a natural growth with respect to Vu. The approach used in the first work is that
of sup and sub solutions while in the second is the strong convergence of truncations
in weight Sobolev spaces.

Note that the authors in [17, 20] imposed the Hardy inequality, i.e.

(H) there exists a weight function o in © and a parameter ¢, 1 < ¢ < oo, such that

(/Q [uf'o(z) dx>; <C (éfg SZ 169 dw>p , (0.0.19)

for all u € Wol P(Q,w) and where C is a positive constant independent of u, and a
condition of integrability on the weight of Hardy type,,

o7 e L (D). (0.0.20)
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Moreover in the case of second member L', the authors added the following coercivity
condition

N

l9(z, 5,0 = 7D wil&l for |s| > 1. (0.0.21)

i=1
More recently, we found in 2003 — 2004 the work of these authors who deal with a de-
generated unilateral problem associated to equation (0.0.10) with the second member
fin W=5'(Q,w).
There are still many questions concerning the degenerated problem that must be
treated, among these questions i quote the work [4, 9] in which we have studied
the degenerated strongly nonlinear unilateral problem mentioned above in the case
(f € L*(2)), but without any coercivity on the disruptive term g (as (0.0.21)).
Note that, in our work, the Hardy parameters o(z) and ¢ are not any but respond to
such assumptions, that

ol e Ll (Q), 1<qg<p+yp (0.0.22)

The latter condition involved more specially in the demonstration of existence of at
least one solution of the approached problem and their estimate. For surmounted the
difficulty we has changed the coercivity

N
a(x,s,6)& > a Yy wil&lP
=1

by another of type

N
a(m, 375)(5 - VUO) > azwl‘lep - 5(']:)7

i=1

where vy € KyNL>®(Q),0 € L'(2) and introduced an approximation of the nonlinearity
g of the form
g(z, s, &)

1+ 2g(z,s,€)

with 0,,(x) = nTy/n(c/(z)). So we got take Hardy parameters without any restriction
and is exactly the content of the work [15].

Note that the case of degenerated elliptic problems of higher order is studied in [21]
under general growth condition and where the monotony condition is assumed on part
of the operator while on the other part is strictly monotone.

If always we keep the degeneration, but the coefficients of the operator satisfies the
growth condition of Orlicz type, the functional framework which comes into question
for formulating our problem is a more general framework which is the weight Orlicz
Sobolev spaces. It is important to recall a single work can be found in this directions
that in 2000 by E. Azroul [31] where in particular a result of compact embedding is
shown.

‘9n<x>

In(T,5,8) =



Part 1

STUDY OF SOME UNILATERAL
PROBLEMS
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This part is constituted of the following Chapters:

Chapter I

Preliminaries

Chapter 11

Existence of solutions for unilateral problems with L' data in
Orlicz spaces

Chapter 111

Strongly nonlinear elliptic unilateral problems with natural
growth in Orlicz spaces

Chapter IV

Existence results for some unilateral problems without sign
condition in Orlicz spaces.

Chapter V

Existence of solutions for unilateral problems in L' involving
lower order terms in divergence form in Orlicz spaces
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Introduction and summary
of the first part

In the first part we was interested in the existence of solutions for some nonlinear el-
liptic problems in Orlicz-Sobolev spaces.

I.1 Existence of solutions for unilateral problems with L! data
in Orlicz spaces.

Consider the following nonlinear Dirichlet problem
Au+ g(x,u,Vu) = f, (0.1)

where A is Leray-Lions operator defined on its domain D(A) C WgLy () in to
W=tE5(Q), while g is a nonlinearity with the following ”natural” growth condition

l9(x, 5, E)| < b(lsl) (e(x) + M([E]))

and which satisfies the classical sign condition g(z, s,£).s > 0. The right hand side f
is assumed to belong to L'(12).

In the work [79], Gossez have establish an existence result for problems of the form
(0.1) when g = g(z,s) and f € W 1E(Q).

The solvability of (0.1) on a convex K of W L;(£2) is proved by Gossez and Mustonen
[81], more precisely they proved the existence of a solution of the following strongly
nonlinear variational inequality :

u e KND(A)
/Qa(a:, u, Vu)(Vu — Vv) dx + /Qg(x, u)(u —v) dx

§<f7u_v>
Vo ve KNL*® )

with K satisfying certain conditions. Recently, the case of equation with g depends on
z,u, and Vu has been studied in [72] with K = Wy Ly(Q).

Another work was studied in 2004 in collaboration with M. Rhoudaf, which treat
the unilateral problem associated to (0.1) (i.e. on the convex K) under the con-
straint of the Ay-condition and where the obstacle ¢ is a measurable function verifying
T € WyLa(Q2) N L2(Q).

Our goal in Chapter II is to study the unilateral problem associated to equation (0.1)
without As-condition and regularity ¢+ € WLy (2) N L®(Q).

Note that the content of this chapter is the subject of work [7] published in 2005.
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1.2 Strongly nonlinear elliptic unilateral problems with natural
growth in Orlicz spaces

The objective of Chapter III is to study the previous unilateral problem with L!-
dual data (a.e., f = fo —divF, fo € LY(Q),F € (E5(Q)")). Thus we obtained the
following existence result:

u € ’Z[,l’M(Q), w>pp. in Q g(z,u,Vu) € L*(Q)
/ a(x,u, Vu)VTi(u —v) de + / g(x,u, Vu)T(u —v) dz
Q Q

g/foTk(u—v) dx—l—/FVTk(u—v) dz,
Q Q
ve KynLe(Q) Vk > 0.

Note also that when f € W~!F5(Q2) only, an additional regularity was obtained on
the solution u (i.e., u € K) and it is the subject of work published [8].

1.3 Existence results for some unilateral problems without sign
condition in Orlicz spaces

In this chapter we will study the unilateral problem associated to equation (0.1) with
g satisfies the following growth condition,

l9(x, 5, 6)| < () + h(s)M(JE]), (I.1)

with v € LY(Q),h € L'(IR) and h > 0 and without any sign condition.

Several studies have been treated in the case of equation with the right hand side
belongs to L' and where g satisfies the sign condition. We can refer for example to
[50, 102] etc.

Taking f € L™(Q2), we found the work [60] where a bounded solution is shown for
m > N/2 and a unbounded entropy solution is obtained for N/2 > m > 2N/(N + 2).
In 2002, Porretta studied the case of the equation with a second member measure.
Note that the content of this Chapter is the subject of an article published in the
journal Nonlinear Analysis series A: Theory, Methods & Applications (voir [11]).

1.4 Existence of solutions for unilateral problems in L' involv-
ing lower order terms in divergence form in Orlicz spaces

Consider the non-linear equation:
(Au = —div(a(z,u, Vu)) — div(o(u)) = f, (0.2)

where A is a partial differential operator satisfying the condition of Leray-Lions and
¢ € CO>IR, RN).

In [45] it has been proved (for 2 — & < p < N), the existence and regularity of
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entropy solutions u of the problem (0.2) i.e.
€ Wy '(Q) Vg <g= el
Ti(u) € Wo?(Q) Vk > 0
A a(z,u, Vu)T;V(u — v) dx + /Q d(u)VT(u —v) d (1.2)
< / fTi(u—wv) de
V v e WyP(Q) N LX(Q) !

In 1999, L. Boccardo and Cirmi in [46] have studied the existence and uniqueness of
solution for the unilateral problem

€ Wy '(Q) Vg <g ="
w> pp. in Q Thlu) € WyP(Q) VE >0

A a(z, Vu)T),V(u —v) de < / fTe(u—v) de
Vove KynL®(Q), Ky ={ueW"(Q)/u>¢pp. in O}

(1.3)

with f € L'(Q),v : Q — IR, is a measurable function such that 1) € Wy?(Q)NL>(Q).
Note that in parallel, there is a development of resolution of the problems (I. 2) and (I,
3) where a satisfies the more general growth condition, which requires the resolution in
the context of Orlicz-Sobolev spaces. In this setting is proved by Gossez and Mustonen
[81] the existence of solution of the following inequality variational :

ue KND(A)

a(z,u, Vu)(Vu — Vo) de < (f,u —v)
Q
VovekK

with K satisfying certain conditions.
In the particular case where K relative to an obstacle 1, i.e.,

Ky = {u € WyLy () /u > p.p. in Q}

we found the work of Benkirane and Bennouna [38], under a constraint on the N-
function, to verify the As-condition. These last two authors have treated the case
¢ # 0 with K = Wi Ly () (see [36]).

In this Chapter, we shall be concerned with the existence result of unilateral problem
associated to the equation (0.2) with the second member f € L'(Q) and without the
As-condition and where the obstacle v is only measurable.

We first studied (see Theorem 5.2.1), the case where a = a(x, ) satisfies the following
coercivity condition

a(x, §)(§ — Vvg) = aM([¢]) — d0(x)

and next (see Theorem 5.2.2), the case when a = a(x, s,§), with

Iél)

The results of this Chapter are the subject of two articles published (see [12, 13]).

a(x,§).§ = aM(

14



Chapter 1
PRELIMINARIES

In this Chapter we will give the ingredients necessary in we will serve later.

1.1. Orlicz-Sobolev spaces

1.1.1. N—functions

A function M : IR — IR is said to be an N —function, if and only if
1) M is even, continuous and convex,
2) M(t) =0 if and only if t = 0,
3) %i_r)rolM(t)/t = O?}H&M(t)/t = 00.

A function M : IR — IR is an N—function, if and only if it can be represented as an
integral (see [86])

It

M (t) :/ m(s) ds,

0
where m : [0,00[— [0,00[ is increasing, right-continuous, m(t) = 0 if and only if
t =0, and lim m(t) = co. A conjugate N—function M for an N—function M(t) =

lt]

/ m(s) ds, is defined by
0

M) = [ " () ds,

where

m(t) = sup s
m(s)<t

is the right inverse of m. From the definition of m it follows that
m(m(t)) >t and m(m(s)) > s forall t,s>0. (1.1.1)

If the function m is continuous, we have equality in (1.1.1), which means that m and
m are mutual inverses.
Next we present some basic inequalities connected with N —functions (see [86]).
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I¢]
Lemma 1.1.1. Let M(t) :/ m(s) ds, be an N—function. Then
0

1) (Young’s inequality) ts < M(t) + M(s) for all t,s > 0 and equality holds if and
only if t =m(s) or s =mf(t),

2) t < M~Y(t)M ~(t) < 2t for all t >0,
M

1
3) M(MYY < M(t) for all t > 0.

t

Definition 1.1.1. An N—function M, satisfies the Ay—condition denote M € Ao, if
there exists constants k > 0 such that

M(2t) < kM(t) forall t>0 (1.1.2)

it is readily seen that this will be the case if and only if for every r > 1 there exists a
positive constant k = k(r) such that for allt >0

M(rt) < EM(t) for all t>0. (1.1.3)

Let P and () be two N—functions. ) dominate P denote P < (), if there exist £ > 0
such that:
P(t) < Q(kt), ¥ t>0. (1.1.4)

Similarly, () dominate P near infinity if there exist £ > 0 and ¢, > 0 such that (1.1.4)
hold only for ¢t > ¢y. In this case there exist K > 0 such that:

P(t)<Q(kt) + K, ¥V t >0,

We shall say that the N —functions P and () are equivalent and write P ~ @ if P < Q)
and Q) < P.

It follows from the definition that the N —functions P and @) are equivalent if, and only
if, there exist a positive constants ki, ko and ¢y such that

P(kit) < Q(t) < P(kot), ¥ t > to. (1.1.5)
We say that P increases essentially more slowly than () near infinity, denote P < @),
P(kt (.
if for every £k > 0 lim Q = 0. This is the case if and only if lim Q () =0.
t—o0 Q(t) t—o0 P_l(t)

1.1.2. Orlicz spaces

Let © be an open subset of IRY. The Orlicz class Ky (Q) ( resp. the Orlicz space
Ly (§2)) is defined as the set of ( equivalence classes of ) real valued measurable functions
u on £ such that

/QM(u(x)) dr < 400 ( resp. /QM (u()\:z:)) dx < +oo for some A\ > 0) .
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L(€2) is a Banach space under the norm

||u||MQ—lnf{)\>0/ ( )> dx <1}

and KCpr(§2) is a convex subset of Lj/(€2) but not necessarily a linear space.

The closure in Ly (£2) of the set of bounded measurable functions with compact support

in Q is denoted by Fy ().

The dual of Ej(€2) can be identified with Ly7(€2) by means of the pairing / uv dx,

Q

and the dual norm of Lz7(0) is equivalent to ||.[|57 o-

Let X and Y be arbitrary Banach spaces with bilinear bicontinuous pairing (,)x y.

We say that a sequence {u,} C X converges to u € X with respect to the topology

o(X,Y), denote u,, — u (o(X,Y))in X, if (u,,v) — (u,v) forallv € Y. For exemple,

if X = Ly(Q) and Y = Ly7(€2), then the pairing is defined by (u,v) = / u(z)v(z) d
Q

forallu e X,veY.

Theorem 1.1.1 [109]. Let M be an N—function and Q C IRY open and bounded
then.

1) Ep(2) C Kar(2) C Lpg(€2),

(€2)
2) Ey(Q) = Ly (Q) if and only if M € Ao,
3) En () is separable,
4) Lar(Q) is reflexive if and only if M € Ay and M € A,.

1.1.3. Orlicz-Sobolev spaces

We define Orlicz-Sobolev space, WL (Q) [resp. W1E(Q2)] is the space of all func-
tions w such that v and its distributional derivatives of order 1 belongs in Ly, (€2) [resp.
Eyn(Q)]. Tt is a Banach space under the norm

lulluar = D [ID"ullare-

le|<1

Thus, WLy (Q) and W'Ep(Q) can be identified with subspaces of the product of
N + 1 copies of Ly (€2). Denoting this product by [] Lys, we will use the weak topolo-
gies O'(H LM, H EM) and U(H LM, H LM)

The space Wi Ey () is defined as the (norm) closure of the Schwartz space D(1Q)
in W!'Ey () and the space W)Ly (Q) as the o(I] L, [1 E57) closure of D(Q) in
WLy (Q).

We recall that a sequence u,, in Ly, () is said to be convergent to u € Lj;(2) modular,
denote u, — u (mod) in L/() if there exists A > 0 such that

|un(2) — uf)|
/QM( 3 )dr — 0 as n — +o0.
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This implies that u, converges to u for o(La(€2), L37(€2)). A similar definition can be
given in WL,/ () where one requires the above for u and each of its first derivatives.
If M satisfies the Ag-condition (near infinity only when 2 has finite measure), then
modular convergence coincides with norm convergence.

Let W' Li7(Q2) [resp. W1E5(Q2)] denote the space of distributions on Q which can
be written as sums of derivatives of order < 1 of functions in Ly7(€2) [resp. Eq7(€2)]. It
is a Banach space under the usual quotient norm (for more details see [1]).

In the sequel we will need the following Lemmas (see Lemma 4.4 and 5.7 of [77])

Lemma 1.1.2. Let (u,), C Ly () a bounded sequence in Ly () such that u, — u
a.e. in . Then, u € Ly () and u, — w weakly in Ly () for o(La(S2), E57(S2)).

Lemma 1.1.3. Let Q be an open bounded of IR™. Then there exists two positive
contants ¢y and co such that

We recall some Lemmas introduced in [39] which will be used later.

Lemma 1.1.4. Let F': IR — IR be uniformly Lipschitzian, with F(0) = 0. Let M be
an N-function and let w € WLy (Q) ( resp. W'Ey(Q)). Then F(u) € WLy (Q)
( resp. WYEy(Q)). Moreover, if the set D of discontinuity points of F' is finite, then

0 F/(u)a‘?viu a.e. in {r € Q:u(zx) ¢ D},

%F(u) B { 0 ae. in  {xeQ:u(r) e D}

Lemma 1.1.5. Let F' : IR — IR be uniformly Lipschitzian, with F(0) = 0. We
assume that the set of discontinuity points of F' is finite. Let M be an N-function,
then the mapping Tr : WYLy (Q) — WLy (Q) defined by Tr(u) = F(u) is sequentially
continuous with respect to the weak™ topology o(I1 Las, IT Exy)-

We have already used the concept of a Carathéodory function. Therefore, let us only re-
call that a function g = g(x, s), defined for z € Q2 and s € IR™, is called a Carathéodory
function, if

1) the function g(z,.) is continuous for a.e. x € €,
2) the function g(., s) is measurable on Q for every s € IR™.

For every Carathéodory function g, we define the Nemytskii operator G generated by
g and acting on vector-valued functions v = u(z),u : Q — IR™, by the formula

(Gu)(z) = g(x,u(x)), =z €
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It is well known that the operator G maps the space H LPi(€2) continuously into LP(£2)
i=1

if and only if the following estimate holds:
l9(z, )| < alx) +e ] [s|7
i=1

for a.e. x € Q and every s € IR with a fixed (nonnegative) function a € LP(Q2) and a
fixed nonnegative constant c.

We give now the following Lemma which concerns operators of Nemytskii type in Orlicz
spaces ( see [39]).

Lemma 1.1.6. Let Q be an open subset of IRYN with finite measure.
Let M, P and Q) be N-functions such that Q < P, and let f : Q x IR — IR be a
Carathéodory function such that, for a.e. x € Q) and all s € IR:

[f (2, 8)] < (@) + kP M (ksls]),

where ky, ko are real constants and c(x) € Eg(€2).
Then the Nemytskii operator Ny defined by Ny(u)(x) = f(x,u(z)) is strongly contin-
uous from P(E(€2), é) ={ue Ly(Q):du, Ex(Q)) < ,%2} into Eq(€2).

We introducing the truncature operator. For a given constant k£ > 0 we define the cut
function 7T} : IR — IR as

s if  |s| <k

k sign(s) if |s| > k. (1.1.6)

7ifs) = {
For a function v = u(z), z € Q, we define the truncated function Tyu = Ty (u) pointwise:
for every x € Q the value of (Tju) at z is just Ty (u(z)).
We now introduce the functional spaces we will need later.
For an N —function M, ’]BLM(Q) is defined as the set of measurable functions u : 2 —
IR such that for all k& > 0 the truncated function T (u) € Wi Ly ().
We gives the following Lemma this is a generalization of Lemma 2.1 [34] in Orlicz
spaces.

Lemma 1.1.7. For every u € %I’M(Q), there exists a unique measurable function
v: Q— RN such that

VT (u) = VX{juj<k}, almost everywhere in €,  for every k > 0.
We will define the gradient of u as the function v, and we will denote it by v = Vu.

Lemma 1.1.8. Let A € IR and let u and v be two functions which are finite almost
everywhere, and which belongs to Ty"" (Q). Then,

V(u+ Av) = Vu+ AV a.e. in €,

where Vu, Vv and V(u+ A\v) are the gradients of u, v and u+ \v introduced in Lemma
1.1.7.
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The proof of this Lemma is similar to the proof of Lemma 2.12 [66] for the L case .
Below, we will use the following technicals Lemmas.

Lemma 1.1.9. Let (f,)n, f € LY(Q) such that
1) fr, >0 ae. in
2) fo— [ ae inQ

3) /an(:v) dr — /Qf(x) dx. Then f, — f strongly in L'(Q).

We say that Q C RN satisfies the segment property if there exists a locally finite
open covering {O} of 9Q and corresponding vectors {y; } such that for x € QN O and
0<t<1,onex+ty €8

Lemma 1.1.10 [36]. Let Q be an open bounded subset of IRYN satisfies the segment
property. If u € Wi Ly (Q), then

/divud:I::O.
Q

1.1.4. Imbedding Theorem in Orlicz-Sobolev spaces

Let Q be an open subset of IRY, with the segment property. Let M an N—function
and we suppose that

ds = +00.

/°° M~(s)

1
s~

Let M an N—funcion equal to M near to infinity such that

/1 Mﬁl(s) ds < +00
0

1
ST

(see [2] for the construction of this N—function).
We define a new N—function M; by

ML (t) = /Ot M)

s+

and let M; an N—function equal to M near 0 and ]\2/1 to infinity.
Repeating this process we obtain a finite sequence of N —functions: My, My = (M), ...,
where ¢ = q(M, N) such that

oo M1 oo M
/ 7‘1_1(8) ds = +o00 but / ()
1 1

-1
q

1+4 I+

$TN 5N

ds < 400

if

o V-1
/ . (5) ds < +00
1

1
sttw
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we put ¢(M, N) = 0.

We say that ) has the cone property if each of its points is the vertex of a finite right-
spherical cone contained in 2 and congruent to some finite right-spherical cone.

We adopt the following imbedding Theorem from [65]

Lemma 1.1.11. Let Q be an open subset of RN with cone property.
If m < q(M, N) then WYLy (Q) C Ly, with continuous imbedding.
If m > q(M, N) then WLy (2) C C(2) N L>®(Q) with compact imbedding.
So, in the two case, there exists an N-function @ such that M < Q and WLy (Q) C
Lg (see [1]).
It’s known that, there exists also an N-function () such that
M < Q and W'Ly () C Eg(Q)
with compact imbedding ([1, 65]).
In particular, we get WLy (Q) C Ey () with compact imbedding.
When  is an any open subset of IRY, the imbedding of the previous Lemma remain

valid for W3 L/ (Q) instead of WLy (Q).
Then, we deduce also that there exists an N-function () such that

M < Q and W'Ly () C Eg(Q)
with continuous imbedding (which can be supposed compact). Moreover, we have
WLy () C Ey () with compact imbedding.
An other applications of the previous Lemma allows to have for any subset 2,
M < Q and W'Ly(Q) C ES(Q),

for some N-function @ (and also the compact imbedding).
Thus, WLy (Q) C E(Q) with continuous and compact imbedding.

1.2. Notations

In the sequel, we use the following notations
Denoting by €(n, 7, h) any quantity such that
lim lim lim €(n,j,h) =0.

h—+o00 j——+00 n—+0o0
If the quantity we consider does not depend on one parameter among n,j and h, we
will omit the dependence on the corresponding parameter: as an example, €¢(n, h) is
any quantity such that

lim lim e(n,h) =0.

h——~400 n—+00

Finally, we will denote (for example) by €,(n, j) a quantity that depends on n, j, h and
is such that

li li ) =10
Al en(ns )

for any fixed value of h.
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Chapter 2

EXISTENCE OF SOLUTIONS
FOR UNILATERAL PROBLEMS
IN L! IN ORLICZ SPACES'

In this Chapter, we shall be concerned with the existence result of Unilateral prob-
lem associated to the equations of the form,

Au+ g(z,u, Vu) = f,

where A is a Leray-Lions operator from its domain D(A) C W Ly () into W= E57(€).
On the nonlinear lower order term g(x,u, Vu), we assume that it is a Carathéodory

function having natural growth with respect to |Vul|, and satisfies the sign condition.
The right hand side f belongs to L'().

2.1. Introduction

Let © be an open bounded subset of RN, N > 2, with segment property. Let us
consider the following nonlinear Dirichlet problem

—div(a(z,u, Vu)) + g(x,u, Vu) = f (2.1.1)

where f € LY(Q), Au = —diva(z, u, Vu) is a Leray-Lions operator defined on its domain
D(A) € W)Ly (), with M an N-function and where ¢ is a nonlinearity with the
"natural” growth condition:

l9(x, s, €)] < b(]s[) (e(z) + M([£]))
and which satisfies the classical sign condition
9(x,5,€).s > 0.

In the case where f € W1 E7(Q), an existence Theorem has been proved in [79] with
the nonlinearities g depends only on x and u, and in [39] where g depends also the Vu.

!Journal of inequality in pur and applied mathematics, vol. 6, Issue 2, Article 54, 2005.
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For the case where f € L'(€2), the author’s in [40] studied the problem (2.1.1), with
the following exact natural growth

lg(z,5,8)| > BM([¢]) for |s| > p

and in [43] no coercivity condition is assumed on g but the result is restricted to N-
function M satisfying a Ay-condition, while in [73] the author’s were concerned of the
above problem without assuming a As-condition on M.

The purpose of this Chapter is to prove an existence result for unilateral problems
associated to (2.1.1) whithout assuming the As-condition in the setting of Orlicz-
Sobolev space.

Further work for equation (2.1.1) in the L? case can be found in [102] , and in [74] in
the case of obstacle problems.

2.2. Main results

Let €2 be an open bounded subset of RN, N > 2, with the segment property.
Given an obstacle ¥ : {2 — IR which is a measurable function and consider the set

Ky={u€WiLy(Q); u>1v ae in Q}. (2.2.1)
We now state our hypotheses on the differential operator A defined by,
Au = —div(a(z,u, Vu)). (2.2.2)
(A)) a(z,5,€): Qx R x RN — IRY is a Carathéodory function.

(Ay) There exist tow N-function M and P with P < M, function k(z) in Ez7(Q),
positive constants ki, ko, k3, k4 such that,

a5, Q)| < k(x) + kP M(ky|s|) + ks M~ M (kalC]),
for a.e. x in Q and for all s € IR, { € IRY.
(A3) For a.e. zin Q, s € R and ¢, ¢’ in RY, with ¢/ # ¢
la(z,5,¢) — a(z,s, N —¢) >0

(Ay) There exist 6(z) in L'(2), strictly positive constant o such that, for some fixed
element vy in Ky N W7 Ey () N L®(Q).

a(x,s,¢)(C — Vo) = aM(|¢]) — d(x)
for a.e. zin Q, andall s€ R, (€ RN,

(Aj5) For each v € K, N L>®(£) there exists a sequence v; € Ky N W7 Ey(Q) N L>2(Q)
such that,
v; — v for the modular convergence.
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Furthermore, let g : Q x IR x IRY — IR be a Carathéodory function such that for a.e.
x € Qand forall s € R, € RN

(G1> g(*T?S?C)S > 07
(G2) lg(z, s, Q)] < b([s]) (c(x) + M([C])),

where b : IR, — IR, is continuous non decreasing function, and ¢ is a given
nonegative function in L(2).

Remark 2.2.1. Remark that the condition (As) holds if the one of the following con-
ditions 1s verified:

a) There exists 1 € Ky such that ¥ — 1 is continuous in Q, (see [[81], Proposition

9)),
b) v € WeEN (), (see [[81], Proposition 10 ]),
c) The N-function M satisfies the Ay-condition,
d) v =—o00 (i.e. Ky=W3Ly(R)) (see Remark 2 of [81] and Theorem 4 of [80]).
Let us recall the following Lemma which will be needed later :

Lemma 2.2.1 [77]. Let f € W E(Q) and let K C Wy Ly () be convex, o (] Las, [1 F3z)
sequentially closed and such that KNWg Ey(Q) is o (1 Las, 1 Lyz) dense in K. Assume
that (A1)-(A4) are satisfy with vg € K N W3 Ey (), then the variational inequality

u€ DA)NK,
/ﬂa(as,u,Vu)V(u—v) dr < (f,u—v),
vV veK.

has at least one solution.

Remark 2.2.2. The previous Lemma can be applied if K = Wy Ly (Q) (see Remark
2.2.1 and Remark 2 of [81]).

Remark 2.2.3. Remark that the convexr set K satisfies the following conditions :
1) Ky is o(IT L, I1 E5) sequentially closed.
2) Ky NWyEN(Q) is o(IT L, 11 Lyz) dense in Ky,

Proof :

1) Let u, € Ky which converges to u € Wy Ly () for o(I1 Las, [T E57). Since the
imbedding of W Ly () into Ey(2) is compact it follows that for a subsequence
u, — u a.e. in ), which gives u € K.
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2) Tt suffices to apply (As) and the fact that T,,(u) — u (mod) in WLy (Q) for all
u < K"Z)'

We shall prove the following existence Theorem.

Theorem 2.2.1. Let f € L' (). Assume that (A;) - (As), (G1) and (Gs) hold, then
there exists at least one solution of the following unilateral problem,
uwe T"M(Q), u>ae in Q, glz,u, Vu) € L'(Q)
/ a(z,u, Vu)VTi(u —v) dx + / g(x,u, Vu)Ti(u — v) dx
Q Q

< [ fTitu—v) da.
Vo ve Ky,NL>®(Q), Yk > 0.

(P)

2.3. Proof of Theorem 2.2.1
Let us give and prove the following Lemma which are needed below.

Lemma 2.3.1. Assume that (A1) — (A4) are satisfied, and let (z,), be a sequence in
Wi Ly () such that

a) zn — z in Wy Ly (Q) for o(IILy (2), ITE57(R2));

b) (a(z, 2n, V2n))n is bounded in (Ly7(2))Y;

c) /ﬂ[a(m, 2n, Vzn) — a(, 2n, Vaxs)|[Vz, — Vaxs) de — 0 asn and s — +o0.
(Where xs the characteristic function of Qs = {x € Q,|Vz| < s}).

Then
M(|Vz,]) — M(|Vz]) in L' Q).

Remark 2.3.1. The condition b) thoes not necessary in the case where the N -function
M satisfies the Ag-condition.

Proof :

The condition a) implies that the sequence (z,), is bounded in W L;(£2), hence there
exists two positive constants A\, C' such that

/ M\[Vz,|) da < C. (2.3.1)
Q

On the other hand, let () be an N-function such that M < ) and the continuous
imbedding Wy Ly(2) C Eg(Q2) holds (see [77]). Let € > 0. Then there exists C. > 0,
as in [39], such that

la(z,s,0)| < elz) + Ce+ kM Q(e|s|) + ks M M(e|C]) (2.3.2)
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for a.e. € Q and for all (s,¢) € R x R". From (2.3.1) and (2.3.2) we deduce that

(a(z, 2n, Vz,))n is bounded in (L77(2))".
Proof of Lemma 2.3.1
Fix r > 0 and let s > r since €2, C €2, we have,

0 < / [a(, 20, Vzn) — (@, 20, V2)][V 2 — V2] dz
< /Qr [a(z, 2, Vz,) — a(z, 2, V2)|[Vz, — Vz] dx
= la(z, 20, Vz,) — a(x, 20, V2xs)][Vzn — Vax,] dz
< /Q[a(x, Zny, Vzn) — a(x, 2n, V2xs)][Vz, — Vzxs| de.

Which with the condition ¢) imply that,

lim [ la(z, 2z, Vz,) — a(z, 2, V2)|[Vz, — Vz] dz = 0.

n—oo QT

So, as in [77]
Vz, — Vz ae in €.

On the one side, we have

/ a(x, zp, Vz,)Vz, do = / la(z, 2n, Vz,) — a(z, 2n, V2xs)]
Q Q
xX[Vz, — Vzx| dx
—i—/ a(z, zn, Vaxs)(Vz, — Vays) do
Q

+/ a(x, z,, Vz,)Vzx, de.
Q

Since (a(z, 2n, Vz,))n is bounded in (L77(2))%, from (2.3.5), we obtain

a(z, 2, Vzn) = a(z,2,Vz) weakly in (L7(2)Y for o(IlLy7, I1Ey).

Consequently,

/ a(x, zn, Vz,)Vzxs dv — / a(x,z,Vz)Vzy, dz
Q 0

as n — 0o.
letting also s — 0o, we obtain

/Qa(:v,z,Vz)VzXS dx — /Qa(a:,z, V2)Vz de.

(2.3.3)

(2.3.4)

(2.3.5)

(2.3.6)

(2.3.7)

(2.3.8)

(2.3.9)

On the other side, it is easy to see that the second term of the right hand side of (2.3.6)

tend to 0 as n — oo and s — oo.
Moreover, from ¢), (2.3.8) and (2.3.9) we have,

lim [ a(x,z,,Vz,)Vz, dx = / a(x,z,Vz)Vzdr,
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hence

lim [ a(x,z,, Vz,)(Vz, — V) do = / a(x, z,Vz)(Vz — V) du.
0

n—oo JO

Finally, using (A4), one obtains, by Lemma 1.1.9 and Vitali’s Theorem,
M(|Vz,|) — M(|Vz|) in L*Q).

To prove the existence Theorem, we proceed by steps.

STEP 1. Approximate problems.
Let us define

o glw,s,8)
gn(,5,8) = 1 lg(z,s,€)]

and let us consider the approximate problems:
u, € Ky ND(A),
(P) s (Aup,u, —v) + /an(:v, Up, V) (U, — v) do < /an(un —v) dz,
Vv € Ky.

where f, is a regular function such that f, strongly converges to f in L'(Q).
Applying Lemma 2.2.1 the problem (P,) has at least one solution.

STEP 2. A priori estimates.

Let k > |[vg]lo and let ¢i(s) = se’**, where v = (422,
It is well know that
b(k)

«

Vs € IR. (2.3.11)

N | —

lo(s)] =

Taking u,, — nex(T)(u, —vo)) as test function in

©r(s)

—~

P,), where | = k + ||vg]| 0, We obtain,
/Qa(x, Uny V) VT, — v0) 0y (T)(u, — vo)) do + /an(x, Uny Vg ) pr(Ti(u, — vg)) dx
< | oD, =) der

Since g (2, U, Vg ) k(T (1, — v9)) > 0 on the subset {x € Q : |u,(z)| > k}, then
/ a(z, Uy, Vg, )V (t, — vo)ey(Ti(u, —vg)) dx
{lun—vol<l}

< /{I < |90 (2, U, V)| |0 (T1 (s — v0))| do +/angpk(Tl(un — o)) da.

by using (A4) and (Gy), we have

of oy MV )T — o) d
< (k) [ (ela) + MOV T(u)D) le(Ti (s = v0))] da
+ [ 3@ (T — ) o+ [ fusprlTi(n = ) d.
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Since
{z € Q,|up(2)] <k} C{xr e Q:|u, —v| <1}

and the fact that ¢,d € L'(2), further f,, is bounded in L!(), then

b(k
[ MOV Tt TiCn — o)) do < " [ A9 Dl TiCn — o))l o+
where ¢, is a positive constant depend of the k. Which implies that

b(k)

- lek(Tz(un —vo))|| dx < ¢y

[ MIVTi ) |l = )
By using (2.3.11), we deduce,
/QM(NTk(un)D dz < 2¢. (2.3.12)

Since Tj(uy,) is bounded in Wi Ly (), there exists some v, € Wy Ly () such that

Ti(un) — vp weakly in WiLy(Q) for o(I1Lys, HE5;)

Ti(un) — vy, strongly in Ey(Q). (2.3.13)

STEP 3. Convergence in measure of u,

Let ko > ||vo||leo and k > kg, taking v = u,, — Ti(u,, — vo) as test function in (B,) gives,

/Qa(a:, Upy V) VT (w, — vo) do + / (T, U, V) Ti(uy, — vo) dz
Q

2.3.14
S /anTk(Un _UO) d!L‘, ( )

since g, (T, Up, Vu,)Ti(u, — vg) > 0 on the subset {z € Q, |u,(z)| > ko} hence (2.3.14)
implies that,

/Qa(x, Up, Vg ) VT (u, — vo) dr < k/ |9 (2, U, V)| do + E|| f]| 210

{lun|<ko}

which gives, by using (G),

/ a(z, up, V) VT (u, —vg) dz
Q

(2.3.15)
< kb(ky) [ /Q ()| dz + /Q M| VT, (wn)|) de| + ke.
Combining (2.3.12) and (2.3.15), we have,

/ a(x, up, V) VT (u, — ) dr < kg, + c].
0

By (A4), we obtain,
/ M(|Vuy|) dz < ey
{lun—vol<k}
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where ¢; independent of k, since k arbitrary, we have
/ M(|Vu,|) dz < M (V) dx < kes
{lun|<k} {lun—vo|<k+|lvolloo }

ie.,
[ MOV Ti(w)]) do < ke, (2.3.16)
Q
Now, we prove that u,, converges to some function u in measure (and therefore, we can
always assume that the convergence is a.e. after passing to a suitable subsequence).
We shall show that w,, is a Cauchy sequence in measure.

Let £ > 0 large enough, thanks to Lemma 1.1.3 of Chapter I, there exists two positive
constants ¢z and ¢4 such that

/QM(Cng(un)) dr < 04/Q M(|VTy(uy,)|) dx < kes, (2.3.17)

then, we deduce, by using (2.3.17) that

M (c3k) meas {|u,| >k} = o }M(chk(un)) dr < csk,
un|>k
hence
meas(|u,| > k) < ol Vn, Vk (2.3.18)
" = M(csk) T o

Letting k& to infinity, we deduce that, meas{|u,| > k} tend to 0 as k tend to infinity.
For every A > 0, we have

meas({|u, — upn| > A}) < meas({|u,| > k}) + meas({|u,| > k})

tmeas({|Tx(un) — Ti(um)| > A}). (2.3.19)

Consequently, by (2.3.13) we can assume that Tj(u,,) is a Cauchy sequence in measure
in €.
Let € > 0 then, by (2.3.19) there exists some k(e) > 0 such that meas({|u, — um| >
A}) < € for all n,m > ho(k(e),\). This proves that (u,), is a Cauchy sequence
in measure in €2 , thus converges almost everywhere to some measurable function wu.
Then

Ti(un) = Tp(u) weakly in - WyLy(Q) for o(I1 L, 1 E+7),

Ti(un) — Ti(u) strongly in By () and ae. in Q. (2.3.20)

Step 4. Boundedeness of (a(z, Tj(u,), VTi(u,)), in (Lz(Q))N .
Let w € (Ep(Q))YN be arbitrary, by (Az) we have

(a(x, up, Vu,) — a(z, up, w))(Vu, —w) >0,
which implies that

a(x, uy, Vu,)(w — Vug) < alz, u,, Vu,)(Vu, — Vig) — a(z, up, w)(Vu, —w)
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and integrating on the subset {z € 2, |u, —vo| < k}, we obtain,

/ a(z, up, Vu,)(w — Vg) de < / a(z, up, Vu,)(Vu, — V) dz
{lun—vol<k} {lun—vo|<k}
a(x, uy, w)(w — Vu,) dx.
{lun—vol<k}
(2.3.21)

We claim that ,

/ a(x, uy, Vu,)(Vu, —vo) dz < ¢y, (2.3.22)

{lun—vo[<k}

with ¢y is a positive constant depending of k.
Indeed, if we take v = u,, — Tj(u, — vg) as test function in (P,), we get,

/{ | k} ax(ﬂj, Up, C Un)( ;7 Up — ;7 U()) de‘ / n( y Up s §7un) k(un UO) d,',U
Up —v0|< g a l

Since g, (2, Up, V) Ti(u, — v9) > 0 on the subset {z € Q, |u,| > ||vo]|c}, Which
implies

a(x, u,, Vu,)(Vu, — Vug) dx
/{|un—vo|sze} ( ) 0)

(2.3.23)
< b(lenllo) | (e() + M (VT (1)) de+ Kl FLxc.

Combining (2.3.12) and (2.3.23), we deduce (2.3.22).
On the other hand, for A large enough, we have by using (As)

(T, up, W) — k(z), ks
M7d</Mi */Mk <ecn, (2.3.24
/{un—vo|3k} ( A )dz < Q ( A\ )+ 2 Ja (kaw]) +c < e, ( )

hence, |a(x, Uy, W) | X {jup—vo|<k} Pounded in L37(€2). Which implies that the second term
of the right hand side of (2.3.21) is bounded.

Consequently, we obtain,
/ a(x, Uy, Vuy,)(w — Vug) de < ¢, (2.3.25)
{lun—vo|<k}

with c;5 is a positive constant depending of & .

Hence, by the Theorem of Banach-Steinhaus, the sequence (a(z, tn, Vn)) X {jun—vo|<k} )n
remains bounded in (L37(€2))". Since k arbitrary, we deduce that (a(z, Tj.(uy), VIk(tn)))n
is also bounded in (L77(2))"¥. Which implies that, for all £ > 0 there exists a function
hy € (L77(Q))Y, such that,

a(z, Ty(u,), VTi(u,)) = by weakly in  (L7(Q)Y for o(I1L7(Q), TLEN(Q)).
(2.3.26)
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STEP 5. Almost everywhere convergence of the gradient.

We fix k > ||vg]|oo- Let Qs = {z € Q,|VT(u(x))| < s} and denote by x; the charac-
teristic function of 2. Clearly, Q5 C Q441 and meas(Q\() — 0 as s — 0.

By (45) there exists a sequence v; € K, NWy Ep(Q)NL>*(Q) which converges to Ty (u)
for the modular converge in Wy Ly ().

Here, we define

wh - = Top(un — vo — Thi(un — vo) + Ti(un) — Ti(vy)),

w;-‘ = Top(u —vo — Th(u — vo) + T (u) — Ti(vy))

and
wh = Tor(u — vg — Tp(u — vy))

where h > 2k > 0.
For n = exp(—47k?), we defined the following function as

Un j = Un — Npx(W, ;). (2.3.27)

We take v)! ; as test function in (P,), we obtain,
(Alwn) mpn(wl ) + [ galesn, Vol ) do < [ fingulwl) de.
Which, implies that
(A(un), or(w) ;) + /an(a:, Un, Vi) i (wh ;) da < /angok(wﬁyj) dr.  (2.3.28)
It follows that

/Qa(ac,un,Vun)VwZngpﬁf(wZJ) d$+/ggn(:c,un,Vun)g0k(wZ7j) dx

2.3.29
< /an%(wﬁ,j) dz. ( )

Note that, Vw! . = 0 on the set where |u,| > h + 5k, therefore, setting m = 5k + h.
We get, by (2.3. 29)

/Q a(x, Ty (uy), VT, (un))an]gok( d:C+/ Gn (2, U, Vi ) or (W ;) dx
S/anSOk n,j)d .

In view of (2.3.20), we have @y (w): ;) — @p(w?) weakly* as n — +oo in L>(£2), and
then

/fngpk Wy, ; dx—>/f90k ) dr as n — +oo.

Again tends j to infinity, we get
/fSOk da:—>/f<pk )dr as j — +oo,
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finally letting A to infinity, we deduce by using the Lebesgue Theorem / foor (wh) dx —
Q

0.
So that

/angok(wzj) dx = €(n,j, h).

Since in the set {z € Q, |u,(z)| > k}, we have g, (2, un, Vuy)pp(w)t ;) > 0, we deduce
from (2.3.29) that

/Q 0@, Ty (), VT () Vil gl (wh ) d

h (2.3.30)
+/{| <k gn(x; Up, VUn)SDk(wn’j) dr < e(nMj, h)

Splitting the first integral on the left hand side of (2.3.30) where |u,| < k and |u,| > k,
we can write,

/Q a(z, T (uy), VTm(Un))VwZ,jSO;c<wZ,J’) dz

- A a(x, T (un), VI (un) [V Tk (u,) — VTk(vj)]goﬁg(wZ’j) dx

- a(:c,Tm(un),VTm(un))VwZJgag(wz,j) dz.

Un |>
(2.3.31)

The first term of the right hand side of the last inequality can write as
/{ - a(x, Tr(uy), VTm(un))VwZ’jgpz(wzvj) dx
> /Qa(x,Tk(un),VTk(un))[VTk(un) — VT (v)))g),(wy ;) da
—k@0) [ Ja(e, Tu(ua), 0)|| Vo] da
{lun|>k}

(2.3.32)

Recalling that, |a(x, Tk (un), 0)| X {jun|>k} converges to |a(x, Tx(u), 0)|X{ju/>k} strongly in
L (), moreover, since |Vov;| modular converges to |VTj(u)|, then

~28) [ a(@, Ti(un), 0)||V ey do = e(n, ).
{lun|>k}
For the second term of the right hand side of (2.3.31) we can write, using (As)

[ oy 2 Do), VT () Vs )
Unp | >
> g (2K) [ fa(e D). VT, @) Ve de (2333
—h(2k) d(z) dx.

{lun—vo|>h}

Since |a(x, Ty (un), VT, (uy))| is bounded in L37(€2), we have, for a subsequence
|a(z, T (un), VI (un))] = ln,
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weakly in Ly7(Q2) for o(Lyz, Ear) as n tends to infinity , and since

VUi X {fun 5k} — VU X{Jul>k}

strongly in Fj(Q2) as n tends to infinity, we have

—¢h(20) [

- la(z, T (un), VT (uy)) || V| doe — —g0;€(2k)/ I |V;| dx
Unp | >

{lul>k}

as n tends to infinity.
Using now, the modular convergence of (v;), we get

~h28) [ Vvl de =~ (28) [ [ V()] dz =0
ACH[ iVl R LIV
as j tends to infinity.
Finally
—@2(21{;)4 - la(z, T (un), VI (un))||Vu;| de = ep(n, j). (2.3.34)

On the other hand, since § € L'(f2) it is easy to see that

—L(2K) / 5(x) dz = e(n, h). (2.3.35)

{|lun—vo|>h}

Combining (2.3.32), ..., (2.3.35), we deduce

L e Toua), VT () Vi )
> / o, T (n), V(1)) [V Tk (1) — VTi(07)]0 (w ) dav

+e(n, h) + €(n, j) + en(n, j).
(2.3.36)
Which implies that

[ ale, To(un), VT (1) Vol s (wl )
/[a(&j Ti(un), VTi(un)) = a, Ti(un), VTi(07)x])]
X[V (un) = VTi(05)xd)h (wy ) de
+ [ e, Tilun), VT30V TeC) — VTl (wl) da
= g 2 T, VT VT A 0] )
+e(n, h) + €(n, j) + en(n, j)
(2.3.37)
where x? denotes the characteristic function of the subset

= {x € Q:|VTy(v;)| < s}
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By (2.3.26) and the fact that VTk(vj)XQ\Qggpfg(wﬁ’j) tends to VTk(vj)XQ\Qggpg(w?)

strongly in (E(Q))Y, the third term of the right hand side of (2.3.37) tends to quantity

/Qhvak(/Uj>XQ\Qg(p;c(w?) dx

as n tends to infinity.
Letting now j tends to infinity, by using the modular convergence of v;, we have

/QthTk(Uj)XQ\Q§90;4<w?> dr — /Q\Q iV Ty (uw) gy, (w") da

as j tends to infinity.
Finally

_ /Q o a(@, Tio(un), VI3 (u)) Vi (0)) @ (wh ) da

o | (2.3.38)
= —/Q\Q hiVTi(v;) g, (w") do + ep(n, j).

Concerning the second term of the right hand side of the (2.3.37) we can write

| o, Tulun), VIV Ti(un) = VIl ) d
= [ ale, Te(ua), VIL(0)x) VTl A (Ten) = Ti(wy)) do - (23.39)
~ [l Titun), VI ) V(v i (wh) da.

The first term of the right hand side of (2.3.39) tends to the quantity
| ae Tu(w). VI (03D VT (T(w) = Th(vy) da as n— o

e T(wn), V(o)) (Tal) — T ()
= (e, To(u), VTu(0;) )04 (Ti(r) — Ta(w))

strongly in (E57(Q2))" by Lemma 1.1.6 of Chapter I and VT (u,,) — VT (u) weakly in

(LM(Q>>N for O’(H LM, H EM)
For the second term of the right hand side of the (2.3.39) it is easy to see that

/ﬂ a(, Ty(un), VT(03)x3) VT (03)x ) g (wl ) da

A . (2.3.40)
— [ ale Tu(w), VI ()X VT (o, Wih () da

as n — oo. Consequently, we have

/Qa(x,Tk(un), VTk(%)Xg)[VTk(Un) - VTk(“j)Xi]‘P%(wZ,j) dx

= /Q a(x, Ti(u), VTi(0:)x3) [V T3 (1) = VT3 (0;) X3k (w]) da + (1)
(2.3.41)

34



since
VTi(v;)xde' (w]) — VTi(u)xspp(w")
strongly in (Ep(Q))N as j — +oo, it is easy to see that

[ ale, Tuluw), 9,3 (Vi) — VTk(vj)Xi]wk(w?) de
- / a(x, Te(u), 0)V T (w) 2, (0) dx

as j — +oo thus

/Qa(a:,Tk(un), VT ()X [V Tk () — VTi(v))x2ep (wh ;) da

= o, a(z, Ty (u),0) VT (u)py(0) dz + €(n, j)

(2.3.42)

Combining (2.3.37), (2.3.38) and (2.3.42), we get

/Qa(x,Tm(un),VTm( D)Vl gh(wh ) da
> [ fala. Th(un). VTi(un) = al, Ti(u), VT(0;)x2)]
X[V (un) — VTI@(UJ)X]]SOIC( ) dz
+/Q\Qs he VT (1)l (0 )da:+/Q\Q a(z, Te(u), 0)V Ty ()@, (0) dx + €(n, j, h).

! (2.3.43)
We now, turn to the second term of the left hand side of (2.3.30), we have

ns Vi, h)d
’/ﬂumc} (@, V) o{wn ) do
< b(k) | (c(x) + M VTk(unmlsok Z)ldaz
<k/9c ol )| do+ 12 | §@) o (uw
a(z, Ty (un) VTk(un)) T (un) o (w n,j)|df€

bT a(z, Tk (uy), VTk(un))vamk(wZ’jﬂ dx

< eln o) + 22 [ afa, Ti(wn), VI VT () i ()| da
(2.3.44)

{3\

+Tk)
(k

{o\b\

The last term of the last side of this inequality reads as

M0 | fale, Te(un), VT () = (x,Tk(un), VT (0)x%)]

X[V T (un) — VTi(v;) X r(w) )| da

F99 [ e, Tiun), V(o)D) [V Tk(otr) — VTl el )| d
—9 | afa, Th(un), V() VTi(oy)xIor ()| da

«

(2.3.45)
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and reasoning as above, it is easy to see that

b(ozk)/g a(@, Ty(un), VT (v:)x2) [V (un) — VTk(Uj)X?;”SOk(wZ,j” dr = ¢(n, j)
and
b(ak) [ aa, Taun), V() VT (o)X o) )| do = e, ).
So that

Ty Uy, Vg, h- dx
T eulut,)

< M) / a(x, Te(un), VTi(uy,)) — a(x,Tk(un),VTk(vj)Xg)]
T (un) = VTi(v)x 2ok (w) ;)| dx + e(n, g, h).

(2.3.46)

Combining (2.3.30), (2.3.43) and (2.3.46), we obtain

/Q[a(x, Tio(un), VTi(un)) = a(z, Ti(un), VI (v;)x3)]
X[V T (un) — V(v X (P (Wl ) — "By (wh )]) da
S/Q\Qs hV Ti() 0, (0) da:+/Q\Q a(z, Te(u ),O)VTk( )0, (0) d + e(n, j, h).
(2.3.47)

S

Which implies that, by using (2.3.11)

/Q[a(% Ty (un), VTi(un)) — a(z, Ti(un), VIk(0;)X)][V Tk (un) — VT (v;)x3] da
<2 /Q . iV Ti(0) 2, (0) da + 2 /Q o, O Ti(w) 0)V T (1), (0) dz + e(n, j, ).
(2.3.48)
Now, remark that
/Q[a(x, Ti(tn), VI (un)) — a(@, Ti(un), VIi(w)Xs)] [VTk(tn) — VT (u)xs] dv
= A[a($7Tk(Un)7VTk(un)) — a(@, Ti(un), VT (v ) XDV T (un) — VTi(v5)XY] d
+ [ ale, Tuluwn). VI ()X VT () = V()] da
a(xaTk(un)a VTk( )Xs)[VTk(un) VTk(U)Xs] dx
),V

+ | alw, Ti(un), VTi(u W)V T3 (v;)x = VTi(u)x] da.

(2.3.49)
We shall pass to the limit in n and j in the last three terms of the right hand side of
the last inequality, we get
[ e, Taun), VIV Tk(wn) = VT3] do

= Jona a(z, Ti(u),0)VTi(u) dz + €(n, j),
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/Q a(, T (1), VT3 () ) [V Tk (1) — Vi (w)ys] d

= e a(x, Ty(u),0)VTi(u) dz + e(n),

and
| 0l Tula), VI () [V T(0) = VTk()x.] da = e(n, ),

which implies that

/Q[a(f& Ti(un), VTi(un)) — alz, Te(un), VI (w)X)| [V Tk (Un) = VT (u)xs] d

= /Q[a(% Tii(tn), VTi(un)) — a(z, Te(un), VI3i(05)x2)]
X [VTi(un) — VTi(v;)x2] dz + €(n, j).
(2.3.50)
Combining (2.3.48) and (2.3.50), we have
/Q[a(x, Ti(un), VTi(un)) — a(x, Ti(un), VI3(u)x)[[V T (un) = VT3 (u)xs] do

< ! / .
< Q/Q\QS hiVT(u)p(0) de + 2/9\95 a(z, Ti(u),0) VT (u)g)(0) dz + e(n, j, h).

(2.3.51)
By passing to the limsup over n, and letting j, h, s tend to infinity, we obtain

lim lim [ [a(x, Tp(un), VIE(un)) — a(x, Ti(un), VT(w)xs)] [V (un) — VI (u)xs] de =0,

s—+oo n—+o0 JO
thus implies by using the Lemma 2.3.1 that
M (VT (un)]) = M(IVTp(u)]) in L'(S). (2.3.52)

and then
Vu, — Vu a.e. in Q. (2.3.53)

Step 6. Equi-integrability of the nonlinearities.
We need to prove that

G, U, Vu,) — g(x,u, Vu) strongly in L'(Q), (2.3.54)

in particular it is enough to prove the equiintegrable of g,,(x, u,, Vu,). To this purpose.
We take u,, — T1(u, — vo — Th(u, — vg)) as test function in (P, ), we obtain

90, V) do < [ (1ful + 6(2)) da.

{|lun—vo|>h}

/{|unvo|>h+1}

Let € > 0, then there exists h(¢) > 1 such that

g(x, Uy, Vuy,)| de < /2. 2.3.55
/{un_w@}' ( ) / (2.3.55)
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For any measurable subset F C €2, we have

[ lgn(a s V)l da < [ 5(0(@) + leollo) () + MTThiey st (w0))) do

lg(, up, Vu,)| dz.
{Jun—vo|>h(e)}

In view of (2.3.52) there exists 7(¢) > 0 such that

(&) + [[ollo) (el&) + M (VT o) () do < /2

(2.3.56)
for all E such that |E] < n(e).

Finally, combining (2.3.55) and (2.3.56), one easily has
/ |gn (2, Up, Vuy,)| de < e for all E such that |E| <n(e),
E
which implies (2.3.54).

Step 7. Passing to the limit.

Let v € Ky NWy Ep(Q) N L¥(Q), we take u,, — Tj(u, — v) as test function in (B,), we
can write

/ a(x, Uy, V) VT (u, —v) de + /an(x, Upy V) Ti(u, — v) dx
Q

(2.3.57)
< /anTk(un —v) dx.

which implies that

/ a(x, un, Vu,)V(u, — vo) dx
{lun—v|<k}
+/ CL(%, Tk+\|v\|ooun’ VTk+|IU||oo (un))V(vo - U) dx
{lun—v|<k}

+/ n(2, Uy Vuy ) Ti(u, —v) do < / fuTe(u, —v) da.
Q Q

(2.3.58)
By Fatou’s Lemma and the fact that

a2, Tt fofloo (Un ), Vit oo (Un)) = a(@, Tip o)) () VT g o]0 (1))

weakly in (L37(Q2))" for o(I1L57, IIE),) on easily see that

/ (I(I, u, VU)V(U — UO) dx
{Jlu—v|<k}
+/{u—v|<k} a(, T ol (1), VT oo (0))V (00 — 0) dz - (2.3.59)
+/Qg($,u, Vu)Ty(u —v) dx < /Qka(u v) dx
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Hence

/Qa(:v, u, Vu)VTi(u —v) dr + /Qg(w, u, Vu) Ty, (u — v) dx

2.3.60
< /Qka(u —0) dx. ( )

Now, let v € Ky, N L>®(Q), by the condition (As) there exists v; € Ky, N Wi En(Q) N
L>(€2) such that v; converges to v modular, let h > max(||vol/eo, [|V]|o0), taking v =
Ty(vj) in (2.3.60), we have

/Qa(x, u, Vu)VTi(u — Ty(v))) do + /Qg(x,u, Vu)Ty,(u — Tp(vy)) da

(2.3.61)
< [ FTu=Th(vy)) do.
We can easily pass to the limit as j — +oo to get
/ a(z,u, Vu)VTi(u — Ty (v)) dx + / g(z,u, Vu)Ti(u — Ty(v)) da
0 : (2.3.62)
< /Qka(u ~ T(v) dz Yo € Ky N L=(Q),
the same, since h > max(||vol|co; ||V]|o0), We deduce
/ a(z,u, Vu)VTi(u —v) dx + / g(x,u, Vu)Ti(u — v) dx
) Q (2.3.63)

g/Qka(u—v) dr v € K, N L=(Q), ¥ k> 0.

thus, the proof of the Theorem 2.2.1 is now complete.

Remark 2.3.2. the result of our Theorem remain valid if we replace (Ay) by the
following conditions

(Ag) There exists a strictly positive constant v such that for a.e. x € Q and for all

(5,6) € IR x RN
a(z,s,6)& > aM(§),

(A7) Ky N L>(Q) # 0.

39



40



Chapter 3

STRONGLY NONLINEAR
ELLIPTIC UNILATERAL
PROBLEMS WITH NATURAL
GROWTH IN ORLICZ SPACES

In this Chapter, we shall be concerned with the existence result of unilateral problem
associated to the equations of the form,

Au+g(az,u7VU) =k,

where A is a Leray-Lions operator from its domain D(A) C W Ly () into W1 E57(Q).
On the nonlinear lower order term g(z,u, Vu), we assume that it is a Carathéodory
function having natural growth with respect to |Vul|, and satisfies the sign condition.
The right hand side p belong either to L*(Q2) + W1 E5(Q) or to W E5(9Q).

3.1. Introduction

Let © be an open bounded subset of IR, N > 2, with segment property. Let us
consider the following nonlinear Dirichlet problem

—div(a(z,u, Vu)) + g(z,u, Vu) = u (3.1.1)

Au = —diva(z,u, Vu) is a Leray-Lions operator defined on its domain D(A) C Wy L (),
with M an N-function and where ¢ is a nonlinearity with the "natural” growth condi-
tion:

l9(, 5, )] < b(]s])(e(x) + M([E]))

and which satisfies the classical sign condition

9(z,s,8).s > 0.

LAbs. and App. Anal. Vol. 2006, Art. ID 46867, pp 1-20 DOI 10.1155/AAA /2006 /46867.
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Our first aim of this Chapter is to prove (in Theorem 3.2.1) the existence result for the
following unilateral problem

ueTyM(Q), u>, glw,u, Vu) € LH(Q)
| ateu, Vo) VT(u = v) da + [ g(o,u, Vu)Ti(u —v) do < (i, Te(u = v),
ve KyNL®(Q) Vk >0,

where u € L (Q) + W E(Q) and where K, = {u € W) Ly (Q), u> 1 a.e. in Q}.
The second aim of this Chapter, is to prove (in Theorem 3.3.1) an existence result
for unilateral problems associated to (3.1.1) in the setting of the Orlicz-Sobolev space,
where 11 belongs to W1 E7(€2), More precisely, we deals with the existence of solutions
to the following problem

ue Ky, glz,u, Vu) € LQ), g(z,u, Vu)u € L*(Q)

/Qa(x, u, Vu)V(u —v) dr + /Qg(x,u, Vu)(u—v) de < {(u,u—v),
v e Kw N LOO(Q)

3.2. Non variational problem

3.2.1. Statement of result

In this Subsection we assume that p € L'Y(Q) + W' E(Q2). Consider the nonlinear
problem with Dirichlet boundary conditions,

we TyM(Q), u> 1, glz,u,Vu) € LY(Q),
/ a(z,u, Vu)VT(u — v) dx + / g(x,u, Vu)Ti(u — v) dx
Q 0

< <:u’7Tk(u_U)>7
V ve K,NL®(Q), Vk>0.

(3.2.1)

We have the following result:

Theorem 3.2.1. Under the assumptions (A1) - (4s), (G1) and (G2) there ezists at
least one solution of (3.2.1)

3.2.2. Approximate problems and apriorie estimate
Since u € LY(Q) + W1 E5(Q) then p can be write as follows
p=f—divF with fe€ L'(Q), F € (E5(Q)".

Let us define
g(x,s,§)
1+ +g(z,s,€)]

gn(a:, S, 5) =
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and let us consider the approximate unilateral problems:
Uy € K¢ N D(A),
/ a(x, up, Vu,)V(u, —v) do + / Gn (T, U, V) (uy, — v) do
Q Q

3.2.2
g/ﬂfn(un—v) dx+/QFV(un—v) dr, ( )

Yov € K¢.

where f,, is a regular function such that f, strongly converges to f in L'(2).
Applying Lemma 2.2.1, the problem (3.2.2) has at least one solution.

Proposition 3.2.1. Assume that the assumptions (A1) — (As), G1 and Gy hold. Then
there exists a function u € T"" (Q) and hy, € (Lyp(Q))N such that for all k > 0 we
have the following property:

1) Ti(up) = Ti(u) weakly in WiLy(Q) for o(ILLy(Q), TE(9))
Ti(un) — Ti(u) strongly in Ep(Q) and a.e. in €.

2) a(x, Tr(un), VTi(un)) = by weakly in  (Lzp(Q)N  for o(I1Lz7(Q), TEN(Q)).
3) /Q]gn(x,un,Vun)] dx < C.

Proof.  The proof of this Proposition is inspired of the proof of Theorem 2.2.1 of
Chapter II.

3.2.3. Modular convergence of the truncation

Proposition 3.2.2. Let u, be a solutions of the problem (3.2.2), then for all k > 0,
we have

M(IVT(un)l) = M(IVTi(u)]) in LY(Q).

Proof of Proposition 3.2.2
STEP 1. We prove that Vu, — Vu a.e. in Q.

Let k > ||vg|lso- By the condition (Ajs) there exists a sequence v; € K, N W3 Ep () N
L>(€) which converges to Ty(u) for the modular convergence in W L (€2).
Consider the expression

I, = /Q {[a(z, Ti(u,), VTi(uy)) — alz, Te(wn), VI(w)] [V Tk (tn) — VTi(1)]} da
where 0 < 6 < 1. Let A, be expression in brace above, then for any 0 <n < 1

Al dx +

n

I, = AZ dx.

/Qrﬂ{lTk (un) =Tk (vs)|<n} /Qrﬂ{lTk (un) =Tk (vj)|>n}
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Since a(z, Ty.(un), VTi(uy,)) is bounded in (L37(22))N (see Proposition 3.4.1), while
VT (u,) bounded in (L (2))", then by applying the Holder’s inequality, we obtain

0
I, <c (/ A, dx) + comeas{z € Q ¢ [Ty(uy) — Ti(v;)| >}’
Qr N[ T (un) —Tx (v;)|<n}

(3.2.3)
On the other hand, we have

/ A, dr
QN {| Tk (un )Tk (v5)|<n}

- {‘Tk(“n)*Tk(v’)l<n}[a($’ Ty (n), VIi(un)) — a(x, T (un), VIi(uw) X))
< X [VTi(u,) — VT (u)x,] dx

= a(x, Ty(u,), VI (u,)) (VT (u,) — VI (v;)) dx
{|Tk (un) =Tk (v;)1<n} ( k( ) k( >>( k( ) k( ])) (3.2.4)

— a(x, Ty(uy), VT (u)xs) (VT (u,) — VT (u)xs) dx

{| T (un) =T (vj)|<n}

a(z, T (up), VI (uy,)) VI (v)) de

{1 Tk (un) =Tk (vj)|<n}
- a(x, Ty(un), VTi(u,))VT(u)xs de.
{IT (un) =T (v;)[<n}
Since a(x, Ty (uy,), VTi(uy)) bounded in (L37())Y, then
a(z, Ty(u,), VTi(up)) — pr weakly in (Lg7(Q)Y for o(I1Ly, I1Ey;)

as n — +oo for some pi € (L77(2))Y. We deduce that

/ a(a, Tilun), V(1)) V() do
{| Tk (un) =Tk (vj)1<n} (3.2.5)
— VTi(u)ys dz,
{I Tk () =T (v;)|<n} P k( >X
a(x, Tp(un), VIp(u,)) VT (v;) dz
Amwnnmwm( k(n), V(1)) VTk(v)) 20
— peVTi(v;) dz,

{1Tk (w) =T (v)|<n}

as n — 00, letting also j to infinity, we get

/ a(x, T (un), VT (un)) VT (u)xs de
{7k (un) =Tk (v5)|<n} (3.2.7)

= | V(). d + (. 5),

and

a(z, Ti(u,), VT (u,) ) VT (v;) do
/{lTk(un)—Tk(’l}j)|<7’]} ( k(un) k(Un))VT( ])

(3.2.8)
— /ka,VTk(u) dz +e(n, 7).
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Concerning the second term of the right hand side of the (3.2.4), it is easy to see that

/ e, Ti(utn), VI ()T () = VT (w)x.]) da
{1T (un) =T (vj)1<n} (3.2.9)

= o, a(z, Ty (u), 0)VT(u) dr 4 <(n, 7).

On the other side, the use a test function w,, — T}, (u,, — T (v;)) in (3.2.2), we get
/Qa(a:, U, Vun)VT, (u, — Ty (v)) do + /an(x,un, V)T, (un, — Ti(v))) da
< [ faTyun = Te(wp) da + | FVT, (= Ti(vy) da.
which implies, by using the assertion 3) of Proposition 3.3.1
/Qa(x, Up, Vu, )V, (u, — Ty (v))) dz

(3.2.10)
< et /Q FVT,(u, — Ti(v;)) dz.

Splitting the integral on the left hand side of the last inequality where |u,| < k and
|un| > k, we can write,

/Qa(x, Up, V) VT, (u, — Ti(vy)) do

= Sty 8 Tiltn), VI (un )V T (Ti(n) = Ti(v;)) de

a(z, uy, Vu,) VT, (u, — T (v))) dz,
{lun|>k}

which implies, by using (A,)
/Q (2, i, Vi)V T (tn — To(v;)) dz
> [ (@, Ty(un), V() VT (Ti(n) = Ti(v)) da
- (la(z, T(un), 0)| + la(, Ty (un), Vi (un)) )|V oy | da

|un|>k}
—/{\ |a(, Thei1 (tn), Vi1 (un))||Vvo| do

un =T (vj)|<n[un|>k}

— d(z) dx.
{lun =T (v3)|<n,[un|>k}

(3.2.11)
Combining (3.2.10) and (3.2.11), we deduce

/Q a(z, T (), VT () )V Ty (T () — Tho(v;)) dee
< [ (10, T(ua), 0] + la(, T (), Vs ()| Vo do
{|un|>k}
|a(z, Thi1 (tn), Vi1 (ua))|[Vvo| d
{lun =Tk (v))|<n,|un|>k}
+/QFVTn(un ~Ti(v)) de
d(z) dx + c1m.

g/
{lun] >k fun— T (v;)|<n}
(3.2.12)
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Since |a(z, Tkt1(un), VIki1(uy,))| bounded in Li7(€2) there exists a function hy €
L+7(€2) such that

0, T (), VTks () |+, Ty (), 0)] = hyla(e, Ty(w), 0)] for o(Lap(€), Ba($2))
as n — 400, while |V |X{u,[>k} — |VU;|X{u/>k} strongly in E(€2), and by the mod-
ular convergence of v;, we deduce that the first term of the right hand side of the
(3.2.12) tends to 0 as n — oo and j — o0.

Similarly, we can easy to pass to the limit on other terms in (3.2.12) as n — oo and

7 — 00, we get.

/ a2, Ties1 (1), VT2 (1)) ||V
{lun =T} (v;)|<n,lun|>k} (3'2'13)

= h| Vol dx + e(n, j),
{lu=Tg (w)|<n,|ul>k}

/Q FVT,(uy — To(v))) da = / FVT,(u — Ti(u)) dx + (n, 5)

{lu—Ty (w)|<n,[u|>k} ,
< sl FX -t ) <nul> k3 137 VT (u — Th(w)) || ar + €(n, 5),

(3.2.14)
and
o(x dx:/ 0(x)dx +e(n,j). 3.2.15
/{lun>k,|un—Tk(vj)|§Ti} (@) {lul>k,|u=Tyk(w)|<n} (@) (n.3) ( )
Consequently, we deduce
/Q a(z, T (), V(1)) VT (To () — Ti(v;)) da
< hi|Vvo| dx + §(x) dx (3.2.16)
{lu=Tk(u)|<n, ul>k} {lu[>k,|u=Ty (u)|<n} .
sl EXu-my<nul>k 57 VT (w = Th(w) || ar + £(n, 5),
hence, from (3.2.4), (3.2.7), (3.2.8), (3.2.9) and (3.2.16), we get
/ A, dx
QrN{| T (un ) =T (vy)|<n}
< VT, d , Tr(uy,), 0) VT, d
< Jo VTR ot [ a(e, Tifun),0)VTi(u) dr
hi| Vvl dz + d(z) dx
{u=Tx (u)|<n,|u|>k} {lul>k,|u—Ty (u)|<n} )
+es || FX{ju—1 () <nut>ky 177 VT3 (w = Ti(w)) [ 4+ Cimp + (n, ).
(3.2.17)

Finally, in virtu of (3.2.3) and (3.2.17), we deduce

Iy < {02 [ VT o+ [ i Tafu), 0)VTiu) d

/ hi| Vo] dz + 5(z) de

{lu=Th ()| < ful >} {lul> k. Ju~Ti (w)] <n} ,
sl FX i i<nuis (57l VT3 (w = Ti(w) s + Con + £(n, ) }
+Cymeas{x : |T),(u,) — Ti(v;)| > n=,
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which implies, by passing to the limit sup over n

hgl—igp L, < {Cz /Q\Qs) peVTi(u) de + " a(x, Ty (un), 0) VT (u) dx

hi|Vo| dx + d(x) dx

{lu=Tg (w)|<n,|ul>k} {lu|>k,|u=T (u)|<n} )
sl FX et i <ntuit I 9T (@ = Tow)lr + Cin + (n, )
+cqmeas{z : [T (u) — Ti(v;)| > 7]}1_9,

and also, letting 7 — oo and s — oo, 7 tend to 0, we get

limsup I,,, = 0.

n—oo

Since r and k are arbitrary, we have for a subsequence

Vu, — Vu ae. in Q. (3.2.18)

STEP 2. We claim that M(|VT,(u,)|) — M(|VT,(uw)]) in L'(Q).

We fix k > ||vg||eo- By the condition (Aj) there exists a sequence v; € Ky,NWy Ep ()N
L>(Q) which converges to Tj(u) for the modular convergence in Wy Ly (€2).
Here, we define

w? = Top(u —vo — Th(u — vo) + Ti(u) — Ti(vy))

and
wh = Tor(u — vg — Tp(u — vy))

where h > 2k > 0.
For n = exp(—47k?), we defined the following function as

vn; =t — nr(w); - (3.2.19)

We take UZJ- as test function in (3.2.2), and reasoning as in Chapter II, we have

/Q[a(x, Tk(un)7 VTk(un)) - CL(.I‘, Tk(un)ﬂ VTk(u)Xs)] [ka<un) - VTk(U)XS] dx
<2/ o, PVT()(0) dr
+2 /Q o, 00 (), 0V Ti(u)} 0) dr

—1—2/Q FV Ty (u —vg — Ty (u — v9)) @) (Tox(u — vg — Th(u — vg))) dx + €(n, j, h).

(3.2.20)
Now, we chow that

h—o0

lim /QFVTgk(u — o — Tt — v0)) g (Ton( — vo — T(u — ) dz = 0. (3.2.21)
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Indeed, we have

‘/Q FVTor(u —vo — T(u — v9)) @ (Torn(u — vo — Th(u — vg))) da
< F||IV (T — o0 — T, _ d
 J{h<|u—vo|<h+2k} | E[|Vulgi (Tor(w = vo = Th(u — v))) dz

uvoloh) | F'[| Vol (Tor (v — vo — Th(u — 1)) du,
u—vg
(3.2.22)

which implies, by using the Young’s inequality,

\ [ FV Tl = 0 = T = v0)) (T = v = T = o)) d

< o VEIIT 0l (Tt = vo = Tau = o) da
FOW) [ WFD (T = v0 ~ Tl — o)) dr

M (|Vul)@h (Top(u — vg — Th(u — 1p))) du.
{h<|u—vo|<h+2k}
(3.2.23)

It remains to show, for our purposes, that the all term on the right hand side of (3.2.23)
converge to zero as h goes to infinity. The only difficulty that exists is in the last term.
For the other terms it suffices to apply Lebesgue’s Theorem.

We deal now with this term. Let us observe that, for n small enough if we take
U, — NPE(Tog(Un — vo — Th(un, — vg))) as test function in (3.2.2), we obtain

a(x, un Vun)V(u, — vo) @) (Tog(tn — vo — Th(u, — vp))) do

+/Q In (2, U, Vr) 0r(Tor (un — vo — Th(tn — 19))) dz
FV (tn, — v0) @y (Tok (un — vo — Th(uy — v0))) da

/{h<|unUO|<2k+h}

<

/{h<un—v0|<2kz+h}
/anSOk(Tzk(Un — Vg — Th(“n - UO))) da.

Since gn<x7 U, Vun)(pk(TQk(un — Vo — Th(un - UO))) > 07 We get

/ a(z, u, Vu,)V (U, — v9) @) (Tog (un — vo — Th(u, — v9))) dx
{h<lun—vo|<2k-+h}

< FV (u, — v0) @) (Tog(u, — vo — Ty (uy — 1)) dx
{h<|un—vo|<2k+h}

/anSOk(Tzk(Un — Uy — Th(“n — UO))) dzx.

Which yields, thanks to (A4) and Young’s inequalities

[0

@ M(|\Vu, T n— Vo — Tp(uy — d
- /{hgm_m%h} (V) (T (11, — 0 — T (11, — v0)))

< Cl(k)/
{|lun—vo|>h

KO [ (Ul () da

{|un—vo|>h

FI19x d:r+02(k)/{ M(|F)) dz

[un—vol>h}
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Letting n to infinity, by using the Fatou’s Lemma, we get

o
2

/ M|Vl @ (T (1 — vo — T (w — o)) da
{h<|u—vo|<2k+h}
<aik) 17000} (Tae(u = v = Th(u = v9)))

{lu—wvo|>n}
+C'2(k)/ (|f] + d(x)) de.

{lu—vo|>h}

Consequently, we have, as h tend to infinity,

lim sup M (|Vu|)@h (Tor(u — vo — Th(u — vg))) da = 0,
h—oo J{h<|u—vo|<2k+h}

so that

lim /Q FVTor(u — vy — Th(u — vo)) @ (Tor(u — vg — Th(u — vg))) dz =0

h—o00

which implies (3.2.21).
Finally, if we pass to the limit in (3.2.20) as h and s to infinity, we get

limsup limsup [ [a(z, Tp(u,), VTk(u,)) — alz, Ti(uy,), VI (u)]
§—00 n—oo Q

and by using the Lemma 2.3.1, we can conclude the result.

Proof of Theorem 3.2.1

Thanks to Proposition 3.2.1 and 3.2.2 we can pass to the limit in (3.2.2) by using the
same technique in steps 7 and 8 of the proof of Theorem 3.3.1 of Chapter II.

3.3. The variational case

3.3.1. Main result

In this Subsection we assume that
e WﬁlEM(Q).
Consider the following unilateral problem

u € Ky, g(x,u,Vu) € LY(Q), g(z,u, Vu)u € L' (Q2)
/ a(z,u, Vu)V(u —v) dx + / g(x,u, Vu)(u —v) de
Q 0

3.3.1
< <:u7 U — U>7 ( )

V ve K¢ N LOO<Q)

Our main result is then the following:
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Theorem 3.3.1. Under the assumptions (A1) - (As), (G1) and (G3), there exists at
least one solution of (3.3.1).

Remark 3.3.1. We remark that the statement of the previous Theorem does not exists
in the case of Sobolev space. But, some existence result in this sense have been proved

under the regularity assumption = € WyP(Q) N L=(Q) (see [44)).

Remark 3.3.2. We recall that, differently from the methods used in [44] and [7]],
we do not introdecing the function ™ in the test function used in the step of a priori
estimate.

3.3.2. Approximate problems and a priori estimate

Let us define

o gla,s€)
gn(,5,8) = 7 + +lg(z,5,€)|

and let us consider the approximate unilateral problems:

Un € Kw N D(A),
(Aup, u, —v) + /an(a:, Up,y Vug) (U, —v) de < (u, u, — v), (3.3.2)
Yv € K¢.

Applying Lemma 2.2.1, the problem (3.3.2) has at least one solution.

Proposition 3.3.1. Assume that the assumption (Ay) — (As), Gy and Go hold, and
let u,, be a solution of the approximate problem (3.3.2). Then there exists a constant ¢
(which does not depend on the n) such that

/ M(|Vu,|) do < c.
Q

Proof of Proposition 3.3.1

STEP 1. we chow that / M|V Ty(u)|) dae < (k).
Q

Let k > ||voloo and let ¢p(s) = se**, where ~ = (@)2.
It is well know that

Vs € IR. (3.3.3)
Since u € W1E(Q) then u can be write as follows
p = fo— divF whith fy € B(Q), F € (E(Q)"N.
Taking u,, — 9ok (T (u, —vg)) as test function in (3.3.2), where | = k+||vp]|o0, We obtain,
| @0, V) VT = 00) o (Tiatn = v0)) do 4 [ g0 (2,1, Vi) (Ti(u, = v0)) de
< | foon(TiCun = w)) do + | FVTi(u, = o) (T, — o) do.
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Since ¢, (x, Up, V) or (T (1, — v)) > 0 on the subset {x € Q : |u,(z)| > k}, then

/{I - a(x, U, V)V (u, — )@ (Ti(u, — vg)) da
Un—vg|<
S o ST v o+ | oge(T — ) s
+ FYVu,o,.(T)(u, — vg)) dx — /{ - FYV o (T) (u, — vo)) dz.

{lun—vo|<l}
By using (A4), (G1) and Young’s inequality, we have
of o MOV )T — o) d
< b(|k|)/ (c(z) + M(IVTi(un) ) [0k(Ti(un — vo))| dx
+/ D) (Tt = 00)) do + [ fopu(Ti(un = v0) d
+5 M|V un ) oy (Ti(tn — o)) da + Co (k).

{|un—vo|<I}

Which implies that

3]y MUV T — v0)
< B(Ik]) [ (cl@) + MOVT) ) [oulTatn = v0) | de
—I—/ )@ (T (wy, — vo) dx+/f0g0k (U, — vg)) dx + Cy (k).

Since {z € Q,|uy(x)] < k} C {2z € Q : |u, — vo| < I} and the fact that h,d and
fo € L*(9), then

[ MOV T T — o)) e < 2 [ AT ) Dl T — ) 4 o)

Which implies that

[ VT [T = ) = 2 g i~ )| o < ot

By using (3.3.3), we deduce,

/Q M(|[VTy(u)|) dz < C(k). (3.3.4)

STEP 2. We prove that / M(|Vuy,|)dx < C.
Q
Taking v = vy as test function in (3.3.2), we get

/ a(z, up, Vu,)(Vu, — Vug) dz + /an(x, Up,y V) (U, — vo) dx
Q
< /QfO(un - UO) dz ‘l‘/QFV(Un - Uo) dx.
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Let k& > [|vg|oo, since g, (z, upn, Vu,)(u, —v9) > 0 in the subset {x € Q; |u,(z)| > k},
we deduce

/ a(x, up, Vu,)(Vu, — V) dz + Gn (T, Up, V) (uy — vg) dx
Q {lun ()| <k}

< / fo(u, — vo) dx+/ FYu, dr —/ FYvy dx.
Q Q Q
thus, implies that, by using (3.3.4) and (G1)
/Q (2, 1, Vi) (Vi — V) da < /Q Fon dz + /Q FVu, de + Cy(k).  (3.3.5)
By using Lemma 1.1.3 of Chapter I and Young’s inequality, we deduce
«
/Qfoun dr < C + Z/Q M(|Vun)) dr, (3.3.6)

and
Q
<C'+ - . 3.
/QFVun dr < C' + 4/QM(|Vun]) dz (3.3.7)

Combining (3.3.5), (3.3.6) and (3.3.7), we get
/Qa(:c,un, Vaun) (Vi — Vo) d < %/ﬂ M(|Vu,|) dx + %/Q M(|Vun|) dz + Cs(k),
which implies, by using (Ay)
(6%
< =
a/QM(Wun]) dr < 2/9M(\Vun|) dz + Cy(k)

hence
/Q M(|Vu,|) da < C. (3.3.8)

3.4. Modular convergence of truncation

Proposition 3.4.1. Let u,, be a solutions of the problem (3.3.2). Then there ezists a
function u € W} Ly () such that

M(|VTi(un)|) = M(|VTi(u)]) in L'(S).
Proof of Proposition 3.4.1

STEP 1. Boundedeness of (a(x,u,, Vuy,)), in (Lz7(Q2)V .

The proof of this step is similarly to the one of the step 4 of Chapter II.
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STEP 2. we claim that M(|VTy(u,)|) — M(|VTi(u)]) in LYQ).

In view of Proposition 3.2.1, u, is bounded in Wy L;(2). So there exists some u €

W Ly () such that

u, = u weakly in WLy (Q) for o(IILy, ITE;)

u, — u strongly in By (Q) and ae. in Q. (3:4.1)

Let £ > ||vo]|, for some n > 0 small enough, we take w, — no(Ti(u,) — Ti(v;)) as
function test in (3.3.2) and reasoning as in Chapter II, we get

lim sup lim sup Q[CL(iL‘, Tk (un>7 VTk(”n)) - CZ(SC, Tk(“n)a VTk (u)Xs)]
X[V (un) — VI(u)xs| de =0,

then by using the Lemma 2.3.1, we deduce the result.

3.4.1. Proof of Theorem 3.3.1.

We can easy prove the following assertions
Assertion 1 There exists a constant ¢; such that

/Q |gn (2, Up, Vuy,)| de < .
Assertion 2 There exists a constant ¢y such that

/an(x,un, Vu,)u, dr < cs.
Assertion 3 (Equi-integrability of ¢, (z, u,, Vu,)).
The sequence (g, (x, uy,, Vuy,)), is uniformly equi-integrability in €.

By applying the assertions described above and Proposition 3.4.1, we can easily pass
to the limit in the approximate problem (3.3.2).
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Chapter 4

Existence results for some
unilateral problems without sign
condition in Orlicz spaces

We prove the existence results in the setting of Orlicz space for the unilateral
problems associated to the following equation,

Au+ g(z,u, V) = f,

where A is a Leray-Lions operator acting from its domain D(A) C W Ly () into its
dual, while g(x,u, Vu) is a nonlinear term having a growth condition with respect to
Vu and no growth with respect to u, but no satisfies any sign condition. The right
hand side f belongs to L'(), and the obstacle is a measurable function.

4.1. Introduction

Let Q be an open bounded subset of IRY, with the segment property and let f € L*(Q).
Consider the following nonlinear Dirichlet problem :

Au+ g(x,u,Vu) = f (4.1.1)

where Au = —div(a(z,u, Vu)) is a Leray-Lions operator defined on D(A) C W{ Ly (Q),
with M an N-function and where ¢ is a non-linearity with the following natural growth
condition :

l9(, 5, €)] < b([s])(c(x) + M([E]), (4.1.2)

and which satisfies the classical sign condition g(z,s,&).£ > 0.

In the case where g depends only on = and u it is well known that Gossez and Mustoren
[81] solved (4.1.1) with data are taken in W~ FE57(Q).

In this context of nonlinear operators, if (4.1.2) holds true, the existence results for
some strongly nonlinear equations (or unilateral) problem associated to (4.1.1) have
been proved in [5, 39, 40] when f belongs either to W' E5;(Q) or L'(2) but the results

!Journal Nonlinear Analysis Series A: Theory, Methods & Applications 68(2008)2362 — 2380.

93



is restricted to N-function M satisfing a Ay-condition.

In a recents works, the authors in [7, 8, 72, 73], studied the above results without
assuming the As-condition.

In this latter works, the sign condition plays a principal role to obtain a priori estimates
and existence of solutions.

Our purpose in this Chapter, is then to study the strongly nonlinear unilateral problems
associated to the equation (4.1.1) but without assuming any sign condition and any
regularity on the obstacle ¢. More precisely, we prove the existence result for the
following unilateral problem

we TM(Q), u>1p, ae in Q, g(z,u, Vu) € LNQ)
(@ V)T = ) do 4 [ g, u V) Ti(u - o) da

< / fTe(u — ) dx
Q
for all p € Ky N L>®(2), ¥V k> 0.

(P)

where f € L}(Q) and Ky = {v € Wy Ly (Q),u > v, a.e. in Q}, with ¢ a measurable
function on §2.

To overcome this difficulty (caused by the elimination the sign condition) in the present
Chapter, we have changed the condition (4.1.1) by the following one

l9(x, 5, 6)] < c(x) + p(s) M([E]),

the model problems is to consider g(z, u, Vu) = ¢(x)+|sinule ™ M(|V|), where ¢(z) €
LY(Q).

In the classical Sobolev space W,™”(Q), Porretta in [103] have studied the problem
(4.1.1) where the right hand side is a measure. Let us point out that another work in
this direction can be found in [60] where the problem (4.1.1) is studied with f € L™(Q2)
for that the authors have proved that there exists a bounded weak solution for m > %,
and unbounded entropy solution for % >m > % A different approach (without
used the sign condition) was introduced also in [59] when b(z,s, &) = As — [£]* with

A > 0.

4.2. Main results

Through this Chapter, {2 will be a bounded subset of IRV, N > 2 with the segment
property, M be an N-function and P be an N-function such that P < M.

Let K, the convex set defined in (2.2.1) satisfies the conditions (As) and (A7) (see
Remark 2.3.2 of Chapter II).

We consider the Leray-Lions operator,

Au = —div(a(z,u, Vu)), (4.2.1)

defined on D(A) C WgLy(Q) into WLi7(Q) where a : Q x R x RY — RN is a
function satisfies the conditions (A;)-(A3) and (Ag) of Chapter II.
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Furthermore, let g(z,s,€) : Q x R x IRYN — IR be a Carathéodory function such that
for a.e. x € Q and for all s € IR, ¢ € IRY, the following growth condition,

l9(, 5,6)] < () + p(s) M([E]), (4.2.2)

is satisfied, where p : IR — IR" is a continuous positive function belongs to L'(IR) and
v(x) belongs to L'(€).
We consider the following problem
we TPM(Q), u>1 ae in Q, g(z,u, Vu) € L)
/Qa(x, u, Vu)VTi(u —v)dx + /Qg(a:, u, Vu)Tj(u —v) dz

< / fTi(u—wv) de

Q

Vo e Ky NL>(2) and VEk > 0.

(P)

The aim of this Chapter is to prove the following
Theorem 4.2.1. Let f € LY(Q). Assume that (Ay)-(As), (As)-(A7) and (4.2.2) hold

true. Then the problem (P) admits at least one solution.

Remark 4.2.1. The statement of Theorem 4.2.1 generalizes in Orlicz case the analo-
gous one in [10].

4.3 Proof of Theorem 4.2.1

4.3.1 Approximate problem and a priori estimates

Let f, be a sequence of regular functions which strongly converges to f in L'(£2) such

that [| fulls < [ f]]1-
Let us consider the approximate problem :

Uy € Kw N D(A)
/Qa(x, Up,y, V)V (U, — v) dx + /an(iﬂ, Up, Vi) (Up — v) dz (4.3.1)
< [ falun—v)de o € Ky(Q),

where
9(z,s,§)
L+ gz, 5,6
By Lemma 2.2.1, the approximate problem (4.3.1) has at least one solution.

In(T,5,8) =

4.3.2 A priori estimates

Proposition 4.3.1. Assume that (A1)-(As), (As5)-(A7) and (4.2.2) hold true and let
(Un)n be a solution of the approzimate problem (4.5.1). Then for all k > 0, there exists
a constant c¢(k) (which does not depend on the n) such that

/Q M|V T (u)|) dz < e(k) (4.3.2)
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Proof. Let vy € Ky, NL>®(Q)NW3 Ep(£2), such existence of vy is ensure by assumptions
(A5) and (A7)

s p(t
For 7 small enough, let v = u,, — nexp(G(u,))Tk(u, — vo)" where G(s) = / th

(the function p appears in (4.2.2)), choosing v as test function in (4.3.1) We }Save?é
/Qa(a:, Up, Vi, )V (exp(G () Ti(t, —v)T) dx
—I—/ﬂgn(x, Up, V) exp(G(un)) Tk (t, — v9) " do (4.3.3)
< /an exp(G(un)) Ti(ty — vo) T dx
which gives

/Qa(a:, Up, V)V Tk (u, —v9) " exp(G(uy,) dr

+/ a(x, uy,, Vun)Vunp(Zn> exp(G(un)) T (uy — vo) ™ dz

(4.3.4)
< j ‘gn(xa Unp, vun)‘ eXp(G(un))Tk(un - UO)+ dx
+ ; Jnexp(G(un)) T (uy — vo)* dz,
Moreover, from (4.2.2), one gets
/ a(z, U, V) VT (u, —vo)t exp(G(uy,) dz
0
+/ a(x, uy, Vun)Vunp(Zn> exp(G (un)) T (ty, — vo) T da (435)
< 7 p(un) M (V) exp(G(un)) Tio(un — vo) " da
+ Q(f” +v(2)) exp(G (un)) T (t,, — vo) T dz,
by using (Ag) and the fact that || f,||1) < [|fll21 ), 7 € L' (2),we have
/ a(x, up, Vu,)Vu, exp(G(uy,)) dx
{0<un—vo<k}
< CZ(SC, Unp, vun)vvﬂ eXp(G<un)) dx + C1 (436)
{0<up—vo<k} v
< c/ a(x, Uy, Vun)ﬂ exp(G(uy,)) dz + ¢
{0<upn—vo<k} C
where c is a constant such that 0 < ¢ < 1,
and with (Aj3), we deduce
/ a(z, up, Vu,)Vu, exp(G(uy,)) dx
{0<un—vo<k}
<c {/ a(x, Uy, Vu,)Vu, exp(G(uy)) dx
{0<uyn—vo<k}
VUO VUO
= Jrocun ey a(x, up, T)(Vun - ?) exp(G(uy)) dx + 01}
(4.3.7)
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which implies that,

(1-— c)/ a(x, u,, Vu,)Vu, exp(G(uy,)) dx
{0<un—vo<k} v v
< c/ (@, t, ~22) (Vg — ~20) | exp(Gun)) da + e
{0<un—vo<k} VC v C
Vo Vo
< Oy 2
Sef ol = IS (G ) dr

(Y
te / (@, tn, ~20) ||V | exp(G (1)) d + 1.
{0<up—vo<k} C

(4.3.8)
Since Y € (Ey(2))Y, then by using the Young’s inequality and the condition (As)
we have

(1—2¢) /{0< Ceny a(x, up, Vu,)Vu, exp(G(uy,)) dx
< elid M(|Vu,|) exp(G(uy)) dz + ca(k).

- 2 {0<upn—vo<k}

(4.3.9)

where c¢y(k) is a positive constant which depending only in k.
Finally, from (Ag), we can conclude

/{O<Un—vo<k:} M(|Vu,|) exp(G(uy)) dx < cs(k).

Since exp(G(—o0)) < exp(Gluy)) < exp(G(+oc)) and exp(|G(o0)]) < exp(Lekm),
we get

/ M(|Vu,|) dz < ca(k). (4.3.10)
{Ogun*’UOSk}

Similarly, taking v = u, + exp(—G(u,))Ti(u, — vo)~ as test function in (4.3.1), we
obtain

(1-— c)/ a(x, Uy, Vu,)Vu, exp(—G(uy,)) dx
{—k<un—v9<0}

b (4.3.11)
< T/ M| Vu,|) exp(—G(uy)) dz + c5(k),
{—k<upn—v9<0}
and then
/ M(|Vu|) da < co(k). (4.3.12)
{—k<un—v0<0}
Combining (4.3.10) and (4.3.12), we deduce
/ M(|Vu|) do < ex(k). (4.3.13)
{Jun—vol<k}
Since {z € Q; |uy(2)] <k} C {x € Q|u, — vo| < k+ |Jvg]loo}, we have
M(|VTi(un dx:/ M(|Vu, dg;g/ M(|Vu,|) de.
/Q (Vo)) ) ikt UV )

Hence, the inequality (4.3.13) give the desired estimate (4.3.2).

57



Proposition 4.3.2. Assume that (A1)-(As), (As)-(A7) and (4.2.2) hold true and let
(un)n be a solution of the approzimate problem (4.3.1). Then for all k > h > ||v]|cos
there ezists a constant ¢ (which does not depend on the n,k and h) such that

/QM(]VTk(un ~ Th(u))|) da < ck (4.3.14)

Proof. Let k > h > ||vg|lco- By using v = u,, — nexp(G(uy,))Ti(u, — Th(u,))t as test
function in (4.3.1), we obtain

/Qa(x, Up, VU )V Tkt — T (u,)) " exp(G(uy,)) dz

+ / a(, up, vun)vun”<2") exp(G (un)) Ti(tn — Th(up))* da
< 7 19 (0, Un, V)| exp(G () Th(un — Ti(up)) ™ da

+ A fn exp(G(un))Th(un — Th(uy))™t de,
(4.3.15)
which yields, thanks (4.2.2),

/Qa(x,un, Vo, ) VT (uy — Th(un)) " exp(G(u,)) dx

+/ a(x, U, Vun)Vunp(Zn) exp(G(up)) T (up — Ty(uy,)) " dx
< 7 p(un) M(|Vu|) exp(G(un)) Ti(tn — Th(un))™ do
| (ot (@) exp(G (wn)) Ti(un = Ti(un))™ d.

(4.3.16)
which gives, by using (As)

a(x, Uy, Vu,)Vu, exp(G(uy)) dx

mA£<un<h+k}
< [ (7)) exp(Gua)) k(1 = Ty (ua))* da < ke,

hence

/ M(|Vaun|) d < kes, (4.3.17)
{h<un<h+k}

where cg is a positive constant not depending on n, k and h.
On the other side, consider the test function v = u,, + exp(—G(uy,,)) Ty (wn — Th(un))~
in (4.3.1) and reasoning as in (4.3.17), we get

/ M(|Vu,|) d < keo. (4.3.18)
{7k7hgun§7h}

From the inequalities (4.3.17), (4.3.18) follows the estimate (4.3.14).

Proposition 4.3.3. Assume that (A1)-(As), (A5)-(A7) and (4.2.2) hold true and let
(un)n be a solution of the approxzimate problem (4.3.1). Then there exists a measurable
function u such that for all k > 0 we have (for a subsequence still denote by u,,),
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1) u, — u a.e. inQ,
2) Ti(uy) = Tii(u) weakly in Wy Ly () for o(TLLar(€2), ITERHSY)),
3) Ty(u,) — Ti(u) strongly in Ey(Q2) and a.e. in €.

Proof. Let k > h > |Jvg]lo large enough. Thanks to Lemma 1.1.3, there exist two
positive constants C7; and C4o such that,

/Q M(Chi |Ti(un — Th(u))]) dz < Cra /Q M(|VT(tn — Ta(un))|) dz,  (4.3.19)
Then, we deduce by using Proposition 4.3.2 that,

M(Cyik)meas{|u, — Th(u,)| > k} = M (C|Ti(up — Th(uy))|) dz

/{IunTh(Un)|>k}
< CIQ/Q M|V Tyt — Th(un))|) d < kChs.

Hence,
mwMWL—TWH>kD<—ﬂELfMﬁHnaM for all k> h > |jvo|
n h\Un = M(k:C’H) 0lloco-
(4.3.20)
Finally, we have
k—h
meas{|u,| > k} < meas{|u, — Th(u,)| >k —h} < ( )1y for all n.

M((k = h)C1)
So, as in step 3 of Chapter 11, we can easily completes the proof.

Proposition 4.3.4. Assume that (A1)-(As), (As)-(A7) and (4.2.2) hold true and let
(un)n be a solution of the approximate problem (4.3.1). Then for all k > 0,

M(|VTi(un)|) — M(IVT(u)]) strongly in L*(Q).
Proof. Following the same techniques used in step 4 of Chapter II we can easily prove

that the sequence (a(x, Ty (un), VTx(uy)))n is bounded in (Ly7(Q))V.
Now, we introduce the following function of one real variable s, which is defined as,

hi(s) =1 It |s| <

Hoo0 o g

hi(s)=j+1-s If j<s<j+1 (4.3.21)
hi(s)=s+j+1 If —j—1<s<—j

with j a nonnegative real parameter.
Let Qs ={z € Q,|VT(u(x))| < s} and denote by x; the caracteristic function of ;.
In order to prove the modular convergence of truncation Tj(u,), we shall show the

59



following assertions:
Assertion (i)

lim lim sup a(z, up, Vu,)Vu, dr = 0. (4.3.22)

=00 nmoo Jj<lun|<j+1}
Assertion (ii)
Ty (u,) — Ty(u) modular convergence in Wy Ly (€2). (4.3.23)

Proof of assertion (i). If we take v = w, + exp(—G(u,))T1(u, — Tj(u,))” as test
function in (4.3.1), we get,

/ a(z, up, Vu,)Vu, exp(—G(uy,)) dx
{—(+1)<un<—j} (4.3.24)

< [ (=Fa (@) exp(=G () Tyt = Ty ()" da.
Using the fact that
exp(G(—00)) < exp(=G(un)) < exp(G(+00))
we deduce
a(x, Uy, Vu,)Vu, dr

< —err [ (fule) = 1(2) exp(=G ()T — Tyue))” dr
(4.3.25)

Since f, — f in L1(€) and | f, exp(~G/(w,)) Ty (1, — Ty (,))7| < exp(120) 1] then
Vitali’s Theorem, permits to confirm that,

/{—(j+1)<un<—j}

lim lim /Q Fo exp(—G ()T (un — Tj(up))~ da = 0. (4.3.26)

j—00 N—00

Similarly, since v € L!(), we obtain,

lim lim /dexp(—G(un))Tl(un — Ti(uy))” dz =0. (4.3.27)

j—00 N—00

Together (4.3.25), (4.3.26) and (4.3.27), we conclude that

lim lim sup a(x, uy, Vu,)Vu, dr = 0. (4.3.28)

J700 n—oo HH{—(j+1)<un<—j}

On the other hand, taking v = u,, — nexp(G(uy))T1(u, — Tj(uy,))t as test function in
(4.3.1) and reasoning as in the proof of (4.3.28), we deduce that

lim lim sup a(x, uy, Vu,)Vu, dr = 0. (4.3.29)

J—00 n—oo  J{j<un<j+1}
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Thus (4.3.22) follows from (4.3.28) and (4.3.29).

Proof of assertion (ii). Let k£ > ||vg]l- By using (As) there exists a sequence
v; € Ky N Wy Ep(Q) N L>(Q) which converges to Ti(u) for the modular convergence
Let us v = u,, — nexp(G(uy))(
obtain by using (Ag) and (4.2.2)

Ty (un) — Ti(v;)) T hj(uy,) as test function in (4.3.1), we
exp(G(up))a(z, up, V)V (T (uy,) — T (vi))hj(uy) dx

- oy PG )l tn, V) Vi (Tefutr) = Ty(0)) "

< / V(@) (Th(un) = Tio(:)) "hy(un) exp(Gun)) d

= J Sa(Tiwn) = Ti(0i)) "y (un) exp(Gun)) de.

/{Tk(un)—Tk(vi)zo}

Thanks to (4.3.29), the second integral tend to zero as n and j tend to infinity, and
by Lebesgue Theorem, we deduce that the right hand side converge to zero as n and ¢
goes to infinity.

Then the least inequality becomes,

/{Tk(un)_Tk('Ui)ZO} exp(G(up))a(z, Ti(un), VI (un))V (T (wn) — Ti(v)) hj(uy) dz

- exp(G(uy))a(z, un, Vu,)VTi(v;)h;(u,) de < e(n,i, 7).

{Th (un) =T (vi) 20, lun| >k}

(4.3.30)
Now, observe that
exp(G(uy))a(z, wu,, Vu, )VTi(v;)hi(uy,) dx
‘/{Tk(un)Tk(vi)zo, [un|>k} p( ( )) ( ) k( ) ]( )
S & (Jun|>k} |CL(fL’,CTj+1(’U,n)’ VT;—H(Un))Hsz‘ dz.
(4.3.31)

On the one hand, since (|a(z, Tj41(uy), V11 (uy))|)s is boundeed in Ly;(€2), we get for
asubsequence, |a(z, Tj+1(un), VTjt1(uy))| — 6; weakly in Ly7(Q2) for o(Ly7(Q2), Ea(2))
for some §; € L37(€2) and since |Vv;|x{ju,|>k} converges strongly to |Vu;| x>k} in
Ey () we have by letting n — oo

/{u =k} |a(x’Tj+1(un>»VTj+1(Un))||Vvi| dr

— 3|V, de.
{lu[>k}

Using now, the modular converge of (v;);, we get

0;|Vu;| de — 0:|VTi(u)| dx.
/{u|>k} AV (g 71V )
Since VT (u) = 0 in {|u| > k} we deduce that

/{|u - |a(z, Tir (), Vg1 (un))||Voi| dz = (n, i, §)
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Combining this with (4.3.30) and (4.3.31)

/{Tk(un)—Tk( exp(G(up))a(x, Ti(un), VI (un))V (Ti(tn) = T (vi) ) 1y (un) dz < €(n, i, j).

v;)>0}
(4.3.32)
On the other side, we have

/{Tuun)—Tk(vi)zo} exp(G(un))a(@, Te(un), VT (n))V(Ti(un) = To(v:) s (un) da
- T (un) =T (v:) 20} exp(G(un))|a(@, T(un), VTi(un)) — al@, Ti(un), VTi(vi) X,)]
X[V Tk (un) = VTi(0:)X ]y () dae
{Th(un) ~Ti (v:) >0} exp(G (un))a(z, Ti(un), T (0i) X5) [V (un) — VTi(0i) Xy (un) do

_C/Q\Qg |a(x,Tk(un),VTk(un))||Vvi| dr.

Where % denotes the characteristics function of the subset (4.3.33)
O ={reQ: |VI(v)| < s}
and as above
/ alx, Te(un), VT (un)||Vvi| do
o (4.3.34)

= 0x| VT, d N
e, 5V T da -+ <, 5)
For what concerns the second term of the right hand side of the (4.3.33) we can write,

Loy PG D) Tu). VT (0 VT () = V(o) Ty o)

>0
= / exp(G(Ty(un)))a(z, Te(u,), VI (v) X)) VT (uy,) dr
{Th (un)=Ti (vi) 20}

— exp(G(uy))a(x, Ty (uy), VTk(vi)Xi)VTk(vi)Xihj(un) dx
{Tk (un) =T} (vi) >0}
(4.3.35)

Starting with the first term of the last equality, we have by letting n — oo

/ exp(G (T (un)))a(x, T (uy,), VTk(vi)Xi,)VTk(un) dzx
{Tk (un)ka (v¢)>

_ /{ oy PG Tl Tiw), VT (v)x )V Tk (1) do + (),

since

exp(G(Tk(un)))a(z, Ti(tn), VT (0:)X o) X1 (wn)~T1 (01) 20}
— exp(G(Tx(u)))a(z, Ti(w), VTi(vi) Xo) X{Ty ()~ T (0) 20}

strongly in (F37(Q))" by using Lemma 1.1.6 while VTj(u,) — VTi(u) weakly in
(Lar(Q2))N for o (1L (Q), HE7()).
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Letting again ¢+ — 0o, one has, since
a(z, Ty (uw), VIe(0) X)X {10120y — al@, Ti(u), VT (u)xs) strongly in (Eg7(2))"
by using the modular convergence of v; and Lebesgue Theorem

/ exp(G(Ti(wn)))a(, To(tn), VTik(0:)X )V Tk (1) dit
{T (un) =Tk (vi) >0}

= [ exp(Glu)ale, Ti(w), VIi(uw)x,) VTi(u) dz + £(n,i. )
In the same way, we have

B G(un))a(, Te(un), VTi(vi)Xy) VTk(0:) Xy () d
/{Tk(wmvi)zo} exp(G(un))alz, Ti(un), VTi(0i) X VT (0i) X () de

= — [ exp(Glu)a(e, Tu(w), VI(u)x) V()X dr +£(n,i.5)

Adding the two equalities we get

/{Tk(um—Tk( exp(G (un))a(z, Ti(un), Ti(v:)X2) [V Tk (un) — VI (0:) X4 Ry (u,) dz = e(n, i, 7).

v;)>0}
(4.3.36)
Combining (4.3.32)-(4.3.34) and (4.3.36), we then conclude

la(x, Ti(un), VTi(un)) — a(z, T (un), VTi(0:)X3)]
X[V Tk (un) — VT (vi)x )by (uy) da (4.3.37)
< e /Q\QS 8|V T(w)| dz + e(n, i, )

/{T;c (un) =Tk (vi)>0}

Now, taking v = u,, + exp(—G(un)) (T (un) — Ti(vi)) " hj(uy) as test function in (4.3.1)
and reasoning as in (4.3.37) it is possible to conclude that

/{Tk(un)—Tk(w)SO} [a(x7 - Eun)7 VTk(un)) } a<x7 Tk(un)’ VI (UZ)X;)]

X [VTi(un) — VTi(v) X2 b (un) da (4.3.38)
< ¢y " 0| VT (u)| dx + €(n, i, j).

Finally by using (4.3.37) and (4.3.38), we get

/Q[a(a:, T (un), VT (un)) — a(, Ti(un), VTi(0:) X))
X[VTi(un) — VTi(vi)xi]hj(un) da (4.3.39)
< ca0 /Q\QS Sk VTi(w)| da + (n, i, 5).
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On the other hand, we have

[ o€, Titun), VTi(un)) = ae, Te(wn), VTNV T () = VTa(u)xsl(un) de
— [ fale, Tu(wn), VTi(un)) = ale, Tewa), VI XDV Te(tn) = VT4(0)xeTh () dx
= [ (@, Ty(ua), VI (o)) [V () = V()X () da
a(z, Ty (un
(

T (w)xs) VT (un) — VT (u)xs]hj(un) do
(

Y
—l—fa x, Ti(upn), VT (un)) [V (vi) X — VI (uw)xs|hi(uy,) de,
(4.3.40)
an, as it can be easily seen, each integral of the right-hand side of the form e(n,1,j)
implying that

| o Tuan). TTi(0n)) = i T o), 9 T(0)x)) 9T ) = T () ) da

= [ fae, D), VTi(wn)) = afa, Ti(uwn), VTi(v))]
X[VTi(un) — VT (vi) x4 hj(uy) dz + €(n, i, 7).
(4.3.41)
Furthermore, using (4.3.39) and (4.3.41), we have

/Q[a(l‘, Ty (un), VT (un)) — a(z, T (un ), VT (w)x )| [V Tk (un) — VT3 (w)xs)hy(un) da
< e /Q\QS Sk VTi(w)| do + e(n, i, 7).

(4.3.42)
Now, we remark that

/Q (a(z, Ty(un), VTi(un)) — a(x, Te(un), VI (w)x:) (VT () — VTi(u)xs) do
_ /Q (a2, Ti(un), VTi(un)) — a(z, Tr(un), V(1) ys))
X (VT (un) — VT (u)xs)hj(uy,) do
+ / a(@, T(un), VTi(un)) = a(z, T(un), VTi(w)Xs))

X (VT (un) — VI (u)xs)(1 — hj(uy)) dz.
(4.3.43)
Since 1 — hj(u,) = 0 in {|u,(z)| < j}, then for j large enough the second term of the
right hand side of (4.3.43) can write as follows

(@, (), VT () = ala, Telown), VT X)) (V) = VTe()x)(1 = hy(u,)) da
= — [ (a(a Teltn), VI (1)) VTt (1 = (1) de

+/ (@, To(tn), VT3 (1) Xs) YTk (1)) s (1 — hy(un)) da.

(4.3.44)
Thanks to (a(z, Tx(un), VIk(uy,))) is bounded in (L7(Q))Y uniformly on n while
VTi(u)xs(1 — hj(u,)) converge to zero strongly in (LM(Q)) hence the first term
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of the right hand side of (4.3.44) converge to zero as n goes to infinity.

The second term converges to zero because VT (u)xs(1 — hj(u,)) — VI (u)xs(1 —
hj(u)) = 0 strongly in E(2) and By the continuity of the Nymetskii operator
a(x, Ty (uy,), VT (u)xs) converge strongly to a(x, Ty (u), VI (u)xs). Finally, we deduce
that

Jim | (a(e, Ti(un), VTi(un) = ale, Ti(un), Vi(u)x)) (4.3.45)

X (VT (un) — VTi(u)xs)(1 — hj(uy)) de = 0.

Combining (4.3.42), (4.3.43) and (4.3.45), we get

/Q[a(% Tis(un), VTi(un)) — a(z, Ti(un), VIi(w)x)| [V (un) — VT (w)xs] dz
< o /Q\Qs 5k VTi(w)| dz + (n, i, 5).

(4.3.46)
Letting n, 7, 7 and s to infinity, we deduce

/Q[a(x,Tk(un), VTi(uy)) — alx, Tk (un), VIe(uw)xs) ] [VTk(un) — VIp(u)xs] de — 0

asn — +oo and s — +00,
Thus implies by the Lemma 2.3.1 that

M(|VTy(uw)|) = M|VTy(u,)| in L'Y(). (4.3.47)

4.3.3 Proof of Theorem 4.2.1

Step 1. Equi-integrability of the nonlinearities.
Thanks to (4.3.47), we obtain for a subsequence

Vu, — Vu a.e. in (.
Now, we show that :

9@, U, V) — g(z,u, Vu) strongly in L*(Q). (4.3.48)

0
On the one hand, let v = u,, + exp(—G(un))/ p(8)X{s<—n} ds. Since v € Wy Ly ()

and v > 1, v is an admissible test function in (4131) Then,

[ a1, V)V (—exp(~Glown)) [ pls)X(oc1y ds) di

Un

4 90,0, V) (—exp(~Glwn)) [ pls) oy )

Un

< [ fucesp(=Gun) [ o)<y ds) do-
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Which implies that, by using (4.2.2)

p(un)

0
exp(—G(un))/u P(8)X{s<—n} ds dx

—i—/Q a(x, Up, Vin) Vigexp(—=G(un)) p(Un) X fun<—n}y dx

< [ A@exp(Glun)) [ pls)xieny ds da
4 ) MV exp(~Glun) [ p(5)x gy ds di

Un

0
_/Q fneXp<_G(un))/unp(S)X{S<_h} ds dr

/Qa(as,un, Vu,)Vu,

0 —h
using (Ag) and since / P(8)X{s<—n} ds < / p(s) ds, we get

/Qa(x, U, Vi) Vi exXp(—G(un)) p(tn) X fun<—n} dT
el —h
< exp(22) [ p(s) ds(|7lxe) + 1 faller o)

el "
< exp(U4) [ p(s) ds(lze + 11lzsc@)

using again (Ag), we obtain

—h
/ p(un)M(|Vuy,|) de < 023/ p(s) ds
{un<_h} —00
and since p € L'(IR), we deduce that

lim sup/{ }p(un)M(|Vun|) dr = 0. (4.3.49)
un<—h

h—+o00 nelN

+o0
On the other hand, let M = eXp(HpHLI(Q)>/ p(s) ds and h > M + |[vol|zoe(q).-
0

Consider v = u,, — eXp(G(un))/ np(s)x{8>h} ds. Since v € WSLy(Q2) and v > 9,
0
v is an admissible test function in (4.3.1). Then, similarly to (4.3.49), we deduce that

lim sup/{ }p(un)M(]Vun\) dr = 0. (4.3.50)
un>h

h—+00 nev

Combining (4.3.47), (4.3.49), (4.3.50) and Vitali’s Theorem, we conclude (4.3.48).
Step 2. Passing to the limit

Let v € Ky N Wy Ep(Q) N L®(), we take u,, — Tj(u, — v) as test function in (4.3.1),
we can write

/ a(x, Uy, V) VT (u, —v) de + / Gn (T, Uy, Vuy ) Ti(u, — v) da
Q Q

4.3.51
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which implies that

/ a(x, u,, Vu,)Vu, dr
{lun—v|<k}
—f—/ a(x, Tk+|lv”ooun, VTk-Jr”fU”OO (un))Vv dx
{lun—v|<k}

_ < _
[ 0t V) Tt =) do < [ fuTi(n = v) d

(4.3.52)
By Fatou’s Lemma and the fact that

a2, Thp fofloo (Un ), Vit ol (Un)) = a(@, Tip o]0 () VT g ju]jo (1))

weakly in (L77(Q))Y for o(IlL57, ILEy) on easily see that

/ a(z,u, Vu)Vu dx
{|lu—v|<k}
_/{u_v<k} (@, Ty fjo)oc (1), Vot o) (u)) V) da (4.3.53)

Hence
/Qa(x, u, Vu)VTi(u — v) do + /Qg(x, u, Vu)Tj,(u —v) dz (4.3.54)
< /Qka(u —0) dx.

Now, let v € K, N L>(Q), by the condition (As) there exists v; € Ky N Wy Ey(2) N
L>(€2) such that v; converges to v modular, let h > max(||vol|so, [|V]|s0), taking v =
Th(vj) in (4.3.54), we have

/Qa(x, u, Vu)VTi,(u — Th(v;)) dx + /Qg(x,u, Vu)Ti(u — Th(vj)) do

(4.3.55)
< [ fTiu—Ti(vy)) da.
We can easily pass to the limit as j — +o00 to get
/ a(z,u, Vu)VTi(u — Th(v)) dz + / g(z,u, Vu)Ti(u — Ty(v)) da
0 0 (4.3.56)
< /Qka(u ~Th(v) dz Yo € Ky L(Q),
and since h > max(||vo|co, ||V]|o0), We deduce
/ a(x,u, Vu)VTi(u —v) dx + / g(x,u, Vu)Ti(u — v) dz
Q Q (4.3.57)

g/Qka(u—v) dr Vv e K,nL®(Q), ¥k > 0.

thus, the proof of the Theorem 4.2.1 is now completes.
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Chapter 5

Existence of solutions for unilateral
problems in L! involving lower
order terms in divergence form in
Orlicz spaces

This Chapter is concerned with the existence result of the unilateral problem asso-
ciated to the equations of the type

Au — dive(u) = f € L'(Q),

where A is a Leray-Lions operator having a growth not necessarily of polynomial type

and ¢ € C°(IR, RY).

5.1. Introduction

Let Q be a bounded open subset of IRV, and let p be a real number with 1 < p < +o0.
Consider the following nonlinear Dirichlet problem :

Au — dive(u) = f, (5.1.1)

where Au = —div a(z,u, Vu) is a Leray-Lions operators defined from W, ?(Q) into its
dual and ¢ lies in C°(IR, IRY).
Boccardo proved in [45] the existence of entropy solution for the problem (5.1.1). The
formulation adequate in this case is the following,

u e Wy(Q), Va < X0

/Qa(x,u,Vu)VTk(u —v) dz + /Q O(u)VTi(u—wv) de < /Qka(u — ) dx
YV v e WyP(Q) N L=(9Q).

IThis Chapter is the subject of two articles published respectively in
1) Journal of Applied Analysis, vol. 13, N.2(2007),151 — 181.
2) Applicationes Mathematicae, 33,2(2006),217 — 241.
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In this direction, Boccardo and Cirmi [46] are studied the existence and uniqueness of
solution of the following unilateral problem,

u e Wy(Q), Vg < M=ty >y

/ a(z, Vu)VT(u —v) dx < / fTi(u—v) de
Q Q

V ve Kw N LOO(Q),

where K, = {u e WyP(Q) 1 u > w}, with a measurable function ¢ : Q — IR such

that ¢ € WyP(Q) N L>(Q). In these results the function a(.) is supposed to satsfy a
polynomial growth conditions with respect to v and Vu.
In the case where a(.) satisfies a more general growth condition with respect to u
and Vu (such growth to relax the coefficients of the operator A), the adequate space
in which (5.1.1) can be studied is the Orlicz-Sobolev spaces WL,/ () where the N-
function M is related to the actual growth of a. The solvability of (5.1.1) in this setting
is studied by Gossez-Mustonen [81] in the variational case for ¢ = 0. The case where
f belongs to L'(2) and ¢ = 0 is treated in [38]. this last result is restricted to the
N-functions which satisfy the Ag-condition (this condition appears in the boundedness
of the term VTj(u,) in Lp(Q2), see p. 96-97 of [38]). More precisely, the authors
have proved in the previous work existence and uniqueness of the following unilateral
problem

u € WiLo(Q), VQ € Ay

/Qa(x,Vu)VTk(u —v) dr < /Qka(u — ) dx

V ve Kw N LOO(Q),

where
Am = {Q :Q N — function : % < A0
' 1 M
and / QOH_I( ) dt < oo where H(t):@)}
0 tlfﬁ t

and where Ky = {u € WyLy(Q) : u > ¢}, with the following restrictions on the ob-
stacle v
¥ € Wy Ly (Q) N L=(Q), (5.1.2)

there exists 1 € K, such that ¢ — 1 is continuous on (. (5.1.3)

While the case ¢ # 0, is studied by Benkirane and Bennouna in [36] where an entropy
solution for equation (5.1.1) is proved without assuming the As-condition.

Our purpose in this paper is to prove the existence of solutions for obstacle problem
associated to (5.1.1) for general N-functions M.

5.2. Statement of main results

5.2.1. Basic assumptions

Let Q be an open bounded subset of IRY, N > 2, with the segment property.
Given an obstacle function ¢ : Q — IR, such that the convex set K defined in (2.2.1)
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satisfies the condition (As) of Chapter II.

Let Au = —div(a(x,u, Vu)) be a Leray-Lions operators defined on its domain D(A) C
Wi Ly (Q) into W E7(Q) where a(x,s,€) : Q x R x RY — IR is a Carathéodory
function satisfies the conditions (A;)-(A4) (see Chapter II).

Finally, we suppose that,

fe L), (5.2.1)
¢ € C°(IR, RY), (5.2.2)

and
Ky N L®(Q) # 0. (5.2.3)

9.2.2. Principal results
The first result in this Chapter is concerned with a = a(z,§)
Remark 5.2.1. Giving some comparisons of our hypotheses and those of [38, 36] :

1) In [38], the authors have supposed the Ay-condition and hypotheses (5.1.3) which
is stronger than our hypotheses (As) (see Remark 2.2.1).

2) When ¢ = —oo, the convexr set K, coincides with the space WLy (Q), this
implies that (As) is verified. For that the authors in [36] have not need to (As).

Remark 5.2.2. Remark that, if we suppose that a(z,&)E > aM (|€|), then the hypothe-
ses (A4) is verified for all vy € Ky N Wy Epn(Q).

Proof. Let vy € Ky N W3 Ep(Q2) and let A > 0 large enough, we have
1
a(x,&) (& — V) = a(x, )€ — (:1: £)(AVwp). (5.2.4)

On the other hand, by using (Ajz), we have
—ta(z,§)(A\Vuy) > —1a(z, 525 - a(x AVy) Vg
A

2
2
using the Young’s inequality, we deduce that
1—+3 AV 1-4
R AL Pt V)
2 (5.2.6)
(1 —5)— (|a(z, A\Vuwp)|
—— M ( T 0 ) .
Combining (5.2.4), (5.2.5) and (5.2.6), we get
CZ(ZE, S)(S - VUO) > a(x,f)f % (‘T 6)5
a(l - §) (5.2.7)
——— - M([¢]) — (),

2
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where

v(z) =

a(l —3)— [ |a(z, \Vu
5 A2 M (‘ (a(/\_l) 0)’) + a(x, AVvy) V.

2

Finally, by the hypotheses, we deduce

1

o€~ Vo) = " ar(lgl) 4 (a)

Theorem 5.2.1. Assume that the hypothesis (A1) — (As) (where we omited the depen-
dence of a in the variable s ) and (5.2.1) — (5.2.3) hold. Then there exists at least one
solution of the following unilateral problem,

we T"M(Q),u> Y ae in Q.
/Qa(x, Vu)VTi(u —v) de + /Q A(u)VT(u —v) dx

< [ STe(w =) da,
Q
Vo ve K,NL*®(), Yk > 0.

(5.2.8)

The next result deals with the case in which the function a = a(z, s, ) and the condition
(A4) is reduced to

(A}) There exists two strictly positive constants «, v such that

al, 5, 0)¢ > anr(l))

v

for a.e. z in Q and all s € IR, ¢ € RY.

Theorem 5.2.2. Under the hypotheses of Theorem 5.2.1 with the condition (A)}) in-
stead of (Ay). Then there exists at least one solution of the following unilateral problem,

we TPM(Q),u> 1 ae in Q.
/Qa(x, u, Vu)VTi(u —v) dr + /Q () VT (u—v) dx

< [ IT(u =) da,
Q
Vo ve K,NL*®(Q), Yk > 0.

(5.2.9)

Remark 5.2.3. Remark that, in the previous results, we can not replace K,NL>®(2) by
only Ky, since in general the integml/ d(u)VTi(u — v) de may not have a meaning.
Q

Remark 5.2.4. Note that, if we take M(t) = |t|P in the previous statements, then
we obtain some ezistence result in the classical Sobolev spaces (which appears a new
result).
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5.3. Proof of principal results

Without loss the generality we take v = 1 in the condition (A}).

5.3.1. Proof of Theorem 5.2.1
Approximate problem.

Let us defined the following sequence of the unilateral problems
Uy € K¢,
(Atp, u, — v) —I—/ O(Tn(un))V(u, —v) dx
Q (5.3.1)
Yv € Kd"

where f, is a regular function such that f,, strongly converges to f in L'(Q). Applying
Lemma 2.2.1 this approximate problem has at last one solution.

Some intermediates results.

Proposition 5.3.1. Assume that (A1) — (As), (5.2.1)-(5.2.3) hold true and let u,, be a
solution of the approximate problem (5.5.1). Then for all k > 0, there exists a constant
c(k) (which does not depend on the n) such that,

1T (wn) [l pre) < (k).
Proposition 5.3.2. Assume that (A1) — (As), (5.2.1)-(5.2.3) hold true and let u,, be a
solution of the approzimate problem (5.3.1), then there exists a measurable function u
such that, for all k > 0 we have,
1) up, — u a.e. in §,

2) Ti(upn) = Ti(u) weakly in WLy (Q) for o(ILLy, TEs),

3) Tk(uy) — Tp(u) strongly in Ep(Q) and a.e. in .

Proposition 5.3.3. Assume that (A1) — (As), (5.2.1)-(5.2.3) hold true and let u, be a
solution of the approximate problem (5.3.1). Then for all k > 0,

1) (a(x, VTi(un)))n is bounded in (Ly7(2))Y,

2) M(IVTi(un)l) = M(IVTi(u)]) in L'(Q).
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Passing to the limit.

Let v € Ky N W3 Ep(2) N L>®(Q). Taking u,, — T (u, — v) as test function in (5.3.1),
we can write, for n large enough (n > k + ||v||),

/Qa(x, Vu, ) VTi(u, —v) dx + /Q &(un) VT (u, —v) dx

(5.3.2)
< / [Ty (u, —v) dz.
Q
Which implies that,
/ a(z, Vu,)V(u, —vg) dx + a(x, Vit jo)w (Un))V(vg — v) do
{lun—v|<k} {lun—v|<k}
—i—/Q O(un)VTi(u, — v) da
< / Tk (u, — v) dz.
Q
(5.3.3)

Applying the assertion 2) of Proposition 5.3.3, assertions 1), 3) of Proposition 5.3.2 and
Fatou’s Lemma, we have

/{I | }a(x, Vu)V(u — vg) de < liminf a(z, Vu,)V(u, —vg) dx, (5.3.4)
u—v|<k

1700 J{lun—v|<k}
on the other hand by Proposition 5.3.3 we get
a(x, ka+”v”m(un)) — CL(.T, VTk+H/U|IOO(u)) Weakly in (LM(Q))N for U(HLM, HEM),
which and assertion 1) of Proposition 5.3.2, Lebesgue’s Theorem, allow to deduce

/{ ey & Vtoloe () )V (00 = 0) dv = a(@, Vi) (1)) V(0o = v) da.

{lu—v|<k}
(5.3.5)
Moreover, thanks to assertion 1) and 2) of Proposition 5.3.2, we have

/Q¢(un)ka(un —v) dx — /qu(u)VTk(u —v) dx. (5.3.6)

Combining (5.3.3)-(5.3.6), we get

/ a(z, Vu)V(u — vy) dx + / a(x, Vit || (w)V(vg — v) dx
{lu—v|<k} {lu—v|<k} (5.3.7)
+/Q P(u)VT(u—v) de < /Qka(u —v) dz.

Hence

/Qa(x, Vu)VTi(u —v) dx + /Q H(u)VT(u —v) dx

5.3.8
< /Qka(u —v) dx. ( )
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Now, let v € Ky, N L>®(Q), by the condition (As) there exists v; € Ky, N Wi En(Q) N
L>(€2) such that v; converges to v in modular sense. Let h > max(||vo||oo, ||V]lc0)
taking v = T}, (v;) in (5.3.8), we have

/Q a(z, Vu)VTi(u — Th(vy)) do + /Q S(u)VTi(u — Th(v))) da

(5.3.9)
< [ fTiu—Ti(vy)) da.
We can easily pass to the limit as j — 400 and get,
/ a(z, Vu)VTi(u — Ty(v)) dx + / d(u)VTg(u — Th(v)) dx
0 Q (5.3.10)
< /Qka(u ~Ty(v) dz ¥ v € Ky N Lo(Q).
Finally, since h > max(||vg||oo, ||V||o0), We get
/ a(z, Vu)VT(u —v) dz +/ d(u)VT(u —v) de
0 z (5.3.11)

< /Qka(u — ) dz Yo € Ky N Lo(Q), Yk > 0.

this, completes the proof of Theorem 5.2.1.

5.4. Proof of intermediates results

5.4.1. Proof of Proposition 5.3.1

Let k > 0. Taking u, — Tk(u, — vy) as test function in (5.3.1), we obtain for n large
enough

| e, V) VTt = vo) do+ [ 6(un) VT (u, = ) d
< /anTk(un — ) dz.

Since, VT (u, — v) is identically zero on the set where |u,(z) — vo(z)| > k, hence we
can write

| aa, V) VT = vo) do < (Tt ()| [ V1|

{lun—vo|<k}

1 vo n \Y d / i (wy, — dr.
+/{|unvolgk}\¢( ket ol () [[V00| d | Fu Tt = vo) d

By using (A4) and Young’s inequality, we have

a/ M(|Vuy,|) dx
{lun—vo|<k}

<5y MOVul) do o+ Co [ V(6T (wa))])
Al + 18]
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Then, since ¢ € C°(IR, IRY) we can write,
M(|Vuy,|) de < Ci(k),
/gun—UOSk} (V] 1(A)

where ¢; (k) is a constants which depends of k. Since k is arbitrary and {|u,| < k} C
{Jun, — vo] <k + ||vo]leo}, Wwe deduce that,

/QM(\VTk(un)]) dr < M(|Vun|) d < Ca(k). (5.4.1)

{lun—vo|<k+|lvolloo }

From which, we get
1T (un) Wi as ) < C(K). (5.4.2)
5.4.2. Proof of Proposition 5.3.2

Let k > h > ||vg]|co- By using v = wu,, — Ti(u,, — Th(uy)) as test function in (5.3.1) we
obtain,

/Q a(z, Viun) VT (tn — Th(uy)) dz + /Q S(To (1)) V Tk (un — Th(up)) da
< /anTk(un — Th(uy)) dz.

The second term of the left hand side of the last inequality vanishes for n large enough.
Indeed. We have by virtue of Lemma 1.1.10,

/Q¢(Tn(un))VTk(un — Ty(uy,)) do = /ng(un)VTk(un y(uy) de
= /Qdiv {/0“"¢(8)X{hg|s|§k+h} ds| dx =0,

Un

(this is due to /o D(8)X{h<|s|<k+ny ds lies in WLy (Q)).
Thus,
/Q a(, V)V Tk (un — Ty () da
géhnm—nmmm
Which implies that,
/Q a(z, V)V Ty (u — T () da < kes, (5.4.3)

where c3 is a nonnegative constant independent of n, k and h.
Now, let a constant ¢ such that 0 < ¢ < 1 and satisfies %;C) >A>1+4k (Suchcis

1 —
well existed since lim u
c—0+ 2c

From (5.4.3) we have

= 400).

/Q a(, VTt — T (1)) [V Tt — Th(tn)) — (1 — ¢) Vo] dar
< csk + /Q a(x, VIi(u, — Th(uy)))(c — 1)V dz

= c3k + C/Q a(x, VT (u, — Th(un)))(c — 1VUO) dx

C
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and from the monotonicity condition (A3) we get,

/Q a(, VT (tn — T (1)) [V Tt — T (1)) — (1 — ) V] dar
< ek +c /Q a(, VT (tn — T (1)) V Tt — T (1)) de

c—1 c—1
—c/Q a(x, . Vo) [VTk(u, — Th(uy,)) — . V| dx.

Consequently,

(1-— c)/Q a(x, VT (u, — Th(un))) [VTi(u, — Th(uy)) — V] da
c—1

§03k+c4+c/9|a(x, Vo) | [V Te (tn — Th(un))| dz

oll—c . c—1
—coh o + 20 2 /ﬂ a(@, “—=Vu) ||V Tk (1 — T (ua) | do

c—1
_ a(l—c) a(l’7 TVUO)
2c

|V T (un — Th(uy,))| de.

Thinks to the Young’s inequality, we can deduce

(1—c) /Q a(, VT (1, — T (1)) [V Tt — T (1)) — V] da

—1
. ,C—V
< sk + ey + —a“;)/g M(—M(I < ”0”)\ dx

+@/ﬂM(]VTk(un—Th(un))|) d.
Finally, using (A,), we deduce
/Q M|V Ty (un — Th(un))|) dz < kC. (5.4.4)

where C' is a constant does not depends of n, k and h.
Furthermore, reasoning as in Proposition 4.3.3 of Chapter IV, we can easily deduce the
result of Proposition 5.3.2.

95.4.3 Proof of proposition 5.3.3

1) Boundedness of (a(x, VI (uy)), in (Lyp(Q))".

We fix & > 0 and reasoning as in Chapter II, we deduce that (a(x, VIj(uy)))n, is
bounded in (L37(Q))Y. Which implies that, for all & > 0, there exists a function
pr € (L37(Q))Y such that,

a(z, VTi(u,)) — pr weakly in  (L37(Q)Y for o(IlL77(Q), TIEN(Q)).  (5.4.5)

2) We claim that M (|VTi(u,)|) — M(|VTi(u)|) in L'(Q).
We fix k > 0 and let Q, = {x € Q,|VT(u(z))| < r} and denote by x, the characteristic
function of Q,. Clearly, 2, C Q,,; and meas(2\2,) — 0 as r — oc.
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By using (Aj), there exists a sequence v; € Ky N W3 Ep(Q) N L*°(Q) which converges
to Ty (u) for the modular convergence in Wy Ly ().
We will introduce the following function of one real variable s, which is defined as

1 it |s|<m
hm(s) =4 —|s|+m+1 if m<|s|]<m+1
0 it |s| >m+1,

The choose of the w, — Ay, (u, — vo)(Tk(un) — Tk(v;)) as test function in (5.3.1), we
gives (using the fact that the derivative of h,,(s) is different from zero only where
m<|s| <m+1),

/Q a(, V) (VT (tn) — VT3(0;)) o (0 — v0) daz
o 0 V)Vt = 00) (Tiat) = Tiey) (0, — o)
+/m<|un_vo<m+1} G(un)V (un — v0) (Ti(un) — Ti(v;)) iy (u — vo) da
+ /ﬂ (1) (VT (ttn) — VT3(03)) o (. — v0) diz
< /Q Fahm(tn, — 00)(To(tn) — Tio(v;)) da.

(5.4.6)
We will deal with each term of (5.4.6). First of all, observe that

[ Fulom = 00) (D) = Ta(w)) d = &, ). (5.4.7)
Indeed. In view of assertion 1) of Proposition 5.3.2, we have
P (ty,—00) (T3 () =T (V) = By (u—00) (T (v) =T (v;)) weakly™ as n — +oo in L>(Q),
and then,
/ Fnhm (un, — o) (Ti(un) — Ti(vy)) do — / fhom(u —vo)(Ti(u) — Ti(v;)) dr as n — +oo.
Since hy,(u — v9)(Tk(u) — Ti(v;)) — 0 weak® in L>(Q2) as j — +o0, we get
/thm(u — vo)(Th(u) — Ty (v;)) dr — 0 as j — +oo.

For what concerns the third term of the left hand side of (5.4.6), we have by letting
n — 0o

/{m<|un—vo<m+1} ¢(Un)V(Un - Uo)(Tk(un) - Tk(fvj))h;n(un o UO) dx
- P(u)V (u —vo)(Ti(u) — Ti(vy)) R, (v — vo) d +£(n)

{m<|u—vg|<m+1}

since ¢(un)X{m<|un7vo|<m+1}(Tk(un) — Ty (vy)) — ¢(U)X{m<\u7vo|<m+1}(Tk(u> — Ti(vy)),
strongly in (F37(2))" by assertion 1) of Proposition 5.3.2 and Lebesgue Theorem while
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VTmi1(tn) = VT, (uy,) weakly in (L (2))Y by assertion 2) of Proposition 5.3.2.
Letting 7 — oo in the right term of the above equality, one has, by using the modular
convergence of (v;);

/{m<|u_v0<m+l} d(u)V (1 — o) (Ti(u) — Tr(v;)) i (u — vo) dx = (3)

and so

/{m<un—vo|<m+1} () V (un — v0)(Ti(un) — Ti(v;)) iy (Un, — vo) dz = e(n, 7). (5.4.8)

Similarly, we have

/ngﬁ(un)(VTk(un) — VT (vj)) hn(un — v9) dz = &(n, j). (5.4.9)

Starting with the second term of the left hand side of (5.4.6), we have

a(z, Vu,)V (uy, — vo) (T (un) — Ti(v)) Ay, (wn — vo) da

’/{m<|un—vo<m+l}

< 2k (5.4.10)

a(z, Vu,)V(u, —vg) + () dz

’/{m<|un—vo|<m+1}
+2k d(z) dx
{m<|upn—vo|<m+1}
Moreover, since {m < |u, —vo| < m+1} C {l < |u,| <1+ s} where | = m—||vg||c, s =
lleolloe +1, we get

2% ‘ / (a(@, Viun)V (un — vo) + () dx
{m<|un—vo|<m+1}

< 2k (a(x, Vu,)V(u, —vy) + 0(z)) dz
I<|un|<l+s}
= Qk:/ a(x, Vu,)Vu, dv — 2k a(z, Vuy,)Vuy dx
{I<]un|<l+s} {I<]un|<l+s}
+4k d(z) dz,
{i<lun|<l+s}

(5.4.11)
Now, we take u,, — Ts(u, — T;(u,)) as test function in (5.3.1), we get

dz

?annd-i-/d' [/unt s dt
/{l<|un|<l+s} a(@, V)V, dz Q v 0 & )X{lﬁlt\§l+}

Q {|un|>1}

and using the fact that / n¢(t)x{l<‘t|<l+s} dt € WiLy(Q) and Lemma 1.1.10 one has,
0 <Jt|<

a(x, Vu,)Vu, dx
< /anTs(un —Ti(uy)) de < s/ | fu] dz.

{lun|>1}

/{l<|un|<l+8} (5.4.12)
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On the other side, the Holder’s inequality gives

‘—2]{: a(x, Vu,) Vg dr| < 4klla(x, VT(un, — Ti(un))) |77 V00X ffun |13 1

{I<]un|<l+s}
(5.4.13)
Furthermore, by the same argument as in the proof of step 3 of Chapter 11, we get

la(e, VT (un = Ti(un))) |37 < Cha,

where (4 is a positive constant independent of n and m.
Combining (5.4.11), (5.4.12) and (5.4.13), we deduce

‘Qk / (a(@, Viun)V (up — vo) + 6(z)) do
{m<|unp—vo|<m+1}

<O f 0@+ 1) de+ Cool Voo s

(5.4.14)

Letting successively first n, then m (I = m — ||vg||e) go to infinity, we find, by using
the fact that 6 € L'(Q), vy € W) Ey () and the strong convergence of f,

(a(x, Vu,)V(u, — o) + (z)) dz|=e(n,m). (5.4.15)

‘/{m<|un—vo|<m+1}

Finally, we have

a(x, V)V (un, — v0) (T (un) — Ti(v;)) b, (wn — vo) dx‘ =¢;(n,m).
(5.4.16)

Am<un—vo|<m+1}

By means of (5.4.6)-(5.4.9), (5.4.16), we obtain
/Qa(x, Vu,) (VT (un) — VTi(vj) b (un, — vo) dz < €(n,m) + €(n, 7). (5.4.17)

Splitting the integral on the left hand side of (5.4.17) where |u,| < k and |u,| > k, we
can write,
/Q a(2, V) (VT (tn) — VT(0;)) o (0 — v0) dae
/Qa 2, VT (1)) [VTi(wn) — VT(0)] (U, — v0) dx
—i—/ a(z,0)VTi(vj)hp(u, —vo) dx
funl>F} (5.4.18)
a(z, Vu,)VTi(vj) b (w, — o) da
{un|>k’}
> [ a(z, VIi(uy)) [ VTi(un) — VIi(0;)] o (wn — o) da

/|u >k} la(x,0) 4+ a(z, VI yjvllw+1 (Un)) || V| da.
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Since (|a(z,0) + a(z, VT4 jvoll+1(tn))|)n is bounded in Ly;(£2), we get, for a subse-
quence still denoted u,,

la(x,0) + a(x, VT |wllc+1(tn))] = b weakly in Ly(Q2) for o(Lyz, Enr),
and since, |Vv;|X{ju, >k} converges strongly to |Vv;| X >k in Ea(€2), we have by let-

ting n — oo

- la(z, 0) + (@, VTt junf1. ()| V05| di — — | V05| da
{lun|>k} {|ul>k}

as n tends to infinity.
Using now, the modular convergence of (v;);, we get

—/ 1| V0;| dz — — I |V Ty (u)] d
{ul>} {ul>k}

as j tends to infinity.
Since VT (u) = 0 in {|u| > k}, we deduce that,

_/{|u . |a(z,0) 4+ a(z, Vi jglle+1(un)) [V | do = e(n, j). (5.4.19)
We then have by (5.4.18),

/Q a(z, V) (VT3 (tn) — V() o (10 — v0) dat

> /Q a(, VT3 () [V Te(ttn) — VT(0)] (0 — v0) d + €(n, 5).
(5.4.20)
It is easily to see that,
/Q a(, V) (VT(ur) — VT3u(0)) i (1, — o) da
> [ la(e, VTi(w,)) = ae, VT(0,))
X[VTi(un) — VT (v)X)] hun (0 — v0) d
+ [ ol VT DIV Tk1) = VT (= o)

= | a(e, VT(un))[[ V| do + e(n, j),

ol
(5.4.21)
where x? denotes the characteristic function of the subset
O ={z € Q:|VTi(v))| < s},
and as above we have
e la(z, VT (u,))||Vv;| do = _/Q\Qs pi|VTi(u)| dx + (n, 7). (5.4.22)

where pj, is some function in L;(€2) such that

la(x, VT (u,))| — pr weakly in Ly7(Q2) for o(Lyz, Eum).
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For what concerns the second term of the right hand side of (5.4.21) we can write,

| e VI ) [V Ti(n) = VT (03D i 1 = ) d
- / a(z, VT (0;)X)V Ty () B (T (1) — v0) daz (5.4.23)
—/ a(z, VTi(v)x2) VT (0) XL o (U, — v0) dov.

Starting of the second term of the last equality, we have

/Qa(z, VT (0)X) VT (1) Ao (1, — v0) da
— /Qa(x, V()X VT (w) b (u — vo) dz + £(n)
a(z, VI(v;) X2 (T (un) — vo) — alw, VIi(v;)x0) o (T () — vo)

strongly in (E37(Q))" by Lemma 1.1.6, while VT (u,) = VT (u) weakly in (Lp ()Y
for o(IT L, I1 Exz)-
Letting again j — oo, one has, since

(@, VT (03)x0) (T () — ) — a(z, VT () o (Th(11) — o) strongly in (Eyr(2))Y
by using the modular convergence of v; and Lebesgue Theorem
/Qa(x, VT (0)X) VT (tn) B (1, — v0) da
= /Qa(x, VT (uw)xs) VI(w)hp(u —v) do+ e(n, 7).

In the same way, we have

—/Q a(x, VT (0;)x2) VT (05) XL (U — vo) di

= Jore a(z, VT (u)xs) VT (u)xshm(u —vy) dz+(n, j).

Adding the two equalities we conclude

/Q a(, VT (0) %) [V () — VT (0) %) o (. — v0) daz
—/ a(x,0)VTi(u)hy(u —v) do+ e(n, 7).

Since 1 — hy,(u — vg) = 0 in {|u(x) — vo(z)| < m} and since {|u(x)| < k} C {Ju(x) —
vo(z)| < m} for m large enough, we deduce

| e VTV Ti(tn) = VT3 )t = v0) d

, (5.4.24)
—/ a(x,0)VTi(u) dz +e(n, j).
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Combining (5.4.21), (5.4.22) and (5.4.24), we get

/Q a(, V) [V T (1) — VTo(0,)] o (10 — v0) det
> [ la(e, VTi(un)) = ale, VTx(0;)x)]

~ Jo A (5.4.25)
X[V (un) — VT (0;)XD)] A (U — v0) dix
_/Q\QS k| VT (u)| dx + /Q\Qs a(x,0)VT(u) dx + €(n, j).
Which and (5.4.17)
[ fale, Vi) = ae, VT (0)x)]
X[V T (un) — VT (0)x2)] P (U, — o) da (5.4.26)

< T T
_/Q\QS e[ VT (w)] dx+/Q\QS a(z,0)VTi(u) dr
+e(n, j) + e(n,m).

On the other hand, we have

[ o, VTi(w,)) = ala, VT )] [V Tk(tn) = VT(w) el (0 = o) de
_ / la(w, VTi(un)) — a(@, V() )V Tettn) — V()% i (10 — v0) dit
=/ alz, VTi(0)x) [V Tk (un) = VTi(05) X3 i (= vo) da
— [ (@, VIV Tk (1) = V()X im0 = v0) d

+/Q a(z, VT (un)) [ VTi(vj)xt — VT (w) x| hm (U, — vo) dz,
(5.4.27)
an, as it can be easily seen that the term of the right-hand side is the form €(n, j)
implying that

/Q[a(x, VTi(uy)) — a(z, VT (u)xs)| [VTk(un) — VT () xs) i (tn — vo) dx
= [ fale. V() = e V(0 DIV T() — Va0 it — v0) e+ €. )

(5.4.28)
Furthermore, using (5.4.26) and (5.4.28), we have
[ [ale, VTi(un)) = ale, VT (w)x,)
X[V Ti(un) — VT () xs)hm(un — vo) dz (5.4.20)

<
< /Q o, VT d /Q o, 0T OV Ti(w) dr
+e(n, j) + €(n, m).
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Now, we remark that

/Q[ (z, VTi(un)) — a(x, VI (u)Xs)][VTk(un) — VT (u)xs] do
= [ fa(a. VTi(un)) = ae, VI ) [V Tk(un) = VT ()X im0 = o) d
+/ 2, V() [V Tk () — VT ()X (1 — (it — v5)) dt

—/Q a(x, VI (w)xs) [VTe(un) — VTe(w)xs](1 = hp(u, — vg)) dx + €(n, 7) + €(n,m).
(5.4.30)
Since 1 — hy,(un, — vo) = 0 in {|un(x) — vo(z)] < m} and since {|u,(z)| < k} C
{un(x) —vo(x)| < m} for m large enough, we deduce from (5.4.30)

/[ (2, VTi(uy,)) — alz, VT (u)xs)| [VTk(un) — VTi(u)xs] dz
- / 2, V() — a(z, V() X)) [V T (tn) — V()Xo i (10 — 0) dz
_/|un(r)|>k} (:L', O)VTk(u)Xs(l - hm(un — UO)) dx

+/{|un(x)|>k} a(x, VTe(u)xs) VTi(uw)xs(1 — hp(u, —vg)) da.
(5.4.31)

It is easy to see that, the two last terms of the last inequality tends to zero as n — oo,
this implies that,

| lale. VT (w,)) = ae, VIL(@)x ) VT (un) = VTk(w).] d
= /Q[a(:c, VT (uyn)) — alz, VI (w)xs)] [VTk(un) — VT(w)xs|hm(u, — vo) dz

+e(n, j) + €(n,m).
(5.4.32)
Combining (5.4.17), (5.4.26), (5.4.29) and (5.4.32), we have

/Q[a(x, VTi(un)) — a(z, VI (w)xs)][VTk(u,) — VT(u)xs] de

</ PV T(w) dx+/ (e VI de 4 e(n jm),  OE

By passing to the lim sup over n, and letting j, m, s tend to infinity, we obtain

limsup limsup [ [a(z, V) (un)) — a(x, VI(uw)xs)] [VTk(un) — VTk(uw)xs) de = 0.

s—+oo0 n—+oo JQ

Thus, by the Lemma 2.3.1, we get
M (VT (un)]) = M(IVT(u)]) in L'(S). (5.4.34)

Remark 5.4.1. If we assume that Ay # 0, then any solution of (5.2.8) belongs to
Wy Lo(Q) for each Q € Ay
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Proof Let t > ||ug||o and take v = Ty(u) in (5.2.8), we get

/Q a(, V)V T (u — Ty(u)) da + /Q S(uW)VTh(u — Ty(u)) do
< /QfTh(u—Tt(u)) dz.

Hence,
fll/g a(x, Vu)VTi(u — Ti(u)) dz < c.

Reasoning as above and letting h — 0, we get
1
im — M(|Vul|) dz < c.
h—0 hJ{t<|u(x)|<t+h}

Thus,
d

dtJqu)>n

Following the same method used in the work of Benkirane and Bennouna [38] (see step
2 p. 93-97) one proves easily that u € Wi Lo(Q2) V Q € Ay,

M(|Vu|) dz < c.

In the case where ¢ = —oo (i.e. K, = Wi Ly(Q)) it is possible to state :

Corollary 5.4.1. Assume that (A1) — (Ay) and (5.2.1),(5.2.2) are satisfied. Then
there exists at least one solution of the following problem

u e TyM(9),

/Qa(:z:, Vu)VTi(u—v) de + /Q d(u)VTi(u —v) dz,
< [ fTiu=v) d,

V ve KyNL*®(Q), Vk > 0.

(5.4.35)

Remark 5.4.2. Observe that the hypotheses (As) is not used in the previous corollary,
this is due obviously to the density of D(Q) in Wy La(Q)NL®(Q) in the modular sense

(see [80]).

Remark 5.4.3. In the same particular case as above (i.e. 1) = —o0), the element vy
introduced in (Ay) lies in W3 Ey(2) N L>®(Q), then if we assume that & = vy = 0 and
An # 0, then any solution of (5.4.35) belongs to Wi Lo(Q) for each Q € Ay, which
gives the result of [36].

The proof is similar to that given in Remark 5.4.1.

Remark 5.4.4. Let M(t) = [t|’ and Q(t) = |t|. Then the condition Q € Ay is
equivalent to the following conditions :

1)2—%x<p<N

2) ¢ <g="

Remark 5.4.5. In the case where M(t) = [t|P. The Corollary 5.4.1 gives the result of
Boccardo [45] (i.e. w € WQ(Q), V ¢ < Xe=b)

N-1
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5.4.4 Proof of Theorem 5.2.2
Approximate problem.
Let us defined the following sequence problems

Un € K¢,

(A, 1ty — v) + /Q AT (tn))V (uy, — v) da (5.4.36)

You c K¢.

where f, is a regular function such that f,, strongly converges to f in L'(Q). Applying
Lemma 2.2.1, this approximate problem has at last one solution.

A priori estimates.

Let k > 0. Taking u,, — Ty (u, — vo) as test function in (5.4.36), we obtain for n large
enough

/Qa(x, Upy VU, ) VT (u, — vg) dx + /Q O(un)VTi(uy — vg) dz
< /anTk(un —1p) dzx.

Since VT, (u, — vp) is identically zero on the set where |u,, — vo| > k, hence we can
write

[ @ty Vi) VT (1 = v0) do < 16T ool ()| V|

{‘un_UOKk}

(Tt ol (wn)I [Vl da + | F, Tty = o) dr

{lun—vo|<k}

Now observe that we have (for 0 < ¢ < 1),

/ a(x, U, Vu,)Vu, dr < c/ a(x, up, Vun)% dx
{lun—vo|<k} {lun—vo|<k} c
BTkt ol ()| Vta] (5437)
[un—vo|<k}
+/ |¢(Tk+|‘vouw(un))||vvg| dx —|—/ fnTk(un — UO) dzx.
{lun—vo|<k} Q
By using (Aj3), we get
c/ a(x,un,Vun)% dx
{lun—vo|<k} ¢
<c {/ a(z, up, Vu,)Vu, dx (5.4.38)
{lun—vo|<k}

{lun—vo[<k}

- a1, ) (T, — V10) daz}
C C



which yields, thanks (5.4.37),
(1—c) / a(, U, Vi) Vg da < (Tt ool (1)) || Vit dz

[un—vo|<k} {\Un—UOISL}
_l’_
{

(Tt ol (wn )| [Vl da + | F Ty = v0) da

fun—vol<k}

(5.4.39)
Since ¥ € (E)(Q))", using (A,) and the Young’s inequality, we have

1—c / a(x, u,, Vu,)Vu, dx
(I—c) AR ( )

e (5.4.40)
< T/ M(|Vuy,|) dz + cs(k).
{lun—vo|<k}

where c3(k) is a positive constant which depending only in k.
Using also (A)) we obtain

a(l —c)
—_— M nl) dx < c3(k).
2 /{|Un—v0|§k} (Veun]) d < calk)

Moreover, from {|u,| < k} C {|u, — vo| <k + ||vo]|oo}, We conclude that

/Q M(|VT(up)]) da < ea(k). (5.4.41)

Almost everywhere convergence of (u,),.

Let & > h > ||vo]|co- By using w,, — Ti(u, — Th(uy,)) as test function in (5.4.36), we
obtain for n large enough

/Qa(x, Uny V) VT (un — Th(uy,)) de + /Q O(un)VTi(uy — Th(uy,)) dz
< /anTk:(un — Ty(un)) dz.

The second term of the left hand side of the last inequality vanishes for n large enough
by virtue of Lemma 1.1.10. This and reasoning as in the proof of Proposition 4.3.3 of
Chapter IV, we can easily prove that u,, converges almost everywhere to some function
measurable wu.

Almost everywhere convergence of the gradient.

We fix k > ||vo]|oo. By using (A4s) there exists a sequence v; € K, "Wy Ep () N L ()
which converges to Ty (u) for the modular convergences in Wy Ly ().

By using the test function u,, — A, (w,)(Tk(u,) — Tk(v;)) in (5.4.36) it is easily adapted
from that given in step 5 of proof of Theorem 2.2.1, we prove that

Vu, — Vu ae. in Q.

Finally, we can pass to the limit by applying the same technique used in the passage
to the limit in Theorem 2.2.1.
This completes the proof of Theorem 5.2.2.
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Part 11

QUASI-LINEAR DEGENERATED
PROBLEMS

87



This part is constituted of the following Chapters:

Chapter VI

Preliminaries

Chapter VII

Quasi-linear degenerated equations with L' data and without
coercivity in perturbation terms

Chapter VIII

Existence of solutions for degenerated unilateral problems in L'
having lower order terms with natural growth
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Introduction and summary
of the second part

II.1 Preliminaries

In this Chapter, we recall some preliminary results from weight Sobolev spaces we
will need.

I1.2 Quasi-linear degenerated equations with L! data
and without coercivity in perturbation terms

The objective of this Chapter is to study the existence of solution for a strongly non-
linear degenerated problem associated to the equation,

Au+ g(z,u,Vu) = f — divF (I1.1.1)

where ¢ is a nonlinearity which satisfies the following growth condition :

9(,5,)] < b(ls) (o(x) s ;wi\&rﬁ) , (11.1.2)

and verifying a sign condition on u a.e.,
g(x,s,&)s > 0. (I1.1.3)

but without assuming any coercivity condition.

As regards the second member, we suppose that f € L'(Q) and F € IV, L¥ (Q, w! ™).
The family w = {w;,0 < i < N} is a collection of weight functions on €.

The variational case (f € W~ (Q,w' ")) with ¢ = 0 and F = 0 is studied in 1998 by
Drabek, Kufner and Nicolosi [68] by using the degree theory in weight Sobolev spaces.
The same variational case, but with g # 0 is treated in 2003 [18] by Akdim, Azroul
and Benkirane by using the approach of sup and sub-solutions.

The same authors have studied in 2002 [17] and 2004 [20] the case of f € L'(Q) with
approaches respectively sup and sub solutions and strong convergence of truncation in

weight Sobolev Space under a coercivity condition on g of type
N
19(x,5,8)] > B wil&l” pour [s| > . (11.1.4)
i=1

Moreover, the weight of Hardy o (that appears in Hardy inequality) satisfies the fol-
lowing integrability condition:
o7 e L (Q), (I1.1.5)
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with ¢’ is the conjugate exponent of Hardy parameter q.

Our goal in this Chapter is to generalize the work cited above where F' # 0 and without
the conditions (II.1.4) et (IL.1.5).

The contents of this Chapter is published in the journal Annales Mathématiques Blaises
Pascal.

I1.3 Existence of solutions for degenerated unilat-

eral problems in L' having lower order terms with
natural growth

In this Chapter we will consider the degenerate unilateral problem associated with
the equation
Au+ g(z,u, Vu) = f € L*(Q). (I1.2.1)

The variational unilateral case (f € W=7 (Q,w!'™")) is studied in [18] under con-
straint,

o e Ll (Q), 1<qg<p+7. (11.2.2)

When f € L'(Q), the strongly nonlinear degenerated problems associated with (I1.2.1)
is studied in 2002 — 2004 in [17, 20] by replacing (I11.2.2) by
o' e Ll (Q), 1<q< oo, (11.2.3)

loc

and under the following coercivity condition :

N
lg(z,5,6)] > B wil&lP for |s| > . (11.2.4)
=1

The objective of this Chapter is to study the degenerated problem associated to (I1.2.1)
without assumptions (I11.2.2)-(I1.2.4). For this we replace the classical coercivity of the
operator A by another of type

N
a(z, s,8)(€ — V) = azwi|§|p — 0(x), (I1.2.5)

with vg € KyNL>®(Q),6 € L*(Q2) and introduced an approximation of the nonlinearity
g of the form:
g(x,s,§)

1+ 2g(x,s,€)]

gn(a:,s,f) = Qn($)

with 0, () = nTy/,(c(x)).

The results of this Chapter are the subject of an article published in the journal Por-
tugaliae Mathematica ( voir [15]).
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Chapter 6

Preliminaries

6.1. Weighted Sobolev spaces

6.1.1. Weighted Lebesgue spaces

Let Q be a bounded open subset of RN (N > 2). Let 1 < p < oo and let w =
{w;(z);i=0,...,N}, be a vector of weight functions i.e. every component w;(x) is a
measurable function which is strictly positive a.e. in 2. Further, we suppose in all our

considerations that,
w; € L},.(Q) (6.1.1)

and )
w; 7€ L, (), for 0<i<N. (6.1.2)
We define the weighted Lebesgue space with weight v in €2 as,
17(9,7) = {u(x), urs € L)},
we endow it )
Jull = ( [ Ju(a)P(a)do)
Let us give the following Lemmas which are needed below.

Lemma 6.1.1 [20]. Let g € L"(Q,7) and let g, € L"(S2,7), with ||gnllo, <1 <7<
co. If go(z) — g(x) a.e. in Q, then g, — g weakly in L™(£2,7).

Lemma 6.1.2. Let g : Q) x IR™ — IR a Carathéodory function. Let wqy,w, ..., w,, be
weight functions on ). Then the corresponding Nemytskii operator G maps continu-

ously [ LP* (2, w;) into LP(2, wo)

i=1
if and only if g satisfies:

1 1 m

|9z, 8)] < a(@)wy ” + cwy " Y s
i=1

By
P !
wl

fori.e. x € Q and every s € IR™ with a fized (nonnegative) function a € LP() and a
fized nonnegative constant c.
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6.1.2. Weighted Sobolev spaces

We denote by W?(Q2, w) the weighted Sobolev space of all real-valued functions u €
LP(§2,wp) such that the derivatives in the sense of distributions satisfy

ou
8%

This set of functions forms a Banach space under the norm

€ LP(Q,w;) forall i=1,..,N.

N ou z
]l 1 = ( /Q u(@)Puods+ 3 /Q 55 Pi(a) dx) . (6.1.3)
To deal with the Dirichlet problem, we use the space Wol P(Q, w) defined as the closure
of C3°(Q) with respect to the norm (6.1.3). Note that C3°(Q) is dense in W, ”(Q, w)
and (WyP(Q,w), ||.|l1p.w) is a reflexive Banach space.
We recall that the dual of the weighted Sobolev spaces Wol P(Q,w) is equivalent to
W= (Q, w*), where w* = {w} = wil_p/}, i=1,...,N and p’ is the conjugate of p i.e.
/

p' = ;5. For more details we refer the reader to [68].
We now introduce the functional spaces we will need in our work:

TP (Q,w) = {u : Q — IR measurable, Tj(u) € W,?(Q,w) for all k> 0} .

We give the following Lemma which is a generalization of Lemma 2.1 [34] in weighted
Sobolev spaces (its proof is a slight modification of the original Proof [34]).

Lemma 6.1.3. For every u € 761’p(§2,w), there exists a unigne measurable function
v: Q— RN such that

VT (u) = VX{juj<k}, almost everywhere in €, for every k > 0.
We will define the gradient of w as the function v, and we will denote it by v = Vu.

Lemma 6.1.4. Let A\ € IR and let u and v be two functions which are finite almost
everywhere, and which belongs to 751’7’(9, w). Then

V(u+ Av) = Vu+ AV a.e. in )

where Vu, Vv and V(u+ \v) are the gradients of u, v and u+ \v introduced in Lemma
6.1.5.

The proof of this Lemma is similar to the proof of Lemma 2.12 [66] in non weighted
case.

Definition 6.1.1. Let Y be a reflexive Banach space. A bounded operator B from
Y to its dual Y* is called pseudo-monotone if for any sequence u, € Y with u, — u
weakly in'Y , and lim sup(Bu,, u, —u) < 0, we have

n—-+0o00

lim inf(Bu,,, u, — v) > (Bu,u —v), YoveY.

n—-—4o00
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Now, we state the following assumptions.

(H1)-The expression,

ol = (32, P ) (614

is a norm on Wy (Q, w) equivalent to the norm (6.1.3).
-There exists a weight function o strictly positive a.e. in €2 and a parameter ¢, 1 <
q < 0o, such that the Hardy inequality

([ totoras)} < (35 124 dx)i 615

holds for every u € W, ?(Q, w) with a constant C' > 0 independent of u. Moreover, the
imbedding
Wy (Q,w) — LI(Q,0) (6.1.6)

determined by the inequality (6.1.5) is compact.
Note that, (W, (Q,w), ||u||) is a uniformly convex (and thus reflexive) Banach space.

Remark 6.1.1. Assume that wo(x) =1 and in addition the integrability condition:

There exists v E]%,oo[ﬂ[ﬁ,oo[ such that w;” € L'(Q) for alli =1,...,N (which is

stronger than (6.1.2)). Then

=

N ou p
— Poi(x) d
ol = (32, | Pt )
is a norm defined on Wy (Q,w) and it is equivalent to (6.1.3). Moreover
W (9, w) — LI(Q)

for all 1 < q < piifpr < N(wv+1) and for all ¢ > 1 if pv > N(v + 1), where
p1 = 25 and p} = ]\],Vfgl = N(u]ﬁl)/—pu is the Sobolev conjugate of py (see [68]). Thus

the hypotheses (Hy) is satisfies for o = 1.

Remark 6.1.2. If we use the special weight functions w and o expressed in terms of
the distance to the boundary 092. Denote d(x) = dist(x, Q) and set

w(z) = dz), o(z)=d"(x).

In this case, the Hardy inequality reads

(/Q lul9d* (z) daz)é <C (/Q VulPd (z) da:);
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(i) For, 1 < p < q < oo,

N N A N
A<p—1, =T 410 A2 2N iqs (6.1.7)
¢ 1 ¢ p q D
(ii) For, 1 < q<p < 0,
A 11
A<p—1, E_Z24iZ_Zi1s0 (6.1.8)
¢ p q p

The conditions (6.1.7) or (6.1.8) are sufficient for the compact imbedding (6.1.6) to
hold (see for example ([67], Example 1), ([68], Example 1.5, p.34), and ([88], Theorems
19.17 and 19.22)).

Now, we give the following technical Lemmas which are needed later.

Lemma 6.1.5 [20]. Assume that (Hy) holds. Let F' : IR — IR be uniformly Lips-
chitzian, with F(0) = 0. Let u € Wy (Q,w). Then F(u) € Wy P(Q,w). Moreover, if
the set D of discontinuity points of F' is finite, then

O(F o) { F'u)2s ae in {z€Q:u(x)¢ D}

ox;
ox; 0 ae. in {reQ:u(z)e D}

From the previous Lemma, we deduce the following.

Lemma 6.1.6 [20]. Assume that (H,) holds. Let u € Wy*(Q,w), and let Tj,(u) be the
usual truncation (k € IRY) then Ty(u) € Wy (Q,w). Moreover, we have

Ti(u) — u strongly in W, P(Q,w).

6.2. Notations

In the sequel, we use the following notations
Denoting by €(n, 7, h) any quantity such that
lim lim lim €(n,j,h) =0.
h—+00 j—-+00 n—+00
If the quantity we consider does not depend on one parameter among n,j and h, we
will omit the dependence on the corresponding parameter: as an example, ¢(n, h) is

any quantity such that
lim lim €(n,h)=0.

h—+o00 n—-+00

Finally, we will denote (for example) by €,(n, j) a quantity that depends on n, j, h and
is such that

il ) =0

for any fixed value of h.
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Chapter 7

Quasi-linear degenerated equations
with L1 datum and without
coercivity in perturbation terms

In this Chapter, we shall prove the existence of solutions for some quasi-linear
degenerated elliptic equations of the type

Au+ g(x,u,Vu) = f — divF

with natural growth condition on the coefficient and without coercivity condition on
the nonlinear term g. The terms of second member belong respectively to L!(Q), and

N /
HLPI(Q,wil_p ).

i=1

7.1. Introduction

Let © be a bounded subset of IRY, 1 < p < 0o, and w be a collection of weight functions
on Q:w = {w;(z); i=0,..,N}, ie., each w; is a measurable and positive function
everywhere on ) and satisfying some integrability conditions (see Section 3). Let us
consider the second order differential operator,

Au = —div(a(z, u, Vu)) (7.1.1)

In this setting Drabek, Kufner and Mustonen in [67] have proved that the Dirichlet
problem associated with the equation,

Au=h € W (Q, w*)

has at least one solution u in Wy (€, w) (see also [19], where uniquely the large mono-
tonicity is used).
Now, consider the following Dirichlet problems associated to the equations,

Au+g(z,u,Vu) = f —divF in Q. (7.1.2)

! Annales Mathématiques Blaises Pascal 11, 47-66 (2004)
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In the variational case (i.e., the second member belongs to € W17 (Q, w*)), an exis-
tence Theorem has recently proved in [18], where the authors have used the approach
based on the strong convergence of the positive part ul (resp. negative part u_ ).

In the case where f € L'(Q), F = 0, they also give an existence result in [20] if the
nonlinearity g satisfies further the following coercivity condition,

N
lg(z,5,8)] > B wil&lP for [s] > . (7.1.3)
=1

the result is proved by using another approach based on the strong convergence of
truncation.

It is our purpose, in this Chapter, to prove an existence result for some class of problem
of the kind (7.1.2), without assuming the coercivity condition (7.1.3). Moreover, we
didn’t suppose any integrability condition for function ¢. For different approach used
in the setting of Orlicz Sobolev space the reader can referred to [43], and for same
results in the LP case, to [102].

7.2. Main results

Let A be the nonlinear operator from Wy (€, w) into the dual W= (Q, w*) defined
as

Au = —div(a(x, u, Vu)),

where a : Q x IR x RN — IRY is a Carathéodory function satisfying the following
assumptions:

(Hy) Fori=1,...,N

1 1 q N L
jai(z, 5,6)] < wf (@)[k(w) + o7 [s]7 + D wf ()] (7.2.1)
j=1
a(z,5,€) — alw, s, )€ —7) >0, forall €£ne R, (7.2.2)
N
a(z,s,)€ > ad_wi(z)|&]P (7.2.3)
i=1

Where k(z) is a positive function in L” () and «, a positive constant.
(Hs3) g(x,s,€) is a Carathéodory function satisfying

g(x,8,6).s >0 (7.2.4)

9(,,)] < b(Js]) (o(x) n Zwi(x)w) , (7.2.5)

i=1
where b : IRT™ — IR" is a positive increasing function and ¢(z) is a positive function
which belong to L'(£2).

For the nonlinear Dirichlet boundary value problem (7.1.2), we state our main result
as follows.
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N

Theorem 7.2.1. Assume that (Hy)—(Hs) holds and let f € L*(Q2), F € [] LY (Q,w ).
i=1

Then there ezists at least one solution of (7.1.2) in the following sense:

Ty(w) € WP (Qw),  glw,u, Vu) € L'()
/ a(z,u, Vu)VTi(u —v)dr + / g(z,u, Vu)Ti(u — v) dx
(P) Q Q
< / fTi(u—v)de + / FVTi(u—v)dx
Q Q
Yo € WyP(Q,w) N L®(Q), Vk > 0.
Remark 7.2.1. The statement of Theorem 2.1 generalizes in weighted case the anal-

ogous one in [102].

7.3. Proof of main results

The following Lemma play an important role in the proof of our main result,

Lemma 7.3.1 [17]. Assume that (Hy) and (Hs) are satisfied, and let (u,), be a se-
quence in Wy P (Q,w) such that u, — u weakly in Wy (Q, w) and

/Q[a(x,un, Vu,) — a(z, u,, V)|V (u, —u)de — 0

then, w, — u in Wy (Q,w).

To prove the existence Theorem we proceed by Sections.

7.3.1. Approximate problem

Let f, a regular function such that f,, strongly converges to f in L'().
We consider the sequence of approximate problems:

Uy € Wol’p(Q,w),
/a(x,un,Vun)Vv dx+/ Gn (2, Uy, Vuy, v de
Q

(7.3.1)
= fnvdx+/FVvdx
Q Q

Vo € WyP(Q, w).

where gn(aja 875) = %en(ﬂf) with Qn(as) = TLTl/n(O'l/q(ZB)).

Note that g, (z, s, &) satisfies the following conditions

gn<l’,8,£)8 Z 07 |gn(‘r787€)| S |g(l’,8,§)| and |gn(I7S,§)| S n.
We define the operator G, : Wy (Q, w) — W1 (Q, w*) by,

(Gru,v) :/an(x,u, Vu)vdx
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and
(Au, v) :/a(x,u, Vu)Vodx
Q

Thanks to Holder’s inequality, we have for all w € X and v € X,

‘/ gn(z,u, Vu)v dw’ < </ |G (2, u, V)| T o~ 0 dx) </ lv|%o dx)
Q
7.3.2
< n? (/ g?/15=414 dx) 0[] g0 ( )
Q
< CnHU”X’

Lemma 7.3.2. The operator B, = A+G,, from W, ?(Q,w) into its dual W~ (Q, w*)
1s pseudo-monotone. Moreover, B, is coercive, in the following sense:
< B,v,v >
o]
This Lemma will be proved below.
In view of Lemma 7.3.2, Problem (7.3.1) has a solution by the classical result (cf.

Theorem 2.1 and Remark 2.1 in Chapter 2 of [92]).
Taking v = Tk (u,) as test function in (7.3.1), we have

—s 400 if |lv]| — +oo,v € WP (Q,w).

/Q CL([L‘, Unps VUH)VTk (un) dx + /Q gn(x> Un, Vun)Tk‘(un) dx
— /Q FuTi(un) d + /Q FVT(u) dz

and by using in fact that g, (x, u,, Vu,)Tk(u,) > 0, we obtain
/ a(x, Uy, Vu,)Vu, dr < ck +/ FVTy(uy,) dx.
{Jun|<k} Q

Thank’s to Young’s inequality and (7.2.3), one easily has

T (un
2/Z| (f;x” () dz < eik. (7.3.3)

Now, we prove that u,, converges to some function u locally in measure (and therefore,
we can always assume that the convergence is a.e. after passing to a suitable subse-
quence). To prove this, we chow that u, is a Cauchy sequence in measure in any ball
Bg.

Let k£ > 0 large enough, we have

kmeas({|u,| > k} N Br) = / Ty (un |dx</ Ty ()| dx
{lun|>k}NBr

1
Py

< (/ | T (un) [Pwo dx) (/ w(l) i da:)
< (/ Z|m;’;:” : )dx>
< clkp
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Which implies that

meas({|un| > k} N Bg) < kf; Vi > 1. (7.3.4)

We have, for every d > 0,

meas({|un, — um| >0} N Br) < meas({|u,| > k} N Br) + meas({|um| > k} N Bg)
+meas{|Tx(un) — Tr(um)| > 6}
(7.3.5)
Since Ty (u,) is bounded in Wy (2, w), there exists some vy, € Wy (, w), such that

Ti(un) — v, weakly in Wy (Q, w)
Ty(un) — v strongly in L9(2,0) and a.e. in €.

Consequently, we can assume that T (u,) is a Cauchy sequence in measure in Q.
Let € > 0, then, by (7.3.4) and (7.3.5), there exists some k(¢) > 0 such that

meas({|un, — Uy| > 0} N Br) <e forall n,m > ny(k(e),d, R).

This proves that (u,), is a Cauchy sequence in measure in Bpg, thus converges almost
everywhere to some measurable function u. Then

Tio(un) — Ti(u)  weakly in Wy (Q, w),
Ti(u,) — Tr(u)  strongly in L9(€2,0) and a.e. in €.

N
Which yields, by using (7.2.1), for all k > 0 there exists a function Ay, € [] LY (Q,w;),
i=1
such that v
a(x, Ty(un), VTi(un)) — hy weakly in - [] L7 (2, wy). (7.3.6)
i=1
7.3.2. Strong convergence of truncations
We fix k£ > 0, and let
= (—2)2 = g%
Y ( o ) ) @k(s) se :
It is well known that
: b(k) 1
prls) = = ~len(s) 2 5, Vs € R (7.3.7)

Here, we define the function w,, = Tox(u, — Th(un) + Tk (u,) — T (u)) where h > k > 0.
We define the following function as

U = r(wy). (7.3.8)

The use of v, as test function in (7.3.1), gives

/Qa(:z;,un,Vun)Vgok(wn) dx+/an(x,umVun)gpk(wn) dx
= /an%(wn) d$+/QFV<pk(wn) dz.
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It follows that

/Qa(x,un,Vun)angpz(wn) dx+/ﬂgn(a7,un,Vun)g0k(wn) dx

7.3.9
= /angpk(wn) da:+/QFV<pk(wn) dx. ( )

Note that, Vw, = 0 on the set where |u,| > h+ 4k, therefore, setting m = 4k + h, and
denoting by e} (n),e%(n), ... various sequences of real numbers which converge to zero
as n tends to infinity for any fixed value of h, we get, by (7.3.9),

/Qa(x,Tm(un),VTm(un))angpﬁg(wn) dx + /an(x,un,Vun)gok(wn) dx
= /angok(wn) d:L’—i—/gFchk(wn) dz.

Since g (wy)gn (T, up, Vu,) > 0 on the subset {x € Q, |u,(x)| > k}, we deduce that

/ a(z, T (un), VT (un)) Vw, @l (wy,) de +/ (T, U, Vuy)pp(wy,) dx
Q {lun|<k}

< [ fupnlwn) do+ | FVu(w,) da.

(7.3.10)
Splitting the first integral on the left hand side of (7.3.10) where |u,| < k and |u,| > k,
and by using (7.2.3), we can write,

/Qa(x,Tm(un), VT (un)) V. (w,) de
> /Q a(, Ti(un), VT (1)) [V To(tn) — VT(w)] g (w,) da

—Cs(k)/{mw} |a(@, T (un), VT (un)) ||V T (u)| da,

(7.3.11)
where C3(k) = ¢} (2k). Since, for all i = 1,..., N, MX{M\%} tends to 0 strongly

€Ly

in LP(,w;) as n tends to infinity while, (a;(z, T (un), VI (uy))), is bounded in
Lp'(Q, wil P /), hence the last term in the previous inequality tends to zero for every
h fixed.

Now, observe that

[ e, Tiun), V() [V Te(un) = VT(w)] (w,) da
_ /Q la(@, T (tn), VT3 () — a(z, Tio(un), Vi (u)]
X [VTi(un) — VTi(u)]e)(w,) d
—i—/Q a(z, Ty (un), VT (u)) VT (un) o) (Ti(ur) — T(u)) dz
- /Q a(x, To(n), VT3 (w)) V() gl (wy) da.
(7.3.12)
By the continuity of the Nymetskii operator, we have for all i =1, ..., N,
ai(x, T (un), VT (w)) @y (Th(un) — Te(w)) — ai(z, T(u), VIi(u))p,(0)
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and

a;(x, Tp(un), VTp(uw)) — a;(x, Ti(u), VTi(u))

1=7") while 8(T§§j")) — a(g,;(iu)) weakly in LP(, w;), and a(T’“i(“))@k(wn)
— ( ( 9Tx(w) oy (0) strongly in LP(S, w;).
The second and the third term of the right hand side of (7.3.12) tends respectively to
a(z, Ty (u), VI (uw))VTi(u),(0) dz and —/Q a(z, Ty (u), VI (u))VTi(u)e,(0) dz.
Q

So that (7.3.11) and (7.3.12) yields

strongly in LP' (Q, w;

| 0 Do), VT3 (0, [V T () = VT ()] (w,)
> [ fole D). VTi(w,) — a(e. Ty(u). VI(w)] - (73:19)
X[V Ti(un) = VTl (wn) da + <} ().

For the second term of the left hand side of (7.3.10), we can estimate as follows

N 8Tk Un
|/{lun|<k} (& s V) pi{utn) dr) < /{|un|<k} ( +Z )"Pk(“}nﬂ dx
< b(k) [ e@)lpu(w,)] do
AU i, T(un), VI (1)) VT () (0| do
(7.3.14)

remark that, we have

/Qa(x, Ti(un), VI (un))VTi(un)|or(wy)| d
_ /Q la(z, Tio(n), V(1)) — a(, Ty(un), VTi(w))]
X[VTi(un) — VT (u)]|or(wy)| dz
+ [l (), VI VT(w)lpi ()| da
+ /Q a(, T(wn), VTo(w) [V Tk (1) — VTi(w)]| o (wn)] da.

(7.3.15)
By Lebesgue’s Theorem, we deduce that

VT (u)|er(wn)| — VTi(w)|r(Tor(u — Th(u)))| strongly in HILP(Q’ w;).

Which and using (7.3.6) implies that the second term of the right hand side of (7.3.15)
tends to

/Q hi N T ()| on(Tor (u — Ti(w)))| dzz = 0.
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As in the (7.3.12), the third term of the right hand side of (7.3.15) tends to 0. From
(7.3.14) and (7.3.15), we obtain

gn(T, Up, Vu, wy,) dz
\/{WH ( Jou(w,)

< /Q[a(a:,Tk(un),VTk(un)) —a(x, Ty(un), VIi(u))] (7.3.16)
X[V (un) = VT (u)] | (wn)| d
+&3 (n).

Now, by the strong convergence of f,, F' € (L (Q,w' ™))" and in fact that

or(wy) — or(Toe(u — Ty(u))) weakly in WyP(Q, w) and weakly-* in L=(Q).
(7.3.17)
Combining (7.3.10), (7.3.13), (7.3.16) and (7.3.17), we get

/Q la(z, T (), V() — a(z, Te(un), VT (u))]
X[V T (un) = VTi(u)](@y(wn) — 22 |y (w,)]) da

<) [ elr)pul Tl — T(w) do + [ Fie(Toplu — Ti(w) dir
—|—/Q FVTor(u — Ty (w)) oy (Tor(u — Th(w))) d + €5 (n).

which and (7.3.7) implies that

/Q[a(w, Ti(un), VIi(un)) — a(z, Ti(un), VTi(u))]

X [VTi(uy) — VTi(u)] dx

< 20(k) [ e(a)pn(Tonlu = Ta(w))) do+2 [ fion(Tonlu — Talw) do,
+2 /Q FVTop(u — To(w)) @y (Ton(u — Ty (w))) dzx + €3 (n).

Hence, passing to the limit over n, we get

lim sup Q[a(x,Tk(un), VTi(uy)) — a(z, Tp(uy), VI(u)][VTk(u,) — VIg(u)] dz

< Qb(k)/Q c(z)pr(Tox (v — Th(u))) dz + 2/Q for(Ton(u — Ty(u))) dr,

+2 /Q FV Ty (1 — Ty () g (Tor(u — T (u))) .
(7.3.18)
It remains to show, for our purposes, that the all term on the right hand side of (7.3.18)
converge to zero as h goes to infinity. The only difficulty that exists is in the last term.
For the other terms it suffices to apply Lebesgue’s Theorem.
We deal with this term. Let us observe that, if we take @g(Tor(u, — Th(uy,))) as test
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function in (7.3.1) and using (7.2.3), we obtain

Z%%mwmna o = Tilun))) da

[ g, V) T, — () i

< FNu, @) (Tog(tn, — Th(uy))) da
{h<|un|<2k+h}

/an%(T%(un — Th(uy,))) da.

O{/v
{h<|un|<2k+h}

Since g (x, Uy, V) ok (Tor(w, — Th(uy))) > 0, We get

ou,
OzA Z| o, Pwiy (Tok(un — Th(uy))) do

h<|un |<2k+h} =

{h<|un|<2k+h}

[ oLl = Ti(w,) o

which yields, thanks to Young’s inequalities

ou
«a np ; T . T . d
/{h<un|<2k;+h} ;| Ox; [Pwisph (Tok (un — Ti(un))) d
< [ fuprol ~ Ti(w) do+esk) [ P
? {h<]unl}

(7.3.19)
On the other hand, by the continuity of ¢}, we have

P

O (u = TalW) ot (Tt — T () dix

8.1'1'
8T2k(u — Th(u)) P w; de.
and since the norm is lower semi-continuity and ¢} > 1, we get
OTop(u— 1T, P
il h””uwuww—nwmm
or: P
(v = Ti(u)) w; dx
8371
oT: P
< sk 25 ( Th(un)) | w; dx
n—oo xl
8T P
< (k) linin il (»‘m%@M - Tiw) do
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Combining (7.3.19) and (7.3.20), we deduce

(9T2k(u — Th(u)) P

%

witpy (Tor(u — T (u))) dx

< ¢7(k) lim inf lw= VPP dx
e J{h<|un|}

+er(k) lim inf /Q Foon(Ton(tn — Ti(up))) da,

consequently, the strong convergence in L'(€) of f, and since \w_TlF P e LY(Q), we
have, as first n and then h tend to infinity,

N Ou

li / b i T -1 d =0,
P {h<\UI<2k+h}Z1|axz‘ wiph(Tow(u = Th(w))) do

so that
lim / FNTog(u — Ti(w)) @ (To(u — Th(w))) dar = 0.

h—00.JQ)

Therefore by (7.3.18), letting h go to infinity, we conclude,

lim [ [a(x, Tp(un), VIE(un)) — a(x, Ti(u,), VI (w)] [V (1) — VI (u)] dz = 0,

n—aoo JO)

which and using Lemma 6.4.1 implies that

Ti(un) — Ti(u) strongly in W, P(Q,w) Vk > 0. (7.3.21)

7.3.3. Passing to the limit
By using T} (u, — v) as test function in (7.3.1), with v € Wy (€, w) N L=(R), we get

/Qa(xu Tk-l—llvlloo(un)? VTk-‘rIIvlloo(un))VTk(un - U) dx + /an(‘ra Up, Vun)Tk(un - U) dx

= / foTr(uy, —v) dx + / FVTi(u, —v) dx.
Q Q
(7.3.22)
By Fatou’s Lemma and the fact that

(@, Tt fjo)oe (Un), Vet o) oc (Un)) = (@, T o) e (), Vg o) oo (w))

N
weakly in [JL¥' (£, w; ") one easily sees that
i=1

/Q a(z, Ty ol (), Vs oo () VT (11 — v) dav
< hrllrig)lf (:L“, Tk,_;,_”v”()o (un), VTH”U”OO(U,L))VTk(un - 1)) dx.
(7.3.23)
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On the other hand, since F' € (L” (2, w' ™))" and the fact that

N
VTi(un, — v) = VT (u—v) weakly in J[LP(Q, w;),

i=1

we deduce that
/QFVTk(un —v) dr — /QFVTk(u—v) dxr as n — oo.
Now, we need to prove that
G, U, Vu,) — g(w,u, Vu) strongly in L'(9),

in particular it is enough to prove the equiintegrable of g, (z, u,, Vu,). To this purpose.
We take T 1(uy,) — T;(uy,) as test function in (7.3.1), we obtain

Lo Jgn(eun, V)| do < fal da
{lun|>1+1} {lun|>1}

Let £ > 0. Then there exists [(¢) > 1 such that

/ \gn (2, U, Vuy,)| de < /2. (7.3.24)
{lunl>U(e)}

For any measurable subset £ C (), we have

/E|gn(as,un,Vun)|d;1: < [Eb(l(a)) <c(a:)+§wi|

+/ (X, Uy, V)| do.
{lun|>1(e)} 19n( )

INTye)(un)) 1
e | ) dx

%

In view by (7.3.21) there exists n(¢) > 0 such that

a(Tl(s)(un ) D
/Eb( ( —i—Z ] ) dr < ¢e/2 (7.3.25)

for all E such that meas F < n(¢).

Finally, by combining (7.3.24) and (7.3.25) one easily has
/ |gn (2, un, Vu,)| de < e for all E such that meas F < n(¢),
E

which allows us, by using (7.3.23), to pass to the limit in (7.3.22).
This completes the proof of Theorem 6.1.

Remark 7.3.1. Note that, we obtain the existence result without assuming the coer-
civity condition. However one can overcome this difficulty by introduced the function
Wy, = Tog (U, — Th(un) + Ti(u,) — Tr(w)) in the test function (7.3.8).
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Proof of Lemma 7.3.2

From Holder’s inequality, the growth condition (7.2.1) we can show that A is bounded,
and by using (7.3.2), we have B,, bounded. The coercivity follows from (7.2.3) and
(7.2.4). it remain to show that B, is pseudo-monotone.

Let a sequence (ug)x € Wy (€, w) such that

up, — u weakly in W, P(Q,w),

Byu, — x weakly in W5 (Q, w),
and limsup(Bug, ug) < (X, u).

k—o0

We will prove that
(Boug, ug) — (x,u) as k — +oo.

Since (uy); is a bounded sequence in Wy (Q,w), we deduce that (a(z,ug, Vug))y is
N

N
bounded in H Lp,(Q, wl-l_p/), then there exists a function h € H LPI(Q7 wil_p') such that
=1 i=1
N / /
a(x,uy, Vug) — h weakly in H L (Q,wil_p ),

=1

similarly, it is easy to see that (g, (x, ux, Vug))x is bounded in L9 (Q,0'~7), then there
exists a function k, € L7 (Q,0'~7) such that

gn(z, g, Vug) = k, weakly in Lq'(Q’Ul—q’).
It is clear that, for all v € I/VOL”(Q7 w)
(x,v) = lim (Byu,v)

k—-4o00

= lim /a(w,uk,Vuk)Vvda:
k—400 JO

li (2, ug, v dr.
+k—1>I—POO Qg (x, ug, Vug).v dz
Consequently, we get
(x,v) = / hVv dx +/ knov dz, ¥ v e WP (Qw). (7.3.26)
Q Q
On the other hand, we have

/an(x,uk,Vuk).uk dr — /anu dz, (7.3.27)

and, by hypotheses, we have

lim sup {/Q a(x, ug, Vug)Vuy de + /an(x,uk, Vug).ug dx}

k—o0

g/hvu dx+/ ko de,
Q Q
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therefore
limsup [ a(x,ug, Vug)Vuy doe < / hVu dx. (7.3.28)
Q Q

k—o0

So that it is enough to prove that

liminf | a(z,ug, Vug)Vug doe > / hVu dz.
Q

k—o0 Q

By condition (7.2.2), we have
/Q(a(x, g, Vug) — a(x, ug, Vu))(Vu, — Vu) dz > 0.
Consequently

/a(x,uk,Vuk)Vuk de > —/ a(x,u, Vu)Vu dx—i—/ a(x, ux, Vug)Vu dx
Q Q
+ Qa(:v,uk,Vu)Vuk dz,

hence
liminf | a(x,ug, Vug)Vug de > / hVu dx.
Q

k—o0 Q
This implies by using (7.3.28)

lim | a(z,uy, Vug)Vuy, de = / hVu dx. (7.3.29)
Q

k—oo JQ

By means of (7.3.26), (7.3.27) and (7.3.29), we obtain
(Bpug, ug) — (x,u) as k — 4o00.

Corollary 7.3.1. Let 1 < p < co. Assume that the hypothesis (Hy) — (Hs) holds,
let f,, any sequence of function in L*()) converge to f weakly in L*(Q) and let u,, the
solution of the following problem

Ti(up) € WoP(Q,w), g(z,up, Vu,) € L*(Q)
/ a(x, Uy, Vi, )VTi(u, —v) dx —i—/ Gn (T, Uy, Vu, ) Ti(u, — v) da
Q Q
S / fnTk(un - U) dl‘,
Q
Vo ove WyP(Q,w) N Le(Q), Vk > 0.

(Pn)

Then there exists a subsequence of w, still denoted w, such that w, converges to u
almost everywhere and Ty(u,) — Ty (u) strongly in Wol’p(Q,w), further u is a solution
of the problem (P) (with F =0).

Proof of Corollary
We give the proof briefly.
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STEP 1. A priori estimates.

We proceed as previous, we take v = 0 as test function in (P)), we get

/z

Hence, by the same method used in the first step in the proof of Theorem 2.1 there
exists a function u (with Ty(u) € Wy (Q, w) Yk > 0) and a subsequence still denoted
by u, such that

3 (7.3.30)

Ti(un) — Ti(u) weakly in - WyP(Q,w), Vk > 0.

STEP 2. Strong convergence of truncation

The choice of v = Ts(u, — ¢(w,)) as test function in (P)), we get, for all [ > 0

/Qa(:c, Up, VUun ) VT (uy — Ts(u, — ¢(wy))) de + /Qg(x, Upy VU )T (uy, — Ts(un — d(wy,)) do
Which implies that
/{ sy M V) VT ()

+ [ 90ty Vi) i = Tyt = 6(w) do
< /Q STt — Ty — d(w,))) da.

Letting s tends to infinity and choosing [ large enough, we deduce

/Qa(:v,umVun)Vcb(wn) dx+/99(x,un,Vun)¢(wn) dx
< /Q Fud(w,) da,

the rest of the proof of this step is the same as in step 2 of the proof of Theorem 3.1.

STEP 3. Passing to the limit

This step is similarly to the step 3 of the proof of Theorem 3.1, by using the Egorov’s
Theorem in the last term of (P)).

Remark 7.3.2. In the case where F' = 0, if we suppose that the second member are
nonnegative, then we obtain a nonnegative solution.
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Proof. 1f we take v = Tj,(u™) in (P), we have
/ a(z,u, Vu)VTy(u — Ty (uh)) dx
Q

+/Q g(z,u, Vu)Ty(u — Ty, (u™)) dz

< /Qka(u_Th(uﬂ) d.
Since g(z, u, Vu)Ty(u — Tp(u™)) > 0, we deduce

/ a(z,u, Vu)VT(u — T (ub)) do < /Qka(u — Th(u™)) dz,
Q

we remark also, by using f > 0

/ FTo(u — Ty(u™)) da < / FTo(u — Th(u)) de.
Q {uzh}
On the other hand, thanks to (7.2.3), we conclude

N alk(u_) »
| 7 < — .
a/ﬂ ;uﬂ 5 |Pdx < /{u>h} fTe(u—Ty(u)) dx

Letting h tend to infinity, we can easily deduce
Tk(u*) =0, VE>O0,

which implies that
u > 0.
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Chapter 8

Existence of solutions for
degenerated unilateral problems in
L! having lower order terms with
natural growth’

This Chapter deals with the quasi-linear degenerated elliptic unilateral problem
associated to the following equations,

Au+ g, u, V) = f,

where A is a Leray-Lions operator acting from the weighted Sobolev space Wol P(Q,w)
into its dual W% (Q, w*), while g(z,s,&) is a nonlinear term which has a growth
condition with respect to & and now growth with respect to s but it satisfies a sign
condition on s, i.e. g(z,s,£).s > 0 for every s € R. The datum f is assumed in L'().

8.1. Introduction

Let Q be an open bounded subset of RY, N > 2. Let f € L'(Q). Consider the
following nonlinear Dirichlet problem:

Au+ g(z,u,Vu) = f (8.1.1)

where Au = —div(a(z,u, Vu)) is a Leray-Lions operator acting from W, (Q, w) into
its dual and g(x,u, Vu) is a nonlinearity satisfying the following natural growth,

l9(x, 5, €)] < b([s])(c(x) + ;wiléil”)

and the sign condition,
g(x,8,6).s > 0.

!Portugaliae Mathematica vol. 65, Fasc. 1(2008),95 — 120.
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In the particular case where g(x, u, Vu) = —Co|u[P~2u, the following degenerated equa-
tion,
—div(a(x,u, Vu)) — Colu[P~*u = f(z,u, Vu)

has been studied by Drabek-Nicolosi [70] under more degeneracy and some additional
assumptions on f and a(z, s,§).

Concerning the degenerated unilateral problem associated to the equation (8.1.1), an
existence result is proved in [18], with the second member f lying in the dual space
W‘l’p'(Q,w*). To do this, the authors have introduced the following integrability

condition
ol e LL.(Q) with 1<qg<p+p, (8.1.2)

loc

where ¢ is some function and ¢ is some parameter which appears in the Hardy type
inequality (see (H;) in Chapter VI). Recently, in [20] the authors have studied the
existence solution for the degenerated problem associated to the equation (8.1.1), where
the right hand side f is assumed to belong to W~ (Q, w*) (resp. to L'(2)) and where
the integrability condition (8.1.2) is replaced by the weaker condition

o' e L} .(Q) with 1< ¢ < +oo. (8.1.3)

Note that, in this last case (where f € L'(Q)), the authors have also assumed that
g(x,s,€) has an ”exact natural growth”, i.e.,

N
l9(2,8,8)] > 7Y w;|&[P for |s| sufficiently large. (8.1.4)
i=1

Now, let Ky = {v € WyP(Q,w); v > ae. in Q}, with ¢ a measurable function on
), we consider the following problem

Tie(u) € WoP(Q,w),u > ae. in Q, g(z,u, Vu) € LY(Q)

/ a(z,u, Vu)VTi(u — v) dx + / g(x,u, Vu)Ti(u — v) dx

Q Q
< [ ITilu~v) da,
Q
V ove K,NL®), Vk >0,

(8.1.5)

where T}, is the truncation operator at height £ > 0 (see (1.1.6)).

The aim of this Chapter is to study the existence solution of the problem (8.1.5) without
using the condition (8.1.2), (8.1.3) and (8.1.4).

Note that, the hypothesis (8.1.2) used in [18] have plied an important role to assure
the boundedness, coercivity and pseudo-monotonicity of the corresponding operators
in the approximate problem and also to prove the boundedness of the approximate
solution wu,, (see [18]).

To overcome this difficulty, in the present Chapter, we change the classical coercivity
condition, i.e.,

N
CL(ZE, S, 5)5 > azwl($)|gz|p
=1

111



by the following one

a(z, s, ¢)(¢ = Vo) >asz )IGIP = o(x). (8.1.6)

i=1

Also, we approximate the nonlinearity g by

9(,s,8)

90058 = T s, )

0, () (8.1.7)

where 0, (z) = nT},(cV/9(x)).

Furthermore, we eliminate the condition (8.1.4) by using another type of test function,
i.e., uy — Ner(Tog(wy — vo — Th(un — vo) + Tr(u,) — Ti(u))) (see (8.3.10)).

It would be interesting at this stage to refer the reader to our previous work [4] in
which, we studied the same problem but under some more restrictive conditions. We
refer also the [74], where the author solved an analogous problem in the case of a

Sobolev space, where the obstacle function verified 1 € Wy (Q) N L>(Q).

8.2. Main Results
Given an obstacle function v : Q — IR, we consider
Ky ={uecW,"(Quw); u>1 ae in Q}. (8.2.1)

Let A be the nonlinear operator from W, ”(Q, w) into its dual W1 (Q, w*) defined
by

Au = —div(a(x, u, Vu)),
where a : Q x IR x RN — IRY is a Carathéodory function satisfying the following

assumptions:
(H)) Fori=1,..,N

[un

L

@i, 5,€)| < w! () k() + 07 |s|7 +Zw ! (@), (8.2.2)

[a(z,5,€) —a(z,s,1m)](€ —n) >0 forall £#ne RY, (8.2.3)

there exists d(z) in L'(Q2) and a strictly positive constant a such that, for some fixed
element vy in K, N L>(Q)

a(z, s,()(¢ — V) >04sz )NGIP = () (8.2.4)

=1

fora.e. x in Q,s€ R and all ¢ € RN, where k(z) is a positive function in LP'().
Moreover, let g(x, s,£) a Carathéodory function satisfying the conditions (H3) of Chap-
ter VII. ,

g(x,8,6).s >0 (8.2.5)
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and

9(x,5,6)] < b(ls)) (sz el? + cla >) (8.2.6)

where b: IRT — IR is a positive increasing function and ¢(x) is a positive function in
LY(Q).

Our main result is the following.

Theorem 8.2.1. Assume that (H,), (H3) and (H3) hold and f € L'(). Then there
exists at least one solution of the following unilateral problem,
ue T3P (Qw),u > ae in Q g(z,u Vu) € LY(Q)
/ﬂa(x, u, Vu)VTi(u — v) dx + /Qg(x, u, Vu) Ty (u — v) dx
< [ I =) da.
Q
Vo ve K,NL*®), Yk > 0.

(8.2.7)

Remark 8.2.1. We remark that the statement of the previous Theorem does not exists

in the case of Sobolev space. But, some existence results in this sense have been proved
under the regularity assumption ™ € WyP(Q) N L=(Q), (see [74]).

Remark 8.2.2. We obtain the same result if we assume only that the sign condition
(8.2.5) is verified at infinity, or if the data is the form f — divF, with f € L*(Q) and
F e[ (Qw ™).

8.3. Proof of Theorem 8.2.1

STEP 1 : Approximate problems

Let us define
g(x,s,8)

o) = g 01
where 0,,(z) = nT}/,(cV/9(2)).
Let us consider the approximate problems:
u, € Ky,
(Auy, u, — v) + /an(x, Up, V) (U, —v) de < /an(un —0) dx (8.3.1)
Vv € Ky,

where f, is a regular function such that f, strongly converges to f in L'(Q).
Note that, g,(z, s, &) satisfies the following conditions:

In(7,8,€)8 >0, |gn(,s,8)| < |g(w,s,§)| and |gn(z,s,E)| < n.
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We define the operator G, : Wy (Q, w) — W1 (Q, w*) by,
(Gru,v) = / n(x, u, Vu)v dx
0

A — a C ; d .

Thanks to Holder’s inequality, we have for all u € Wy (Q, w) and all v € W, ?(Q, w),

‘/ gn(z,u, Vu)v da:’ < (/ g (2, u, V)| o~ T d:c) </ lv|%o d:c)
Q
8.3.2
< n? (/ g?/15=4/4 dx) 0]|g.0 ( )
Q
< Coljoll.

Lemma 8.3.1. The operator B,, = A+G,, from K, into W*Lp/(Q, w*) is pseudomono-
tone. Moreover, B, is coercive in the following sense:

< Byv,v — vy >
o]

— 400 if ||v] — +oo,v € Ky.

This Lemma will be proved below.
In view of Lemma 8.3.1, the problem (8.3.1) has a solution by the classical result (cf.
Theorem 8.2 Chapter 2 of [92]).

STEP 2 : A priori estimates
Let k > ||voloo and let @i (s) = se?*, where v = (@)2
It is well known that

b(k)

ei(s) = —lew(s) > 5, Vs € R. (8.3.3)

Taking u, —ner(Ti(un—vo)) (7 = e~ ) as test function in (8.3.1), where I = k=+]|vg| o,
we obtain

/QCL(ZL‘, Unp, Vun)vﬂ(un - UO)%(TZ(% - UO)) dx + /an(fﬂ, U, VUH)SO;C(T’[(UH - UO)) dr

Since g (2, Up, V) er(Ti(u, —v9)) > 0 on the subset {x € Q : |u,(z)| > k}, then

oy 2T = )i~ ) s
Unp—v0|<

< /{I . |gn (7, Uy Vuy)||or(T1(un — vo))| do +/ang0k(Tl(un — o)) da.
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By using (8.2.4) and (8.2.6), we have
N ou,,
(% W\ T
/{|Unv0§l}; (@) Ox;
< bk | ( )+ S P lon (T, = ) o
+/Q @ (Ti(up — o) d$+/ﬂfn90k Ti(un — o)) d.

Since {z € Q, |u,(x)| <k} C{z € Q: |u, — vo| <1} and the fact that h,é € L'(Q),
further f,, is bounded in L*(€2), then

i (Ti(un — vo)) dax
8Tk un)

[, S e T, = ) ds

b(k/z Mm k(T (u, — vo))| dx + Cy,

7,

where CY is a positive constant depending on k. This implies that

/ Z aTk (uy) Miltin) [g&;(Tz(Un — ) — @m(q}( —))|| dx < Cy.

By using (8.3.3), we deduce

/Z aTk OLitn) p 4, < 563, (8.3.4)

STEP 3 : Convergence in measure of u,
Let ko > ||volloe and &k > ko. Taking v = wu, — Ty (u,, — vo) as a test function in (8.3.1),
we get
/ a(x, uy, V) VT (u, — vo) dz + / n (T, Uy, V) T (U, — vg) do
Q Q

8.3.5
< /anTk(un — ) dz. ( )

Since gy (z, y, V) Tp(u, — vo) > 0 on the subset {x € Q, |u,(z)| > ko}, then (8.3.5)
implies

/Qa(a:, Upy VU ) VT (uy, — vg) de < k:/ 90 (2, U, V)| do 4 k|| £l 21 (),

{lunl<ko}

which gives by using (8.2.6)

/ a(x, up, V) VT (u, —vg) dz
Q

< kb(ky) V| |d:p+/z

7
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Combining (8.3.4) and (8.3.6), we have
/Qa(x,un, Vu,) VT (u, —vg) de < k[Cy, + C].

Thanks to (8.2.4), we obtain

oot

[tn— v0\<k}z 1

aun

P dr <k

where (' is independent of k. Since k is arbitrary, we have

N
w;(x Pdx < w;(z Pdx < kC
/{|un<k} ; (@) | Z | ?

{lun—vol<k+|vollec} ;=7
ie.,

/ Z aT’“ OTln) o 11, < 1o, (8.3.7)

Reasoning as in Chapter VII we can extract a subsequence still denoted by u,,, which
converges almost everywhere to some function u, such that

Tio(un) — Ti(u)  weakly in Wy (Q, w),
Ty (up) — Ti(u)  strongly in L9(Q,0) and a.e. in €.

N

This yields, by using (8.2.2), for all £ > 0 the existence of a function hy € [] LP(Q, w} ™),
i=1

such that

N
a(z, Ty(un), VTi(u,)) = hiy weakly in [] LP (9, wi ™). (8.3.9)

=1

STEP 4 : Strong convergence of truncation.
We fix k > ||vg]|oo, and let wy,, = Tog(ty, — vo — Th(un — vo) + Ti(un) — Tk(u)) and
wp, = Top(u — vg — Th(u — vp)), with h > 2k.
For n = exp(—47k?), we defined the following function as

Un,h = Up — n@k(wn,h>‘ (8310)
By taking v, as test functions in (8.3.1), we get

(A(un), nex(wnp)) + /an(ﬂc,un,Vun)Wk(wn,h) dr < /Q fanpr(wyp) de,

Since 7 is nonnegative, then
(A(un), or(wnp)) +/an(x,un,Vun)g0k(wn7h) de < /angak(wnvh) dx. (8.3.11)
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It follows that

| st V) Ve (wnn) do 4 [ gal i, Ve )onwns) do < [ fupr(wns) da.

(8.3.12)
Note that, Vw, , = 0 on the set where |u,| > h + 5k; therefore, setting m = 5k + h,
and denoting by &} (n),e2(n), ... various sequences of real numbers which converge to
zero as n tends to infinity for any fixed value of h, we get, by (8.3.12)

/Qa(x,Tm(un),VTm(un))anjhgp;(wn,h) dr + /an(a:,un,Vun)gpk(wnﬁh) dx
SA%%WMM%

By the almost everywhere convergence of w,,, we have
Op(Wnn) = or(wy)  weakly” as n— +oo in L¥(Q). (8.3.13)

Therefore,
/ fropr(wnp) doe — / for(wy) de as n — 4o0. (8.3.14)
Q Q

On the set {x € Q, |u,(x)| > k}, we have g(x, u,, Vu,)or(wnn) > 0. So by (8.3.12),
(8.3.14)

/Qa(x,Tm(un), VT () )V nor (W p) do + <) Gn (T, Uy V) or(wn ) dx

< /Qf@k(wh) dx + ¢},(n). -

Splitting the first integral on the left hand side of (8.3.15) where |u,| < k and |u,| > k,
we can write,

/Qa(:v,Tm(un), VT () Vwn p) ) (W p) da
= a(@, Tn(un), VI (un)) VT3 (un) — VT ()]} (wn,n) do

{lun| <k}
a(z, Ton(un), VT (un)) Vw, n@) (wnn) da.

{|lun|>k

(8.3.16)
The first term of the right hand side of the last equality can be written as

/{unlgk} a(x’ Tm(u">’ VTm(Un))V’wn’th;(wn’h) dx
> / a(z, Ti(un), VT (un)) [VTi(un) — VTi(u)]@) (wn ) dx

5Tk;( )
—pl(2h) /{lw}zm 7, Tk(u,), 0)|

| d.

(8.3.17)
Recalling that, for i = 1,..., N |a;(z, Ti(un), 0)|X{ju, >k} converges to
|ai(x, Ti(u), 0)[X 1>k} strongly in L¥ (Q,w! ™), moreover, since |8T’“ ")| € LP(Q,w;),
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then
3Tk( )

| dz = &j,(n).

— ), (2k) / (, Te(uy
A S lotn i) 0)
For the second term of the right hand side of (8.3.16) we can write, using (8.2.4)
/{| ‘ }a(x,Tm(un), VT (un))Vwn pop (Wi ) dx
Un | >k

[ (2k) /Wk}zmz 2, T (), Vo ()|
©'(2k) d(z) dx.

{lun—vo|>h}

8Tk( )

(8.3.18)
Since for i = 1,..... N (a;(z, Ty (tn), VT (tn)))n is bounded in L (€, w77, it follows
that the first term in the right hand side of the previous inequality tends to zero for
every h fixed.
On the other hand, since § € L'(), it is easy to see that

L (2K) / 3(x) dar = — @l (2k) 5(x) dz + € (n). (8.3.19)

{lun—vo|>h} {lu—vo|>h}
Combining (8.3.16), .., (8.3.19), we deduce
/Qa(x,Tm(un), VT (un))Vwy oy (wn ) de
> /Q a(z, Ti (), Vi (1)) [V To(ttn) — V()] (wnp) dt
(k) [ 8(x) do + e} (n).

{|lu—vo|>h}
(8.3.20)
This implies that

/Qa(x,Tm(un), VT () Vw0 (Wi ) dx
> /Q la(@, T (uwn), VTi(uy)) — a(z, Ti(un), VIi(w))]
X[V (un) — VT (uw)]) (wnn) do (8.3.21)
+ [ e, Te(ua), VT [Tk (un) = V()i () do
—L(2K) /{ o 0@ o )
We claim that
/Qa(x, Te(tn), V() [VTi(un) — VTi(w)] @) (wns) dz = € (n). (8.3.22)
Indeed, since {x € Q, |u,(z)] <k} C{z € Q: |u, — vo| < h}, we have
/Qa(fﬁa T (un), V() [V T (un) = VTi(w))]p) (wn ) da
= /Qa(x, Tr(tn), VT () VT () @5 (T (tn) — Ti(u)) da (8.3.23)
—/Q a(z, Ti(un), VT (w)) VT (w)g) (W p) da.
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By the continuity of the Nemitskii operator (see [68]), we have for all i =1, ..., N,
ai(x, Tis(un), VI (1)@ (Ti(un) — Tio(u)) — ai(x, Tii(u), VT (u))£'(0)

and
(J: Ty (upn), VI (u)) — ai(x, Tp(u), VI (u))

strongly in L¥ (Q,w; * ) while (ng(:”)) — 8(7(;’;(1_“)) weakly in LP(Q,w;), and

a(g’“iw(:‘))gp’(wmh) — M90’(0) strongly in LP(£2, w;).

This implies
T [ ol Te(un), VTL() VTi(u) o4 Te(n) — Te(w) d
(8.3.24)
- / (2, Ti(w), VT (w)) VT3() ' (0) da.

and

1im a(z, Ty (un), VT (w))VTi(w) @) (wn ) dz
Q (8.3.25)
= [ ae, Ti(w), V() VTi(w)¢ (0) da.

Combining (8.3.24) and (8.3.25), we deduce (8.3.22).
So that (8.3.21) and (8.3.22) yield

/Q a(@, T (n), VT (1)) [V Ti(tt) — V()] (wn ) da
> /Q[a(x,Tk(un),VTk(un)) G(JU Tk(un) VTk(“))]
X[V (un) — VT (uw)]¢ (wyp) do

— ) (2k) AR §(x) dxr + €9 (n).

We now, turn to the second term of the left hand side of (8.3.15), using (8.2.6), we
have

(8.3.26)

nA n n d
‘/{uﬂgk}g (@, tn, Vn ) or(wn 1) m‘
o 8Tk )

<000 (cto) + Sl TR ot
<b(k) [ cla oulon)] de + 42 9 [ 5(@)lee(wnn)]
+20 o, T (), VT () VT3 (1) | 0r ()| da
Tk)/ a(z, T (up), VTi(u,)) Voo gk (wnn)| de,
and hence (8.3.9) and (8.3.13) infer

\

'/ (xauna vu?’b)(pk’ Wn, h) d
oty
a(@, Ti(un), VIi(un)) VT (un)|pr(wn )| da
+0(k) | e@)lpuwn)| do + 22 | 5(x)lipn(wy)] da
b(k

7 ) kVUO|90k(wh)| dz + €, (n).

<bk
«

(8.3.27)

:a\:o\
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The first term of the right hand side of the last inequality can be written as

" A[a<x,Tk<un>,VTk<un>>— a(e, Ti(uw,), VTi(w)
X[V () = VT(w)] ()| do
28 [ (e, Te(un), VT(w)) [V Ti(n) = V()] |or(wnn)| d
)

P | (o D), VT4 VT ) 0| i

(8.3.28)
By Lebesgue’s Theorem, we deduce that

N
VT (w)|pe(wnn)| = VTi(w)|or(Tor(u—vo—Th(u—1p)))| = 0 strongly in JLP(2, w;).

=1

Which and using (8.3.9) implies that the third term of (8.3.28) tends to 0 as n — 0.
On the other side reasoning as in (8.3.22), the second term of (8.3.28) tends to 0 as
n — oo.

From (8.3.27) and (8.3.28), we obtain

A n’v n n d
|/{|un|§k}g (@, tn, V) ok (wn,p) do

< | lae, Tu(un), VTi(u,)) = ala, Te(un), VTx(w)]
X [V (un) — V()] 0r(wnp)| da (8.3.29)
b(k)

(k) | ela)lin(wn)] o+ | 5@)lpn(wn)]| da
(—/ hie Vo |or(wr)| dz + €6 (n).

Combining (8.3.15), (8.3.26) and (8.3.29), we obtain

/Q la(, To(tn), V(1)) — a(z, Te(un), VTi(w))]
X[V Ti(u) — VT ()] (0 (wnn) — "2 op(wnn)]) da

<o) [ c@lge(wn)] o+ [ o Yow(wn)| de

’““)/ hi. NV vo|pr (wh)| d$+/9f(x pr(wy) dz + €,(n).

(8.3.30)
Then (8.3.3) implies

/Q la(, T (wn), V() — a(z, Ti(un), VTi(u))]
X [VTi(up) — VTi(u)] dx
< 20(k) [ el@)ler(wn)| dz + 26, | 3(@)ler(wn)] da

28 [y Vuolge(un)| do+2 | f@)pe(un) d -+ l0(n).
(8.3.31)
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Hence, passing to the limit over n, we get

liglﬁsogp Q[a(ac,Tk(un), VTi(u,)) — a(z, Tr(uyn), VIi(u))]
X [VTi(un) — VI (u)] dx
< 2b(k) [ el)lin(un)| do + 20 | 62 pu(wn)| da

—2%@/9 hie Vol (wp)| dx + 2/9 f(x)er(wy) dx

Now, since c(x),d(x), f(x) and h,Vvy belongs to L'(2), by Lebesgue’s dominated
convergence, all the terms of the right hand side of the last inequality tend to 0 as
h — +o00.

This implies that

(8.3.32)

lim [ [a(x, Tp(un), VI (un)) — a(x, T (un), VI(w)] [V (un) — VIi(u)] de = 0.

n—aoo JO)

Finally, Lemma 6.4.1 of Chapter VII implies that
Ty (tn) — Ti(u) strongly in W, P(Q,w) Vk > 0. (8.3.33)
Since k arbitrary, we have for a subsequence
Vu, — Vu ae.in . (8.3.34)
Which yields

a(x, up, Vu,) — a(zx,u, Vu) a.e. in §) (8.3.35)
(T, U, V) — g(x,u, Vu) a.e. in Q. e
STEP 5. Equi-integrability of the nonlinearities.
We need to prove that
G, U, Vu,) — g(z,u, Vu) strongly in L'(Q); (8.3.36)

in particular it is enough to prove the equi-integrable of g, (z, u,, Vu,). To this purpose,
we take u, — T (u, —vo — Th(u, —vg)) (with h large enough) as test function in (8.3.1);
we obtain

(T, Uy, Vuy,)| dr < 1+ 0(z)) da.
/{|un—vo|>h+1} l9n ) {|un—vo|>h}(’f | + ()

Let € > 0, then there exists h(¢) > 1 such that

g(x, Uy, Vuy,)| de < /2. 8.3.37
/{Unvol>h(€)}| ( ) / (8.3.37)

For any measurable subset £ C €2, we have

N
/E\gn(a:,un,vun)\dx < /Eb(h(6)+|]voHoo) <c(x)+zwinyp> dz

=1

+/ T, Uy, VUuy)| dx.
{lun—vol>h(e)} o€ )

(8.3.38)
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In view of (8.3.33) there exists 7(¢) > 0 such that

/E b(h(e) + ||vo]lso) <c(a;) + ﬁ:wi|aT"(5)+ (,g;oi'ww”) |P> dx < /2 (8.3.39)

for all E such that meas F < n(¢).
Finally, combining (8.3.37), (8.3.38) and (8.3.39), one easily has

/ |gn(z, uy, Vu,)| do < e for all E such that meas E < n(e),
E
which implies (8.3.36).

STEP 6. Passing to the limit

Let v € Ky N L>®(R), we take u, — Ti(u, — v) as test function in (8.3.1), we can write

/ a(x, Uy, V) VT (u, —v) de + / Gn (2, U, V) Ti(u, — v) dx
Q Q

(8.3.40)
< /anTk(un —v) dz.

This implies
/ CL([L‘, Up, Vun)V(Un — UO) dx
{lun—v|<k}
+/{|u i<k} a(x, Tk;—‘,—HvHoo(un), VTk+||U||oo (un>>v(7}0 _ U) dr

+/ gn(xa Unp, Vun)Tk(un - U) dx < / fnTk(un - U) dx.
Q Q

(8.3.41)
By Fatou’s Lemma and the fact that

a2, Tre ofoe (Un )y Vg ipofloo (Un)) = (2, Thpfv)joo (1), Vg ju]jo ()

N
weakly in J]L¥ (€, w; ") one can easily see that

=1
Vu)V(u — d
A|u—v|§k} a(x,u, Vu)V(u — vg) dzx
+/ (@, Tt o)oe () Vs o) oo () V (00 = v) da

lu—v|<k}
+/Q g(x,u, Vu)Ti(u — v) do < /Qka(U —v) du.
(8.3.42)

Hence
/Qa(x, u, Vu)VTi(u —v) dr + /Qg(x, u, Vu)Tiy(u — ) dw (8.3.43)
< /Qka(u — ) dx.

This proves Theorem 7.3.1.
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Proof of Lemma 8.3.1

From Holder’s inequality, the growth condition (8.2.2) we can show that A is bounded,
and by using (8.3.2), we have B,, bounded. The coercivity follows from (8.2.4), (8.2.5)
and (8.3.2). It remains to show that B, is pseudo-monotone.

Let be a sequence (uy); € Ky, such that

w, — u weakly in W, P(Q, w),

lim sup(Bug, up — u) < 0. (8.3.44)
k—+o00

Let v € Wy (Q, w); we will prove that

lliminﬂBnuk, up —v) > (Byu,u — v).

Since (uy)r is a bounded sequence in Wy (Q,w), we deduce that (a(z,uy, Vug))y is
N

N

bounded in [ LY (9, wil_pl), then there exists a function i € [ LP(Q,w; ") such that
=1 i=1

N / /

a(x,uy, Vug) — h weakly in H LP (Q7wi1_p ),

=1

similarly, it is easy to see that (g, (x, ux, Vug))x is bounded in L4 (Q, ¢'~7), then there
exists a function p, € L7 (Q, ') such that

gn(z,up, Vug) = p, weakly in Lq'(QJl—q’)‘
It is clear that

lim inf(B,ug, up —v) = Uminf(Auy,ug) — / hVv dx +/ pn(u —v) dz
Q Q

k—-+o0 k—+o0
= lim inf/ a(z, u, Vug) Vuy, de — / hVv dx +/ pn(u — ) du.
Q 0

k—+oc0 JO
(8.3.45)
On the other hand, By condition (8.2.3), we have

/Q(a(a;, ug, Vug) — a(x, ug, Vu))(Vug, — Vu) de > 0
which implies that

/Qa(x,uk,Vuk)Vuk de > —/ a(x, u, Vu)Vu dx+/ga(a:,uk,Vuk)Vu dx
+ | a(z,u, Vu)Vuy dz,
Q

hence
liminf | a(x,ug, Vug)Vug de > /QhVu dx. (8.3.46)

k—oo (¢}
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Combining (8.3.45) and (8.3.46), we get

lliminﬂBnuk,uk —v) > —/ hV (u —v) dz +/ pn(u — ) de. (8.3.47)
—+o00 0 Q

Now, since v is arbitrary and kh{{l (Grug, ur, — u) = 0, we have by using (8.3.44) and
(8.3.47)
lim [ a(z,ug, Vug)V(ug —u) de =0

k——+o0 JO
we deduce that

lim [ (a(z,ux, Vug) — a(z, ug, Vu))V(ug — u) de = 0.

k—400 JO

In view of Lemma 6.4.1 of Chapter VII, we have Vu, — Vu a.e. in (Q,
which with (8.3.47) yields

lim inf (B, ug, up — v) > (Bpu,u — v).

k——+o0

This completes the proof of the Lemma.
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