Applied Sciences *+ Monographs # 4

Constantin UDRISTE Vladimir BALAN

Linear Algebra
and Analysis

Geometry Balkan Press

Bucharest, Romania

2005



Linear Algebra and Analysis (Romanian)
Monographs # 4

Applied Sciences * Monographs
Editor-in-Chief Prof.Dr. Constantin Udriste
Managing Editor Prof.Dr. Vladimir Balan
University Politehnica of Bucharest

Linear Algebra and Analysis
Constantin Udriste and Vladimir Balan.
Bucharest: Applied Sciences * Monographs, 2005

Includes bibliographical references.

(© Balkan Society of Geometers, Applied Sciences * Monographs, 2005

Neither the book nor any part may be reproduced or transmitted in any form or by any
means, electronic or mechanical, including photocopying, microfilming or by any information
storage and retrieval system, without the permission in writing of the publisher.



Preface

This book is intended for an introductory course in Linear Algebra and Analysis, being organized
as follows.

The first chapter studies Tensor Algebra and Analysis, insisting on tensor fields, index calculus,
covariant derivative, Riemannian metrics, orthogonal coordinates and differential operators. It
is written for students who have prior knowledge of linear algebra.

The second chapter sets out to familiarize the students with the fundamental ideas of Field
Lines, Field Hypersurfaces, Integral Manifolds, and their descriptions as solutions of differential
equations, partial differential equations of first order and Pfaff equations. It requires basic
knowledge of differential calculus.

The third chapter is intended as an introduction to Fourier Series. The topics (Hilbert spaces,
orthonormal basis, Fourier series, etc) are developed gently, with preference of clarity of ex-
position over elegance in stating and proving results. However, the students must have some
knowledge of linear algebra and integral calculus.

The fourth chapter is an introduction to Numerical Methods in Linear Algebra, focusing on
algorithms regarding triangularization of matrices, approximate solutions of linear systems, nu-
merical computation of eigenvalues and eigenvectors, etc.

This book is designed for a course in the second semester, at Department of Engineering, Uni-
versity Politehnica of Bucharest. It enhances the students’ knowledge of linear algebra and
differential-integral calculus, and develops basic ideas for advanced mathematics, theoretical
physics and applied sciences. That is why, as a rule, each paragraph contains definitions, theo-
rems, remarks, examples and exercises-problems.

The volume involves the didactic experience of the authors as members of the Department
of Mathematics at University Politehnica of Bucharest, enhanced further by the lecturing in
English since 1990, at Department of Engineering. The goals of the text are:

- to spread mathematical knowledge and to cover the basic requirements in major areas of
modelling,

- to acquaint the students with the fundamental concepts of the presented topics.

We owe a considerable debt to former leading textbook authors quoted in References, and to
colleagues and students who have influenced our didactic work.

June 30, 2005 The authors
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Chapter 1

Tensor Algebra and Analysis

1.1 Contravariant and covariant vectors

1.1.1 Definition. Let V be an R-vector space of dimension n. Its elements are

called (contravariant) vectors.
Let B = {e;] i = 1,n} C V be a basis in V. Then for all v € V, there exist
v’ € R, i =1,n such that

n
v=vovle;+...+v"%, = E v'e;.
i=1

Using the implicit Einstein rule of summation, we can write in brief v = v’e;.

The scalars {v'| i = 1,n} = {v!,... 0"} are called the contravariant components
of the vector v.

Let be another basis B’ = {e;/| i’ =1,n} C V, related to B via the relations

-/

ey = Abe;, i =1,n. (1)

Then the vector v decomposes relative to B’ like v = vi/ei/.
The connection between the components of v relative to B and B’ is given by

’

v = Al (2)
or in matrix notation, denoting X = *(v',...,v"), X’ = t(v!,...,0") and A =
(A%L); #—17» the relations (2) rewrite

X = AX'".

If we introduce the matrix A~! = (A7) defined by the relations

ii'=1,n

AAY =1, ALAY =6t i j=Tn
AilA - I" < AZ,A‘Z/ = 61-’]"/’ il?j/ = 17”7

5



6 CHAPTER 1. TENSOR ALGEBRA AND ANALYSIS

where 5; and 5;', are the Kronecker symbols, we infer

-/ . -/ . ./ -/ 2 -/
Al vt = A Aot =80 =07,

i/
and hence an equivalent form of (2) is
v = Aﬁlvi

or in condensed form,

X' =A"1X.

1.1.2 Definition. Any linear form w : V — R is called I-form, covariant vector
or covector.

We denote by L(V, R) the set of all 1-forms on V. This has a canonical structure
of vector space of dimension n and is called also the dual space of V, denoted briefly
by V*.

For a given basis B = {¢;Ji = 1,n} of V, we can associate naturally a basis
B* = {e'|i = T,n} of the dual vector space V*, called dual basis, by means of the
relations

e'(e;) =65, i,j=1,n. (4)

Then any covector w € V* can be decomposed with respect to B* like

w=wie', w; € R;i=1,n.

The scalars {w; | i = 1,n} are called the components of the covector * w.
If one chooses another basis of V*, say B* = {e' |’ =1,n} dual to B’ = {e; | i’ =
1,n}, and (1) holds true, then we have

i’ i i
et = A e

If the covector w decomposes in B*' like w = wi/ei', then the relation between the
components of w with respect to B* and B* is

./
Ww; = AZ Wy

or, in equivalent form _
Wy = AZ/a)i,
where the coeflicients Ai/ and A!, are related by (3).

The dual vector space V** of V* is isomorphic to V and therefore it can be
identified to V via the formula v(w) = w(v).

'In matrix language, the contravariant vector will be represented by a column-matrix, and a
covariant vector, by a row-matrix.
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1.1.3. Exercises

1. Compute the dual basis B* = {f’}ﬁ C V* corresponding to the basis
B= {fz}ﬁ C V = R", in each of the following cases

a) f1 =(1,0), 2 ="(1,1), (n=2);
b) f1="(1,0,0), f2 ="(1,1,0), f3 =*(1,1,1), (n=3).
Solution. a) The duality of {fi}i:ﬁ €V® wrt. {fi},_13 €V, writes
F(f)=20!, foralli,j=T1,2.
The matrix of change from the natural basis B = {e; = (1,0),eo = (0,1)} ¢ R?
to {f1, fa} is A =[f1, fo] = ( (1) } > Then, denoting by {e!,e?} the dual natural

basis of (R?)*, we remark that the duality relations rewrite

flA=1[e], j=Tn & [f]=A7"], j=T1n.

Fl-a [ (5 7))

{ 7= 1-D) { frece
=
7= (0.1) =

b) Following the same proofline, we have in this case

Consequently

and hence

1 1 1 ft 1 -1 0
A=[fi,fos fs]=( 0 1 1 = | f2|l=4a"1=0 1 -1],
0 0 1 f3 0 O 1
and hence
Fl=el —¢2 F2=e? B £3 = ¢,

2. Consider the vector space V = R?® endowed with the canonical basis B =
{e;]i = 1,3}, the vector v = vie; € V of components X = (v, v? v3) = (1,0, 1)
and the 1-form w = 5e! + 2 — €3 e (R®)*.

Let B’ = {ey|i’ = 1,3}, be a new basis, with e, = A’ e;, where
01 0
1 1 1
01 -1

A= (4l)

i/=1,3

Compute the components of X and w w.r.t. the new bases of V' and V*, respectively.
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Solution. The contravariant components v of v (v= vi'ei/) obey the rule

vi/ _ Aélvi7 Z-/ — 1,73 (5)
-2 1 1
We obtain A1 = (Az:/)i,i’:ﬁ = 1 0 0 and using (5), it follows
1 0 -1

’ ’ ’

X' ="t v? v*) =1(=3,1,2),
and hence the expressions of v with respect to the two bases are

v=e1 —e3 = —3ey + ey + 2ez.

Also, the 1-form w = 5e! + €2 —e? € ([R3)*, has relative to B* the components

wir (w=wye'), given by
Wi = A;/wh i/ = ﬁ (6)

Using (6), we obtain wy: = 1,wy = 5,ws = 2, so that w = et +5e2 4 2¢%.

3. Compute the components of the following vectors with respect to the new
basis B' = {f1, fa} € R* =V, where f; = £(1,0), fo = (1,1), or to its dual.

a) v = 3ey + 2es;

b) n=e! —e2.

Solution. a) The old components are {v'} = {v! = 3,02 = 2} and form the
matrix [v]g = (3,2). They are related to the new components via the relations

v = AVv', i/ =T,2. The change of coordinates in V is given by X = AX’, i.e., in
our notations, v’ = A%, i = 1,2, where

A=tpl==(g 1) = wh=a7=(5 7).

Hence the new components of v are

V= A + Af 2 =134+ (-1)-2=1
{v 1V +Azv +(=1) = wv=1f1+2f'o = f +2f5,

v =ATpI =0-3+1-2=2
and the new matrix of components of v is [v]p = (1, 2).
4 Hw.? Check that [v]p = A7 [v]s.

b) The components change via ny = AL, i/ =1,2 < [n)p = [n]sA.
4 Hw. Check that [n]p = (1,0).

2Homework.
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1.2 Tensors

We shall generalize the notions of contravariant vector, covariant vector (1-form),
and bilinear forms. Let V be an n-dimensional R - vector space, and V* its dual.
We shall denote hereafter the vectors in V by u, v, w, ... and the covectors in V* by
w,n,0,..., etc.

Let us denote in the following

VP=V*x..xV", and VI=V x...x V.
—_——— ———
p times q times
The previously introduced notions of vectors and covectors can be generalized in the
following manner.

1.2.1 Definition. A function T': V*? x V¢ — R which is linear in each argument
(i.e., multilinear) is called a tensor of type (p,q) on V.

The numbers p and q are called orders of contravariance, and covariance, respec-
tively. The number p + q is called order of the tensor.

Let TP(V) be the set of all tensors of type (p,q) on V. This can be organized
canonically as a real vector space of dimension nP*¢. Remark that the definition
imposes the following identifications

1.2.2 Definition. We call tensor product the mapping
®:(S,T)eTP(V) xTI (V) = S®T € TP (V)
given by
S@T(why .. WP v, vggs) = S(wh, o wP v, .., ,):

(7)

1
’ /T(ijL yeee 1wp+r7vq+17 s 7Uq+s)7

forallw® € V*i=1,p+r,and vy € V= (V*)*,k=1,q + s, where p,q,7,s €N are
arbitrary and fixed. It can be proved that ® is an R —bilinear, associative mapping
and that TP = VP @ V*14.

1.2.3 Theorem. Let B = {e;|i = 1,n} C 'V be a basis in V, and

B*={e'li=1,n} Cc V*
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its dual basis. Then the set B} C TP(V),
Br={El'""l"=¢;,®. . . @e, 0" ®... @ i1, ip,j1,...dg=Ln} (8)

represents a basis in TP(V), and it has n?*? elements.

Proof. The proof for the general case can be performed by analogy with the proof
for p = ¢ = 1, which we give below. So we prove that Bf = {e;, ® e’|iy,j; = 1,n} is
a basis in T (V) = V* @ V.

Using the Einstein summation convention rule, let t;ll e, ®e’t =0 be a vanishing
linear combination of the n? vectors of Bf. But as

V'oV=V'@ V™= (Ve V) = L(VxV",R),
we have ' ‘
(the, ® e)(eM e, ) =0, forall ¥ € V¥e, €V.

Therefore, using (4) for p = ¢ = 1, and the multilinearity of ®, we infer

401, k 7 _ gt sk gj1 4k
0= tjle“(e Delt(en,) = tj15i1 o =ty

So that tf}l =0, for all k1,n; = 1,n, and thus the set Bi is linearly independent.
It can be also proved that the set Bj provides a system of generators of T} (V),
and hence it is a basis of T (V). 0
Any tensor T' € TP (V) can be decomposed with respect to BY (8) like

T:T;l...z:pEgll...jq )

Ji---Jq ip )

and the set of real numbers

(0 ity = )

is called the set of components of T with respect to Bf.

Examples. 1. A (1,0)-tensor (a vector) v € T3 (V) = V decomposes like v = v'e;.

2. A (0,1)-tensor (a covector) w € TY(V) = V* decomposes like w = w;e’.

3. A (1,1)-tensor (assimilated to a linear operator) T' € T} (V) = End(V) decom-
poses like T' = T;ei ® el

4. A (0,2)-tensor (assimilated to a bilinear form) @ € T9(V) = B(V, R) decom-
poses like Q = Q;je’ ® /.

1.2.4 Remarks. 1°. The components of the tensor product of two tensors S and
T in (7) are given by

ilecipbr  Qilevdp iptteeciptr
(S ® T)jl»--jq+s - Sjl---jq qu+1~~jq+s ’

for 41,...,iptry G155 Jggs = Lm0
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2°. Let BE be the basis (8) of T?(V) induced by the given basis B = {e; | i = 1,n}
of V, and let B'Y be the basis induced similarly by another basis B’ = {e;/ | i’ = 1,n}
of V, which is connected to B via (1). The basis B? is changed into the basis B'Z by
the formulas
Ej{u.j; _ AJi A]‘l‘ L AR Aip 'Ej1qu
z’lz;, J1 7 g i 1;, i1..0p )
where o
B =y ®... Qe @€ @@ el

i il
Let T € TP(V) be decomposed like (9) with respect to BP, and also like

T =T gl

IR AR TRAE
with respect to B'E. Then the relation between the two sets of components of 7" is
given by
T AR AR AR AT
with A%, AY given by (1) and (3).

1.2.6 Definition. We call transvection of tensors on the indices of positions (r, s),
the mapping ¢r7 : T?(V) — TP} (V) given by

J1---Js—1Js+1---Jq J1---Js—1kjsy1...39°

() (D))t = N it e for all T € TP(V).
k=1

Remark. Using a vector v € T3 (V) = V, one can define the transvection with
v of each tensor T' € TP(V), ¢ > 1. Say, for v = v'e; and T' = Tjre’ ® ek e TY(V),
the transvected tensor tr,(T) = (tri)(v ® T) € TP (V) has the components given by
[tro(T)]; = v°Ts;.

1.2.7. Exercises

1. Compute the components of the following tensors with respect to the corre-
sponding tensorial basis associated to the new basis B’ = {f1, fo} C R? = V, where

fi="(1,0), f2 ="(1,1).
a) A=e; ®e? — 3es ® e € THR?);
b)Q=c'®e?—e2@e! € TY(R?);
T =e1®e el —2,@e' ®e? e THR?).

Solution. a) The formulas of change of components are

AL =CICLAL i =124 [Alp = C'[A]pC,
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where [A]p = (AY), ;17 = ( 8 33 ), and the matrices C and C~! are computed

above. 2 Hw. Check that
AL =ClCj Al =4, Al =43 =0, A} =-3.
Then we have

A:462/ ®61/ —362/ ®62/, [A}B’ = ( 8 :13 )7

and [A]B/ = Cil[A]BC.

b) The change of component rules are Q;/ ;s = C, Cg, Qij, V',7' =1,2. % Hw. Check
that

Qlp = (Qi’j’)if,j':l,n = ( _01 (1) )

and that [Q]p =' C[Q]5C.

¢) The change of components obey the rule
/’T’;’/k’ = CJJ,C,];/CZ/ ]7;]6’ i,j, k - m
2. Let be given the following tensors, expressed in the appropriate basis, associ-

ated to the natural basis B = {e1,...,e,} of V.= R", where n = 2 for a),b), c), and
n = 3 for d) and e).

a) a =b;
b) A =2e; ®e? + 3ex ® €2
c) n=3e? —el;

d)Q=e®e® —el ®e? +5e?®e?;
e) v =3e; + 4es — e3.
1°. Determine the type of these tensors and the vector space to which they belong.

2°. Indicate the general form of a basis and the dimension d for each space.

3°. Determine the tensor components in the appropriate basis.

Solution. We display in the following the space of tensors, the types, the basis,
the dimension of the corresponding module of the given tensors:

a) a=5e€ R=TJ(V), type (0,0), BY={1}, d=2010 =1,
b) AcTHV)=VaV* type(l,1), Bf={e;®el}, d=21"1 =4,
c) neT)(V)=Vr, type (0, 1), BY = {e’}, d=2Ft =2
d) QeT)(V)=V*®@V* type (0,2), BI={e'®@e}, d=3"12=09,
e) CAS T()l(v) =V, type (17 0)7 B(% = {6i}a d=3"10= 3,
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The corresponding components are:
a=5-1, a= {5} {A} =2, A% =3, oth. null }
{771 = —1,7’]2 = 3}, {Q23 = 1,@12 = —1,Q22 = 57 oth. null }
{vl =3, v? =4, v3 = -1}

Remarks. a) The tensor a is a scalar. The field of scalars K = R is an 1-dimensional
vector space over R.

b) We associate to the tensor A the matrix

this defines a linear transformation A € End(R?), given by

~ (gt 22 xt 2
A<x2)-(3x2),f0rallm—(x2>€ﬂ?,
c¢) The tensor n € V* defines a linear form 7 of matrix [n] = (=1, 3), given by

1 1
7: V=R, qz',2?) =(-1,3) ( ;2 ) = —z! + 322, for all ( ;72 ) e R

d) The tensor Q € T9(R®) defines a bilinear non-symmetrical form of matrix

0 -1 0
(Bl = (bij); jeim=| 0 5 1],
0 0 O
given by
!
B:VxV = R, B(u,v) = (u',u? u*)[B] vi = bjju'v! = —u'v +5u?v? +u?e?,
v

for all uw = u'e;,v = vie; € V.

e) The tensor v = v'e; € V is a vector, of associated matrix (column-vector)

[v] ="(v', 0%, 0%) = (3,4, -1).

3. Check that the types of tensors in exercise 2 define canonically R - valued
multilinear applications. Specify the domain and the correspondence laws in each
case.
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Solution.

a)aeTY(V) =R = a:R— R, ak)=akeR, VkeR.

b) A e THV) = A:V*xV =R, A(n,v) = Algv! €R,
Vne V5 veV.

c)neTY(V)=V* = H: V=R, jv)=nv'€R, YvoeV.

d)BeT)(V)=V*®@V* = B:VeV =R, B(v,w)=Bjvw €R,
Yo, w eV,

e)velg(V)=V = 9:V* >R, o(n)=vneR, VneV*~.

4. Compute the following tensors expressed in the corresponding basis associated
to the natural basis B} C V. = R™:

a) w = 3v + u, where u = e; — o, and v = {v! = 5,0% = 0,03 = 7}, (n = 3);
b) R = P +5Q, where P = ¢; ® e3 ® 2 and

Q:eg®el®62—561®63®e2,(n:3);
c) R =tr?(Q), where
Q:5€1®62®61®63—462®€2®62®63—€1®62®62®63,(’n:3);

d) k =tri(A), where A =5e; ® el + 6e; ® e —ea ® €2, (n = 2);

e) w = tr?(T), where
T=A®v,A="5e; ®@e? —3ey®e>,v=2e5 —ey,(n=3);
f) k =tri(n ®v), where
n=e' +2¢* and v = 2ey, (n = 2);
g) a=tritri(B®u®v), where

B=c'®ec®-22®¢? and u = e1,v = ea — 3ey, (n = 2).

Solution. a) w = 3(5ey + Tes) + (e1 — e2) = 16e1 — eg + 2les;
b) R =5e; ® e1 ®e? — 24e; ® e3 @ e?;

¢) We remark that R = ¢r?(Q) and Q € T#(V); hence R € T} (V). The compo-
nents of the transvected tensor are Rz» = g We use that

B=5.08=10%= 1
and the other components are null, whence, e.g.,

R = Qi+ Q= 1.
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4 Hw. Compute the other components of R, and show that tr?(Q) # tri(Q), though
the two tensors are of the same type. Hence we remark that the positions of the
transvection indices are essential.

) AeTHV)=>tri(A) e Rok=Al+ A3=5-1=4€R,;
4 Hw. Check that k = Tr[A].
e) We obtain

T =(5e; ®e? —3ea®e3) @ (265 —e1) = 10e1 @ e? @ ey — Heg ®e? @ e —
—6ey ® €3 Res+3es Q€3 R e.
The components of the tensor 1" are
{T)? =10,T3' = —5,T#* = —6,T2" = 3, oth. null }.

The transvected components are w = tr?(T) € Ta (V),w = T,

wl=TH 4 T2 LT85 = 10

w? =T + T2 4+ T2 =0

w? = TH + T + T3 = 0,

and thus w = 10e;. # Hw. Check that [A][v] = [w].
f) n®@wv € TE(V), whence k € R. We get

E=tri](e! +2e%) ® 2ey] = tr] (2e! @ ey + 4e% @ e3) = 4.

4 Hw. Show that k = 7(0) = [n][v];
g) Let R = B ® u ® v. Hence its components are

{RI2=1,R}} = —3,Ri} = 6, R}2 = —2, oth. null },

so that a = tritr3(R) = 1. % Hw.Check that a = *[u][B][v] = B(u,v), and that
tritri(R) = tritr3(R).

1.3 Raising and lowering of the indices of a tensor

Let V be an n-dimensional real Euclidean vector space. Its scalar product is also
called Riemannian metric on V. This is defined as a symmetric positively defined
bilinear form (-,-) : V. x V — R. Its components g;; with respect to some fixed basis
B={e;|i=1,n} CV of V are given by g;; = (e;,e;). Generally, we can write

(u,v) = gijuivj, for all u = u'e;,v = vjej eV. (10)
Any arbitrary fixed vector u € V defines a covector

(u,-) € L(V,R) = V7,
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of components gijui, via the linear mapping given by

G:V —>V* (Gu))w) = (u,v), forallu,veV.

Properties: 1°. The mapping G is linear and bijective, hence an isomorphism.

2°. Using (10), one can see that G is characterized by the matrix (denoted also
by G), G = (9ij); j—17 of inverse G 1= (gkl)k,z:ﬁv where g"g;, = 6.

3°. If B is an orthonormal basis with respect to the scalar product (,-), we have
G(e;) = e' € V*, i = 1,n, and we notice that the dual basis B* is also orthonormal
with respect to the scalar product on V* given by

<W,7’]> = wzn_]g”, for all w = wiei7 n= T]jej cV*,

Using G and G~! one can lower, respectively raise the indices of a given tensor.

1.3.1 Definition. Let T = {7} "} € T?(V) and s € T,p and t € I,¢. The
function defined by

s 10sq1.mip it tistagi.ip
Jreede-1dederdarr it d i g 1denda

(Gs,tT)

is called lowering of the indices. Analogously, using G~!, we define the raising of
the indices. The lowering and raising produce new tensors, since they are in fact the
tensor products ¢ ® T, g~' @ T followed by suitable transvections.

The real vector spaces of tensors of order p + ¢ are isomorphic via raising and
lowering of indices. For instance one can lower the index of a vector v = v'e; € V, by
Ur = grsv°®, obtaining the covector w = vre* € V*, or raise the index of a covector
w = wre® € V*, by vF = gF5w,, obtaining the vector v = v*e, € V.

Remark. The scalar product g;; on V induces the scalar product g on V*, and
the scalar product on T?(V) given by the mapping

GFibkala k1l

J— .. L. kqlq
i1g1ipgy — Jird1 - Gipip 9 :

.. g

1.3.2. Exercises
1. Find a,b,c € R such that the mapping ( -, - ) : R*> x R*> = R,
(u,v) = ugv1 — 2au1v9 — 2usvy + cugvy + b, for all u = (ug,uq), v = (v1,v2) € R2,

defines a scalar product on R?. Find its components relative to the canonic basis.

Solution. The bilinearity implies b = 0, the symmetry implies a = 1 and the
positive definiteness implies ¢ > 4. Hence { -, - ) defines a scalar product iff a =
1,b =0,c > 4. In this case we have

(u,v) = urv1 — 2u1vy — 2ugvy + cuguy, for all u = (ug,usz), v = (v1,v2) € R?,
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. 1 -2
and its components are (gij)ij:ﬁ = ( 9 . >

2. Lower the index of the vector u = 3e; +2e9 —e3 € V = [R3; raise the index
of the covector w = 2e! — 3e? € V*, using the metric

(u,v) = o' + 2u%0? + 303, for all u = (u',u?,u?),v = (v}, 02, 0%) € R,

Solution. The 1-form n = G(u) has the components

m=gisu® =gnu' =1-3=3
n2:g25u82922u2=2~2=4
N3 = gasu® = ggzud =3+ (—1) = =3,

and consequently 7 = 3e! + 4e? — 3e3. Also, for v = G~!(w), we obtain

vlzgljwj:gllwlzl.QZQ
’U2 — 92](*)] — g22w2 = % . 0 = 0
v3 = g3jwj = g%w3 = % (=3)=-1,

and hence v = 2e; —e3 € V.

3. Lower the third index on first position and raise the second index on position
three, for a tensor S € T5(V), where V is endowed with the metric g;;. Raise the
second index of the metric g on the first position.

Solution. We have

(G318)ijm = Sikigus € TE(V),  (GPS)J™ = Sjiig" € Ty(V).

We get also (Gzlg)é =g%gjs = (5;

1.4 Vector fields and covector fields

Classically, a vector field in R? is given by
’U(S(}, Y, Z) = 7}1(5(1, Y, Z);—i_ ’Ug(l', Y, Z).;J'_ UB<$7 Y, Z)];

We shall consider the more general case, the space R", and the point x = (z!,...,2") €

D c R", where D is an open subset of [R™. Also, to avoid repetitions, we assume
the differentiability of class C*° in definitions.

1.4.1 Definition. A differentiable function f: D — R is called a scalar field.
We denote by F(D) the set of all scalar fields on D.
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It can be shown that F(D) can be organized as a real commutative algebra 3 in
a natural way, considering the addition and multiplication of functions in F (D), and
their multiplication with real scalars.

1.4.2 Definition. Let x be a fixed point of D C R™. If a function X, : (D) — R
satisfies the conditions:

1) X, is R—linear,

2) X, is a derivation, i.e.,

Xa:(fg) = Xz(f) g({,C) + f(l') Xz(g)ﬂ Vfug € f(D)7 (11)

then it is called a tangent vector to D at the point . The set of all tangent vectors
at x is denoted by T, D.

Example. The mapping a?ci

0
ozt

is a tangent vector at x.

: F(D) — R, given by

x

) (f)= gj; (x), forall f e F(D),

Remarks. 1°. For any vector X, we have X,(c) = 0, for any ¢ € F(R), that is,
for the constant functions f(x) = ¢. Indeed, from (11) and f = g = 1, we find

Xo(1-1) =1-X,(1) +1- X, (1),

whence X, (1) = 0; then X,(c) = Xy(c-1) =cX,(1) =¢-0=0, forall ce R.
2°. We define the null operator O, : F(D) — R, by O,(f) = 0. Then O, is a
tangent vector at x.
3°. If a,b € R and X,, Y, are tangent vectors, then a X, +bY, is a tangent vector
at x too.
4°. By the addition and the multiplication with scalars, the set T,D has a
structure of a real vector space.
0
{ oxt

1.4.3 Theorem. The set
is a basis for T, D. This is called the natural frame at xo.

1=1

,n
Zo

)

Proof. First we check the linear independence. Let a’ € R, i = I,n such that
a’ azi zo= 0. Applying the tangent vector a* 821 20€ T, D, to the coordinate function

7, we obtain

0= Og,(27) = (aiaaxi

3An algebra is a vector space which is endowed with a third (internal multiplicative) operation
which is associative, distributive with respect to the addition of vectors, and associative with respect
to multiplication with scalars.

J
, 0T

) =a ~(20) = '8! = d.
oz’ g
o
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Thus we have a/ = 0, j = 1,n, whence the set is linearly independent.

Now we check that the set { % 0 1= 1,7} generates (spans) the space T, D.

Let f € F(D). Then, applying the rule of derivation of composed functions, we have

1
f(z) :f(l'o)Jr/O gf(:voth(ycfxo))dt:

dt
1 n
P o
= f(l‘o) + / aifz (.ﬁl - x(l))dt
0 €z zo+t(z—z0)
. Lof .
Denoting g;(x) = ; Ee |zo+t(z—=0) dt, we notice that

of
9i(z0) = %(Jﬁo),
n . .
and f(z) = f(xo) + > gi(x)(z* — x}). Then applying an arbitrary tangent vector
i=1
X, € T, D to this function, we obtain

n

Xo(f) =0+ [Xalg) (@) (@ = ah) + gi(2) Xo (2" — 2)]
i=1

which becomes, for x = xg,

Denoting a’ = X, (z*) we have

; 0
XalP) =g | ()
Since f is arbitrary, we infer X, = aiT |20, whence X, is generated by the set
xl
{ el i=Tm). -

Example. The object Xp = 2%|p +38%|p€ TpD, is a tangent vector at the
point P(zg,yo) € D C [Rg, which is decomposed with respect to the basis

{3 9
oz |p Oy
1.4.4 Definition. Let D C R". A differentiable function X : D — |J T,D,
xz€D
with X (z) € T, D, for each z € D, is called a vector field on D. We denote by X (D)

the set of all vector fields on D.

} CTpD.
P
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The operations

(X4+Y)(z)=X(z)+Y(2)
AX)(z) = A X (), forall A e R, X,Y € X(D), z € D,

determine on X' (D) a structure of a real vector space.

A basis of the F(D)—module * X(D) is provided by the set of vector fields
{%, i=1,n}, where

0
ozt

) )
:D— | J T.D, 5 ) = 5
z€D T

, forallz € D, i =1,n. (12)

They determine a natural field of frames for X(D), and are called fundamental vector

fields.
1.4.5 Theorem. Let X € X(D). There exist the real functions

Xte F(D),i=1,n,

such that X = X 82,- )

The differentiable functions X* are called the components of the vector field X
with respect to the natural frame field.

Proof. For z € D, X(z) = Xi(x)%

2 X(z) € R, i=1,n. Thus

X:reD—-X(z)eR,i=1,n
are the required components. O

Example. X = ﬁ% +e””y0% € X(D), where D = R*\{(0,0)} ¢ R?, is a
vector field on D.
1.4.6 Definition. Let X, Y € X(D) be two vector fields (having their components

X% Y7 of class C°°). We call the Lie bracket of X and Y, the field [X,Y] € X(D)
given by

(X, Y](f) = X(Y(f)) = Y(X(f)), for all f € F(D), (13)
where we denoted X (f) = Xigji, for all f € F(D).

The following properties hold true:
a) [X,Y] = [V, X],
b) [X,[Y.Z]| + [V, [Z, X]] + [Z,[X,Y]] = 0, (the Jacobi identity);
c) [X,X]=0, forall X,Y,Z € X(D),
and we have a) < ¢). Also, the Lie bracket is R-bilinear with respect to X and Y.

4We call an R—module a set M endowed with two operations (one internal - addition, and the
second external - multiplication with scalars from R), which obey the same properties as the ones of
a vector space, with the essential difference that R is not a field, but a ring.
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The real vector space X (D) together with the product given by the bracket
[.,.]: X(D)xX(D)— X(D)

defined in (13) determine a real Lie algebra.

For D ¢ R®, any vector field v € X (D) can be rewritten in the classical sense

-

U(Iayvz) = Ul(xayr'z);_F 02(537%3)] +’U3(1‘7yaz)lz7

with vy, vg,v3 € F(D), replacing {88:1:7 (%, (‘fz} with {7, ], E}

For any zop € D € R", consider the dual vector space (T, D)* and denote it
by T, D. lts elements are the linear mappings w,, € T; D, wsz, : TpyD — R
called covectors (covariant vectors, 1—forms) at xo. The space T, D has a canonical
structure of a vector space and is called the cotangent space.

Example. For a given mapping f € F(D), for each zy € D, its differential
df |zo€ Ty, D at zo is an R - linear mapping on T, D, hence an example of covector

at xq, since
(df |To)(XT0) = Xmo(f)v for all X-To € T-TOD'

0

Theorem. Let { — ,
oz’ |,

R the coordinate functions. Then the set

i=T1,np be the natural frame in Ty, D, and 29 : D —

{dz" |,,,i=T1,n}

is a basis in Ty D, called also (natural) coframe at xg.

, 0 dzI ;
Proof. We remark that da? |, <8 |w0> = %(mo) = ¢, i.e., we have a dual
it z*

basis. Now we want to analyse directly if the given set is a basis. Consider the
vanishing linear combination a;dz’ |,,= 0,a; € R,j = 1,n. Applying this covector

to 9 e obtain
—_— W
oxt |’

zo

; 0
0= (ajdx] |1;0) (6331

) =a;0! =a; < a; =0,i=1,n,

0

hence the set of covectors is linearly independent.

Consider now a covector wy, € T D. Since wy, : Ty D — R is linear, for any

)

tangent vector X,, = X}

20 Pt loo € Ty D, we have

; 0
= X! 7
x) Iowﬂia ( ot

Wao (XJEO) = Wz (X; aiz
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Similarly, for any i = 1,n, we find

, . 9
i 7 k
dx |wo (Xwo) =dx |E0 (XIO ozk

_ 9 , ,
_ X’k 7 _ X'k iyl
IO) - Iodw ‘170 <axk xo) - woék - xo?

0 ) , we infer
o

whence, denoting w;(xg) = wy, ( 57

Wao (Xao) = wi(20)dz’ |2y (Xuy) = (wilzo)da® |40)(Xy,), for all X, € Ty, D.

Thus, the covector decomposes w,, = w;(zo)dz’ |,,, and hence is generated by the
set {dz" |z,,7 = 1,n}. m|

Definition. A differentiable mapping w : D — U TxD, with w(z) € TxD is

x€D
called differential 1-form (or covariant vector field, covector field on D). The set of

differential 1-forms on D will be denoted by X*(D).

The addition of forms and their multiplication with real scalar functions endows
X*(D) with a structure of a real vector space. The set of 1-forms

dx': D — U T:D, da'(x) =dx'|,, forallz€ D, i=1n (14)
x€D

determines a basis in the F(D)-module A*(D). Any differential 1—form can be
written w = w;dx’. The components w; are differentiable functions.

Examples. 1. w, = 2dx! |, +3d2? |,€ T} D, z € D C R" is a covector.

2. X, = 5% | —% |.€ T, D is a vector.

3. w=xla?dx! — (sina?)dx? € X*(D) is a covector field (1-form).

4. X = e*“% + :L"QQ%S € X(D), where D C R?, is a vector field.

1.4.7 Let (z',...,2™) be the coordinates of an arbitrary point z € D C R". If

the point x has the new coordinates (xl/, e ,m"/), then these are related to the old
ones by a change of coordinates

2t =2" (24,7 =1,n, det (8;;1 (:1:])> #0 (15)

which are reverted locally to

v

o' =2 (2"),i=T1,n, det (3;,(#)) # 0. (16)

Then the transformation (16) induces a change of basis in T, D,

D S 9
Bm{axz xv Z].,?’L} - Bz{axi/

/

y v _]-an}a
T
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and also of the corresponding dual basis in T D,
B ={ds'|,, i=T,n} — B:{da" |,, i=Tn}.

Proposition. The bases above are pairwise related by the formulas

0
or?

ort .0
= J s
. oz’ (27) oz |,

,1=1,n

, ort .
dz* |, = ii,(x]/)dxll le, i=1,n.

Ox
The corresponding bases of fields of frames of the F(D)-modules X (D) and X*(D),

are respectively
0 0
B:{axl7 7;:1,”}, Blz{axi/, iI=1,n},

B* ={dd', i=T,n}, B ={dz", i=T,n}.

and

They are related by

o  oxt .0 Coxt
’L: J ?
dx s (7 )dz" . (17)

_ i Y .
ozt ozt (@ )azi’ '

Let X € X(D), X = X' = X"'% be a vector field, and let

we X D), w=uwds'=uwyds"

be an 1-form on D.
Then their old/new components of X and w are respectively related by

ozt . Oz’

9]
3 7 — .
X' =on X we = i

Remark. Consider a point P = (x,y) € D C R?, and a vector field

X=fi4gs cX(D), fge (D)

Ay
We may identify { 6%, a%} = {i, ]}, since the vectors % |p and a% lo are equipolent
for all P,Q € D; iis exactly the class of equipolence 3%5 the similar happens to 8%.

Therefore we can write X = fi + gj.
When the metric on D C R? is the canonic metric, g;j = 05, i,5 = 1, 2, we might
also identify {dz,dy} = {Z, 5}, respectively.
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Similar considerations hold true for D ¢ R?*, where we identify {%, 8%7 %}
{f, 7, E}, and, in the case of canonic metric, {dz,dy,dz} = {;, 7, E}
Example. We consider in D = R?\{(0,0)} the change of coordinates
(@',2%) = (2,9) € R2\{(0,0)} — (2",2%) = (p,0) € (0,00) x [0,27),
given by z* = 2%(2%),i = 1, 2, with
2t = 2 cosx? { x = pcosh
or

2 ’ .
22 = ! sinz? y = psinf.

—

Then the change of basis B = {8%, 8%} — B' = {8%, %} is described by the relations
0] 8p3+%3 0 8p8+398
dr  Oxdp  Ox 00’ Oy  Oydp  Oyol

and the change of dual bases B* — B* s performed according to the rules

ox ox dy dy
dr = a—d —l—%dﬂ dy = o d+89d9'

1.4.8. Exercises

1. Let be the vector field

0 0 0 3
X =x— — —ec X(D), D .
x8x+y8 —|—za e X(D), cR

Find the components of X in cylindrical and spherical coordinates.

Solution. Let be the change from Cartesian to cylindrical coordinates

(' 2, 2°) = (z,y.2) = (@, 0% 2%) = (p,0,2),

given by the formulas

! ’
z = pcosf r! = 2% cosa? p= /2% +y>?
— psinf 2 _ 1 2 _ y 18
y=psind << 22=2zsinz = f = arctan (18)
z=2z 3 = 2% z=z.

Since the vector field rewrites

0 0 0
X:$187+$2a +.’173ﬁ,

3. We have to determine the

by means of the relations

we get the components X' =2l X2 = 22, X3 = T
new components XV 7X2 7X3 , Wthh satisfy X = x?
which link the two sets of components of X:

81"

ozt _ . . ozt
_ X" X' = -
ox ™’ Oxt

Xt = Xt 4,d =1,3. (19)
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Method 1. Compute the matrix

-1 — oz \ ! _ dxd’
oz’ I
and then replace its elements in formula (19).

Method 2. We have the relations

9 _po w9 90
Jdr Oxdp 0O0x00 Ox0z
o _0p0 0 0:0
dy Oydp Oyodld 0yodz

o_9
0z 0z
derived from the formulas (18). Then we replace 8% = %, a% = 8%’ and % = %

1n
d 9 o
_ 1> 2 > 3>
X=X'2o 4 X ay+X 2

and express X! =z, X2 = 22, X3 = 23 via (18) with respect to the new coordinates
(p,0,2); as result, we yield X in cylindrical coordinates.

2. Consider in R? the change of coordinates

=x+y
y=x—uy.

Determine the components of X and df in the new coordinates, and compute X (f),
for

X = xé% - % € X(R?) and f(z,y) =2* -y, f € F(R?) = TP(R?).
Solution. We identify (z,y) = (z',22) and (2/,y') = (2", 2?). The components

of X have the rules of change

Xi=CLX", i=T1,2
, L _ (20)

X' =Crx' i =12,

where
i’ 8:10’ 1 1
()i iz = (aaﬂ) - ( 1 -1 )
i i=1,2

and

o'\ 1/2  1/2
2:<8x1’>“ (1 i) en
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The relations (20) rewrite explicitly
XV =C'X'+CiX2=1(-1)+1(z) =z —1
{ X2 =C¥X' 4+ CEX2=1(-1)+ (-1)(z) = —z — 1.
Since

, , (22)
we get the components of the vector field X in the new coordinates, i.e.,

' +y' -2 0  a'+y+2 0

2 Ry 2 oz’

Note that the matrix of change of coordinates results from the two relations in the

statement
1oLy (o
1 -1 9z i i=T3

(v)-G A6 |

Also, using (22), we have the function X (f) computed in new coordinates straight-
forward
0 0, 4

X(f) :xa*y(fﬂ—y)—%(:c —y)=-—x—2x=-3x=

= 32/ +v)/2 = =3(z" +a?)/2.

Regrading the differential form df = 2xdxr — dy, one can use two methods.

{ r=(2'+vy)/2

X =

Method 1. The rules of change da’ = g;’:, dz?" which are produced via differen-
tiating the relations (22), we get

da' = dx = (dz' + dy') /2 = (dz' + dz?') /2
da? = dy = (da/ — dy')/2 = (dz'’ — dz?') /2,

which together with (22) provides by direct replacement in df
df = (" +2%)- L(da' +da?) — L(dz" — da?) =

ot +2? -1, 1/+x1 + 2? 1

T
2 2

Method 2. The differential of f writes df = w;dz’® = wydz’ and its old/new

components are related by w; = ST“”;, w;, whence, replacing the entries of the matrix

C = (g?;,) from (21) and the old components w; = 22!, wy = —1 of df, we
T/ 4,i=1,2

s )

obtain ) )
9 9 1
Wy = a;:ll w1+ aTxl/WQ = 5(&)1 + (.4.)2)
_ Oz! x> _ 1
Wor = w2’ w1 + m&}g = 5(&)1 — (/.)2).
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Hence we find
df = wpdzl + wydr? =

eV 4 2? -1 v oV 42?41
Wt

da?

3. For D = R®, compute the components of the vector field X = x% € X(D) and
of the differential form w = zy dz € X*(D) in cylindrical and spherical coordinates.

Solution. a) The change from Cartesian to cylindrical coordinates

(a!,2%,2%) — (p,0,2) = (2", 2", 2%

is given by
x = pcost
y = psinf (23)
z=z.
The associated Jacobian matrix
P cos —psinf O
= <8“) = | sinf pcosf O (24)
L5 ) =13 0 0 1
has the inverse
cosf sinf 0 i
c-! = _sind cosf _ O
- P p | 9zt
0 0 1 i,i'=1,3

and finally, the new components of X and w can be computed considering their
relations with the old ones.

Method 1. Consider the relations between the new/old components

, .
ot . oz’

= - X' and w;y = —w;,
oxt oxt

where X! =z, X? = X2 =0, and respectively w; = wy =0, w3 = xy.

Xi

Method 2. Use the compound partial derivative rule
9 _oop oo, 00
Jdr Opdx 000x 0z0x
o _00p 000 00
dy Opdy 000y 0z0y
0 0

9z 0z
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consider the reverse of the relation between coordinates (23),

p=r?+y?
6 = arctan ¥ (25)
T

z =z,

and replace (24) and (25) in X = X*.2 +X28% +Xx32

As for w, use the straightforward differentiation compound rule,

ox ox Ox
dx a—d p + %dﬂ + a—dz = cosfdp — psin Hdl
dy 8yd + 8yd9 + 8—dz = sin #dp + p cos 6dd

ap 09 0z
dz = dz,

and replace them and (23) in w = wydz 4+ wady + wsdz, using (18).

The answers are

X = pcosQHaap —sm@cos@% —|—086 . w=p’sinfcosbdz.

Remark that for finding the new components of X, method 1 works faster, while for
w, method 2 is straightforward.

b) The change between Cartesian to spherical coordinates

(x,y,2) = (xl,x27x3) — (r,p,0) = (m1/7m2/7x3/)

is given by
x = rsinpcosf
y =rsinpsinf (26)
Z = 1rcos .

4 Hw. Find the new (spherical) components for X and w.

4. Determine the components of the vector field X = 8% - %a% € X(R*\Oy) in
polar coordinates.

Solution. The old components of X are X! =1, X2 = —y/x and the change of
coordinates

(@', 2%) = (2,y) = (=",2%) = (p,0) (27)

is given by

_ . _ a2
{x-pcosﬁ o { p=+/r2+y (28)

y=psiné 6 = arctan (y/x).
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The formulas of change of components write

P
Xl — , 3
oxt
and involves the Jacobian matrix
dxt [0z - [ cos® —psind ! B C(S)isngg igég
Oxt _\02" ), 5 \ sin@ pcosé -l =
i’,i=1,2 i,i'=1, P P)

The old components of X rewrite in polar coordinates

X'=1
X?=—tané,

hence its new ones will be

XV = %ﬁl,- Xi= %zzll X+ %””12 X2 =cosf-1+sinf - (— tan )

xT

2" 8z2/ i 8:1:2/ 1 8:172/ 2 sin 6 cos 6
X _Ba;iX_Ba:lx—i_[“);sz__p 14 p '(_tana)a

so we obtained the decomposition of X w.r.t. the new (polar) coordinates

;0 G cos20 0 2sinf 0
_ vl 2 — - _ _
X =X oxY X 0x?  cosf Op p 00

1.5 Tensor fields

Let D C R™ a domain. Using the notion of tensor of type (p,q) on the vector space
T, D, we can define the tensor fields.

1.5.1 Definition. A tensor field of type (p,q) on D is a differentiable mapping

T:D — | J TP(T.D), such that T(x) € T?(T,D), Vx € D.
zeD

Note. The set of all tensor fields of type (p,q) on D is denoted by 7P(D); this
set admits a canonical structure of real vector space and of F(D)—module.

Using the bases B and B* of X (D) and X*(D) considered in (12) and (14), it can
be proved that the following set of tensor fields

0 0 ; P o .
Bg: gijll...z:]:E%@-.-@)%@dl‘ﬁ@...@dx]q, 11,...,Zp,j1,...,jq:l,n,}

of type (p,q), represents a basis in the F(D)—module 7P(D). This basis contains
nP*? elements, and hence dim 7?(D) = nP*9,
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Any tensor field T' € 7P(D) can be expressed in this basis,

. 7;1~~ip Jl]q
T =Ty 5 &5

and the differentiable functions T;IIZ’ € F(D), are called the components of the
tensor field T' with respect to the natural basis BY.
Examples. T € 7¢(D), T =T"2; ® ;2.
g€ TP (D), g=gijda’®dal.
weTXD)=x*(D), w=widx".
X eT}(D)=Xx(D), X=X'2.
UeTHD), U=UlL @dal.
The tensor field

g = zdr @ dz + (siny)de @ dy = z'de' @ da' + (sinz?)de' ® dz? € T (D), D C R?,

where we denoted (x,y) = (2!, 2?), has the components

{911 =z, 912 = siny, g22 = g21 = 0}.

Then we can associate to g the matrix [g] of its components
lg] = g1 g1z \ _ [ = siny \ [ x' sinz?
g 921 922 0 0 0 0 :

If a change of coordinates (15) occurs then, considering the change of bases (17)
in X(D) and X*(D), we remark that the basis BY,

i1 0 0 o ) . o .
{Sgllmijp :%Q@...@ax% A ® ... @ dal, 21,...,2p,31,...,jq:1,n}

changes to the corresponding basis B’g by the formulas

g i i i il L
5]1...]; _ ox™ Ox» Oz Ox'a pdredq

-/ o -/
o= — . — — ... : N T | =1,n.
(AR 8:531 833];’ Ori Oria i1.dp 0 YD) yUpy J1s oy )

Then the components of a tensor field T € 7P(D) expressed w.r.t. these bases,
change by the rule

. . ., .
i, Oxht Oxla  Jx™r ox'r 1.4,

Gdy T oght " Ok Dan T Qe e
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1.5.2. Exercises
1. In D =R?\{(0,0)}, compute the components of the tensor field
T = \/de@)dx + 2y dy @ dy € T (D),
in polar coordinates.

Solution. Denoting (z,y) = (z!,2?), T € 7 (D) decomposes as
T = T;jds' @ da? (29)

whence its components are

Ty =22 +y2, To=ay, Tip=Ts =0. (30)
The change from Cartesian to polar coordinates

(2,9) = («',2%) — (p,0) = (2", 2%)
is described by (28). We look for the components T/, of T in its decomposition
T = T,-/j/dxi' ® da’’ .

Method 1. Use the relation between the new/old components of T,
oz' Oz’ g
6xi/ ax]/ 1]
taking into account that the Jacobian matrix entry factors come from (28)

cosf) —psinf oz’
C= . =\ 57 .
sinf  pcosf oz /. . 15

) )

E/j, =

Method 2. Replace (28) in the Cartesian expression of T', compute then dz ® dz,
and dy ® dy using the relations

dx =d (pcosf) =cosf-dp— psinf - df
dy =d (psinf) =sinf -dp+ pcosf - db,
and fill in (29).

% Hw. Perform the computations by both methods, and check that the result is
the same.

2. Find the components of the canonic metric
g =0y de' @ da? € T (R?)
in polar coordinates.
Answer. Proceeding as in the previous exercise, one gets

g=dp®dp+ p>dd ® db.
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1.6 Linear connections

Let D be an open subset of R", and Y € X (D). Let also z € D fixed, and X, € T,,D.
Definition. The vector

€ T,M (31)

d
Vx,Y==Y(@+tX,)
¢ t=0

d
is called the (flat) covariant derivative of Y with respect to X,.

If Y = Y'22 it can be proved that

0 0
ozt |, oz’

We can extend the definition (31). The (flat) covariant derivative of Y with respect
to the vector field X € X (D) will be given by

Vx,Y =V, (YY) = X, (Y

xT

VxY = X(Yi)%, for all X,Y € X(D). (32)

The operator (32) has the following properties

a) VixigvZ = fVxZ +gVyZ,

b) VX(GY + bZ) =aVxY +bVxZ,

¢) Vx(fY)=(Vx[)Y + fVxY,

d) Vi f = X(),
for all f,g € F(D), a,b € R, X,Y,Z € X(D). More general than (32), we can
introduce the following extension

1.6.1 Definition. A mapping V : X(D)? — X(D), described by the correspon-
dence
(X,Y)e X(D) x X(D) — VxY € X(D),
which satisfies the properties above is called linear connection or covariant derivative

on D.

Since V_o_-2- € X(D), we can write
dx

7 Oxd
Vdi@:njw, Fl] Gf(D), Z,],h:l,n.
The n? functions {I‘Z} ijh=Tm of this decomposition are called the components of

the linear connection V.

For two arbitrary given vector fields X = X° 821" Y = Yj% € X(D), we obtain

VxY =Vyio (V) =XV (V/5;) =

axt

=X{(V_o Y7);% + XYV s ;2 =
dzt Dzl

i 0 s\_0 iviTs 0
=X ox? (Y )813 +X Y]Fij('?:rs =

=X (25 +YITy) 222Xy 52

oxs U Oxs)?
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oy*® ;
where the functions Y7 = + Y’Tj; are called the components of the covariant

i

x
derivative of the field Y. Note that these are basically defined by the relation

0
\V/ =Yk —_
aiiY =Y ok’

1.6.2 The linear connection V determines two tensor fields:

1°. The torsion field of V is a tensor field T' € 73! (D), provided by the F(M)—linear
mapping T : X(D)? — X(D),

T(X,Y)=VxY - VyX — [X,Y] € X(D), forall X,Y € X(D).

2. The curvature tensor field of V is a tensor field R € T3'(D), given by the
F(M)—linear mapping R : X(D)? — X (D),

R(X, Y)Z = Vx(VyZ) - Vy(VXZ) - V[X’y]Z, forall XY, 7 € X(D)

The components of these tensor fields, computed relative to the components
{F;k}i k=T of V are, respectively,

i T %
T =T = Ty

Rh _ aFZz aF?Z Fh s Fh s (33)
ik = Ppi gk T astki T Lkst i
If T;k =0, 4,75,k = 1,n, then the connection V is called symmetrical connection.

If R}kl =0, i,7,k,1l = 1,n, then we say that the connection V is flat.

It can be proved that for a change of coordinates (15), the components {I‘; ) and
{Fél/ w } of V are connected by the relations
ozl oz , Oz %t

ri, S 9T _ pi 9T k=T
IR dgi Oxk koeh ~ driogpk Y "

We remark that for X € X(D), the mapping Vx : X(D) — X(D), given by
(Vx)Y)=VxY, forall Y € X(D), (34)

defines an R-linear endomorphism of the real vector space X' (D). We can extend it
to 7P(D), p,q €N, by postulating the following conditions for this extended map:
a) Vxf = X(f), forall f € F(D),
b) VxY, for all Y € X(D) as defined in (34),
c) Vxw € X*(D), for all w € X*(D), is defined by

(Vxw)(Y) =X (w()) —w(VxY), forallY € X(D),
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d) VxT € TP (D), for all T € TP(D) is defined by

(VxT)(wh, ..., 0P Yy, ..., Y,) = X(T(w', ... ,wP; Y1, V)~
-3 T(w Vxwk, . WP Y, Y-
k=1
q
=3 T(W' WP Y, VYY)
k=1

Then the extended mapping Vx described by a)—d) is subject of the following
1.6.3 Theorem. The operator Vx has the properties

a) Vx preserves the type of the tensor fields;
b) Vx commutes with transvections;

) Vx(S®@T)=(VxS)@T+S®VxT, foralSeTl(D),TeT](D).
1.6.4 Definition. If a tensor field T' € 7 (D) satisfies the condition
VxT =0, foral X € X(D),

then T is called a parallel tensor field.
Examples. 1. For Y = Y2,

(D) = 74(D), we have

s 0 . ) G s i
V@I Y = Y 8_(1,‘5, with Y:k = @ + FhY .
2. For w = w;dz® € X*(D) = T,°(D), we have
Ows .
Vaz W= wg dz’, Wlthqu—w— Wi
3. For T = T; 50 ® da? € T} (D), we have
vozk = T;’k ozt
with ]
i h _ ph i
j,k 8 k +F hjjj 7Fk]Th

1.6.4. Exercises

1. Let {Fi }ij k=17 Pe the components of a linear connection in R?, where '}, =

zy, and the other components are zero. Let also f,g € .7-'([R yand XY, Z € X([R )
be given by

_ _ Q _ ﬁ _ ﬁ 20



1.6. LINEAR CONNECTIONS 35

Verify the relations
a) VixigyZ = fVxZ + gVyZ;
b) Vx(aY + 7)) =aVxY + 8V x Z;
¢) VxfY = fVxY +(Vx )Y
forall X,Y,Z € X(D), o, € R, f,g € F(D).

Solution. Given a linear connection V on D C R" and considering the natural
basis

0 ot . —
{&Ei—@, Z—l,n}CX(D),

the components {Fij} of the linear connection V are determined by the rela-

tions

i,5,k=1,n

v@za.] - F ak7

where we denoted 9; = % = 3m782 axz = a—y. In our case, we have v@ia% = xy%

and all the other components of V in the local basis of the F(R?)-module X(R?) are
null.

a) Wehave V = fX+gY = (a?y+y )8r +2? ya , whence V1 = (zy+y2),V? = 22y,
and Y' =0,Y? =2, Z! = z, Z% = 2. Then, using the relation

VvZ =V(0,Z" +T%,Z2"0;,
one finds that

VvZ =V3(0,Z1 +T%,200; = V5(8,2)0; + VT, 2t9; =
= V190, + V2L p; + VT, 2%0, =
= (ay+9°) - 1gp + 2y -2y 5+ (wy +y7)ay - y° 5 =
= (zy +y?) (1 + 2y®) 2 + 222y a

As well, we have X! =y, X2 = 0 and hence
IVxZ = [X*0,70 + T4 2 5% = [X1 (% +T1,2%) 3 =

:le{(8w+rl2 y) +< +F12 y) }:
= (@+yy- (1 +ay?® )azv
GVyZ =gV (0.2 + T 2 5% = gv* (% +T5,2") i =

_ 2022 8 _ 9,0 _0,2,20
=gY By 922 — LY T 2y8y—2xy Dy

whence the stated equality. # Hw. Solve the items b) and c).
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2. Let V= {I‘i }” k=T e @ linear connection in R?, where I'}, = 2y, and the

other components are zero. Let also f € F(R?) and X, Y € X([R ), w € X*([R )
and g € ’TQO([R ) be respectively given by f(z,y) =z +y, X = yam,Y = xa%7w =
xdx + zydy, y—zdx ® dx + dy ® dy. Compute:

a) Vx f=X(f);
b) VY
¢) Vxw;
d) Vxg.
Solution. a) Using the definition, we find X (f) € F(R?),
;0 0
X () :Xzaa{i - ai

b) We notice that

d
VxY = Xx* ’“81: yY3

_ (8Y2 +I‘2 YJ) 2

9 _
By ! ay’
R2

and hence VXYzy%(x)a%zyay X(R7).
c) We have
(Vxw)(2) = X(w(2)) -w(VxZ) =

= X(wZ") —w (X’(E) Zﬂ)ai + X' 2T aak>

for all Z € X(R?), whence

0 i . i s
Oz _7) X Wiiis with Wijig = Flj s

(VXW)J = (VXW)( 8 i

4 Hw. Compute wj,; for i, j = 1,2 and then determine V yw.

d) We have

(Vxg) = X gijuda’ ® do? = X*(Orgij — 9515 — 95iTh;)da’ @ da?.

3. Compute the torsion components and the curvature components (33) produced
by the connection from the previous exercise. Is V a symmetrical connection ?
4. Compute the following tensor fields
a) Vx (Y ®g);
b) Vx[tri(Y ® g)] = 0;
x(

¢) Check that tri(Vx (Y @ g)) = 6.
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Hint. a) The tensor field U =Y ® g € 73'(M) has the covariantly derived com-
ponents 4 , ' ' 4
Ulpy = OU, + U Uy — Ug Iy — U T

. 2 . .
5. Consider on R* the linear connection of components

i _ 1, fori=j=1k=2
3k 71 0, for all the other indices

i.e., the only nonzero component is I'l, = 1. Compute VY, Vxw, Vx(Y ®@ w) for
the following fields

0 0
e _— = Yy— = 27 = d d .
X xay yax, xay, w = xdy + dx
Solution. a) We apply
i 0 - 0 0
ViV = XYL = xi (v1Z 4 y2 L
X " O ( " Ox T 0y

Since Y! =0, Y? = 22, we find

1-22, fori=1

Yl=20 4 Tlys= {

i e 0, for i =2
oy? R 2z, fori =1
Yi= G +TLY :{0 for i = 2

so the only nonzero components are Y1 = 22, Y2 = 2x. Then we have

0 0 0 0
VxY = —y 22— + (—y) - 20— = —ay— — 2zy—.
X yratoo+ (=) Toy T T Vo 2y,
b) We apply the formulas
Vxw= Xiwjddzj = Xi(wudx + wo i dy), Wi, = % —TI'Yws.

¢) We apply for T} = Y?wy, the formula
Vx(Y ®w) =X'T] ;%5 @dih =
= X (Th 2 @do+ T, & @ dy+ T2, 5 @ do + T3, @ dy)

and .
6T,§
ozt

4 Hw. Compute V,w and Vx (Y ® w) effectively.

+ ngTls - kath

J
Tk,i =
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1.7 Riemannian metrics and orthogonal coordinates

In the Euclidean space R"™ related to an orthonormal basis, the length of a vector
v=(vl,...;v") € R" is given by

oll = V2 T+ (072 = \J6,0009 = /T, 0).

The tensor G = 6ijdxi ® dr? € TP (R™), which provides the scalar product at each
point of D = R"™, will be called Riemannian metric on R".

More general, for a real Euclidean space V,,, the scalar product provides a tensor
of type (0,2) which is symmetrical and positive definite, called Riemannian metric
on V,.

Let now D be an open subset of R".

1.7.1 Definition. A tensor field g € 7°(D) such that for allz € D, g(z) is a
Riemannian metric on T, D, is called Riemannian metric on the set D and the pair
(D, g) is called Riemannian manifold.

Examples. 1. On D = R", the tensor field
gij(z) = 6;;, foralli,jel,n,zeR",
is a Riemannian metric, the so-called flat metric.
2. On D = {(z,y) € R?|y > 0}, the tensor field

1 —_
gij(2,y) = — 0y, for all i,j € T,n, (x,y) € D,
Yy

is a Riemannian metric, called the Poincaré metric.

For a change of coordinates (15), the components of the metric g change via

ozt Oz’ o
girjr = gijww7 i7" =1,n. (35)

Using the Riemannian metric g € 7,’(D), we compute the following geometric objects

a) the scalar product of X,Y € X(D), given by (X,Y) = ¢g(X,Y);
b) the norm of a vector field X € X(D), given by || X|| = /9(X, X);

c) the angle 8 € F(D) between two vector fields X,Y € X(D), given by the
relation

9(X,Y)

—— - 0 el0,n];
Xy o € 0

cosf =

the two vector fields are called orthogonal, and we write X 1,Y iff ¢(X,Y) = 0;
d) the length of a curve v : I = [a,b] — D, given by

I(y) = / o7 07 (D).
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For a metric ¢ = g;;(z)dz® ® da?, we can associate the matrix [g] = (gi;)

u ij=Tn"
The entries of the inverse matrix [g] ™! = (9"); j=17 define the reciprocal tensor field
0 0
-1 _ ij 2
= - Q) — € D
g ot ® ord 0 ( )

-1

of the metric g. Then, denoting [g~'] = (¢9"/), ;_17; = [9]~", we have the obvious

relations

- lg7 =1 & gyg* =6, i.k=Tn
Remarks. 1°. For X = X', Y = Y72 € X(D), we have g(X,Y) = g;; X'Y7.
2°. The Riemannian metric g and its reciprocal tensor field g—*
" raising” and 7 lowering” the indices of a tensor field, like shown below:

are used for

a) The correspondence
X € TH(D) — w e T(D)
is produced by w; = X%g;
b) The correspondence
we (D) — X € TH(D)
is produced by X* = w,g**;
¢) The tensor field S € 7;}(D) produces the tensor field
U e T,)(D), Uy = giS],

or the tensor field V € ZZ(D), V¥ = girSi.

1.7.2 Theorem. The Riemannian metric g € T (D) determines a symmetric
connection V which obeys Vxg =0, for all X € X(D).

Proof. The covariant derivative Vxg € 7 (D) is given by
(Vxg)(Y,2) = Vx (Y, 2)) —g(VxY,Z) —g(Y,Vx Z), forall X,Y,Z e X(D).

From (Vxg)(Y,Z) =0, for all X,Y,Z € X(D), i. e., gijx =0, 4,5,k =1,n and V
symmetrical, i. e.,

% = Thys
we obtain the n3 linear equations
89;;
0= gijix = a;,i —Tigjn — T4 9in (36)

with n® unknowns {T%;;4,j,k = 1,n}. To produce a linear connection, we solve the
system in a suitable way; we use the consequence

ki + iz — Gijsk = 0
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of (36), and we obtain the solution

1 4s (09js  0gis  Ogij
Fh — _hs J‘ 5 _ J
K 2g (3xl + oxJ 0xs )’ (37)

which determines a connection. O

The connection V having these components is called the Levi-Civita connection
associated to g, and its components {FZ}z jn=17 are called the Christoffel symbols
of second kind.

Remarks. 1. Since g;s = ¢gsi, Vs, 7 € 1,n, the coefficients above are symmetric in
lower indices.

99js
ox?

2. Denoting = 0,9js, the formula (37) rewrites

7 1 18
k= 59 (ajgsk + Okgsj — asgjk)~

3. In the Euclidean case (for g;; = d;;,Vi,j € R™), all the components ij of the
Levi-Civita connection V vanish. In this case, the covariant derivation reduces to the
usual derivation with respect to a given vector field.

Orthogonal systems of coordinates. Lamé coeflicients.

Let (z!,...,2™) be a coordinate system, and (2!, ...,2") another one, connected
to the former one by (15), and let ¢ € 7)(D) a Riemannian metric on D. The
components of g relative to the two systems of coordinates are related by

Oz’ a7
girjr = Oz ngj-

(38)

Definition. The system of coordinates (1:1/, e ,x”/) is called orthogonal iff g;;» =0
for all i’ # j'. The positive definiteness of g implies g;/;» > 0, i’ = 1, n. The functions
H;» = /g7y are called the coefficients of Lamé .

Let (xl/, . ,:E"/) be an orthogonal system. Starting with a vector field
x-x'2 ¢ X (D)
- 8.’1}77 Y

and lowering the upper index of X via gy j/, we obtain the covariant field w = Xy dz' €
X*(D), with

Xi’ = gz/]’Xj .
If we denote by ‘
0 o0 o ., i
CS T "o
the elements of the basis B’ C X(D) associated to the orthogonal system (xll, e ,x"/),

we can build the orthogonal unit vectors

e = H—ti/ M, i =1,n,
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where the sign ”(!)” indicates no summation (i.e., exception from the Finstein rule)
in indices #’. Then we have
v 0 s 0zt 9 -

X=X'" =X 2 =X =S (Hy X ew.
oz? oz¥ dxt ;( Je

1.7.3 Definition. The components of the vector field X € X' (D) introduced above
have the following names

X = contravariant components
X = covariant components
Hi/Xi/(!) = physical components.

Generally, the contravariant components of a covariant field w = wpdz® € X *(D) are

./

w' =g wy, and wilw € X(D).
Consequently,
Wi = covariant components
W' = gili/wi/ = ﬁwi/ no summation = contravariant components
7
Hyw' = H%/wi/ né summation = physical components.

1.7.3. Exercises

1. Compute the components of the metric, the Lamé coefficients and the Christof-
fel symbols in spherical and cylindrical coordinates, in M = [R?’\Oz.

Solution. We change the Cartesian coordinates to the cylindrical ones,

(a',2%,2%) = (2,y.2) = (@', 2*,2%) = (p.0,2),

with the formulas of change

x = pcosh
y = psinf
z=z.

The metric g writes in old/new coordinates
g = gijd]}i & dl‘j = (Sl]dl‘l & d.l?j, g = gi,j/dmi, X dl‘j/
and the new components are related to the old ones via the formulas

o Ozt Ozt s Ox Oxd _ . 9zt Ot 1 T3
gm’—gu'ww— ”'WW_, 1@@7 v, = Lo
i=

w
—
w
=}
=
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We remark that the right term is the scalar product between the column-vectors ¢’
and j of the Jacobian matrix

< Oui > cos 0 —psinf 0O
v = | sinf pcosf O
02" ) 13 0 0 1

Replacing the corresponding entries in (39), one gets the matrix of the new compo-
nents
1 0 0
(gi’j')i’,j'€1,3 =10 p 0],
0 0 1

and g decomposes in cylindrical coordinates as
g=1dp®@dp+ p*dd @ df + 1dz ® dz.
Variant. One can compute the square of the arc element ds? = da? + dy? + dz2, i.e.,
g=dr@dr+dy@dy+dzRdz
by direct replacement of the differentials
dx = cosf dp — psinf df
dy = sinf dp + pcosd df
dz = dz,

and infer the same result. The components of g provide the Lamé coefficients for
cylindrical coordinates
H, = /gim =1

Ho = \/g227 = p
H. = /933 = 1.

Using non-primed indices now in cylindrical coordinates, the coefficients of the Levi-
Civita connection are given by the formulas

. 1 .. o I
;‘k = 59%(8}95}6 + akgsj - asgjk)> Z,j,k = 1737

where we denoted 0; = 9/9z*, i = 1,3. For computing them one determines first the
matrix of the reciprocal tensor field g=! of g,

- 1 0 O
(glj)i7j:1)3 = 0 1/p* 0
0 0 1

Then one obtains, e.g., from the total amount of 3% = 27 components,
ry, = %918(81951 + 01951 — 05911) =0
I, = Ty = %915(82951 + 01952 — 0sg12) = 0.
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1.8 Differential operators

Let D C R? be an open and connected set and dij, 9,5 = 1,2,3, be the Riemannian
metric on D. We shall implicitly use the Cartesian coordinates on D.

1.8.1 Consider the following operators in D C R?:
1) The gradient V : F(D) — X (D),

of- 0f- Of-
gradf:Vf:£i+6f]ycj+a—£k€X(D).

2) The Hessian Hess : F(D) — T(D),

_(_ 9
Hess = (afiaxj>i,j—1,3 .

3) The divergence, div : X(D) — F(D), associates to a vector field

-

v = Ul(xa Y, Z);+ ’UQ(*Tv Y, Z).] + U3(1’7 Y, Z)E € X(D)v
the scalar field (function)

. 8111 81}2 8’1)3
d =—+4+—+— € FD).
v 8w+6y+8z€()
Remark that, formally, we can write dive = (grad,v ).

4) The curl (rotor ) curl : X(D) — X (D), associates to any vector field v € X (D)
as above, the vector field

g ‘Qj NI
‘Q}b.l

curlv = € X(D).

< Q
5

2 Q
<

& Slo =

=
V]

In the following, we generalize these operators for the case when the coordinates
on D C R™ are arbitrary, and consequently D is endowed with a Riemannian metric
g € TP(D), having the covariant components gi; and the contravariant ones g,
related by (38). The Riemannian metric g induces the Riemannian connection V.

1.8.2 The gradient, grad : f € F(D) — gradf € X(D) is defined by the
relation
9(X, grad f) = df(X) = X(f), for all X € X(D). (40)

Since df = w;dz® € X*(D) has the components w; = %, i = 1,n, we easily obtain

the (contravariant !) components of grad f, namely
of

i ij — ij i 0
X :gj@:gjwj, gradf:Xaxi

€ X(D),
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so that

grad f = (g”axfj> Eys e X(D).

This operator has the following properties

a) grad (a1f1 + G,Qfg) = aq grad f1 + ao grad fg;

b) grad (fl> — Lo grad fu — f1 grad fo);
fa 15

c) gradp(f) = (¢ o f) grad f,

forall a1 2 € R, f, f1, f2 € F(D),p € C*(R).
Remarks. 1°. Sometimes, instead of the symbol ”grad” we shall use V (nabla).
2°.The solutions of the system

of
ozt

=0, 1€1l,n,

give the critical points of f € F(D). The system can be briefly rewritten in the form

grad f = 0.

Theorem. If f has no critical points, then

a) grad f is orthogonal to the hypersurfaces described by f(x) =k, (k € R), which
are called constant level sets;

b) grad f shows at each point the sense and direction of the steepest (highest)
increase of the function f.

Proof. We prove a). Let ¥ : f(z) =¢, ¢ € R arbitrary and fixed. Consider the
coordinates x = (z!,...,2") € R", and a curve on X,

a:IcR—-YXCR",
given by a(t) = (x1(t),...,2"(t)),t € I. Then
fla®) = fx'(t),...,2"(t)) =c, foralltel. (41)
Differentiating (41) by ¢ and considering the relations

. Of 0 dxt dz™
— i r_
grad f =g OxJ Ozt and a ( dt ' dt ) ’

we infer that

of dx?
Ozt dt

=0 < g(gradf,a’)=0.
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Indeed

i 5f) dx® _si of dz®  Of dat

g9( grad f,a’) = grs <9 0ot ) dt " 0wt owi dt

and hence grad f L, o' O

1.8.3 Let V be the Riemannian connection on D. The Hessian is the operator
Hess : F(D) — T,)(D), which associates to any function f € F(D), a (0,2)-type
tensor, given by Hess f = V(df), i.e.,

Hess f(X,Y) = (Vyx df)(Y), , for all X,Y € X (D).

In coordinates,

Hess f = (Hess f) jx da? ® da* (42)
with the components
0% f n Of .
(Hebsf)jk: O Ok - jk@7 J)kzlvna (43)

where I‘;k are the Christoffel symbols of g. The tensor field Hess f is called the
Hessian of f. The operator Hess is intensively used in the theory of extrema.

1.8.4 The divergence is the operator div : X(D) — F(D), given by

divX = X', = % ;X% forall X =X py% € X(D). (44)
We remind that X’] = %f; + F;kX k and that the sum about i above means the
transvection tr{ of the (1,1)-type field T = ij 3% ® dz? € T,H(D).

Proposition. Denoting G = det (g;;), an equivalent expression for div X is

.
VG 0x?

Proof. By direct computation, we obtain

div X = (VGX?), forall X € X(D).

1 . (Ogik | Ogik  Ogij 1 ik Ogin
Ii =g (=2 = ) = gt 45
i = 99 (({91'1 T 0w T ook 29 Bai” (45)
and the partial derivative of the determinant G can be written
oG 0G 0g; i 00
- ik _ Ggik . STk (46)

Oxi 0gir, OxI g OxJ
Using (46), the relation (45) becomes

i 190G 1 09VG
9T 9G 0 /G Oz
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and, replacing in the formula (44), we infer

oXi 1 (VG . 1 oXi VG
X = )(7 — X'=—|VG—+ X' -
v 8xl+\/é<8:ck> @( “owr T w)’

whence the statement holds true. O

Remarks. The divergence has the following properties
1) div (fX) = X(f) + fdivX;
2) div(aX +bY)=adivX +bdivY, foralla,be R, X, Y € X(D), f € F(D).

1.8.5 Definitions. a) The Laplacian is the operator A : F(D) — F(D), given by
Af =div( grad f), forall f € F(D).

In coordinates, it has the expression

Af = \Fa <\F M 8f> = g™ fu,

where { fui}; ,_1 are the components of the Hessian (43).
b) A function f € F(D) which obeys Af = 0 is called harmonic.

1.8.6 Definition. The curl (rotor ) is the operator curl : X(D) — 73(D), given
by
curl X = (wj; — wi;) do' @ do? € T(D), for all X € X(D),

with w; = g;5X°, i.e., the 1-form w = wjda? € X*(D) is obtained from X by lowering

the index and w;,; = g“;j Ik “wr, 4, = 1,n, where Ffj are the Christoffel symbols of
g. In the Euclidean case, when gij = 035, we have

o ., O

X7 - X i J for all X € X(D).
pye 5 )dac ®dx?, for a € X(D)

curl X = <

Remarks. 1°. The tensor curl X € 77(D) is antisymmetrical in lower indices
(i.e., denoting the components by a;;, we have a;; = —aj;, for all i,j = 1,n).

2°. In the case D C R®, we can attach to curl X a contravariant vector field,
namely

VG

where the triple {4, j, k} is a cyclic permutation of the numbers {1, 2, 3}.

[ 1 8 s a s
(curl X)' = — <8:Ej(ngX ) — @(gjsx )) ;

3°. For D C R® to curl X we can associate the (antisymmetrical) matrix of the

form
0 a2 a3

[CUI'IX} = —a12 0 a23
—ai3 —az3 O
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1.8.7 Let us change the Cartesian coordinates (x,y, z) to the orthogonal coor-
dinates (u,v,w), via the formulas

x = z(u,v,w)
y = y(u7v7w)
z = z(u,v,w).

Fix a point P(xg,yo, 20) € R3,

o = JT(U,O,’UO,UJO)

Yo = y(u07v07w0)
zZo = Z(“Oa”@vwo)'

Consider the three coordinate lines and the three coordinate surfaces through this
point; for example, the (u)-line is given parametrically by

x = x(u, vy, Wo)

y= y(u7U07w0)
z = z(u, vg, wp)

and the u = ug surface is given parametrically by

x = x(ug, v, w)

Y= y(uo,v,w)
z = z(ug, v, w).

We suppose that the new system is orthogonal (i.e., the tangents to the coordinate
lines are mutually orthogonal).

Let 7 = x(u, v, w)?—l— y(u, v, w)j_'—|— z(u, v, w)E be the position vector and the partial
derivatives

— —

L or

Ty =

or or
T T dw
These vectors are mutually orthogonal, and the Lamé coefficients of the new coordi-
nate system are the norms

Hy = |[Pull, Hy = |7o]l; Ho = [|70l],

and one can normalize the family of these vectors, obtaining the orthonormal basis
{4, €,@,} C X(R?) given by

1 1 1

€y = Ty, €y = Ty, Ew = Tw-

H, H, H,

The area element in the plane z = xg, expressed in Cartesian coordinates is

do=dyAndz™ dy dz,
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and the area element on the curvilinear surface u = ug is given by

do = H, Hydv A dw ™2 H, H,, dv dw.

Also, the volume element in the Cartesian system is

dV =dz Ady Adz = de dy dz

and in curvilinear coordinates,

dV = H,H,H,, du A dv A dw ™% H,H,H,, du dv dw.

1.8.8 Let D C R®. We pass from the Cartesian coordinates (z!,z2,2%) =
(z,y,2). We pass to a general orthogonal system of coordinates (xl,,mz,,ac?’,) =
(u, v, w).

The gradient

of - f of »
gradffa 3y +8k€X(D)
rewrites 1 of ) 8f 1 of ) 8f
S = o T, 00 T, 0™ T S, o n

where the coefficients of the linear combination above are the physical components of
grad f.

Also, in physical components, we have
V = V,u@y + Vi@, + Vi € X(D), D C R?;
the rotor and the divergence of the vector field V rewrite

H'IL e'lL H?) 67) HU) e?l)

V4 1 9 9 9
CllI'l V = 7HquHw Em 0 w0
H,V, H,V, HyVy
48
divV =t a(VHH) 8(VHH)+£(VHH)— .
H H H a w 32} v w u aw w u v -
S Vo, HyHy
Hu'uwa ( )?

where H = H, H,H,,. Moreover, since Af = div(grad f), for all f € F(D), replac-
ing V with grad f, we obtain the expression of the Laplacian of f,

Af = 1 o (0f HyH, Lo of HyH, L9 of H,H,
_HuHH ou\ou H, 31} ov H, aw ow H, -

1,0 (0f HH,
Hwau ou H, '

(49)
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Since V(f) = g(V, grad f), we find also

— - Vu 8f Vv af Vw 8f
YW=t ou w0 T, o0 TN D)
1.8.9. Exercises

1. Find the Lamé coeflicients for cylindrical coordinates.

Solution. Considering the change from Cartesian coordinates to cylindrical coor-

dinates S
(a',2%,2%) = (2,9,2) — (z", 2% ,2%) = (p,0, 2),
we obtain the vector field 7= p cos 07 + psin Qer le, and the partial derivatives

Ty = T = cos 01 + sin
Ty = T9 = —psinfi + pcosj

The Lamé coefficients are

and the orthonormal basis is
&, = cos i + sin 9;'
€, = —sin 0i + cos 0;
&y = k.
Since in the new orthogonal coordinates (u, v, w), the natural metric
g= 6ijdxidzj = da? + dy® + dz*

of R? rewrites
g=H2du’ + H:dw? + HZdw?,

we obtain in cylindrical coordinates
g = ds? = dp? + p*do? + d2°.

% Hw. Show that for spherical coordinates (r, o, 8) provided by the relations between
the Cartesian/spherical coordinates (26), we obtain the Lamé coefficients

H.=1, H,=r, Hy=rsine.

% Hw. Determine in cylindrical and spherical coordinates the covariant, contravariant
components, divergence and curl of the vector field

V = zi 4+ 2zyj + 2k = X € X(D).
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Hint. Compute X, divX, curl X in Cartesian coordinates, and then determine
the components in the new orthogonal systems of coordinates.

2. 1In the Poincaré plane H = {(z,y) € R? | y > 0}, with the metric g € T(H)
of components

1
g =922 =g 12 = 9o = 0,
compute
a) the angle § = ()?,\Y) between the vector fields X, Y, where
0 d
X=ay—+ 5, Y=y— € X(H);
o T oy Yoy (H)

b) the length (norm) || X|| € F(H) of the vector field X € X (H);
¢) the curve-length 1(7|,1)) of ¥(t) = (¢, 1% + 1), t € [0, 1].
Solution. a) We have
XY 1 1 1
g 1 _
5\/352342—&-1 V14 22y?

€ (0,1],

X[ Y] o2

1

whence § = arccos W S [
b) We obtain || X|| = Y1r=v”

Yy
c) The welocity of the parametrized curve and its speed are respectively

o

5

V(1) = (1,21)

and

H,y/(t)” _ (7’(t),’y'(t)>g — \/(172t) ( 1/0y2 1/0y2 )

(2)-
r=t,y=t2+1 2t

— T e _ Vitde
Y Y r=t,y=t2+1 t2 +1

Then its length is

1
1+ 4¢2
oy = /0 \/tzdt = V3. arctanhﬁ —2log(v/5 — 2).

3. Compute the Christoffel symbols for the metric from the previous exercise.

Solution. The reciprocal tensor field of g has the matrix

o= (7 8
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We replace its components in the expressions of the Levi-Civita connection compo-
nents,
, 1 .
F;‘k = 59”(3{]‘951@ - 559;'1@)»
where 7¢; 1 = Ti..j + 7;...i, and obtain the nontrivial components

1 1
F%z = F%l = F%z = *;»F% = ;;

all the other components being null.

4. a) Compute the Lamé coefficients for polar coordinates.

b) Find the covariant and the physical components of the vector field

Solution. a) The coordinate change from Cartesian to polar coordinates (27) is
provided by (28). The relation between the new/old components of the metric tensor
are

B Ozt 0x7 B ox' OxI
R i A P
oz _( cosf —psinf
where (‘9937"')“/:172 a ( sinf  pcosf

1 0
1,2 = 0 p2 )

whence the Lamé coeflicients follow straightforward

{ Hy = \/grr =1
Hy = \/g22 = p.
b) We have X = X*' -2

ST = (Xi/ H;/)e;. Then the physical components are given
by X = X? H; and the covariant (lowered) ones, by X1 = girjs X" .
4 Hw. Compute these components.

). We obtain the new components

(913 )ir o=

5. Let D = R®\Oz be endowed with the metric g = J;;da’ ® da’ € TP(D).
Determine the components of the metric g in cylindrical and spherical coordinates,
and the Christoffel symbols.

Hint. The cylindrical coordinates were described in (18); the relation between the
Cartesian coordinates (z,y, z) = (x', 22, 2%) and the spherical coordinates (:cl', z?, xg') =
(r,,0) is described by

x = rsinpcosd
y=rsinpsing , r € (0,00), ¢ €[0,7], 6 € [0,2m). (50)
Z=rcosp
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Method 1. Since g = §;;dz’ ® da’ = gi/]—/dmi' ® da?" and the relation between

the new/old components is

oz O’
9irjr = 92t oI Gij» (51)
using (50), one determines the matrix C' = (g;; )i - and replaces in (51).

Method 2. By straightforward differentiation in (50), one gets
dx = d(rsinpcosf) = sinpcosf dr + r cospcosf dp — rsinpsin 6§ db,

and dy, dz similarly expressed in terms of dr,dy,df. Replacing in

g = d;jdr' @ da? = dx® + dy® + d2?,

we find the new components of g.

6. Write the formulas (47), (48), (49) for grad f, divX, Af, curlX in cylin-
drical and spherical coordinates, on D C [R3\Oz.

7. Let be f € F(R?), f(z,y) = zy?. Compute:

a) grad f € X(R?);

b) Hess f € T2(R?).

Solution. a) The gradient is grad f = %f—&— %j = y2;—|— 2xyj.

b) The Hessian writes

o? ; -
Hess f = 5xiaij dx' @ dz’; [Hess f] = ( 2(;/ gg ) .

8. Let be the vector field X = yxa% — yza% + z% € X(R?). Compute

a) div X € F(R?);
b) curl X € X(R?).
ox’

3
Solution. a) The divergence of X is divX = Z i +1.
xZ
i=1

b) The curl of X is

i 7k i j ok B B
curl X =| 2 6% L= 2 8% L | =00+ 05+ (y+ 2y)k = 3yk.
Xt x? x3 —y? xy oz
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9. Let be given X = xya%, fle,y) =z —9y% Y = :Eya%. Check the following
relations:

a) div (fX) = X(f)+ f divX;
b) div(aX +bY) =adivX +bdivY, (for a =5 and b = —1).

2
10. Let D = R? endowed with the metric g of matrix [g] = ( 1 —Bx (1) >

a) Compute the gradient (40) of the function f(z,y) = zy?, f € F(R?).
b) For a = 5,b =7 and g(z,y) = « — y, check that

grad (af +bg) = agradf+bgradyg
1
grad <§) = g—Q(g grad f — f gradg).

¢) For f(z,y) =22+ 42, f € F(D), D = R*\{(0,0)}, show that:
o Crit f=¢J;
e grad f L T', where I' is the curve described by f(z,y) =¢, c € RY;

e grad f indicates the sense of the steepest increase of f.

Solution. a) The reciprocal tensor field g=* of g has the associated matrix

1
_ -0
[g7] = (97)ijeta=| 1+a? :
0 1
Hence applying the formula (40), we get grad f = %% + 2:1:y3%.
4 Hw. Solve b). For c¢), we remark that

2¢O 0

Tr20s T %5, =0~ (@) =(0,0)¢ Dom f,

grad f =0 &

so that we obtain Crit(f) = . The curves f(z,y) = ¢ are described by the
equations of the form z2 + y? = ¢, ¢ > 0, hence are circles parametrized by

v(t) = (Vccost,\/esint) = +'(t) = (—/csint,/ccost),

whence

2 t
gy, Vf) = %(—ﬁsmt)(l + % cos? t) + 2y/esint - \/ccost = 0,

forallt € I,so grad f L T.
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The wariation D, (f) of f in the direction provided by a unit vector u = (a,b)
(hence satisfying va? 4+ b2 = 1) is given by D, (f) = (u, grad f). Its absolute value
is subject to the Cauchy-Schwartz inequality

N
. gradf>|s||u||~||gradf||=|gradf|=\/(1ix2) + 2y

and is maximized only when the relation above becomes equality, which takes place
iff w is collinear to grad f, i.e., when the variation is considered in the direction of

grad f. Hence grad f shows the direction of the steepest increase of f at any point
of R?.

11. Compute the Hessian of the function f(z,y) = yx + y>.
Hint. Apply the formulas (42), (43) and identify (z,y) = (z*, 2?).

12. Compute the divergence of the vector field

and then in the Poincaré plane H,g) with

H={(zy) eR?y>0}, [g= ( 1/oy2 1/Oy2 ) ,

using the following equivalent formulas:
0x?

a) div X = X';, where X/, = 50 + i X5
; ; .

1o

X o
b) div TG o

(VGX?), where G = det [g].

Hint. The only nonzero components of the Levi-Civita connection on the Poincaré
plane are

1 1
F%z = F%l = F%z = **Ifl = -
Yy
) 1 1
Also, since g11 = go2 = E, g12 = go1 = 0, we have G = det (gij)i,jzf = E.
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13. Compute the curl (rotor) of the vector field X = xa% — z% € X(R?).
Hint. Use the formula

w= curl X =

0 0 A _
O (gthh) - T(thXh) dz' @ dz’.

14. Let D ¢ R® be endowed with the metric gij = 0;5. Consider the function
flx,y,2) = 222, f € F(D), and the vector field X = xza%, X € X(D). Compute
grad f, Hess f, Af, curl X and div X in cylindrical and in spherical coordinates.

Solution. We present two equivalent approaches.

Method 1. Denoting (z,y, z) = (2!, 22, 23), we use the formulas

0
grad f = glj alf 62]

i Oxk

Hess f :<8L I‘;ka )dﬂc]®dx

Af =div( grad f) = \% (\/> 9" 5 Y ) (52)
1 0 0 o] 0

curl X = TJS’“ [(’hﬂ (grs X°) — @(gjsX )] Ozt

divX = Jo 5% (VGXY),

where by S we denoted the cyclic sum over the indices {1,2,3} = {i,5,k}. In our

ijk
case, we have

gij = 0ij; g7 =065 G = det (gi); ;15 =1

)

and T = 1g% (% + %ﬁj - %g%) = 0, whence the formulas become
_ 0f @ of 8 of o
gradf — 9z 0z + dy Oy + 0z 0z

Hess f 63 8fx dz’ @ da*

Af - Z 8x’2

curl X =S (%f; - adf]) 597, where {i,j,k} = {1,2,3}

ijk

3 .
o0X?

ivX = —.
div o

=1
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Since X? = zz, X! = X3 = 0, by direct computation we obtain
grad f = 229&% + 1‘2%,

Hess f = 2zdzx ® dx + 2xdr @ dz + 2xdz ® dx,

Af =2z,
divy =2=_9
y
and 0X? 0 0X? 0
curl X =

923 9zl dxl a3
whence curl X = —x%—i—z%. Then, after changing the coordinates, one can compute
the new components of the tensor fields

U= gradf € X(D), H= HessfeT)(D),Y = curlX € X(D),
p=divX € F(D), v =Af e F(D),

with the corresponding formulas of change of components, and express these tensor
fields with respect to the new coordinates (z',z?,2%) = (p,0, z) or, respectively
(r,,0) for spherical coordinates.

Method 2.

e Determine the new components (Xll7 X, Xs/) of X and rewrite f in new co-
ordinates.

e We have G = (5ijdxi ®dxl = gi/j/dxi/ ® da?’. For computing the components

. . i o
gijr, we either use the new/old components relations g, ;; = gji/ gjj/gij, or

i -/ .
9z dx" and replace in g. As consequence, one gets for

compute directly dz’ =
cylindrical coordinates

Ox?

g=dp@dp+p?dd @ df + dz ® dz,

and
g=dr®dr+r2dp @ dp+r?sin ¢ df @ db,
in spherical coordinates.

e Apply the general formulas (35) and (18), whence
g =1, gy =p°, gz =1; G =p’
for cylindrical coordinates, and respectively (35) and (50) for spherical coordin-
ates, obtaining

gy =1, goo =12, gy =r’sin® p; G = rtsin?o.
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e Apply formulas (47),(48),(49) to the fields expressed in new coordinates.

15. Consider the cylindrical coordinates (u,v,w) = (p,0,2) in D C [R3, the
mapping
feF(D), f(p,0,z) =pcost + z,

and the vector field V € X (D), V =sin 98% - z%.

Find the physical components of V', and compute grad f, Af, curl V and divV.

Solution. Remark that (2!, 22", 2%") = (u,v,w) = (p, 0, z) are orthogonal coor-
dinates. We compute first the Lamé coefficients in one of the following two ways

o Hy, = /911, Hy=\/922, Hy = /9337, Or

o Hy, = ||7ull, Hy = ||Tull, Hw = ||7wl|, i-e., the lengths of the partial derivatives
of the position vector

#u,v,w) = 7(p, 0, 2) = pcos i + psin 6 + zk
of a point (z,y,2) = (pcosb, psiné, z), where we have denoted

L, o or or

T ow "M T o T dw
We obtain the Lamé coefficients
H,=1H, :Pan =1,

and consider the attached orthonormal basis {€,, €,, €y} of the F(D)-module X(D)
given by the relations

Then we have
3/ a - — -
— +V° — =V,e, + Ve, + Vieuw,
v ow

whence we infer the physical components of V/

V, = H, XV V, =sinv - H, = sinv
V, = H, X% = V, = (—w) - H, = —wu
Vi = Hp X3 Vi = 0.

It follows that V =sinv €, — uw €, = sinf €, — pz €.
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Then we apply the formulas

grad f = uvwﬁu%gu

A =% S A ().
H.e, H,e, H,é,

curlV. = % % % 3811}
H,)V, H,)V, H,V,

divV =4 S F (VuH,H,),

with H = H,H,H,, = p, where by S we denoted the cyclic sum about u, v, w.

uvw

16. 2 Hw. The same questions as in the previous exercise, for

f(r,p,0) =rcosp —sinfd and V = r;p —Singp%7

expressed in spherical coordinates (u, v, w) = (r, ¢, ).

Hint. Compute first the spherical Lamé coefficients

H,=1 H,=u=7r, H, =usinv = rsin .

17. Consider the Poincaré 2-plane H = {(x,y) € R? | y > 0}, endowed with the
metric

1 .
gij(xay) = ? 6i_j, i, =1,2.
Let be given the function f(x,y) = \/W and the vector field

0 5 0
=Yy— — e X(M).
Yo TV, (M)
Determine grad f, Hess f,div X, Af and curl X.

Hint. We use the formulas (52).

X

1°. The metric g and its reciprocal tensor g~! have respectively the components

10 - y2 0
2
(gij)i,jzf = ( % 1 > ) (gw)i,j:ﬁ - ( 0 92 ) '

Yy

Then, denoting Y = grad f, we compute its components

a
Y12911£=y2~

dy

x
f Y2 ( ) a)
= df= ——(2o—+y—|.
Yzzgzzg:yyg grad f /22 + 42 T or yay
f
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2°. As for the components of the Levi-Civita connection {I‘;k}l j k=13 We obtain

1 1
F%z = F%l = F%z = *;F%l = ;’

and all the other components are null.

3°. The determinant of [g] is G' = s, so % = y?, and applying the formula, we
find o
. (2 X")
divX =yt g =t (G () + 4 (o 0%)) =
:y2_m2.;21:_1,2.

Y

4°. 2 Hw. Compute Af.
5°. Lowering the indices of X and denoting wy = g X° we rewrite

(‘3wj (9(4)1' i j
curl X = <8xi — 5'xj) dx' @ dx?.
By direct computation, we find
— 11 ,=1
wr=guX' =5 -y=3
- 2 1. a2, 2%
w2—922X—y2 LY ="

Then, denoting {2 = curl X, we obtain the components

Q11 =022 =0
Owyg Owp 2z 1 2zy + 1
TET

912:*921:%*@:? y— y2 .

1.9 ¢g—forms

Let V be an n-dimensional real vector space.
1.9.1 Definition. A g-form (or a form of order q) over the space V is a tensor
w € T2(V) which is antisymmetric.

Let w € Tg (V) be a g-form. The antisymmetry of w can be expressed by the
relation
WV (1), - -+ Va(q)) = (sign o ) w(vi,...,vq),
for all the permutations o of {1,...,q} and for all vy,...,v, € V.

Denote by F,(V') the set of all ¢g-forms on V. This has a natural structure of real
vector space. Its dimension is

ci, forqed{0,1,2,...,n
diqu(V):{ { J

0, for ¢ > n.
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As particular cases, we have Fy(V) =R, F(V)=V"*.
1.9.2 Definition. Let p,q > 0. We call exterior product the operator

A (Whw?) € Fy(V) x Fy(V) = wh Aw? € Fppy(V)

given by
1 .
(W AwW?) (V1,2 Vpy Uiy ooy Uprg) = — Z( sign o ) wl(vg(l), e V()
(»+a)!
'w2 (vo(p-‘rl)v s 7UO'(p+q))7
where w! € F,(V), w? € F,(V); v1,...,vp14 € V and o is a permutation of the
numbers {1,...,p+q}. We call w! Aw? the exterior product of the forms w' and w?.

Remarks. 1°. The exterior product is bilinear and associative.
20, wh Aw? = (—=1)Pw? Awl, for all w! € F(V), w? € Fy (V).

1.9.3 Theorem. Let {e; | i =1,n} CV be a basis in V and {e/ | j = 1,n} C V*,
the corresponding dual basis of V*. Then

a) the set {e"" A...Ae" |i1,... ig=1,n} generates Fy(V);

b) the set ‘ ‘
{e" AN Ane 1 <ip <...<ig<n}

is a basis (called exterior product basis) of Fy(V).
Consequently, any form w € F,(V) can be expressed as
wzwil___iqe“ A...Nelr=ql- Z wjl.,,jqejl/\.../\eJ'Q.
1<51<j2<...<jq<n

The numbers w;, . ;, € R are called the components of the q—form.
1.9.4. Exercises

3

1. Compute the form n = w A, for w = e* Ae? —2e2 Aed and 0 = e! — €3, and

find the components of these forms.

Solution. We obtain
WwAO =(etAe2—22 NN =c' —e3) =22 nedNel —el Ne? Aed =
=-3et Ne? Aed.
The components are:
Wiz = —W21 = %7&123 =w3s — Lwiz = —ws31 = w11 = waz = w3z = 0;
01 =1,00=0,0 =-1,;

23 = %(—3) = —% = 7231 = 7312 = —71213 = —7N132 = 7321-
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2. Tsw=4e' Ae? Ae? abasis in F3(R?) ? But in F3(R*) ?

Solution. The 3-form w is a basis in the vector space F3(R?), since it is linearly
independent (being nonzero form) and dim F3(R?) = 1.

On the other hand, w is not a basis of F3(R"), since it generates just an 1-
dimensional vector subspace of the C§=4-dimensional vector space F3(R*). However,
it can be completed to a basis of F5(R*), e.g.,

{wyet ANe* Aet e NeP Aet el Ne? Aet).

1.10 Differential g—forms

Let us consider the path integral

/ [P(z,y,z)dz + Q(x,y, 2)dy + R(x,y, z)dz]
¥

and the surface integral

/ [P(z,y,z)dy Ndz + Q(x,y,2)dz A dx + R(zx,y, z)dz A dy] .

o

If P,Q, R are differentiable functions, then the mathematical object
P(z,y,z)dz + Q(x,y, 2)dy + R(z,y, z)dz
is called differential 1-form, and the object
P(z,y,z) dy Ndz+ Q(z,y, 2) dz ANdx + R(x,y, z) de A dy

is called differential 2-form.

We introduce the general notion of differential g-form as follows. Let D C R™ be
an open subset of R", let z = (z%,...,2") € D, V =T,D, and let F,(T,D) be the
set of all g-forms on T, D.

1.10.1 Definition. A differentiable function w : D — |J F,(T,D) such that
zeD

w(z) € Fy(TyD), for all x € D,

is called differential g—form (or a field of q-forms).

Let F,(D) be the set of all differential ¢-forms on D. It has a canonical struc-
ture of real vector space and of an F(D)—module. Regarding the last structure, if

= {5%,i=1,n} is a basis in X(D) and B* = {dz',i=1,n} C X*(D) is the
corresponding dual basis, then the induced set of generators is

{dx™ A ... Ada' | idq,. .. i, € T 0},
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and the induced basis in Fq(D) is
{da" Ao Ada'e |1 <y <idg <...<ig<n} C Fy(D).
Consequently, any differential form w € F,(D) decomposes like
w = wil,,,iqu“ A . ANdzte =

_ . eht J
=q! E Wi € A A
1<j1 <. <jg<n

where w;, i, € F(D) are called the components of the differential g—form.

1.10.2 Operations with forms
1.10.2.1 Definition. The interior product is the application
J:X(D) x Fg(D) — Fq-1(D),

given by
(XJw)(Xh PN 7Xq71) = W(X, Xl, N 7Xq,1),

for all X; € X(D),i = 1,q — 1. Then the differential (p — 1)—form X Jw € F,_1(D)
is called also the interior product between X and w.

The components of X _Jw are given by

(XJw)h_“iq = Xilwilh.__iq, iQ, o ,iq = 1, n.
Consequently, X _Jw is the tensor product X ® w followed by a suitable transvection.

1.10.2.2 Definition. The function d : Fy(D) — F441(D), for all ¢ > 0, which
satisfies

a) d? = 0;
b) d(w' A w?) = dw! Aw? + (—1)Piw! A dw?, for all w! € F,(D),w? € F,(D);
¢) X(dw) = d(X (w)), where

X(w) = X Jdw + d(X Jw), for all X € X(D),w € F,(D);

d) d(f) = df, for all f € Fo(D) = F(D),
is called exterior differentiation.

Generally, for a differential g—form w = w;, i, dz™ A...Adz', we have
dw = dwy, i, Adz™ A Ada'e.

In particular:
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o for w = w;dz’ € F(D),D C R?, we obtain

dw dwmdxiaw?ddexi<a°"33w2> 2 A\ da?
ox7 x

92 93 dx* N dz°+
8&)1 6w3 8&)2 8w1
(8,{53 — axl> dl‘s AN dl‘l + (azl — 81‘2) diﬂl AN dl‘g,

o for n = n;;dz’ Ada? € Fo(D), D C R®, we obtain

dn = %dmi Adxd A dak =

=2 (%’Qf + 5+ %”ﬁ) dz' A dz? A da?,

where we used the relations

Ow; ‘ .
w.dacj, dz* Ndz' =0,
oxJ

dw; =

det Ada? = —da? Ndat, for all i,j =1, n.

1.10.2.3 Definitions. a) A differential form w € F,(D) is called closed iff dw = 0.
b) If there exist n € F,_1(D) such that w = dn, then w is called an ezact form.

1.10.2.4 Remarks. For D ¢ R® endowed with the metric g = 8;;dz* @ dz’, the
1-forms and the 2-forms can be converted into vector fields using the rules

3
; 0
w=uw,; dz' € F1(D) < ;wi@EX(D)

w=w; dz* € F1(D) <(—)> wy dz? A dazd + we da® Adat + ws dat A da? € Fo(D).
2

The correspondence df € F1(D) e grad f € X(D), can be extended to

; .0
—wdiieX = XL e x(D), D
w = w; da’e> 5 € (D), we Fi(D)

by means of the relations 4 4
w; = 0;s X% X' = 0" w;.

(53)
Particularly, we have the correspondence

n=dw € Fao(D) < Y = curl X € X(D),

which is given in general by

n=Y_nijde’ Ada? € Fp(D) G Yo € X(D),
i<j
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with M2 = YB, 23 = Yl, n31 = Y2.

Also the correspondence <Y yields the relation
@

dn = (divY) det A da® A da®.

1.10.3. Exercises

1. Let X =22 € X(D), D C R’ and
w = xzdx ANdy — ydy N dz.
Compute the following tensor fields:

0
a) X _Jw, whereX:xa—, w=zxzdrANdy —ydyNdz;
z

b) dw, where w =z dz Ady —y dy A dz;
c) wAn, nAw, where n = xdx + 2ydz;
d) df,d®f, where f(x,y,z2) =z + 2yz.

Consider as well the case w = xzdy + ydz.

Solution. a) If X = Xt agi and w = wilmipdacil A...Adz', then
(X Jw) = X"w; 4,4, dz™ A ... Ada'>.

For w = zzdx Ady — ydy Adz € F»(D) and X = 2& € X (D), denoting (z',2%,2%) =
(z,y, z) and identifying then with the decompositions

) . .0
w=uwidx' Ndr), X =X"'—,
Y ox?
we obtain the components
0 zz 0
Wip = T2 = —Wo1, Wez = —Y = —Ws3, w3y =wiz=0=[w]= —zz 0 -y
0 y 0

and respectively X! = X2 = 0, X3 = x. Then, for § = (X Jw) = 0;dz* € F1(D),
with 8; = X*wy,;, i =1, 3, we obtain

91 = Xlwll +X2LAJ21 +X3W31 =0
Oy = X'wio + X3was + X3ws0 = a2y = X _w = zydy.
03 = X1w13 +X2LUQ;), +X3LU33 =0
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For w = xdy+ydz = w;dz’ € F1(D), and X = x% = X! 3% € X(D), the components
of w are w1 = 0,ws = z,ws = y and then for § = (X Jw) € Fo(D) = F(D), we find

0=X*0r = X'y + X%wo + X3w3 = w X = xy.
b) Generally, for w = wil__,ipdxil A ...Adz', we have
dw = dw;, i, Adz™ AL A da'r.

For w = zzdx A dy — ydy A dz € Fy(D), using

de* ANdz' =0, dot Ada? = —da? Adat, for all 4,5 =1, 3,
we infer

dw = (xdz + zdx) Nde Ndy — dy AN dy Adz = xdz Adx AN dy = xzdx AN dy Adz € F5(D).
=0
For w = zdy 4 ydz € F1(D), we infer dw = dx A dy + dy A dz € Fo(D).
¢) For w = zzdx ANdy — ydy N dz € Fo(D), n = xdx + 2ydz € Fi(D), we find
wAn = (zzdz ANdy —ydy A dz) A (zdz + 2ydz) =
= z?zdr ANdy Adx —zydy Adz Ade + 2zyz de Ady Adz — 2% dy Adz Adz =
[
=0 =0
= (2zyz —xzy)dx Ady Adz = zy(22z — 1)dz AN dy A dz € F3(D).
4 Hw. For w = zdy + ydz, determine w A 1. Also, in both cases, compute

WAw, nAN, wAwAMN.

d) By straightforward computation, we find df = dx + 2zdy + 2ydz € F1(D), and

d?f = d(df) = 0 € Fo(D).

2. In D c R?® endowed with the metric gi; = 0i;, establish the relations

we Fi(D) & X ex(D)
ne F(D) &Y eXx(D)

provided by
o dzt & ai%

a;dz’ A dz? & ak%, with ap, = a5, for {i,j,k} = {1,2,3},
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for the given data
a) w = xdz — ydr € F1(D) and n = zydz A dz — y2dy A dx € Fo(D);
0 0 0 0
X=x— — 2— Y=22——z— € X(D).
b) m(?y . and z(“)y To- € (D)

Solution. a) The direct associations provide

1)

!

w = xdz — ydx X:—y%—l—x%

2)

!

n = y3dx A\ dy + xydz A dx Y:yQ%—&—xy%.

b) The reverse associations yield

X 0 0 Hw=—zdz+ zdy,

=Ty, ~ "oz

y ox

—9,0 .09 & _
Y*QZay xry, & n=2zdzNdr—zdr A\dy.

3. Check that in D ¢ R® endowed with the metric gij = 0;j, the following
relations hold true (i.e., the 1-forms and 2-forms can be converted to vector fields)

df 4 grad f
dw & curl X, in case that w dx
dy = (divY) dz! Ada?® Adz?, in case that n & Y.
Apply these correspondences for the fields f(z,y, z) = zy, f € Fo(D) = F(D), for
w=uaydz € F1(D) and for n=xzzdy Adz € F2(D).

Solution. By straightforward calculation, we get

o df = ydr + xdy and grad f = gij%a‘zi = y% + xa%. Then one can easily
see that df 4 grad f.

e The relation w = zydz 4 X = xya% implies X! = X2 = 0, X% = 2y. Then

one gets
dw = —ydz A dx + xzdy N dz

and, based on the formula

). CANND & i @ o O .
CurlX:’Ej <8xZ ax])dl' /\diC] &7 W, {Za.]’k}:{1$273}7
we compute
0xX3 0X? 0 0
1_ _ 2 _ 3 _ _
S o L TR E == Z=ag mugs

which shows that dw £ curl X.
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e The relation n 2y provides Y = xz+-

other hand,

whence divY = 2220 — > On the

d’ ox

dn = zdx N dy A dz,

whence the equality
dn = (divY)da' A dz? A da®

holds true.
4. Compute the exterior derivative dw and the exterior product w A 6 for
0 = dx +ydz € Fi(R?)

and for w given below:
a) w =22 dx Ady — y?x dy A dz € Fo(R?),
b) w = (z —yz) duv Ady A dz € F3(R?).

Solution. For w = wil,,,ipdx“ A...ANdzt € fp([RS) we have
dw = (dwi,..4,) Ada™ A...Ada'r € Fpyr(R?),
Oow

with dw;, 4, = %dmz We know that
xl
de* ANdz' =0, do? Adx' = —dz® Ada?, for all 4,5 =1, n. (54)

a) The exterior differential of w writes

dw _(azd +8id +adz>/\dm/\dy—

0 dy 0
oy°x Oy’x oy’x B
(6 dx + ay d + 9% dz)/\dy/\dz-

= (040 + 2zdz) Adz A dy — (y*dx + 2zydy +0) Ady Adz =
=2zdx Ady Adz — y?dx Ady A dz — 2xzydy A dy A dz.
Hence, considering (54), we find dw = (22 — 4?) dz A dy A dz € F3(R?).
Also the exterior product of w with 6 = dx + ydz is
wWAO = (22dx Ndy — y*x dy Ndz) A (dz + ydz) =
=22dxANdyAde+22yde ANdyANdz —y?zdy Adz ANde — PPz dy Adz Adz =
= (2%y — y?x)dx A dy A dz.
b) The exterior differential is
dw = (dz—zdy —ydz) Nde ANdy ANdz = dx ANdx ANdy N\ dz—
—zdyANdx Ndy Ndz —ydz ANdx ANdy Adz =)+ 0+0=0.
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The exterior product writes
wAO=[(x—yz)de ANdy Ndz] A (dz + ydz).

This is a 4-form. Taking into account (54) we have that all the 4-forms in R® are
null, hence we have w A 6 = 0.

4 Hw. Check this by direct computation, applying (54).

5. Find dw in the following cases
a) w = x%dx + y>dy + 2%dz;
b) w = e*¥dx A dz;

1
= ———(dz + dy + dz).
c) w x—&—y—i—z(er Y+ dz)

Solution. a) Based on the formula

ow;, s - ) )
et et Adxt AL A dat,
ot

dw = dwy,_ir Ndz™ AL Ad'r =
for all w € F.(D), we find
a) dw = 0;
b) dw = ze®™dy A dx A dz = —ze™ dx A dy A dz;
-1
In the last case, we remark that w is an exact form,

w=d(ln]a +y+2]),
and hence it is closed, i.e., dw = 0.

6. Compute w_X, for w = z2dz A dy € F»(R?) and X = ma% —i—ya% e X(R?).

Solution. By straightforward computation, we obtain

2
wiX = trl [(962(dx®dy—dy®da:)> ®X] -

1’2 2

= 5 [de(X)dy — dy(X)da] = %(xdy — ydz) € F1(R?).



Chapter 2

Field Lines and Hypersurfaces

2.1 Field lines and first integrals

2.1.1 Let D C R™ be an open connected set, and X a vector field of class C! on D.
A curve a : I — D of class C! which satisfies o/ = X o« is called a field line ! of X.
The image a(I) is called orbit of X (see the figure).

X, 4 Xe@awm=ao'®

The differential equation
o' (t) = X(af(t)) (55)

is equivalent to the integral equation
t
a(t) = alto) + | X(as))ds,
to

and hence the curve « which satisfies (55) is of class C2.

La field line is also called: vector line, force line or flow line of X.

69
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Explicitly, for X = (X3,...,X,) and
a:(zla"'vxn)v Ille(t)"'wxn:xn(t)7te[v

the vector differential equation (55) is written under the form of an autonomous
differential system

dx
ditl = Xl(J?l, N ,In)
(56)
dz,,
W = Xn(zla s axn)‘

The existence and uniqueness theorem for a Cauchy problem associated to this
system can be reformulated as

2.1.2 Theorem. If X is a vector field of class C', then for any o € D, to € R,
there exists an open interval I and a field line o : I — D with the properties:

a) a(to) = wo;
b) if B:J — D is any other field line of X such that 3(t1) = o, then J C I and
O(t) =alt —to+1t1), forallteJ

The curve « is called the mazimal field line of X which passes through xg.

Definition. The solutions a € D of the algebraic autonomous system
Xi(z1, .o yxn) =0,..., Xp(21,...,2,) =0, (57)
are called zeros of X. The constant solutions z(t) = a, t € R of the differential
system (56) are called equilibrium points of X.
Example. Find the field lines and the equilibrium points of the field

X(l‘l, .Z‘Q) = (—l‘g,ll?l).

Solution. By integration, one obtains the general solution

x1(t) = Cy cost + Cysint
x9(t) = Cysint — Cs cost,

which for the initial conditions
z1(0) =a
To (0) =b

provides the particular solution which passes through the point (a,b) at the moment
to = 0, given by
x1(t) = acost — bsint
{ x9(t) = asint + beost.
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The unique equilibrium point of X is the origin O(0,0).
Properties of field lines.
1) The reparametrizations by translations are admitted.

2) Two distinct maximal field lines of X have in common no point.

3) Any maximal field line is either injective, either simple and closed, or constant.
Assume that ¢ : D — D,, y = () is a diffeomorphism of class C'. The system

d.’]?i
dt Xi(@)

is equivalent to

dyi (i ) (ot .
b _;(mxz (W), i=Tw,

or, equivalently,
—% = (Dxy;) (¢~ ()

0, forj=1,n—-1

The following theorem gives conditions under which Dxy; = { 1 for j =n

2.1.3 Theorem (Rectification Theorem). If X = (Xy,...,X,,) is a vector
field of class C* on D and xq satisfies X (xq) # 0, then there exists a neighborhood U
of xg and a diffeomorphism ¢ : U — V C R", y = () of class Ct, such that the
system i Xi(x) on Uy, is reduced to

dt

dynfl dyn
=0, 22 =1
dt dt

dy
dt

on the domain V. = o(U).

Definition. A function f : D — R is called first integral for the differential
system (56) iff Dx f = 0.

This definition is equivalent to any of the two following assertions:

=0,...,

a) f is constant along any field line of X;
b) any orbit of X is contained in one single set of constant level of f.

4 Hw. Check that the Hamiltonian function H : R®*™ — R is a (global) first
integral of the Hamiltonian system

dt 778%'7 dt 781‘1‘7

i.e., it satisfies Dx H = 0, where X is the associated Hamiltonian field

OH . _oH
y;

X = (Xla'~'aXn7Xn+1a"'7X2n)a Xi=—
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2.1.4 Theorem. Let X be a field of class C' on D, and xg € D, such that X (x¢) #
0. Then there exists a neighborhood Uy, of xo and n—1 first integrals f1, fa,..., fn-1,
which are functional independent on Uy, and any other first integral is a function of
class C' of fi, fa,..., fu_1. The orbits of X are described by the system of Cartesian
equations fi1(x) = Cy,..., fn_1(x) = Cp—1, where Cy,...,Cpr_1 € R.

Proof. By Theorem 1.3, there exists a diffeomorphism

Y1 = f1($>7~ sy Yn—1 = fnfl(-r)ﬂ‘/n = fn(m)a zel,

such that Dyx f, =0, @« =1,n — 1 and hence f, are first integrals.

Let f1,..., fn_1 be first integrals; if f is another first integral, then Dx f, = 0
and Dxf = 0. Hence Dg(élli’;”‘)l) = 0, whence the functions f, f1,..., fn_1 are
functionally dependent, i.e., f = ¢(f1,..., fn-1)- m|

We note that the differential system of n equations (56) rewrites

d — dry _ _ dz.,
Xi1(21,-- 0 mn) 0 Xa(w,. ., 2m)]
or, omitting dt, as
dry dz,
- === 58
Xi(x1,. . xn) Xn(x1,... x0) (58)

which is called the symmetric differential system associated to the vector field X. Then
the first integrals of X can be determined from (58) using the method of integrable
combinations: if there exist the functions A\; : D — R, j € I,n and f: D — R such
that

)\j(l’)d.’bj
dzy dz, j=1 df
X, X, 0 0 (59)

> NX;
j=1

then it follows that df = 0, whence f is constant along the orbits of X, hence f is a
first integral for X. In this case, the differential

n

df =Y \j(x)da;
j=1

which satisfies the condition

is called integrable combination of the symmetric system (58).
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Example. The following symmetric differential system admits the integrable com-
binations and the outgoing first integrals pointed out below:

dx dy dz adr + bdy + cdz  d(ax + by + ¢2)

bz—cy:cx—az_ay—bx N 0 0

provides fi(z,y,2) = ax + by + ¢z, and

d 22 4y? 422
de dy dz  wdz +ydy+2dz 2
bz—cy cxr—az ay—br 0 N 0
provides fo(z,y,z) = Izﬂéﬁ
In general, one may use previously found first n — 2 integrals fi,..., f,_o for

finding a new (functional independent) first integral f,,_1, as follows:

® express, e.g., T1,...,T,—2 from the equations fi(x) = Cy,..., frn—a2(z) = Ch_2
in terms of C1,...,Cp_2;

e replace them into the system (58); the original symmetric differential system
reduces to a differential equation in x,_1 and x,;

e solve this equation, and find its general solution via
gn—l(zn—h Tn; Ola ceey Cn—2) = Cn—1§

e replace in g the constants C1,...C,_2 respectively by fi(z),... fn—2(x), and
obtain the first integral

fn—l(x) = gn—l(xn—la Tn; fl (33), ceey fn—Q(x))
We should note that the procedure applies for any subset of n — 2 variables expressed

and substituted in the original symmetric differential system.

Example. The symmetric differential system

dr _dy _d

ﬁ_xy_yQ

admits a first integral which can be derived by integrable combinations:

—- = = = =
2 Ty oy 0 0

dx d dz dr — xdy + 0dz d(y/x
_dy _dz y y (y/z) %:c = fi(@,y,2) = y/z.

We obtain the second first integral by using the first one: we use the relation

fi(z,y,2)=C1 & yl/lz=C = y=Cho,
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and replacing y in the symmetric system, we obtain from the equality of the extreme

ratios
dx @ dx dz

— = & S =—0> = dx
T2 y2 x2 012‘7;2

1
= 0712d2,

whence, by integration one gets x = Z + Co; then, substituting C1 = y/xz, we infer
the second first integral of the symmetric differential system,

I r(y? — 27)
fa(z,y,2) = (y/x)2 Y2

4 Hw. Find the first integrals for the following vector fields:
a) x7i 4 2(2x — y)j — 2k

b) V =a2(y+2)i — y*(z + 2)j + 22(y — 2)k;

c) V = y222%7 + 2y22) + ay?k.

< <t
Il

Let X be a C* vector field on R™. It defines the corresponding differential equa-

tion d
le%
E - X(a(t))7

with an arbitrary initial condition «(0) = z. The solution ay(t), t € I = (—¢,¢)
(z € U C R™), generates a local diffeomorphism 7% : U — R", T (z) = a,(t), t € I,
solution of the operator differential equation

Tt
d7- =XoTt T°=id,
dt
which we call local flow on R™ generated by X (local group with one parameter of
diffeomorphisms). The approximation y = z + t X (z) of T*(x) is called infinitesimal
transformation generated by X.

If the solution ay(t) exists for arbitrary z € R", t € R, the field X is called
complete, and the flow T(z) = a,(t) is called global.

2.1.5 For determining numerically some points of a field line of a given vector
field X and which passes through the initial point zy at the moment ¢ = 0, one can
apply, e.g.,

The Runge-Kutta method. Let X be a vector field of class C? on D C R™ and

the Cauchy problem

d
ch = X(2), x(to) = 0.

The iterative method of Runge-Kutta for determining the approximate solution of the
Cauchy problem is based on formulas

1
Thot1 :w2+6[k1+2(k2+k3)+k4], k=0,1,...,n,
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where
. .y R s« ke ]
ki = hX(JIk>,]€2 =hX ij—l-? Jks = hX .Z'k—‘r? Jky :hX(l‘k—f—kg)
and h = At > 0 is the t—advance ("the step”).

2.1.6. Exercises
1. Determine the field lines of the vector field
X=(@—-y+z 2y—22), XecX(R?,

and two first integrals which fix the orbits.

Solution. The field lines are solutions of the homogeneous linear differential sys-
tem with constant coefficients

d—m—xf +z @—2 —z %—z
A A

The third equation is with separable variables; we obtain z = ce?, t € R. Replacing
in the second equation, we obtain the linear differential equation % = 2y — ce! with
the general solution y = be?* + ce?, t € R. Introducing z and y in the first equation,
we find a linear differential equation Cfl—f =z — be*®  with the general solution

x = ae —be?', t € R. Obviously, (0,0,0) is the only equilibrium point and it is not
stable.

The orbits are fixed by the implicit Cartesian equations x + y = ¢z (family of
planes), y — z = c22? (family of quadric surfaces). Then

fiRN\2Oy — R,  flryz)="TY
z
—Z

g: R\ 20y = R,  g(z,y,2) = ng

are first integrals. The first integrals f and g are functionally independent since

o5 o1 of L1 ey
rank or Oy 0z k| 77 22 .

o5 99 0y ) Lo

ox 0Oy 0z 22 z3

Alternative. The differential system can be written in the symmetric form

dx _dy  dz
r—y+z 2w—z 2z

)
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d 2
which provides the linear equation d—y = Zy—1 with the general solution y = cp2% +z.
z oz

dlx+y) dz

Then = — has the general solution x +y = ¢; 2.
z

Note. Since divX =4 > 0, the global flow T* : R® — R?,
TH(z,y,2) = (ze' —ye?', ye?' + ze!, ze'), te R
associated to X enlarges the volume.

2. Determine a local diffeomorphism that rectifies the vector field from the
previous problem and check the result by direct computations.

Solution. Since

r+y Yy—z
f(x7y7z): 2 ) g($7y7z): 22 ) 2#07
1
are functionally independent first integrals and ne_ 1, the desired diffeomorphism
is defined by
= x—&—y’ y = y—z, 2 =In|z|, z #0.

z 22

In order to check this, we denote X1 = x —y + z, Xo = 2y — z, X3 = z and calculate
Xy =22X, + 22X, + 2 X5 =0,
Xy = %X + 9L X, + Y X5 =0,
Xy =Z X1+ FE X+ 5 X3 =12=1.

Note. Consider the vector field (X7, . .., X,,) and the diffeomorphism z; = x; (x;),

i’ = 1,n. The new components of the vector field are (X, ..., X,/ ), where
n
Ox;r
Xi’ = a ! Q-
. ZT;
i=1

Therefore, the rectifying diffeomorphism is fixed by the system of equations with
partial derivatives

" Oy .
Z iXZ- =0, =1,n—1 (homogeneous)
i—1 Oz;
n
Oy
Z * X; =1 (non-homogeneous).
i=1 Oz

The symmetric differential system

dxq dr, dz,
X1 X, 1’
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assigned to the non-homogeneous equation, shows that z/,..., 2,1y are the first
integrals that determine the field lines, and x, is determined from

dz,,

(21,0, ) = €1y e I(n—l)'($17"'axn):Cn—ly dfn’:m-

3. For each of the following vector fields, determine the field lines by the method

of the integrable combinations and fix a local rectifying diffeomorphism.
a) V = z2i + 22z — y)j — 22k;
b) V =22(y + 2)i — y*(z + 2)j + 22(y — 0)k;
c) V= Y2220 + wyz2 + xy2zE;
A) V = zzi +yzj — (22 + y?)k;
1%
1%

) V=(y—2)i+(z—2)j+@@—yk

)V =aly—2)i+yz—a)j+z@-yk

Solution. a) The symmetric differential system that determines the field lines is
dic _ dy _ dz
vz z2(2r—vy) —x?

The solutions of the algebraic system zz = 0, 2(2r — y) = 0, 2 = 0, i.e., the points
(0,4,0), y € R and (0,0, z2), z € R are equilibrium points of V.

d d
The differential equation @ _ 4 is equivalent to zdx + zdz = 0 and has the
Tz

—22
general solution defined by 22+22 = ¢; (family of cylindrical surfaces with generatrices
parallel to Oy).

We notice that we have

dz dy _ d(z—y)

T :2xfy Yy—x

d 1
Using either the linear differential equation d—y = 2 — —y, or the equation with
x x
d d(xz —
separated variables & M, we find z(z — y) = c2 (family of cylindrical
T _

surfaces with the generatrices parallel to Oz).
We obtain the field lines (orbits)

2’ +z22=c1, z(r—y) = e,

and specify that the Jacobi matriz assigned to the first integrals x? 4+ 22 and 22 — zy

is
2z 0 2z
2 —y —x O -
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Hence the first integrals are functionally independent on R® \ yOz.

Since v3 = —x2 = 22 — ¢1, the rectifying diffeomorphism is defined by

dz
I e N S
zC—=0 c1=x2+22

The function 2’ rewrites

, 1 I |Z Ve 1 ! z— Va2 + 22
z = n = n
2y zH Vel tpeye 2V22 422 |24+ Va? 422

where we neglect the constant of integration that yields just a translation !).

Note. Since divV = 0 (i-e., V is a solenoidal field), the associated flow of 1%
perserves the volume.

)

b) The symmetric differential system

dx dy dz

2y+2) —yztz) 2(y-z)

may be written in the following forms

e e oy 'y 2z o lde4yTldy+27'dz
wly+z)  —ylzt+a) 2y-z) 0 ’
x 2dx Yy 2dy —272dz 2 %dx +y 2dy — 2z 2dz
y+z:fzfx:—y+x: 0 '

From 2~ 'dx +y~'dy + 2z~ 'dz = 0 we find 2yz = ¢; (family of Titeica surfaces), while
from 27 2dx +y~2dy — 2~ 2dz = 0 we obtain — + — — = = ¢ (the domain of definition
T Yy =z

of the function (first integral) defined by the left side is not connected). Thus, the
orbits are depicted by the implicit Cartesian equations

TYZ = C1
1 1 1
-4+ - ——-=c.
T Yy =z

To these, we add the equilibrium points which are generated by the solutions of the
algebraic system

2(y+2)=0, y*(z+2)=0, 2*(y—=z)=0.

We notice that
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Therefore the rectifying diffeomorphism is defined by

' = ayz ’—1—4—1 1 z’—/ dz
VeV E LTy T V(zea +1)263 — ¢y 23

(an elliptic antiderivative).

c] = Yz

—1,41_ 1
Co=g5+y %

c¢) From the differential system

dr 4, dy 9 dz 4
E_y27 E_(Eyzy E_xy27
we obtain
dy dz d

Sy DN - B N - R g
Y T dt(y 2%) Yy — 2" =c,

(a family of hyperbolic cylinders with the generatrices parallel to Ox). Moreover, we

find p p p
€ Y 2 2 2 2
T Yo @ =) at =y =,
(a family of hyperbolic cylinders with the generatrices parallel to Oz).

It follows that the family of orbits is given by
y?— 22 =
2 —y? = cp.
The already determined first integrals are functionally independent on R® \ (Oz U
Oy U Oz). The equilibrium points are generated by the solutions of the algebraic

system
222 =0, xy2® =0, xy?z=0.

We can write
v3 = 2y’ = ey e + 22(c + 22)z,
function that determines the rectifying diffeomorphism

dz
o=y — 2,y =2 — 2’2/:< )
Y Y Y Ve +ea + 22(cr + 22)z

c1=y2—22
2

co=x2—y2

Note. We can write V = yz grad (xyz), that is, V is a bi-scalar vector field.

d) Consider the first-order differential system

de _ ody _ o dz_ o o
T N v
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We notice that the axis Oz consists of equilibrium points. Then,

d d
—ln\m|:£ln|y|, z#0, y#0

implies ¢ = c1y, x # 0, y # 0 (family of parts of planes). By analogy,

xd—x + & + z% =0
at Var T
gives

d
%(m2+y2+z2)20 or  x? 4?4+ 2% = ¢y,

a family of spheres of centre at the origin. All in all, the orbits are arcs of circles
(which may degenerate in particular to points).

From

2 2 2 2 2
r =y, X +y +z = C2, v3 = —T —Y,

we find v3 = 2% — ¢5. Thus,

/

T =2 y':x2+y2+22,

T
Y
dz
Z =
/Z2 — C2

1
= In
22 +y? + 22

where we neglected the constant of integration, define a rectifying diffeomorphism.

1 z—4/c2

= In
camartyriar 2VC2 CRRVC) PRENCRUE SR

z — /x2+y2—|—z2

z 4+t +y?+ 22

)

3 $2+y2

Note. The vector V = % grad ———, z # 0 is a bi-scalar vector field.
z

e) The homogeneous differential linear system

dx L W de_
a YT w T oY

admits a straight line of equilibrium points of equations z = y = z. We also infer

dj—&-@—i—%—o =zrx+y+tz=

dt ' dt " dt rryTEma
dx dy dz 9 9 9
mdt—i-ydt—i—zdt—o = +y°+ 2% = co,

which represent respectively a family of planes and a family of spheres.

Hence the orbits are circles laying in planes which are perpendicular to the straight
line x =y = 2. f) # Hw.
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4. For each of the following vector fields, determine the field lines and fix a local
rectifying diffeomorphism:
a) V = (22 — y? — 22)i + 2ayj + 222k;
b) V =ai+yj + (2 + V22 + 12 + 22)k;
)V =(x—y)i+(x+y)]+ zk;
V= (x+y)i—z@+y)]+ (@ —y) 2z + 2y + 2)k;
V= aityj+ (s — 2% — )R
V= yz+x3 +2xymk
8) V= (a2 — y2)i+ (v — 22)j + (% — wy)k;
h) V = (zy — 222)i + (4az — y?)] + (yz — 222)k.
In each case, find the field line that passes through the point (1,1,1).
Hint. The field lines are: a) y = c12, 2 + y? + 22 = 2¢y2,

b) y = a1z, 2:02+\/m;
o & dz _1ld@®+y*)  d='y)

z 2 224942 1+ (zly)?’
d) 2 +y* =c1, (z+y) (e +y+2z)=co
e) y=ciw, 2+ 2% +y? = com;

)

L)

22—y’ =ci, 22+ 9y = 2arcsmi—|—02,
a
g) x*y—ﬁ(y*Z) Ty +yz + 22 = c3;
h) 22 + 2y =1, 2% +yz = ca.
5. Determine the vector fields whose orbits are

Y
X + arcsin = = ¢y
z

2)

. T
Y + arcsin — = Ca,
Z
coshzxy+ 2=
b) {

x + sinhyz = ca.

6. Approximate the solution of the Cauchy problem

dy z
_ = — 2 _— = — 2
e(l-2y7), —=-y(l+27), — =
z(0) =y(0) =2(0)=1, te€][0,10], h=0.2,

22(2* + %),

by the Runge-Kutta method. Verify the result using first integrals.

7. Study the completeness of the vector fields from the problem 4.
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8. Consider the Hamiltonian

In each of the following cases determine the flow generated by the Hamiltonian vector
field associated to H and specify if it is a global flow.

a) V(z) = 23 — 23 + 3,
b) V(z) = 2% + x5 + z3,

Solution. a) We obtain

1 = a1 COs \/§t+b1 Sin\/it Y1 = \/i@l sin\/ﬁt—%l COS\/it
2 = azeV?! + bye V2! ; Yo = —V2azeVE 4 2bge— V2

1
x3:—§t2+a3t+b3 ys =1t — as,

t € R (global flow).

9. In each of the following cases, determine the infinitesimal transformation and
the flow generated by the vector field X. Study if the corresponding flow reduces,
enlarges or preserves the volume and specify the fixed points.

a) X = (—a(2® + 3y°), -2°, —2°2);

b) X = (3$y2 - xga 72y37 *2y22’)7
(

¢) X = (zy?,2%y, 2(2® + y?));

d) X = (x(y* — 2°), —y(@* + 2%), 2(2* + ¢*));
e) X = (2(y — 2),y(z — 2),2(z — y));

f) X = ((z—9)% 2,9).

Hint. a) and b) reduce the volume; c¢) and d) enlarge the volume; e) and f)
preserve the volume.

2.2 Field hypersurfaces and linear PDEs

2.2.1 Let D C R" be an open and connected subset, and let X be a vector field
of class C! on D of components (Xi,...,X,), X;:D — R, i =1,n. For a given
function f: D — R of class C! and for C' € R, the set of constant level

M: f(z1,...,2y)=C
determines a hypersurface of R™ iff

grad f [ar # 0.
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Fig. 2

If the vector field X is tangent to M (see the figure), then one has
(X2, grad f(x)) =0, forall x € M, (60)

which rewrites in brief Dx f|a = 0. In this case, we say that M is a field hyper-
surface of X. The relation (60) rewrites explicitly as a homogeneous linear equation
with partial derivatives (PDE) of the first order

of

671‘1 PN

of _

X () a

+ X, (x) 0, (61)

with the unknown function f. To this we attach the symmetric differential system

dry _dzy,
Xi(x) 1 Xa(x)

(62)

that determines the field lines, often called the characteristic differential system of
the equation (61).

A field hypersurface of X is generated by the field lines produced by the symmetric
differential system (62). Also, paraphrasing the definition of first integrals, we note
that any first integral of (62) is a solution of (61). Moreover, for any n — 1 first
integrals f1,..., fn of (62), which are functionally independent in a neighborhood of
a point 2o € D at which X (x¢) # 0, a function f is a solution of the PDE (61) iff it
is a functional combination of fi,..., f,, i.e., there exists a mapping ® : R™ — R of
class C! such that

Then, the general solution of the symmetric system (62), given by the field lines
filz) =Ch, ..., foa(z) = Cra

provides the general solution (63) of (61).
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2.2.2 Example. Consider the homogeneous linear PDE:

@- a5 + =05 +(:—0)

of _

92 0.

The associated symmetric differential system

dx dy dz

admits the first integrals (obtained from the ODE provided by both the equalities)

y—2>
z—c

r—a

fl(l‘,y,Z): y—b, f2($,y,z):

Hence the field lines of the field X (z,y,2) = (x —a,y — b,z — ¢) are given by the
two-parameter family of curves

=0 )y L [e-a-Gily-1)=0
fQZCQ y_b:02 y*b*CQ(ch):O,
z—C

i.e., a family of straight lines in R3. Moreover, the first integrals fi; and f2 provide
the general solution f of the form

with arbitrary function ® : R? — R of class C'.

2.2.3 Let f = (f1,..., fn—1) be the general solution of the system (62), and

Me: O(fi(z),..., fuo1(x)) =0

the associated family of field hypersurfaces. For determining a unique solution of (61),
(i.e., a determined hypersurface My : ®(f1(x),..., fn—1(x)) = 0 attached to X) one
needs to impose certain restrictive conditions besides (61). This leads to

The Cauchy problem for the linear homogeneous PDE. Find the field

hypersurface which contains the submanifold with n —2 dimensions I : { Z((?) i 8

(see the figure).
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Fig. 3
For solving this problem, we consider the system of n + 1 equations
fi(@) =Ch, ooy foo1(2) = Coor, g(2) =0, h(z) =0
in the n unknowns x1,...,z,, and derive the compatibility condition of the form
d(Cy,...,Chq) =0.

Then, under the hypothesis that the field lines are not included in I', the desired
geometric locus is

M: ®(fi(x),..., fa-1(x)) =0.
Example. Find the solution of the Cauchy problem

af af of
2 2\ YJ 97 97 _
(z? + y*) x+2:cy y+zz 270

I': z=1, y?+22=1.

From the geometric point of view, find the field surface M : f(x,y,2) =0 of the
field

X(z,y,2) = (a% +y*, 22y, x2),

containing the circle I' located in the plane z = 1, which has radius 1 and the center
at C(0,0,1).

2.2.4. Exercises
1. Show that the functions f and g defined by
f(@) =2 +2; + x, 9(z) = zivjay, == (v1,...,7,) € R",
with 4, 7, k € 1, n fixed, are solutions of the PDE
0
o _,

aal‘k

iy — an) 5=+ @j(wn = 2i) 5 - + 2w(@i — )
1

0;
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Solution. We notice that

of _, 0f _, of _ of
al'i_ ’ a.’Ej_ ’ 8xk_ ’ 8xl

:07 l#i7j)k7

and 9 P P P
g g g g -
By = i ox; ik, Ho- =Ty, o= 0, Il #1i,5,k

Introducing these relations in the equations, we obtain identities.

2. Let the vector fields
Xy = (1’070)7 Xo = (Oa Lo)v X3 = (0707 1)7
X4 = (—.’E27£C170)7 X5 = (07 —$3,$2), XG = (xSaov_ml)v (x17x27x3) S [RS

be linearly independent Killing vector fields in X(R?). Determine the field surfaces
of these fields.

Solution. A vector field X = (X1,...,X,,) on R" that satisfies the system with
X; 90X, . . .
+ . =0,4,j=1,...,n is called a Killing field.
Zj 81‘1'
Taking account of the definition of the field hypersurfaces, we write the homoge-
neous linear PDEs of the first order and find their solutions.

0
We get 9f =0 = fi(z2,23) = ¢1 (families of cylindrical surfaces with genera-

8.131

trices parallel to Oz3). By cyclic permutations, we get the field surfaces of X5 and
X3 as being fa(x3, 1) = co (families of cylindrical surfaces with generatrices parallel
to Oxg) respectively f3(x1,x2) = ¢z (families of cylindrical surfaces with generatrices
parallel to Ozy).

partial derivatives

0 0]
For X, we obtain fzga—f + xla / = 0. To this equation, we assign the char-
T T2
dx dx dx
acteristic differential system L= 22 = 23 and the general solution of the

—XT2 T
equation with partial derivatives is fi(2% + 23, 23) = ¢4 (families of surfaces of revo-
lution). By circular permutations, we find other two families of surfaces of revolution
f5(x% + 2%, 21) = c5 and fg(23 + 2%, 12) = cg corresponding to X, respectively, Xg.

3. For each of the following vector fields, determine the family of their field
surfaces.

a) V=a(e+2)i +yly+2)j+ (2 - ay)k,
b) V = (2 — 224)i + (2y* — 23y)] + 92(23 — )k,
)V = (22 + y2)i + 2zyj + w2k

Solution. a) To the equation

oo+ 2) gt byly+2) oy
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we assign the symmetric differential system

dx dy dz

w(z+z) yly+z) 22-ay

From du = ydz — zdy it follows d—x = —
wwra) @t z 2

(the domain of definition of the first integral (z,y,z) — In|z| + = is not connected).
Y

dz — zd
w, and then In |x| + foa
)

d dz — zd d dz — zd
From gy rOET AT , we find Y _ T 2T nd hence ln|y\+E = co.
yly+2) -2y +2) y x? x

The family of orbits

z z
ln|ac|—i-§:cl7 ln|y\+;=cz, x#0,y#0

produces the family of the field surfaces
z z
o <ln|x|+y,ln|y + .Z‘) :07 x#()’ y7é07

where @ is an arbitrary function of class C', and f = ®(cy, c2).

Note. It remains to find the field lines on z = 0, y # 0. The restriction of V to
x=0,y#0is
V(0,y,2) = yly +2)j + 2°k.

d d d 2
From —2 = % we obtain = = — 2 (homogeneous differential equation)

yly+z) 22 dy — yly+2) 3
with the general solution z = cge=*/¥. Then z = 0, z = cse*/¥ are field lines of V.

By analogy, we discuss the cases x # 0, y = 0, respectively x = 0, y = 0.

The equation

of of of
3 _ 9.4 ot B3 9z (23 — 3 =0
(ay” —22%) = + (2y wy)ay+ 22" —y) 5
corresponds to the characteristic system
dx dy dz

xyd — 2zt 2yt — 23y 9z(xd —y3)’

We notice that 3z2y3zdx + 323y%2dy + 23y3dz = 0 and thus 23y3z = ¢;. Then, we
see that
(y=% =227 y)de + (72 = 2y~)dy = 0

and so 2y~ 2 +yr~? = ¢y (the domain of definition of this first integral, characterized

by « # 0, y # 0, is not connected).
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The family of surfaces that contains the family of orbits
Byr=c, zy i+ y=cy, #0, y#0
has the equation
O3z, wy P+ %y) =c, ©#0, y#£0,

where ® is an arbitrary function of class C?.
Note. a) For z = 0, y # 0 we find V(0,y,2) = 2y*] — 925°k. The differential
dy dz

equation —= = ——— has the general solution y°2% = c5. Hence the field lines are
2yt —9zy3

=0, y?22 =c3.

By analogy, we treat the case x # 0, y = 0.

b) The relation ®(23y3z,2y~2 + 27 2y) = c rewrites 23y°z = p(ay=? + 2 2y),
where ¢ is an arbitrary function of class C!.

c¢) To the equation

of of of
2 239 o957 95 _
(x* +y%) x—|—2xy y—i—mz Z—O

we associate the symmetric differential system

ey _ds
22492 2wy  zx
We infer p q
@y _ 99 =22 =cy
Yy z
dlz—y) dz+y) 2

= = 2% —y? = coy.

(z-y)? (v+y)?

Hence the family of the field surfaces has the equation

¢<Z2ax2_y2) =,
Yy Yy

y # 0, where ® is an arbitrary function of class C'.

- - - d d
For y = 0, we obtain V(z,0, z) = 2% + zzk, and xi; = x—z yields © = c3z, z # 0.

Thus, y =0, = c32z; z # 0 are field lines.

4. Consider the vector field

—

V =2y +2)i — (@ +2)] + 2 (y — v)k.
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Determine the field surface that passes through the curve of equations { ier:yt 1
Solution. We notice that
dx _ dy _ dz _
a2 (z+y) Az ta) Ay-—x)
_axlde+y tdy+ 2tz a7 de oy idy — 2 %dz
B 0 B 0 '
Then the family of orbits of V is
TYz = C1
1 1 1 (64)
-+ - ——-=cy, x;«éO,y;«éO,z;ﬁO
r Yy =z
The condition of compatibility of the system
ryz=cy, xy=1, y+z =1,
1 1 1
7+7_7:C27 x#oay#oaz#oa
r Yy =z
selects the orbits which lean upon the given curve. We find 1 — cfl = c. We

reconsider the desired surface as being the locus of the orbits (64) which satisfy the
condition 1 — ‘31_1 = ¢y. Eliminating the parameters ¢y, co, we obtain the surface

1

1 1 1
l——==+-—=, 2#£0,y#0,2#0.
TYz T Yy oz

Note. div V = 0, and hence V is a solenoidal field.

2.3 Nonhomogeneous linear PDEs

2.3.1 Definition. We call nonhomogeneous linear equation with partial derivatives
of order one, a PDE with unknown function f : D C R™ — R of the form

aer. of _

L pra

Xl(xa f(x))aml

ot X (z, f(2) F(x, f(z)),

where X1,...,X,, F: R"™™ — R are differentiable functions of class C?.

For solving this type of PDE, we look for the solution f given in implicit form
®(x, f) =0, provided by a PDE of form (61) with the associated symmetric differential

system
dl‘]_ dwn df

Xi(z, f)  Xalz, f)  Fla, f)
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2.3.2 Example. Find the general solution of the PDE

Solution. The characteristic symmetric differential system is

dic dy dz

vz —yz a2+ y?
Its first integrals are
file,y,2) = 2y, fo(z,y,2) = (2 —y* +2%) /2,
hence the general solution is given implicitly by equation of the form

d(zy, (2 —y? +2%)/2) = 0.

2.3.3. Exercises

1. Solve the following Cauchy problems

0z 0z
a) z(x + 2)% - y(y+2)6fy =0, 2(1,y) = Vy;
0z 0z

— =xz—, z(z,0) =x.
) 8y ax? ( Y )
Solution. a) This is a non-homogeneous linear equation with partial derivatives
of the first order. The associate symmetric differential system is

dx dy dz

Aet2) —yly+z) 07

and dz = 0 implies z = ¢;. Then the system rewrites

dy B —dx 1 1 1
yy+e) —al@+a) yy+ea) ay alyta)
whence M = ¢9 and after plugging in ¢; = z, we find M = Co.
Y+ y+z
_ S : ooyt z)
The general solution of the equation with partial derivatives is =—= = ¢(z),
z

where ¢ is an arbitrary function of class C'. Putting the condition z(1,y) = \/y, it

TN ) Org othe)rmse’ o) = =
T+ z

the general solution, we find yf =z or z = ,/7y.
Y+ z

follows = u. Coming back to
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b) Non-homogeneous linear equation with partial derivatives of the first order.

d d d d
The characteristic differential system 4T Ty = HZ becomes z = ¢, @ _ —c1dy
—zz x

or z=cp, x=coe Y%,

The general solution of the equation with partial derivatives is z = ®(ze¥*), where
® is an arbitrary function of class C'. Putting the condition z(z,0) = z, we find
®(x) = z, or otherwise, ®(u) = u. Coming back with this function ® in the general
solution, we obtain z = xe¥*.

2. Determine the general solution of the Euler equation

> aig (@) = pfa).

i=1

Solution. Assuming p # 0, the characteristic system

doy __dwn _ df
z oz, pf
admits the general solution
Ty = C1T1, T3 = CoT1,...,Tp = Cp_1T1, [ = cpxl.

The general solution of the Euler equation is the homogeneous function

where ¢ is a function of class C'; we note that f has the degree of homogeneity p.

3. Let there be given the vector fields
X = (y’ —(E7O), Y = (5571% _Z>a Z = (CUQayxanZ)» U = (‘ryaygayz)7 V = (3727y2722)-

Show that the family of cones
2.2

z? + y2 =c"z7,
where c is a real parameter, is invariant with respect to the flow generated by each of

the given vector fields.
2

Solution. Consider the function f: R®*\ z0y — R, f(z,y,2) = ’”2;1’ .
We find

_of of  2x 2y
DXf_yax 'Tay _yZ2 xZ2 _07

_of L of  of 2 2y 22?+y?)
DYf_z8x+y8y_28z_xz2+y22_z 23

DZfZOa DUfZOa DVfZO

:0’
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Note. f is a first integral that is common to all the systems that determine the field
lines of X,Y, U, Z and respectively V.

4. Determme the implicit Cartesian equation of the cylinder Wlth generatrlces
parallel to V= H—] k and having as a director curve the circle C' : 22 +y? =1, z = 1.

Solution. We have to solve the following Cauchy problem: determine the field
surface of V' that leans upon the circle C'. The equation

of Lof of of _
or ' dy 0z
has the characteristic system
de _dy _ d:
11 =1

with the general solution y —x = ¢;, 2+ = co. Among these straight lines, we select
those which lean upon the circle C, that is, we find the condition of compatibility of
the system

y—x=c, 2+x=0co, 2 +9y*=1, z2=1.

We reconsider the desired surface as being the locus of the straight lines y — x = ¢4,
z + = = co which satisfy
(CQ — 1)2 + (CQ +c1 — 1)2 =1.

After replacing ¢, co with the corresponding first integrals, we get

(z+x-1)3*+(+y—-1)>2=1.

5. Determine the implicit Cartesian equation of the cone that has the vertex at
the origin of the axes and the director curve C : 22 +¢y?> =z, z = 1.

Solution. The concurrent vector field determined by O(0,0,0) and M (z,y, 2) is
X = (z,y, z). By this notice, we get a Cauchy problem: determine the field surface
of X that leans upon the circle C. The field surfaces of X are the sets of constant
level assigned to the solutions of the PDE

Lor of  of
—= =0.
8x * yay te 0z
To this, it corresponds the characteristic system
do_dy _ dz
r oy oz

with the general solution y = c1z, z = cax.

The condition of compatibility of the algebraic system

y=cz, z=cox, 2 +yi =z, z2=1
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is 1+ ¢ = co. Plugging in ¢; = y/x, ¢ = z/x in this relation, we find

>z 2 2
1+ =5=—- & 2°+y" =zx.
x

6. Determine the implicit Cartesian equation of the surface obtained by the
rotation of the parabola P : y? = 2z + 1, = 0 about the axis Oz.

Solution. Consider the vector field X = i + y;—i- zk and y = k the parallel
vector field that gives the direction of the axis. It follows the Killing vector field
Z=XxY = yi — x] By this remark, it remains to find the field surface of Z
that leans upon the parabola P. We find the orbits of Z, that is, the solutions of the

system
dv. dy dz

y —z 0
These are z = ¢y, 22 +y2? = ¢y (family of circles). We select the circles that lean upon
P; the condition of compatibility of the algebraic system

z=c1, 24+ =cy, Y =2241, =0

is cg = 2¢1 + 1. We consider the surface as being the locus of the circles z = ¢,
22 4+ y? = ¢y for which ¢ = 2¢; + 1. Eliminating c1, ¢o we find the paraboloid

w2 4y? —22=1.

7. There are given the following vector fields:
X = (1,22,3y), Y = (2,2,32), Z=(0,1,37)
and the function f : R® — R, f(x,y,2) = 32y — 2 — 22, Show that:

a) the function f is invariant with respect to the groups of one parameter generated
by X, respectively Z;
b) the function f is a eigenvector of Y with respect to the eigenvalue 3.

Solution. a) By direct computation, we yield

DXf—i+2 g—&-?) a—f—3y 62% 4 22 - 3z + 3y(—1) = 0
_9f 5 0f _
szfay+3xazf0,
b) Dy f = a—f+2 a—£+3 af x(3y — 627) + 6xy — 32 = 3f.

8. Let x = (x1,x9,x3,14) € R*. Verify that the function defined by

L1 — T3 T2 — X4

fz) =

T1 — T4 T2 — T3
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is a solution of the PDEs

4 of
;ax

4
Z xl 83;1 2::

9. For each of the following vector fields, determine the family of the field surfaces.

—

a) V =2(a? — )i + 2zy] + zyzk;
b) V:(z—i—e i+ (z+€e¥)j + (22 — ")k,
)H ayi —y\/1—y2) + (z1/1 — 2—2axy)E.

Hint. We obtain: a) 22 = e¥o(y%e” /%), b) y + ze~* = p(x + ze™Y),

C) Yz + aw(y + m) — (p(xearcsiny).

10. Consider the vector field V = xzi + z(2z — y)j — 22k. Determine the field
surface containing the curve xy =1, zz = 1.

11. Solve the following Cauchy problems:

Hint. a) z = p(\/22 +y2), b) z = %a c) f=xlze *,ye *)ex.

12. Show that the harmonic polynomials of two variables are homogeneous
polynomials.

Hint. (x + iy)" = Py (x,y) + iQn(x,y) implies

P, P, 0Qn 0Qy,
= nPn—la =
or

oy —nQn-1, e nQn-1, By =nk,_1,

Pn+1 =P, _ana Qn+1 :yPn+33Qna
and hence

oP, 9P, 0Q,  0Q,
=nP, AL = .
T +yay =nby, T +yay nQn

13. Let f: R* — R, (z,y) — f(z,y) be a function of class C* on R**\R",
where R™ = {(z,y) € R*'|y = 0}. Show that if f(2,0) = 0 and if the partial



2.4. PFAFF EQUATIONS AND INTEGRAL SUBMANIFOLDS 95

function y — f(z,y) is homogeneous, having the degree of homogeneity p > 0, then
f is continuous on R™.

Hint. It has to be shown that ( %nn( 0 f(z,y) = f(x,0) =0.
x,y)—(T,

14. Let there be given the vector fields (1,0,y), (z,0, 2), (2%, 2y — 2z, 22), (0,1, 2),
(0,y,2), (zy — 2,y?,y2). Show that the hyperbolic paraboloid z = zy is invariant
with respect to the flow generated by each of the given vector fields.

15. The same problem for the vector fields (1,x), (x,2y), (#? — y,zy) and the
parabola z? — 2y = 0.

2.4 Pfaff equations and integral submanifolds

2.4.1 Let D C R™ be an open connected subset, and X = (X1,...,X,,) be a vector
field on D of class C' without zeros on D. We call Pfaff equation determined by the
field X an equation of the form

X1(.13)d$1 + . + Xn(x)dxn = 0 (65)

If M is a submanifold of R™ and T, M is the tangent space to M at its point z € M,
then we impose the condition that the displacement vector (dz1, ..., dx,) of the point
x belongs to T, M. Then the orthogonality condition (65) shows that the field X and
hence its field lines, are orthogonal to the manifold M. This is why a solution of (65)
characterizes a submanifold of R™, of dimension k € {1,...,n — 1}.

The submanifolds of R™ orthogonal to the field lines of X are hence characterized
by the Pfaff equation (65) and are also called integral manifolds of the Pfaff equation
(see the figure).

X |

\

Fig. 4

Remark that for k = 1, M is a curve, for k = 2, M is a surface and for k =n — 1,
the solution manifold M is a hypersurface.
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The integral manifold M can be described as follows:

e by an immersion f = (f1,..., fa), f(u) = (fi(w),..., fu(w)), w= (u1,... ug),
subject to the condition of orthogonality

X1<f<u>>§£ - Xn<f<u>>§f;

e by a submersion F = (Fy,..., F,_g),

Fn_k(:c) = 0,
subject to the condition that (65) is a consequence of the relations

Fl(x)zo, ceey Fn_k(.lf)zo
dFy =0, ..., dF,_j=0.

2.4.2 The integral curves of the Pfaff equation are characterized by the differential
equation

dry dx,
X —4+...+ X — =0.
o) P+, (o) 2~ 0
2.4.3 Theorem. Let X = (Xy,...,X,) be a vector field which satisfies the
condition 9% 9%
8$; = 8$Z’ foralli,j =1,n
(i.e., is an irrotational vector field), and zo = (z10,.--,Tno) € R™.

a) If D is an n—dimensional interval (i.e., a Cartesian product of n intervals),
then the level hypersurfaces of the function

n Z;
f D — R, f(l‘) = Z/ Xi(33107 TSR o7 S 'y PO 7 S mn)dxl
i=1 " Tio
are orthogonal to the field X, and hence the integral hypersurfaces of the Pfaff equation

(65).

b) If D is a convex set, then the level hypersurfaces of

1
flz) = /0 (X (zo+t(z—m0))> T — To)dt

are integral hypersurfaces of the Pfaff equation (65).
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Remark. Since X is irrotational, it is locally a potential vector field, i.e., there
exists a function f such that X = grad f.

The Pfaff equation (65) is said to be an ezxact equation if there exists a function
f: D — R of class C? such that

of
6@-

() = Xi(z), i =1,n,

or, equivalently,
n

df(v) = > Xi(x)da;.

i=1

If the Pfaff equation (65) is not exact, sometimes there exists a non-constant
function p: D — R\ {0} of class C* such that

w(x) X1 (x)dey + ... + p(x) X, (x)de, =0

is an exact equation; in this case the function p is called an integrant factor and it
satisfies the system with partial derivatives

3(5;;7)(1:) _ a(gijfﬁ)(x), i,j =1,mn; 1 # 7.

The existence of an integrant factor implies the existence of a function A such that
X =Agradf.

The locally exact Pfaff equations and those Pfaff equations which admit a local
integrant factor are called completely integrable equations. The Pfaff equation (65) is
completely integrable if and only if through each point z¢ € D, it passes an integral
hypersurface of the equation.

The set of all the integral hypersurfaces of a completely integrable Pfaff equation
is called the general solution of the equation.

2.4.4 For n = 2, the Pfaff equation (65) is completely integrable. For n > 3, the
Pfaff equation (65) is completely integrable if and only if

OXi  OX; 0X,  0X, oxX. X, B
Xi ~ o ) T - X I )= —T.n.
4 (8SUJ 8.’Ek> + J (5‘£Uk axl > + Xk (axl 8m3> 0, ’L,],k‘ N

2.4.5 Let X be a vector field of class C' on a domain D C R"™. We assume that
there exist two scalar fields A of class C' and f of class C? such that X = X\ grad f.
If A and f are functionally independent, then X is called a bi-scalar field. If A and f
are functionally dependent, then X is a potential field.

X is locally bi-scalar or locally potential vector field if and only if it admits a family
of hypersurfaces of constant level orthogonal to the field lines (see the figure).
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Fig. 5

For n = 3, a vector field X is locally bi-scalar or locally potential if and only if

(X, curl X)=0.

2.4.6 If the Pfaff equation (65) is not completely integrable (and hence n >
3), then the set of all integral manifolds of this equation is called a non-holonomic
hypersurface defined by the set D and by the vector field X on D.

The previous theory is also extended for the case when X has isolated zeros on
D. In this case, the zeros of X on D are called singular points of the non-holonomic
hypersurface.

Example. The Pfaff equation
zdr —ydy =0

describes a non-holonomic surface (family of curves).

2.4.7. Exercises
1. Determine the integral manifolds of the Pfaff equations

Ly

-1
a) (™ + 1)dr + —5—e"™dy =0, (z,9) € R?\ Oz;
Y

b) 2xz dx + 2yz dy + (22 — y* — 2?)dz =0, 2z > 0.
Solution. We notice that

0, ., 0 (xy—1
ey 1) = L ay |
8y(e +1) ox ( y2 € )

Therefore, the family of the integral curves is

x y _ 1
/ (e™ + 1)dx + / mon -e"Ydy = c.

0 Yo Y
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Alternative. The semiplane y > 0 is convex and
x ry —1 x
X(z,y) = (e +1, —5—€" .
Y
Fixing x¢g = 0, yo = 1, we find the family of the integral curves

1
_ te[l +t(y — 1)) _
eta:[lth(y 1)] +1)+ —etw[lth(y 1)] — DI dt = ¢a.

A ) v o Wobjdi=c
% Hw. Compute the integrals.

b) Let X = (2xz,2yz, 22 — y2 — 22). It follows

curl X = 9 9 9 = —4yi + 4], (X, curl )?) =0.
x Oy 0z
2rz 2yz 22—y —2?

Therefore, the Pfaff equation is completely integrable. By checking, we get the in-
1

tegrant factor u(z,y,z) = —. Multiplying by this, we find the locally exact Pfaff
z

equation

) 2 2 2
e + —ydy + (1 — y—Q — 332) dz =0ord[(z? +y*+2%)z7 ] = 0.
z 2 z z

It follows the family of the integral surfaces
x2—|-y2—|—22 =1z
(family of spheres). The field lines of X are circles orthogonal to these spheres.

2. Solve the following systems
) { rzdr + 2(2x — y)dy — 2%dz = 0
a

r=y
b) (22 — y2)dx + (y* — zx)dy + (22 — 2y)dz =0
z = xy.

Solution. a) Let X = z2i + 2(2z — y)j — #2k. We find
curl X = (22 — )i + 3z + 22k, (X, curl X) = 6222 — dayz.

Thus, the Pfaff equation defines a non-holonomic surface that contains the plane
Oy :z=0.

From z = y, we obtain dx = dy and hence 2zzdx — x2dz = 0. The solutions are
x =0,y =0 (a point) and 22z = ¢;, x = y (a family of curves).
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b) We denote

X = (2% —y2)i + (v — z0)] + (2* — ap)k

and we verify curl X = 0. Therefore, the Pfaff equation is exact. It follows

d <x3+y3+z3 — 3xyz

3 >:0 or 2+ + 23 —3zyz = cy.

Thus, the solutions of the initial system are the curves

24y + 22 —3zyz =1, 2= ay.

3. Show that

— —

X =z2(01—e")i+aze’j+z(1—e¥)k
is a locally bi-scalar vector field on R?® and determine the scalar fields A and f for
which X = A grad f.
Solution. We obtain curl X = —2ze¥i + 2zeVk and (X, curl X} = 0. Therefore
X is a locally bi-scalar vector field.

We determine the field lines (orbits) of the curl (rotor), that is the solutions of

the system
de _dy dz

—x 0
We get the family of conics y = ¢1, £z = co; from X = agrad y + Bgrad xz, we obtain

a=uzxze¥, =1—¢eY and the completely integrable Pfaff equation

z(1 —e¥)dx + zxeVdy + x(1 —e¥)dz =0

v_1
becomes zze¥dy + (1 —e¥)d(zz) = 0. We find e? = ¢ (the domain of definition of
the function defined by the expression of the left side is not connected).

From the identity X =2 grad 62;1 it follows A = 2222, Obviously, A and f are
functionally independent.

4. Determine the scalar field ¢ : R?\ Oz — R of class C! such that
V =yzi — x2) + 20(z,y)k

is locally bi-scalar.

Solution. Since

curl V = za—('o+a: i— za—(p—y f—2zl€,
oy ox
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the problem reduces to finding the general solution of the equation with partial deriva-
tives (V, curl V) = 0 or yg—‘; + xg—“; — 2¢p = 0. The symmetric differential system

¥

d d d
“o__% — = ca. Hence ¢(z,y) = R <x)’ where 9 is an
Y Y

— yields r_ cq,
x y o 2 Yy

arbitrary function of class C!.

Note. In the particular case ¢(z,y) = y?, we find V = y?z grad (m + z>
Y

5. Consider the vector fields:

a) V = zzi + 2(2z — y)j — 22k;

b) V =a2(y + 2)i — y2(z + 2)] + 22(y — 2)k;

c) V = y2227 + zyz2] + xy?2k.

Establish if there are level surfaces orthogonal to the field lines. If so, establish
the implicit Cartesian equations of these surfaces.

For the non-holonomic surfaces, determine the singular points, the intersections
with the axes and with the planes of coordinates.

Solution. a) We compute

i 7 k
curl V = 9 9 9 - (y — 2x)i 4 3z] + 22k
x Jy 0z

vz 2(2x —vy) —a?

and (V, curl V) = 222(3z — y). Therefore, the Pfaff equation
wzdr 4 2(2x — y)dy — 2%dz = 0

depicts a non-holonomic surface (it is not completely integrable). Despite this, it
can be noticed that for z = 0 both equation and condition (V, curl V) = 0 hold.
Therefore, the plane xOy : z = 0 is orthogonal to the field lines.

The singular points of the non-holonomic surface are the solutions of the algebraic
system zz = 0, z(2z —y) = 0, « = 0. Thus, the axes Oy and Oz consist only of
singular points.

The intersection with the axis Ox : y = 0, z = 0, provide dy = 0, dz = 0 and
hence the Pfaff equation

rzdr 4 2(2x — y)dy — 2°dz = 0

is fulfilled; so, the axis Ox is an integral curve.

The intersection with the plane yOz :

=0, zzdr + 2(2x — y)dy — 2%°dz = 0= 2 = 0, zydy = 0;
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hence, the intersection consists of the axis Oy, the axis Oz and the straight lines
T = 07 Yy =ci.
b) We find

curl V.= (4% + 2%)i + (2° +2%)] — (2% + )k

and ~ B
(V, curl V) = 2?y® + 222° + 2°2% — 2%y — y?2° — 2%y # 0.

The Pfaff equation

22 (y + 2)dz — y* (2 4+ x)dy + 2*(y — x)dz = 0

defines a non-holonomic surface.

The singular points are the solutions of the algebraic system
2}y +2) =0, y’(z +2) =0, 2*(y —2) = 0.

The intersection with the axis Oz : y=0, 2 =0=dy =0, dz =0 and the
Pfaff equation is identically fulfilled; hence, the non-holonomic surface contains the
axis Ox.

The intersection with the plane xOy : z = 0 = dz = 0 and the Pfaff equation
reduces to zy(xdx — ydy) = 0; hence, the intersection consists of the axis Oz, the axis
Oy and the family of conics of hyperbolic type z = 0, 22 — y? = ¢;.

c) It follows curl V =422 —y22k and (V, curl 17> = 0. In other words, the Pfaff
equation y?2%dx + wyz2dy + xy?zdz = 0 is completely integrable (the vector field 1%
is bi-scalar).

From yzd(zyz) = 0, we find the family of the surfaces orthogonal to the lines,
zyz = ¢ (family of Titeica surfaces). The planes Oy : z =0, Oz : y = 0 consists of
singular points (zeros of V).

We finally notice that V = yz grad (zyz).

6. Which of the following Pfaff equations define non-holonomic quadrics ?
a) (x +y)dx + (z — x)dy — zdz = 0;

b) (y + z)dx + (x + 2)dy + (v + y)dz = 0.

Determine their intersection with the plane x = y.

Solution. If they are not completely integrable, then the Pfaff equations assigned
to the linear vector fields on R™, n > 2, define non-holonomic hyperquadrics.

a) Let X = (z+y)i+(z—2)j—zk. We find curl X = —7—2k and (X, curl X) =
—x —y + 2z # 0. Therefore, the Pfaff equation defines a non-holonomic quadric.

The intersection with the plane x = y: replacing dx = dy in the Pfaff equation, we

dx z
find the homogeneous differential equation o= m whose solutions ¢(z,2) = ¢
z z+w
can be determined; the intersection consists of the curves z =y, p(z, z) = c.
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b) X = (y+2)i+ (z + 2)j + (x + y)k, curl X = 0. The Pfaff equation
(y+ z)dz + (x + 2)dy + (z + y)dz =0
is completely integrable and has the general solution zy + yz 4+ zx = c.

7. Determine the integrant factor that is necessary for the Pfaff equation below

to become locally exact and determine its general solution

[22; + (22 + ...+ 222y . 2 1T .. Ty] day = 0.

1

n
=
Solution. Denoting

Xi(z) =2z 4+ (23 + ... + xfl)ml e Ti1Ti41 - T,

we find
0X;

8ZJ = 261j +2£L‘3331.1‘z_11;1+1 xn+

2
)331 e Lj—1Tj41 - - Lj—1T 41 - - - Te

+ (¥ +...22
X X
OXy, _ 0 ]> = 0, that is the Pfaff

omiy G Gk 1 3o (k= G
J ‘ i=1 J

equation is completely integrable.
We look for a function g : R™ — R such that

X) _ 0wX)

an 8:1:1

This system admits the particular solution p(z) = exp (21...2,). Therefore, the

equation

n

vl Tn Z[Ql‘, + (x% + ...+ xi)xl e Ti—1T41 - - .Tn]dl‘l =0
i=1
is exact and has the general solution

(:z:% +...+ :17721)63”1"'“ =c.

8. We consider the Pfaff equation zdy — zdz = 0 which is not completely inte-
grable. Determine the integral curves passing through the point (1,1,1).

Solution. Let o : (z,y,2) : I — R* z = z(t), y = y(t), z = z(t) be an arbitrary
curve of class C!. This satisfies the Pfaff equation if and only if

z(t)y'(t) — 2(t)2'(t) = 0.
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From here, we notice that it is sufficient to consider y(t) and z(t) as given functions
)2 (¢
with ¢/(t) # 0 and z(t) = M Thus,
y'(t)
_ 2(0)2'(1)
y(t)
depicts the family of the integral curves of the Pfaff equation. Through the point
(1,1,1) are passing only the curves for which y(to) =1, z(to) = 1, ¥'(to) = 2’(to)-

y=yt), z==z2(t), tel

Alternative. Let the implicit Cartesian equations

f(z,y,2) =0, g(z,y,2)=0

depict an arbitrary curve of class C'. This satisfies the Pfaff equation if and only if
the homogeneous algebraic system

xdy — zdz =0

of of of

ox T dy v+ 92" 0
9g 9g 9g

ox et oy y+3z #=0

in the unknowns (dz, dy, dz) has nonzero solutions, that is,

0 r —z
of of of
or oy 0z |=0.
99 09 Og
Jdxr Oy 0z

From this, we notice (for example) that f may be arbitrarily given, while g is deter-
mined as a solution of some homogeneous linear equation with partial derivatives of
the first order.

9. Determine the general solutions of the following Pfaff equations

st adxl 4 + adxg, dzr + L(dy +dz) =0.
X1 T2 r+y+z

dl’g =

Hint. z125 = ¢(z3 + a), family of hyperbolic paraboloids; for the second Pfaff
equation, we find z(z + 2y + 22) = c.

10. Solve the following systems
) (2% — y? — 2%)dx + 2wydy + 2x2dz = 0
a
2242422 =1
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b) (x —y)dx + (x+y)dy + 2dz =0
z = z? +y2.

11. Consider the vector fields:
a) X (z,y, 2) = 22yzi + xy?2] + vy22k,
= A2 b2 .
@2+ B0, 5
(@, b x 1)
c) X(x, Y,z) = ayzi + bzxj + c:vyE (Euler field).

Show that in each case, Xisa locally bi-scalar field and determine the functions
A and f such that X = X\ grad f.

b) X(7) = 2(a@,Ma+ (b x 7) b —

Hint. a) X (z,y,2) = % grad (22 +y% + 22),

2 A2 B2
b) X(7) = (@ x b,7) grad 2T+ &7
(@ x b,7)

12. Consider the vector field
V = grad o(r) + ¢(r) grad 9(r),

where r = /22 + y2 + 22, and ¢ and v are functions of class C*.
a) Determine the field lines of V.

b) Show that Visa locally potential field and determine the family of the surfaces
orthogonal to the field lines.

Hint. a) The solutions form a family of straight lines
Yy=ax, z = Cx, (xayv’z) € [R3 \ {(07070)}

b) V=ev grad pe? and e~¥, pe¥ are functionally dependent; the spheres 72 = ¢
are orthogonal to the field lines.

13. We consider the following vector fields:

a) V = x2i + yzj — (a2 + y2)k;

D) V= (y—2)i+(z—a)j + (z — y)k;

) V=aly—2)i+y(z—2)j+ 2z —y)k.

Establish if there exist any families of level surfaces orthogonal to the field lines.
In case of existence, find the implicit Cartesian equations of these families of surfaces.
For the non-holonomic surfaces, determine the singular points, the intersections with

the axes and the planes of coordinates.

3 2 2

. 5z z?+y
Hint. a) V = — d :
int. a) 5 gra o
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r—y
T —2z

) (V, curl V) =z(z2 — ¢2) +y(a? — 22) + 2(y2 — 22) # 0.

b) V = (2 — 2)? grad

a Killing vector field,

14. Which of the following Pfaff equations define non-holonomic quadrics ?

a) ydr + zdy — (6x + 11y + 62)dz = 0;

b) (bx — 2y + 4z)dz + (4z — y)dy + 2zdz = 0;

c) ydx + (z + 2)dy + (y + z)dz = 0.

In the affirmative cases, determine the integral curves and the intersections of the

non-holonomic quadrics with planes passing through the axes of coordinates.

Hint. a)-b) non-holonomic quadrics, ¢) 22 + 2zy + 2yz = c.

15. Study if the following Pfaff equations admit or not integrant factors:

Tp—1

a) ﬂdacl + deg + ...+ dr, 1+ x—ndﬁcn =0;
T2 x3 n T

b) x1 sinx,dxy + xesinx,_1dxs + ... + x, sinzydx, = 0.



Chapter 3

Hilbert Spaces

3.1 Euclidean and Hilbert spaces

Let V be a complex vector space. A scalar product on V is a mapping that associates
to each ordered pair of vectors z,y a scalar (complex number) denoted (x,y) that
satisfies

symmetry : (z,y) = (y, ),
homogeneity : (az,y) = az,y), a € C,
additivity : (z+y,2) = (z,2) + (y, 2),

positive definiteness : (x,x) >0, when x # 0,
where the bar stands for the complex conjugate. From these items, we obtain
(z,y+2) = (z,y) + (z, 2)

(z,ay) = afz,y)
(0,z) = 0.

Usually, the existence of a scalar product is assumed. From a scalar product we can
build infinitely many other ones.

A complex vector space together with a scalar product on it is called a Fuclidean
space. The scalar product induces a Fuclidean norm ||z||, and a FEuclidean distance

d(z,y) = [ly — «l|.

The most important relation on a Euclidean space is the Cauchy-Schwartz inequality

[z, o) < lI] [lyl]-

The scalar product is used to define the orthogonality. The norm or the distance
are used for topological reasons (to introduce open sets, convergence, continuity, etc).
Particularly, the scalar product is a continuous function.

3.1.1 Definition. A Euclidean space is called complete if any Cauchy sequence is
convergent. A complete Euclidean space is called Hilbert space and is denoted by H.

107
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Examples. 1. Let V3 be the real vector space of free vectors in E3. The function
||lz]] [ly|| cos®,  for x # 0 and y # 0
<1’7 y> =
0, forz=0o0ry=0,

where 6 = (7,y), is a scalar product on V3. Of course, V3 is a Hilbert space.

2. Let R"™ be the real vector space of n—uples and = = (z1,...,2,), ¥y =
(y1,---,Yn) be two elements of R". The function

n
<$,y> = in Yi
=1

is a scalar product on R™. Analogously,

n
i=1

is a scalar product on C". Note that R™ and C" are Hilbert spaces.

3. Let I3 be the complex vector space of all complex sequences = {z1,...,Zp,...}

o0
with the property Z |z5]? < co. The function defined by
i=1

oo
i=1

is a scalar product on ly. Note that l5 is a Hilbert space.

4. Let V = C%a, b] be real or the complex vector space of all continuous functions
on [a,b] with complex values. Then

b
() = / (t)g()dt

is a scalar product on V. It can be proved that V = C%a,b] is not a Hilbert space.

5. Let V = Ls[a,b] be the vector space of all functions x on [a,b] with real or
complex values such that |x|? is integrable. Then

b
() = / (g ()dt

is a scalar product on V. It can be proved that V = Lsa, b] is a Hilbert space, and
Ls[a,b] = CYa, b], where the bar means closedness.

6. Let D C R" be a compact set and V = C!(D) the real vector space of C! real
functions on D. If f € V, we denote Vf = (ﬂ LA ) Then V' can be endowed

Oxq1’ ' Oy,

with the scalar product

(f.q) = /D (f9+ (V1,Vg))do.
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Let V be a Euclidean space. Two vectors z,y € V are said to be orthogonal if
(x,y) = 0. The orthogonality is denoted by L y. If A,B C V, then A 1 B means
rlyforalxz € A yeB.

3.1.2 Pythagorean theorem. If x 1 y, then
[l + yl? = [l + [y
Proof. Since (z,y) = 0, we find
lz +yll? = (e +y,2+y) = (z,2) + {@,9) + . 2) + (,9) = I[P+ |yl O
Let M be a proper subset of V. The orthogonal complement of M is defined by
M+ ={z eV |(z,y) =0, forall y € M}.

Of course, L M is equivalent to x € M.

3.1.3 Theorem. Let V be a Euclidean vector space and M be a proper subset of
V. Then M~ is a closed vector subspace of V.

Proof. Obviously M+ is a vector subspace. Assume x,, € M+ with z, — . Let
us show that xo € M. Since the scalar product is a continuous function, we have

(xo,y) = lim (z,,y) =0, forally e M. O

3.1.4 Corollary. If V is complete, then M~ is also complete.

Now we recall the algebraic concept of projection: an endomorphism P :V — V
which satisfies P2 = P. A projection is said to be orthogonal if its range and null
space are orthogonal.

3.1.5 Theorem. An orthogonal projection is continuous.

Proof. Always x =r +n, r € ImP,n € KerP. Of course, r L n because P is
orthogonal. It follows
(][ = ||| + [[n] .

Consequently
1P| |* = [|r|f* < [l2]?,

and hence P is continuous (note that a linear function is continuous iff it is continuous
at a point). O

3.1.6. Exercises

1. Show that (a, b) = ||a|| ||b]| cos @, where § is the measure of the angle between
@ and b, defines a scalar product on the real vector space of the free vectors.2 Hw.
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2. Show that the function defined by

n
(x, ) :inyi, forall z = (z1,...,20), Yy = (Y1,---,Yn) € R"

i=1
is a scalar product on R".4 Hw.

3. Show that the function defined by

<‘/I"7y> :Zm2E7 for all z = (mlr"axn)? y= <y17"'ayn) E(Dn

i=1
is a scalar product on C".

Solution. We verify the axioms of the scalar product

=1 i=1 i=1
<.’L‘ + Y, Z> = Z(xz + yi)zi - Z-/Eizi + Zyizz <Z‘ Z> + <y7 Z>a
=1 =1 =1

alz,y) = Oézl’iﬂi = Z(Cmi)?i = (az,y),

i=1
(x,x) = Zw@z = Z |z;|? > 0,and the equality holds
= i=1
iff z; =0, i=1,n, that is, for z = 0.

4. Consider the real vector space V. = {f : [a,b] — R | f continuous}. Show
that V is a Euclidean space with respect to the application defined by

b
g) = / F(®)g(t)dt, forall f,g € V.

Solution. The problem requires to show that (f,g) is a scalar product. The
continuity ensures the existence of the integral, and if f, g, h are continuous functions
with real values and r is a real number, then we have

b b
) = / F(Hg(tydt = / g F(t)dt = (g, 1),

t/ F)(g(t) + h(t))dt = ‘/)f dt+llbfﬁﬂdﬂdt=

b b
rfg) = v / F(t)g(tydt = / (rf)(Og()dt = (rf. g).

(fg+h)

=
—~
}h
=
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For a continuous function f # 0, there exists tg € (a,b) such that f(tg) # 0, i.e.,
f(to) > 0 or f(tg) < 0. By continuity, there exists an open interval I such that to €

I C[a,b] and f3(t) > 0, for any t € I. Let [c,d] C I, ¢ < d and m = HfiI}l] f2(t) > 0.
telc,

Then the positivity axiom follows
d b
0<m(d—c) < / fA(t)dt = / fA(t)dt = (f, f).

5. Consider the complex vector space V = {f : [a,b] — C | f continuous}. Show
that V is a Euclidean space with respect to the application defined by

b —_
Ufrg) = / F(Og@)dt, for all f.g € V.

6. Let V be the real vector space of the real sequences {x,,} for which the series

oo
Z x2 is convergent. Let © = {x,,}, ¥ = {yn} be two elements of V.

n=0

o0
a) Show that the series Z T,Yn is absolutely convergent.

n=0

b) Verify that the function defined by (z,y) = Z ZTnYn is a scalar product on V.
n=0

c¢) Show that the sequence with the general term x,, = e~ belongs to the exterior

of the sphere of centre the origin, of radius ——= and to the open ball of centre the

2v/2

origin and radius

2
7

d) Write the ball of centre x¢ = —&-1}’ radius 1 and give examples of elements
n
of V' contained in this ball.
e) Calculate (z,y) for
_2n—1 1

= n>1.

Ty = W’ Yn = W’

f) Let z, = 21", y, = 317", n > 1. Determine the "angle” between z and y.

Solution. a) Taking into account that for any real numbers a and b we have
2|ab| < a? + b, it follows

(o) (o) (o)
szyi\ < 23322 +ZZ/3
=0 =0 =0
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o0
Using the comparison criterion from the positive terms series, the series g |xiy;| is

=0
o0

convergent, and then the series Z x;1y; absolutely converges.
i=0

b) We have to verify only the positive definiteness of the associate quadratic form.
o0

Since (z,z) = Zmi > 0, for any « € V, it is sufficient to show that (z,z) = 0 =
i=0
x = 0. Indeed, the relations

o
Oga:gSx%+x%§...<x%+x%+...xiS...gz 2 =0
n=0

imply 0 =xg =21 =...=x, = ... (we used the fact that the limit of a convergent
increasing sequence is the supremum of the set of values of the sequence).
1 1 1
¢) Since 2 < e < 3, we find — < — < — n € N, and then
o0 o0 o0 o0
1 1 1 9 1 4
232n<262n<222n = §<Zen<§’
n=0 n=0 n=0 n=0
9 4
whence = < [le™"|]> < -.
= <lleIP < 3

d)# Hw.e) We have subsequently

o0

1
1+2x+...+nx"_1+...:m, o <1= (z,y) =)

2n—1
2n

=3.

n=1

2
f) The angle is § = arccos g

7. On the real vector space
C[l,e] = {f : [1,e] — R | f continuous}

we define the scalar product
(f,9) = / (Inz)f(z)g(x)dx, for all f,g € C°[1,e].
1

a) Calculate the angle between f(z) =z and g(x) = /x.

2
b) Show that the functions f which satisfy the property f?(z) < . belong to the
ball of the centre at origin and of radius one.

c¢) Calculate ||f|| for f(x) = /. Write the ball having as centre the function
fo(z) =1, for all x € [1,¢], of radius 1, and give examples of functions in this ball.
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Solution. a) Integrating by parts and considering
1 2
u=Inz, dv= PPdr = du= —dx, v= fx5/27
x

we have

€ ; 2
<f79>:/ 2 Inx = 5x5/21nx
1

- g/e:c3/2dz: il
5 2%

and also

e 3
||f\|2=/ 2 nzdr = %mm
1

© /Bx31 1+ 2¢3
— ——dx =
1 J1 3z 9

gl = [{ 2 Inwde = L,

whence we infer
(f.g) 12 2 4 3¢%/2

I MIgll — 25 /(T + €2) (1 + 2¢%)
b) We remark that since f*(z) < 2, we get

cosf =

€ € 2 e
||f|\2:/1 (lngv)fQ(as)dJ:</1 lnx-fdlenzxylzl.

xT

8. Specify the reasons for which the following functions are not scalar products:

a) p: C"xC"—=C, ¢(z,y) = szyz,
=1

i=1

c) ¢:C°%0,1] x C°0,1] = R, o(f,g) = f(0)g(0). % Hw.

9. 1In the canonical Euclidean space R®, consider the vector v = (2,1, —1) and
the vector subspace P : z — y + 2z = 0. Find the orthogonal projection w of v on P
and the vector w. % Hw.

10. Let P, = {p € R[X]|degp < n} and the mapping

1
p: P, — Py, pSplp)= X”/ tp(t)dt.
0

Give an example of scalar product on P, relative to which ¢ is a symmetric endo-
morphism.

Hint. Check that the scalar product (p,q) = Z a;b;, where
i=0

n n
p:ZaiXiv qzzbiXiEPn
=0 =0

satisfies the required property.
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3.2 Orthonormal basis for a Hilbert space

Till now a basis of a vector space V was a purely algebraic concept, introduced using
finite linear combinations and the idea of linear independence. Here we want to attach
a meaning to infinite linear combinations of the form (series)

o0
Z a;xi, v €V, a; € C.

i=1
It will appear type of bases which involve topological as well as algebraic structure.
3.2.1 Definition. Let V be a Euclidean space.
1) The set {z;} C V is called orthogonal if z; L x;, whenever i # j.
2) The set {x;} C V is called orthonormal if
1,i=3j
) =00 = { 0. i # 3.
where d;; is the Kronecker symbol.

The index ¢ may range over a finite, countable infinite (when the set is a sequence)
or uncountable index set.

3.2.2 Theorem. If {z;} is an orthonormal set in V, then the set {x;} is linearly
independent.

Proof. We start with
arx1+ ...+ apx, =0.

Taking the scalar product with x;, we obtain

0={(0,2;) =oa{r1,x)+...+ai{zy,z) + ...+ ap(Tn, ) =

= (T, ) = o, i =1,n,
and hence the set is linearly independent. a
3.2.3 Definition. An orthonormal set {z;} C V is called mazimal if there is no

unit vector xg € V such that {z;} U {zo} is an orthonormal set.

In other words, an orthonormal set {x;} is maximal if z 1 x;, for all 4, implies
that x = 0.

3.2.4 Theorem. Let {z;} be an orthonormal set. Then there is a maximal or-
thonormal set B which contains {x;}.

The proof of this theorem is a straightforward application of Zorn lemma.

3.2.5 Definition. A maximal orthonormal set B in a Hilbert space H is called
an orthonormal basis of H.
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Examples of orthonormal bases
1) I =[0,1], H = the complex space Lo(I) with the scalar product

1
(f.9) = /0 f(#) g(t)dt.

We claim that A
®,(t) =¥t 0 =0,41,£2,...

is an orthonormal set, i.e.,
(®,,®,,) =0, n#m and ||®,]* = 1.
Next is possible to show that {®,,} is a maximal orthonormal set, i.e.,

fL®,=f=0.

Note. Ls[a,b] = C%a,b], where the bar means closedness.
2) The Laguerre functions form an orthonormal set for L,[0, 00). These are defined
by

1
D, (t) = Ee_tﬂLn(t), n=0,1,...

where L, (t) are the Laguerre polynomials

n

d
Ln(t) = etdtin(tneit).

3) The Hermite functions

e—t°/2

form an orthonormal basis for Ly(—00, 00), where

2 d"

H(t) = (—1)"e” 2 (e™)

are the Hermite polynomials.

4) The Legendre functions

1/2
(1) = (2";1> Pu(t), n=0,1,...

form an orthonormal set for Lo[—1, 1], where P, (t) are the Legendre polynomials

1o
ol din

Py, (1) (2 — 1),
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Note. Given any linearly independent sequence {x,}, cn in a Euclidean space, it
is always possible to construct an orthonormal set from it. The construction is known
as the Gram-Schmidt orthogonalization process.

3.2.6. Exercises

1. Replace the following bases with orthogonal ones:

a) {v1 = (1,1,0), vz = (1,0,1), v3 = (0,1,1)} in R?;

b) {1,z,...,2",...} in the real vector space of all the real polynomial functions
defined on [—1,1].

Solution. We use the Gram-Schmidt orthogonalization method.

a) The canonical scalar product in R? is (z,y) = z1y1 + T2y + x3ys. We put
wy = vy. Considering now wy = v + av; = (1,0,1) + (o, ,0) = (1 + o, 0, 1),

the relation (ws,w;) = 0 is equivalent to 1 + 2o = 0, whence a = —5; it follows

1 1
=(z,-2,1).
w2 <27 27)

We search similarly for ws of the form

U3 +ﬁIU2 +")’U)1 = (07 17 1) + (ga _§7ﬁ) + (777a O) =

w3

2 2

satisfying the orthogonality conditions (ws,w1) = 0 and (ws, ws) = 0, which rewrite

1
{3ﬁ+1=0 < {ﬁ:j

3-

222
3’3’3
{ wy  wp  ws
[wi | we]|” [|ws]|

Hence w3y = < ) and {w,wy, w3} is an orthogonal basis. Remark that

} is an orthonormal basis.

1
b) We use the canonical scalar product (p,q) = / p(x)q(z)dz and the orthog-
~1
onalization formulas. We denote p;(z) = z*, i € N. Set first go(z) = po(z) = 1.
1 1

Computing {(qo, go) = / dx =2, and (p1,qo) = / xdxr = 0 we find
1

= —M T) = Tr)==x
q1(7) = p1(z) <q07q0>QO() p1() .
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By analogy, the relations
1
(P2, q0) = f_1 a?dr = %
1
(p2,q1) = [, a*dz =0
1
(g1, q1) = f_1 a?dr = %

imply

<p27q0> (CC) o <p23q1>q (1,) 2 1

42(2) = pa() = = o {g,q1) "

Similarly we find

3 6 3 10 )
g3(z) = 2 — Rl qu(z) = 2* — ?xQ + 35 gs(z) = 2° — —a® + —a.

By induction, it may be proved that the required polynomials ¢, can be computed

by the formula
nl d" ,
n = — - 1 n) N-
an () (2n)! dan (@ )’ ne

These polynomials are called the Legendre polynomials.

2. Show that equality holds in the Cauchy-Schwartz inequality |{x,y)| < ||z|| ||y|
iff the set {x,y} is linearly dependent.

3. Let V = L]0, T] be endowed with the scalar product

T —_—
(z,y) = / z(t)y(t)dt, forall z,y eV
0

and let F' be the filter mapping of V into itself defined by

(Fa)(t) = /O e~ (r)dr, t € [0,T].

Find an input « € V such that (z,z) =1 and (Fz)(T) is maximal.

Solution. Let y(t) = et, then (Fz)(T) = e T (y,z). The Cauchy-Schwartz in-
equality implies
(Fa)(T)] < e el - [lyll,

with equality when « = cy (« and y are collinear). The solution is

5(t) = || e, te[0,T),

and
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4. Describe all possible scalar products on the complex vector space C.
Show that the real vector space R? has a scalar product which is not derived from
a complex scalar product.

5. Let (z,y) be a scalar product on the vector space V.
1) Show that the mappings y — (z,y), = — (z,y) are continuous.

2) Discuss the relations

<$az yn> = Z <$>yn>7 < xnay> = Z <xn’y>

n=1 n—=

6. Let x,y be vectors in a Euclidean vector space V' and assume that
Az + (1= Nyl| = [|=|], forall X €[0,1].

Show that x = y.

7. Let {z,y} be a linearly independent set in a complex Euclidean vector space
V. Define f: C — R,
fle) = |z — ayl], Yo € C.

Where does f take on its minimum value ?

8. Let y be a fixed vector in a Hilbert space H. Describe the operator

L:H— H, L(x)=x,vy)y, foralzeH.

9. Let V denote the vector subspace of Ls[0,27] made up of all trigonometric

polynomials of the form
n

z(t) = Z ape'*t,

k=—n

Let M be the subspace defined by

M_{er ‘/O%t:v(t)dt_o}.

Let z¢ in V with ¢ ¢ M. Show that there is no vector yy in M with
llzo — yol| = inf {[|zo — y[|, y € M}

10. Let z =z +y, where L y. Show that (z,z) is real.

11. Let {y, #1,22,...} be an orthonormal set in a Hilbert space H. We construct
the linearly independent set {xy} , cn+ by

( 1) ( 1> *
T, =|cos— |y+ [sin—|z,, neN".
n n
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Denote M = L({z,} ,en+) and M the closure of M.
1) Show that y € M.
2) Show that y cannot be expressed in the form

Y= 1T +02x2 + ...
Solution. 1) y = lim x,, € M.
2) Suppose, y = a1x1 + asxs + .... Then

St (1))

n=1

and since {y, 21, 22, ...} is an orthonormal set, one has

> 1 = 1
Yy = (;ancosn> y—i—nz::lan (mnn) Zn-

Since the two terms of the right-hand side are orthogonal to one another it follows

= 1 = 1

g oy, cos — =1, g an, (sin ) zp = 0.
n n

n=1 n=0

But the theory implies

= 1
Z \o¢n|2sin2 —= 02 =0,
n=1
and so a; = ag = ... = 0. This implies y = 0 which is a contradiction.

12. Let {z,},cn be an orthonormal sequence in a Euclidean space V, and also
oo

oo
let z = Z QnTp. Show that ay, = (z,x,) and ||z||* = Z |(x, x,) |2
n=0 n=0
13. Let {z,} ,cn be an orthonormal sequence in a Euclidean space V', and let
m be a natural number. Let z € V be fixed. Show that the set

By = {an | [J2]]* <m|(z,20)* }
contains at most m — 1 elements.

14. Let {x1, 2,23} be linearly independent set in a complex Euclidean space V'
and assume that (x;,z;) = d;;, i,j = 1,2. Show that f : ? - R,

f(al,ag) = ||041.’E1 + axo — £E3||, V(O[l,ag) € @2,
attains its minimum when o; = (x3,2;), i =1, 2.

15. Let T;: V — W be two linear transformations on the Euclidean (complex or
real) vector space. Assume that

(x,Tvy) = (x,Toy), forall z,y V.

Show that T} = T5. Is linearity essential here ?
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3.3 Fourier series

Let H be a Hilbert space, and {z,} ,,cn* be an orthonormal sequence. For € H,
we compute the (projections) complex numbers (z, x,,), which are called the Fourier
coefficients of the vector x.

The series
oo
S (2, n)an
n=1

is called Fourier series attached to x with respect to {z,}.

The following questions arise: a) is the series convergent ? b) is the sum of the
series equal to x ?

3.3.1 Fourier Series Theorem. Let H be a Hilbert space and {x,} ,en~ C H
be an orthonormal set. The following statements are equivalent.

1) The set {xz,} is an orthonormal basis, i.e., it is a mazimal orthonormal set.

o0

2) (Fourier series expansion) For any * € H we have x = Z (@, Tp) Ty

n=1

3) (Parseval equality ) For any x,y € H, one has

(z,y) = Z (T, 20 ) (Y, Tn)-

n=1

4) For any x € H, one has

[e'S)
lll* =D K, za) .
n=1

5) Let M be any vector subspace of H that contains {x,} ,cn+. Then M is dense
in H.

To prove this theorem we need three preliminary results:

e the Bessel inequality,

o0
e discussion of the convergence of g anZy, when {z,} ,cn+ is an orthonormal

n=1
sequence,

e a formula for computing orthogonal projections in terms of an orthonormal
basis.
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3.3.2 (The Bessel Inequality) Lemma.
If {xn} nen* is an orthonormal set in a Euclidean space, then

o0
Z (@, 2n) <[]l

Proof. Let {x1,...,2;} C {zn} ,en+- Then

k k k
0 SH:E—Z(xe:rZH Zx:rlxl, Zxxjx]
i=1 i=1 j=1
k k ko k
= (z,x) — Z (x,zi){z;, (@, z5) —|—Z Z (@, @) (2, 25) (s, xj) =
i=1 j=1 i=1 j=1

k
= |lzl* =Y a2,
i=1

since (x;,x;) = 0;5, independent of k.

Now let us take a careful look at the series of the form

o0
E ApTy, o€ C,
n=1

where {z,,} ,cn* is an orthonormal sequence.

3.3.3 Lemma. Let H be a Hilbert space and {xy} ,cn+ C H be an orthonormal
sequence. Then the following assertions are valid:

o0 oo
1) Z Qn Ty, converges zﬁz lon | converges.

n=1 n=1

o0
2) Assume Z anxy convergent. If

n=1
oo oo
r = Z Oy = Z Bnn,
n=1 n=1
o0
then oy, = B and ||z||* = Z o, |2

Proof. 1) Suppose Z anZy is convergent and x = Z QpTy, 1.€.,

n=1 n=1

N
lim ||z — Z || =
N —oo 1
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Since the scalar product is a continuous function, we have

[e%S)
.27 l'j E anxn,xj E [0 7% xmxj = Q.
n=1

The Bessel inequality gives

S S
D K aa)P =) o] < |2l
n=1 n=1

oo
and so E lon |2 is convergent.
n=1
oo n
Next assume that E \04n|2 is convergent, and denote s, = E a;x; (partial
n=1 =1
sums). It follows
n
2 2
|[sn — sml|” = E |ovi|%,
m—+1

and hence {s,} ,cn* is a Cauchy sequence. The completeness of H ensures the
convergence of the sequence {s,} ,cn+-

2) Let us prove
oo
] = lonl®.
n=1

For that, using the Cauchy-Schwartz inequality, we evaluate

N N N N
2l =3 lanl® = (@@=} anzn)+ (@ =) anen, > ann)
n=1 n=1 n=1 n=1
N N
Z nn ||( ||~”C||+||Z any|]) <
=t N
<flall e — 3 @nal| — 0.
n=1
o0 o0
Now suppose & = Z ApTy = Z Bn,. This implies
n=1 n=1
n=1

Consequently
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o0
Z = Ba)an = 0 = Z|an Bal? = an = By O
n=1 n=1
3.3.4 Corollary. Let H be a Hilbert space and S = {x,} ,en* C H be an or-
o0
thonormal sequence. The series Z QnXy 18 convergent iff it is unconditionally con-
n=1

vergent (any rearrangement of this series is convergent).

Now we wish to show that if {z,},cn+ C H is an orthonormal set, then the

formula
oo

Px = Z (, Tn)Tn

n=1
defines an orthonormal projection of H onto M = L(S5).
For that we need the following
3.3.5 Lemma. Let B = {x1,...,x,} be a finite orthonormal set in a Hilbert space
H and M = L(B). Then:
1) M is closed.
2) The orthogonal projection of H onto M is given by

n

Px = Z (x, zi)x;.

i=1

Proof. 1) M is closed because is a finite dimensional subspace.
2) Obviously, P : H — H is linear. Also,

n

Pz = Z (), zi)x; = x;.

i=1
Now let € H. Then
7)2;5:7><Z ):Z x,x;)Px; = me = Pz.
i=1 i=1 i=1

Consequently P is a projection.

Obviously Im P C M. Conversely, for any € M we can write
=011+ ... +0pTy.

Consequently Pz =z and so Im P = M.
Now we show that P is orthogonal. Let y € KerP, x € Im P, i.e.,

Py =0, Pz ==x.
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We find

n

n
<y7$> y,Px :%Z LL‘ xz xz Z yairz -
i=1

i=1

Z Y, Ti)(Ti, T) = Z (Y, zi)wi, x) = (Py,z) = (0,2) = 0.

i=1 =1

This concludes the proof. O

3.3.6 Corollary (a minimum problem).

Let S = {x1,...,2,} be an orthonormal set in a Hilbert space H and x € H. For
any choice of complex numbers {ci1,...,c,} one has
n n
e = (@ ezl < |lz = cmill-
i=1 i=1

n
Hint. Pz = Z (x,x;)x; is the projection of = onto the subspace generated by S.
i=1

3.3.7 Lemma. Let B = {x,} ,cn* be an orthonormal sequence in H and M
be the closed vector subspace generated by B (the closure of L(B)). Then any vector
x € M can be uniquely written as

00
E chn n

and moreover
oo

Px = Z (, Zpn)Tn

n=1

defines the orthogonal projection of H onto M.

K
Proof. Let yy be a finite linear combination of vectors in B, i.e., yy = Z Ap Ty,
n=1
where both «a,, and K depend on N. Suppose K > N. It follows
K K
e =Y (@, zn)aal| < |lz = anzall = [lo = ynll.
n=1 n=1
(oo}
If we accept z = lim yy, then lim ||z — yn|| — 0. This implies x = Z (x, Tpn)Tn.
N — oo N — oo
n=1

Then, via the Bessel inequality, we infer

[e%S) [e%S)
|Pa||* = Z (@ xn)anl® = |(@,20)]* < ||z].
n=1 n=1
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Consequently P is continuous. The orthogonality is obtained easily since continuity
of the scalar product justifies the interchange of summations. o

3.3.8 Proof of the Fourier Series Theorem

1) = 2). Hypotheses: {z,} ,cn* 18 @ maximal orthonormal set in H, M is a
closed vectorial subspace of H generated by {z,}. If z € M*, then z | x,, and so
r = 0. Hence M+ = {0}, i.e., M = H. Therefore the orthogonal projection is just
the identity

Id(z) =2z = Z (x, 2p)Ty.

n=1
2) = 3). Forx:Z (x, Tpn)Tn, y = Z (Y, T )Ty, we find
n=1 n=1

00 oo oo
y> = <Z <.Z',.’En Z yvxm xm Z z mn yaxn
n=1 n=1 n=1

3) = 4). Obvious.

4) = 1). If {z,} ,en+ s not maximal, then there exists a unit vector xo such that
{zn} pen+ U{zo} is an orthonormal set. But this yields the contradiction

L= lzoll® =) (zo,zn)|* = 0.

2) < 5). The statement 5) is equivalent to ”the orthogonal projection onto M is the
identity”. Lemma 3.7 proves the equivalence with 2).

3.4 Continuous linear functionals

We want to show that every continuous linear functional on a Hilbert space has a
representation via the scalar product.

Let V be a Euclidean vector space and y € V. Define
1: V=G, l(x) = (z,y).
This function is linear and

()| = (2, w) ] < lyll []]]-

Consequently
]l = sup [I(z)| < [lyl]-
[lz]|=1
But [i(y)| = lyll llyll, so [[I]l = [lyll. Finally [[l[| = [[y||. Since I is bounded,

automatically it is continuous.
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Consequently, a continuous linear functional [ is naturally associated to each vector
y: any bounded (continuous) linear functional [ in a Hilbert space can be written as
l(z) = (x,y), * € H, y fixed in H.

3.4.1 Riesz Representation Theorem. Let H be a Hilbert space andl : H — €
be a bounded (continuous) linear functional. Then there is one and only one vector
y € H such that

l(z) = (x,y), forallxze H. (66)

The fixed vector y is called the representation of I.

Proof. If [ = 0, then we associate y = 0 to [. Assuming that | # 0 we remark
that since [ is continuous, the vector subspace M = Ker | = {z € H|l(z) = 0} is
closed. Moreover, M # H, since | # 0. Therefore, there exist z € H satisfying
z L M, |z]| = 1.

We further show that dim M+ = 1 and hence {z} is a basis of M. We note that
the mapping I+ = |, : M+ — C is surjective. Indeed, since I(z) # 0, we have
dim Im !+ > 0. But Im !t C C, hence dim Im I+ < 1. Then dim Im *! = 1 and
Im [+ = @, I is surjective. It can be easily checked as well that I is injective, hence
I+ is an isomorphism, whence dim M+ = dim C = 1.

Since z ¢ M, one has I(z) # 0. First we show that I(z) = (z,y), Vo € H, for

y = [(2)z. The projection theorem shows
H=M+M"* z=m+m" .
Since M+ = L({z}), it follows that * = m + (B2z. Using the linearity of I and

(z,2) = ||z||* = 1, we have

l(z) =1llm)+pPl(z) =0+ pl(2)(z,z) = (m,1(2)z) + (Bz,1(z)z) =

= (m+ Bz,1(2)z) = (z,y), y =1(2)=.

The vector y is unique with the property (66). Indeed, if ¢y € H satisfies (66) too,
then
(x,y) = (x,y'), forall z € H,

whence (x,y —y') =0, forallz € H. Forx =y —3 weinfer 0 = (y —¢',y — ¢') =
lly —¢'[|%. Tt follows y = ¢/'. O

3.4.2. Exercise

On R™ we consider the scalar product

n
(z,y) = Z Aij Tl

ij=1

Find a representation for [ : R™ — R, when [ is given by
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)
2) l(x) = acrll + T9;
3) I(z) = Z bix;.

3.5 Trigonometric Fourier series

3.5.1 We consider I = [—m, 7], and the real space H = Lo(I) with the scalar product

T

(f9) = f(t)g(t)dt.

—T

The set

{J%}U{\/l%coskt’ keﬂ\l*}U{\/l%sinkt‘ ke[]\l*}

is an orthonormal sequence. Given f € H, we attach the trigonometric Fourier series

a > .
S(t) = ?0 + Z (ay cos kt + by sin kt) ,

k=1
where
1 iy
@ =2 / £(t) dt
ﬂ— —Tr
1 s
a = / F(t)coskt dt, k€N (67)
L
1T .
e =~ [ f(t)sinktdt, kN
T

|
3

Then we have the equality f(t) = S(t), for allt e (—m, 7).

The trigonometric Fourier series are used in the study of periodical phenomena,
where appears the problem of representing a function as the sum of this kind of series.
In this sense, we have two problems:

- if f is the sum of a trigonometric Fourier series, find the coefficients ag, ag, by;

- the finding of conditions under which a function can be expanded in a trigono-
metric Fourier series.

Some answers to these questions are given in §3.

3.5.2. Exercises

1. Determine the Fourier series of the function f: (—m,7) — R, f(z) = z.
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Solution. On the symmetric interval (—m, ) we have S(z) = f(x), where

S(z) = % + Z(an cos nx + by, sinnx), (68)

n>1

and the coefficients are provided by (67). In our case, as f is an odd function on the
symmetric interval (—m, 7) as well as is sinnz, it follows that ag and a;, are expected
to be zero. Indeed, by computation, we find

T

1 1 2
aO:—/tdt:—-—
™ T 2

—T

s

1 2 2
= — — :O
—(m" =)

—T

and also, using that cos is an even function, we have

17 1 i T 1/
ar = f/tcosktdt:f Lsin kt —f/sinktdt =
T T k .k
1 1 - kt ™ 1 1
= = (O % CZS —71—) = ﬁ(cos km — cos(—km)) = 0.

On the other hand, using

_ 1, for k=2p _ k
COSk‘ﬂ'—{ lfork=2p+1 = (=1)%, for all k €N,

we compute

1 T . 1 tcoskt |™ 1 T
b, = ;/f(t)smktdt:; - _ﬂ+k/cosktdt =
1 —7rcosk7r77rcos(—k7r)+lsinkt T 772(71),672(—1)’“rl
AU k F k| )T R T TR

Hence
= 2 _ = (1)t sinna
S(z) =0 0+ (1) sinka | =2y ~——— "
(x) —|—;( + k:< )T sin ka ; -

2. Determine the Fourier series for the function

Filmal =R @)= {

¢, © € [—m,0]
Co, Q'JE(O,’/T}.

Solution. The coefficients of the Fourier series are
0 T
1 1 0
ag=—\|cC1 dt+co [ dt | = — | 1t + cot
T T
—T 0

—T

s

1
= ;(0177 + com) = ¢1 + ca,
0
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and
0 T

ar =+ (cl | cosktdt + ¢y [ cos k‘tdt) =
- 0

+ ¢ su;ﬂkt

W) = 2(0+0)=0;

0

For the odd part, the coefficients are

0 T
b % <C1 J sinktdt + ¢y [ sin k;tdt) =
- 0

0

=+ 62(_1)cozkt

—T

% <C1(—1)C02kt

(51— (~1)F) = (=D} = 1)) = (e~ 1) (1 — (- D)},

3|

and hence
0, for k =2p
b = 9
——(¢1 — ¢a), for k=2p+1.
km

Then the Fourier series of the function f is

S(z) = %—%— Z <—k27r(01—02)sinkx>:

_ 01+c2+i( —(%(01—62)5111(21)4—1)3: ) -

ot 2 —e) i sin(2k + 1)z

a) f:[-m, 7] = R, f(:z:)zsin%;
b) f:l-m ] = R, f(z) = |zf;
c) f:|-m 7] — R, f(z) = 2%
d) f:[-m 7] = R, f(x) =e*.
' R Tt z € [—m,0)
& f: ] = ,f<w>—{ e



130 CHAPTER 3. HILBERT SPACES

T 4n? -9 '
T 4 cos(2n — 1)x
b) S@@)=5-7 2n—12
n>1
2 —1)"
c) S(z) = % —|—4Z ( n2) cos(nx);
n>1

2 1 -H"
d) S(z)=—shar{ —+ %(acosm: —nsinnz) p;
2a ~a +n

o 4 cos(2k — 1)z



Chapter 4

Numerical Methods in Linear
Algebra

4.1 The norm of a matrix

Consider the n-dimensional real vector space R"™.

4.1.1 Definition. We call norm in R™ a mapping || - || : z € R" — ||z]| € Ry,
satisfying the following conditions

1. positivity: ||| > 0, forallz € V and
el =0 & 2 =0,
2. homogeneity: [laz|| = |a||x]], for all x € V;

3. the triangle inequality: ||z +y|| < ||z|| +[|y|[, forall z,y € V.
Examples. The so-called L, - norms on R", for p € [1,00), which are provided
by

n 1/])
|||, = <Z|xz|p> , forallz ="(2q,...,2,) € R™,
i=1

satisfy the conditions 1-3 from above. As particular cases, we have:

a)forp=1, weget ||z||1 = |x1] + |2+ ... + |z4], (the sky-scrapper norm);

b) for p=2, we have ||z||s = /2?7 +... + 22 = \/(z,2), (the Euclidean norm);

c) for p =00, we find ||z]|cc = max |4, (the "maz” norm).
ieTn

Remark that, for p = 2, we have (z,y) = ‘zy, and the Cauchy-Schwartz inequality
holds true
[z, p)| < ll]| - |lyll, for all z,y € R™.

131
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4.1.2 Theorem. Let ||||o, ||-||la be two norms on R™. Then there exist a,b > 0
such that

all - flo <[~ [la <0l - [0

Practically, the theorem states that any two norms on R"™ are equivalent.

Remark. The theorem is no longer valid for infinite dimensional vector spaces.
Let A = (aij;) € My,xn(R). The matrix A defines uniquely a linear
operator

i=T,m,j=T,n

La:R" — R™, La(x)= Az, forall z="zy,...,7,) € R".

Let R™ and R™ be endowed with the norms || - || and || - ||&, respectively.
4.1.3 Theorem. The real function || - || : Mpmxn(R) — R4 given by

Al = sup [|La(z)]|4

lzllo=1

is a norm on the mn - dimensional real vector space My, «n(R) of matrices.

Proof. The positivity. Since ||La(z)||g4 >0, for all z € R", it follows ||A[| > 0.
We have then
[|A|| =0=||La(z)||g =0, forallze R",

whence
La(zx)=0, forallze R"=Ls=0=A=0.

If A=0, obviously Ly = 0= Ly(x) =0, for all z € R” = ||A|| = 0. The other two
properties of the norm are left as exercises. O

Remarks. 1°. f m=nand ||-|]1 = |l2=| - ||, then we have
IAB|| < [|A[| - [|B]|, for all A, B € My(R).

2°. For ||-||; and || -||2, we can consider any of the norms described in 1.1. In the
case presented above, if || ][y = || ||2 = || - ||s, then we denote the norm of the matrix
A simply by || A]le-

4.1.4 Theorem. If R™ and R™ are endowed with L, - norms, p € {1,2,00},
then the following equalities hold true

m
Al < sup [[Az|i=  max Y |aj]
[lz[l1=1 Jj=1lnqi=1
n
Ao € sup [|Azlloc = max Y |aj]
lz]loo=1 i=1,m j=1
Al = sup ||Az]la =  /max{|A\[| X € o(tAA)].

[z|lg=1
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m
Proof. Denote ||A||¢ = max Y |a;;|. Rewriting in coordinates the equality y =
j=1lni=1

n

Az, for all z = *(zq,...,2,) € R" we have y; = 3 a;;x;, i = 1,m. Then
2. i
]:

m m n
[Az|lr = [lylh = X |l = X2 | X2 ayyzj| <
i=1 i=1|j=1

HMS

< £ Slaslinsl = S 1oyl (5 lost) <

Jj=1 =1

™=

<

n n
o1 (max 3 fast) = 32 kllllo = lllolelr
2

Jj=1lni=1

j=1

Then
1 Az]ls < [|Allollalls = |A(|| H )||1 <llAllo = sup flAbll < 14l (69)
v 1—
whence ||A4||; < ||AH<>
Denoting e = #(0,...,1,...,0) and Aex = *(ak1,--.,akn), it follows that

(1 in the k-th pos.)

m
|Aexll = lawl, k=Tn.
i=1
m
Hence, if max ) |a;;| is attended on index j = k then, using the relation above, we

j=1l,ni=1
find

[|Alle = max Z |aij| = [[Aex][1,

j— TL.

and since ||egx||1 = 1, we have

1Al = sup [[Azl > [|Aex|| = [[Allo = |[All = [|Allo- (70)

[lz[l1=1

From (69), (70), the two norms coincide, i.e., ||Al]1 = ||4]|¢-

For ||A]| the proof is similar. For ||A]|2, remark that

||Az||s = Viz tAAx = VtxBuz,

where we denote B = 'AA. But B is symmetrical, hence it has real eigenvalues
o(A) = {A1,..., A}, and moreover, these are nonnegative; for [A1] < [Ag] < ... <
|An|, we have

I\i| fex < |2 Bx| < |\,| tzz, for all z € R™.
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Then we obtain

tzB
| < L2 f‘ < [Anl, for all z € R™
|3
Denoting v = Wz, and hence [|v||2 = 1, we find
[|Az||2 trBx
1 40]]2 = =\ € VALV
[|||2 T
so that
1All2 = sup [[Av]]z < [An] = ||A]l2 < Vmax{[A[ | A € 0 ("AA)}.
lv]l=1
The converse inequality holds also true. O

Corollary. If A= 'A e M,(R), then ||A||s = max{ |\i| | \s € 0(A) }.

Proof. In this case the eigenvalues of B =% AA are exactly the squares of those of
the matrix A, whence the result. g

4.1.5 Definition. Let A € M,,(R), det A # 0. The number
k(A) =|A]l - [[A71]

is called the conditioning number of the matrixz A relative to the particular norm used
in the definition.

Remark. Consider the norm || - [|2 on
GL,(R)={A| Aec M,(R), det A # 0}.

Since
1= 1]l = [J[AAT ]2 < [JA]l2 - [[A7 |2 = K(4),
we get

k(A) > 1, forall A€ GL,(R).

4.1.6. Exercises

1. a) Compute ||v]|,, for v =*(1,0,—-2), and p € {1,2, 00}
b) Compute ||A]|, for A = ( jl g ), and p € {1,2,00}.
Solution. a) By straightforward computation, we obtain

ol = 1]+ 10] + | 2] = 3

ol =vI+0+4=+5

[|v]loo = max{[1],]0], | - 2|} = 2.
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b) Using the theorem which characterizes the p—norms of matrices A € My, xn(R),
we infer

1Al = max Z |aij| = max{|1] + | = 1[, 0] + [2[} = 2

,ni=1

1Al = | VIN = max_/A[=V3+5

(’A A) Ae{3+£V5}

[|A][oc = max > Jag| = max{[1] +| - 0],| -~ 1] + 2]} = 3.
i=1,m j=1

The last norm was obtained following the computations
1 -1 1 0 2 =2
t —_ . =
a=(o 5 ) (L3)-(%7)

PtAA()\):‘ 2__; 4__2A ':A2—6A+4=0:A1,2=31\/5.

whence

2. a) Check that the spectral radius p(A) = max {|\| | A € 6(A) C C} of the
matrix A = ( _11 g ) is less or equal than any of the norms of A of the previous
problem.

b) Find the conditioning number of A with respect to the three considered norms.

c¢) Compute p(B) and ||B||z, for B = ( 1 ; )
Solution. a) In this case o(A) = {1, 2}, whence

A) = N =2
p(A) {gz%ii)' |

2 =2
-2 4

1Al = 2, [[Allo = 3, [|4]l2 = V/3 + V5;

remark that all are greater or equal to p(4) = 2.

We have 4 A = ( ) and the three norms of A are

. o 10 i 5/4 1/4
1_ t(A—1 1_
b) The inverse is A~ = (; %>7 (A~HA— = ( 14 1/4 ),andthenormsof
A1 are
_ 3 _ 3+V5
A = 2, A oo = 1, (Al = Y222
Then the corresponding conditioning numbers are
3+V6
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¢) The characteristic polynomial of B is Pg(\) = A2 — 3\ + 1, whence its roots
are A2 = (34 1/5)/2 and hence p(B) = (3 ++/5)/2. As well, ‘BB = < ; g >,
o(*BB) = {(7 £ 3/5)/2} whence

1Bllz = | max /A =/ (7+3V5)/2.

We note that ||B||s = p(B), since B = 'B.

4.2 The inverse of a matrix

Let A € M, (R). We try to relate the spectrum of A, o(A4) ={A1,..., A} CC to
the norms of the matrix A.

4.2.1 Definition. The real positive number  p(A) = max |A\;| is called the
1=1,n
spectral radius of the matriz A.
If w € R™\{0} is an eigenvector associated to A € o(A), then, considering the
associated unit vector v = ﬁu, (llv]| = 1), we find

|| Au]

Au=du = ||Au|| = |\ - ||ul] = T

= [Al = [Al = [[Av]].

Then [A] < sup [|Aw]|| = ||A||. So that for all A € o(A), we have || < ||A||, whence
[[w]|=1

max | A; |< ||A]], and thus
A€o (A)
p(A) < [A]]. (71)

4.2.2 Theorem. a) For all € > 0, there exists a norm || - || : Mp(R) — Ry, such
that
[|A]| < p(A) + e, forall Ae My,(R).

b) Let A € M,(R). We have klim AR = 0,5 if and only if p(A) < 1.

Proof. b) We prove first the direct implication by reductio ad absurdum. Let
lim A¥ =0 and let A € 6(A) be an eigenvalue such that [A\| > 1, and let € R™\{0}

k— oo
be a corresponding eigenvector, assumed unit vector. But A¥z = Az, for all k € N*,
whence

lim [|A¥z|| = lim [|A*z|| = lim [A* > 1,

k—oco k— oo k—oco

since |A| > 1. So that

14%]] = sup [|A%0]| > ||A*2]] > 1,
1

lvll=



4.2. THE INVERSE OF A MATRIX 137

Thus we have lim ||A¥|| # 0, so lim A¥ # 0,,x,, which contradicts the initial asser-
k— oo k— oo

tion.

The converse implication. If p(A) < 1, according to a) there exists a norm || - ||,
such that [|A||¢ < 1. Then

0. < [|14¥]6 < [|4flo* —0.

and it follows that hm ||A*||¢ = 0, whence lim A% = 0,,y,. O

k—oco

4.2.3 Theorem. Let B € M,(R) be a matriz such that p(B) < 1. Then I — B

is invertible, and
k

(I-B)™'= kllll;loz B = io B,
i=

i=0
where we denoted BY = I,,.
Proof. If p(B) < 1, then (I — B) has no vanishing eigenvalue, therefore
det (I — B) =A1... A\, #0,
i.e., is non degenerate, and hence invertible. Using the equalities
B™B"™ = B"B™ = B™*",

we find
(I-BYI+B+...+B¥Y=1—-BF

whence for k — oo we obtain the result,

k—1
(I — B) hmz B' =1 — lim B*.

k—oco k— oo
Corollary. If || B|| < 1, then the matrix I — B is invertible, and we have

I =B)~H <> B
=0

Proof. The invertibility follows from p(B) < ||B|| < 1 and from the theorem
above. Also, using the relation

1ABI| < [|A]l - || BI],

we obtain

(1 = B) 1H<Z IIBlII<Z 1Bl = T3 IIBH o
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4.2.4 Definitions. a) Let A be an invertible matrix A € Gl(n, R) and let b € R".
We consider the linear system
Az = b, (72)

in the unknown x € R", and call = A71b the ezact solution of the system (72).

b) Let € € M, (R) be a matrix called rounding error, assumed to satisfy ||e|| <«
[|A]|. Consider the linear attached system

(A+e)T = b; (73)

if the matrix A + & is invertible, then we call T = (A +¢)~'b the approzimate
solution of the initial system. In this case, the quantity

|7 — =]

e = 5

|||

where z is the solution of the initial equation, is called the relative error.

Remark. Denote w = T — z (and hence T = x + u), and assume that ||u|| < ||z||.
Then the attached system (73) becomes: (A + €)(x + u) = b. Using the relation
Axz = b fulfilled by z, the approximation eu ~ 0 which holds for €, u small, and the
fact that A is invertible, we obtain

Au+er=0 = u=—-Altex,
and hence ||u|| < [|A7Y]-]le]| - ||z||. The relative error becomes

- A

B et | 7 o 5 R

||| ]| |||

The quantity
k(A) = [|A]| - [JA7H]

was called conditioning number of the matriz A, with respect to the norm || - ||.

For k(A) having large values, the relative error increases and the computational
methods give inaccurate results.

Example. Compute the exact solution, the approximate solution and the condi-
tioning number of the following linear system, for the rounding error

2a+1b=3 o 05 0
—2a+3b=1" o 0 01 /-
Solution. The given linear system rewrites

e (43)(2)-(2)
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and has the exact solution z = *(a,b) = *(1,1). The altered system

25a+1b=3

A+e)z=b < {—2a+3.1b:1

166 34

has the solutionz = | —, —
as the solution © (195,39

) . Then Z is close to x iff the number k(A) is sufficiently

small.
4 Hw. Compute k(A) = ||A|| - ||A7Y] for || - ||2.

4.3 Triangularization of a matrix

The idea of this section is to decompose a given matrix as a product between a lower-
triangular and an upper-triangular matrix. Then the linear systems whose matrix of
coefficients is the decomposed matrix become equivalent to triangular linear systems
which can be solved in straightforward manner.

4.3.1 Definitions. a) A quadratic matrix in which all elements are zero above/below
the diagonal is called lower/upper triangular matriz.

b) Let A € M,(R), A= (a;;) Then the matrix blocks

I,nx1lmn®

A[k] € Mk([R), A[k] = (aij)

ig=Th k=1n

are called principal submatrices of A.

O NN
—_ =W

1
Example. The following matrix is upper triangular | 0
0

Theorem. If det (A[k}) # 0, forallk = 1,n—1, then there exists a non-
singular lower triangular matriz M € M,(R), such that MA = U, where U is
upper-triangular. Thus, for L = M~ the matriz A decomposes as A = LU (the
LU decomposition of A).

Proof. We search for M of the form M = M,,_ ... M, where M}, = I, —my, ey,
with
Mg =0, .., 0, fgy1 ks -5 fnk)y ex =" (0,...,0,1,0,...,0) .

1 in the k-th position

We remark that:
1) M,c_1 =1, +miler, forallk=1n—1.
2)If z="Cy- s Chy Cht1y -, Cn) I8 the k—th column of the matrix

My 1Mg_o5... MlA

(or A, in case that k = 1), and if ‘ez = ¢ # 0 (satisfied due to the requirements
imposed on A), then there exists an upper-triangular matrix M}, such that in the
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vector My (i.e., in the k—th column of My My_1 ... M7 A, the last n — k components
all vanish: Mz = *(¢1,...,(k,0,...,0).

In fact this determines recursively M. We find
Myx = (I, — mpter)r = 2 — mpy

of components

(Mp(2))i = G — ptieCe = G, 1 =1,n.

Imposing that p;, = 0 for i = 1,k, we get that the last n — k components of the
product Mz vanish iff

ik :Ci/gka Z:k+17n
Therefore

Mk:In—t(O,...,O,@ Cl)(o,...,L...o).

G Gk 1xn

nx1

n X n matrix

Remark that based on the properties above, the multiplication of M}, with the matrix
My ... M1 A provides a new matrix which has zeros below diagonal in its first k&
columns.

This is why denoting M = M,,_1M,_5...M;, the matrix U = MA is upper-
triangular, and both M and L = M~! are lower-triangular. Hence A = LU is the

required decomposition. O
1 -1 2

Example. Let A = 2 1 1 . Find the LU decomposition of A. Find
1 2 =3

the lower-triangular matrix M, such that M A is a upper-triangular matrix.

Solution. Consider first the pivot ;1 = =1 in A, and

oy = G 2 9
20 =—T=—T=-
G 1
€ 1
= —_—— = —— = —1
K31 G 1 )
1 0 0
whence the first lower-triangular multiplying matrix is M; = | —2 1 0 |]. Then
-1 0 1

-1 2
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Also, the next pivot, taken from M; A, is (s = 3, whence the only nontrivial coefficient
of the next multiplying matrix My is

G 3 ’
1 0 0
and the second lower-triangular multiplying matrix is Mo = 0 1 0 |. Then
0 -1 1
1 -1 2
MoyMA=| 0 3 -3 |=U.
0 0 =2

Hence the overall lower-triangular multiplying matrix and its inverse are respectively

1 0 0 1 00
M=MM=[ -2 1 0 and L=M1'=|2 10
1 -1 1 111

We have the relation M A = U, with U upper triangular matrix, and A obeys the
LU —decomposition A = LU.

The triangularization algorithm. Using the Gauss elimination, we can de-
scribe the following algorithm of triangularization:
a) 41 = A;
b) Let
Ay = My_1My_o ... My A= (a¥

ij )ij=tm k=2
be upper triangular with respect to the first £ — 1 columns. Assume that at each step

we have an nonvanishing pivot element, a,(;;) # 0. Then one determines M}, as above,
using the condition of cancelling the elements below the diagonal on the k-th column.
Then Agy1 = My Ag becomes upper triangular with respect to the columns 1, k.

c¢) Repeat step b), for k =1,n — 1.

d) Denoting M = M,_1 - ... My, we have that U = A,, = MA is an upper
triangular matrix, and for L = M !, we have the LU decomposition A = LU.

The algorithm proves to be extremely useful in solving linear systems of the form
Ax =b.

Namely, after performing the algorithm which provides M and U such that M A = U,
and denoting ¢ = Mb, this system becomes

MAx=Mb < Uzxz=c.
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If U = (ry); 15 has the elements r; # 0, for all i = T,n, then the equivalent
system rewrites explicitly

1121 + Tr12%2 + 11323 + ... + T1pTn = C1
90X + 193L3 + ...+ TropT, = C2

333 + ...+ 3Ty = C3

TnnTn = Cp.-

This can be solved easily by regression
Cn
T = ——>Tpn-1 — ... > T,

IrTL’ﬂ,

by means of the relations

n
Cr — E Tkil;

B P RS
T'ii
where we denoted ¢ = Mb =t(cy,...,cp).

4.3.2. Exercises

1. Given the matrices

1 2 1 1
A=[0 -1 5 | andb=| 0 |,
2 1 -3 2

triangularize the matrix A and solve the system Az = b.

Solution. The first pivot is a1; = 1 and

0 0 1 2 1
M= 0 1 0] = MA=]|0 5
-2 0 1 0 -3 -5
The next pivot is —1 and
1 0 0 1 2 1
My = 0 1 0 = U= MngA = 0 -1 5 R
0 -3 1 0 0 -20
and the multiplying lower-triangular matrix is
1 0 0 1 0 0 1 0 0
M=MM=|0 1 0 |- 0 1 0 |= 0 1
0 -3 1 -2 0 1 -2 -3 1
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Then
1 0 0 1 1
Mb= 0 1 0 0 ]l=1(201],
-2 -3 1 2 0
and the system Ax = b rewrites
1 2 1 1 1
MAz=Mb<= | 0 -1 5 zo | =1 0 |,
0 0 20 T3 0
whence the solution is computed recursively, 3 = 0,22 = 0,27 = 1, and hence

z=1%(1,0,0).

4.4 TIterative methods for solving linear systems
For given A € GL(n, R) and b € M,,«1(R), let be the associated linear system
Az =b. (74)

Note that the classical method of solving this system based on computing first the in-
verse A~!, and afterwards the solution 2 = A~'b is inefficient because of cummulated
errors and the large number of operations.

On the other hand, the iterative methods give, under certain defined conditions,
more precise and less time-consuming results. We shall describe in the following a
procedure of this type.

Let A be decomposed as A = N — P with N invertible (usually diagonal, Jordan
or triangular). Then the system rewrites Nx = Pz + b, and one can build a sequence
of vectors of given initial seed z(®) € R™, defined by

N+ = pe®) 1 k> 0. (75)
Note that the recurrence relation can be rewritten as
z*tD = NP ) N~ k>0, (76)
or, denoting G = N7'P and ¢ = N1,
2 = qz® e k>o0.

We determine some cases in which x(*) converges to the exact solution z, = A-1p
of the system (74).

4.4.1 Theorem. Given the sequence (76), we have klim 2 ®) =z, iff p(G) < 1.

Proof. Let e*) = z—2(*) be the error at step k, k > 0. We check that lime®*) =0
k— oo
iff p(N71P)<1.
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Indeed, since z(¥) = 2 — ¢(®) by replacing in (75) and using that Az, = b (i.e.,
equivalently, Nz, = Pz, + b), we have

0= NeltD — pe® = e*+D) — Ge®) - | =0 7,

where we denoted G = N~'P. Writing the last relation for k = 1,m, we infer
bt = Gk k=0, n.

Hence we find
p(G)<1& limGF =04 lime® =0 < lima® =z,. 0
k— o0

k— oo k— oo

Application. Let A = L + D + R, where L is strictly lower triangular, D is
diagonal and R is strictly upper triangular,

0 0 a1 0 0 (7))
(ai;) = - + - + -
Aap 0 0 Ann 0 0

L D R
Then we can use one of the following two methods of solving iteratively the linear

system Az = b.

1. The Jacobi method.

In this case, we choose
N=D, P=N-A=—-(L+R).

Provided that the condition in the theorem is fulfilled, the sequence of iterations

2(F) — (‘Tgk))i:ﬁ which converge to the solution x,, is given by

n
x§k+1) =|b— Z aijxg-k) /aii, i=1,n, k€N.
J=1, j#i

2. The Gauss-Seidel method.

In this case we have
N=L+D, P=N-A=-R,
and the sequence is given by

1—1 n
I§k+1) = bl — Z aijfﬁg»k—i_l) + Z aijxlgk) /aii, i = 1,771, k’ S [N
j=1 j=i+1
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Note. For A ='A (hence A symmetric) and having positively defined associated
quadratic form, the Gauss-Seidel algorithm converges.

-1
solution z, = ¥(1,1) to which converges the Gauss-Seidel sequence. Here we have

Example. The system Ax = b, where A = < 2 ;1 > , b= ( 1 ) admits the

2 -1

A='4, A =]2|=2>0, Af' Sl

’:3>Q

with (%) given by, e.g., (9 =*(0,0).

4.4.2. Exercises

2 -1 x 1 0
_ 0y _ -
1. Solvethesys‘cem(_1 9 ><y><1>,z (O),usmg.

a) the Jacobi method;
b) the Gauss-Seidel method.

Solution. a) The Jacobi method. We have

45 _ (20 N A— 7. p_ (01 (12 0
N_D_<02>’ P_NA_LR_<1O>, N _<O 1/2),
and / /

15 (1/2 0 _ 0 1Y\ 0 1/2
N P_( 0 1/2) (1 O>_<1/2 0 )’
whence

11 1
o(N7'P) = {—2,2} = p(N7'P)= 5 <1

consequently, the sequence converges to the solution of the system. The sequence is
given by

n
1
xngrl) — bi — Z aijm‘g-k) ;, Z = 17n, k € []\l
=L B

These relations rewrite Nz(*t1) = Pz(®) 4+ p and the next term of the sequence is
provided by a system of the form

o @HE)-GH6)G)

{ 20’ =y +1 = (y+1)/2 2D = (3™ +1)/2
<~

Then the required iterations are
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20 L) L@ LB L@
0 1/2 3/4 7/ 15/16
0 1/2 3/4 7/8 15/16

which provide at limit the solution a* = *(1,1).
b) The Gauss-Seidel method. We have

B (2 0 v a4 (01 4 (12 0
NL+D(_1 2>,PN A= R(O 0>,N (1/4 1/2),

and
15 (1/2 0 (0 1\ _(0 1/2
NP_<1/4 1/2 0 0/) \0 1/4 )
We obtain o(N~'P) = {0, 1} and p(N~'P) = 1/4 < 1 whence the sequence converges
to the solution of the system. The sequence is given by

i—1 n

00— [ = S agalt D+ 3 gl 1 .

x; =|b— ‘ 1a”xj + ai;T; = i=1,n, k€N.
]:

j=it+1 &

These relations rewrite Nz(*t1) = Pz(*) 4 b and the next term of the sequence is
provided by a system of the form

ERIORHIONG

2 =y+1 [ =(y+1)/2 [ 2D = () 1)
1’ +2y =1 y = (y+3)/4 y D = (y™ 4 3)/4.

The corresponding first three iterations are

P ICD B B C)
0 1/2 7/8 31/32
0 3/4 15/16 63/64.

which provide at limit the solution a* = (1, 1).

4.5 Solving linear systems in the sense of least squares
Consider A € My, xn(R), b € M;x1(R) = R™ and the associated system

Az = b, (77)
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with the unknown z € M, «1(R) = R". The compatibility of the system holds iff,
e.g., rank A = rank (A|b) (the Kronecker-Capelli theorem).

To find a pseudo-solution for (77) by using the method of least squares, means to
find * € R", which obeys the condition

||[Az* —b||* = min |[Az — bl|%,
z€R ™

where we use the Euclidean norm, ||z|| = /(z, x).

4.5.1 Theorem. Let rank A =n. Then for allb € R", the system Ax = b has
a unique pseudo-solution x* given by

¥ = Ab,
where we denoted by A = (*A- A)7L.
The matrix A~! is called the pseudo-inverse matrix of A.
Remark. Since A € My,xn(R), we get A A € M,(R) and A € M, »m(R).

Proof. Let z* be the requested pseudo-solution, and denote r* = b — Az* € R™.
From the theory of least squares we know that r* is orthogonal to the set of vectors

ImA={y|3IxreR" y=Az} C R™.
Therefore
0= (Az,r*)gm ="(Ax)r* ="'z - "A.r* forallz € R" = "Ar* =0.

Hence
0="tAr"=1Ab—'AAz* = (tAA)x* =t Ap. (78)

We note that the matrix A A is quadratic (see the remark), symmetrical and positive
definite. Indeed
t(tAA):tAt(tA):tAA,

and
‘2 AAx = '(Az)(Az) = (Az, Az) g m = ||Az|[} m >0,

and the equality holds true only when o = 0. Also, tAA is invertible (since rank A =
n). Hence from (78) we infer z* = (*AA) =1t Ab. O

Remarks. 1°. Emerging from the system Az = b we obtain the normal associated
system
tAAz* ="t Ab, (79)

which has the solution z*. Then

|[b— Az*||* = min ||b— Az||?,
zeR"

and z* approximates x, i.e., x* ~ x.
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The system (79) can be solved using numerical analysis and computer techniques.
Unfortunately, B = AA is affected by rounding errors. For example, for

1 1+¢
A= 1 1
1 1

and € > &,,, where g, is the computer precision error, we obtain

3 3+« )

_t _
B="AA= ( 34¢ 3+e+¢2

and if €2 < g, though rank A = 2, we can have ‘AA singular matrix (!) hence
without inverse, and x* cannot be determined.

2° The normal system (79) can still be solved by special numerical methods (avoid-
ing the laborious calculations required for computing (*AA)~1, for n >> 0).

4.5.2. Exercises

1. Find the pseudo-solution for the linear system

1 2 1
Ar=B = | 0 1 (x): 0

2 -1 Y 2
Solution. We have

1 2
. 1 0 2 5 0 < L9
_t _ _ -1 _ 5
amaa= (50 A ) (0 1) =(05) A= (5 1)

ot = (tAA)"LtAy = (

Q=
)
~_
7N

o =

=

[

—_

"
N O
Il

£ 0 5 1
= 1 = .
0 5 0 0
r+2y=1 1
Remark that the initial system y=20 has the exact solution z = < 0 ),
20—y =
which coincides with the pseudosolution, (Z = x*).
1
% Hw. Same problem, for b = 0 ]. Remark that in this case the system is
1

incompatible, hence it has no exact solution.
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2. Find the pseudo-solution of the system Ax = b, where

1 1 1 1 10
e 0 0 O €
A=10 ¢ 0 0 | € M5x4(R), b= 2¢
0 0 € O 3e
0 0 0 ¢ 4e

Solution. The system is obviously compatible for all ¢ € R*, and its exact solu-
tion is @ = (1,2, 3,4). Still, in certain cases the pseudosolution of the system cannot
be determined, as shown below.

We attach the normal associated system ‘AAz* = 'Ab. We remark that though
rank (A) =4, and *AA € My(R), we have

det (*AA) = 4¢5 + 8 —0.

e—0

That is why, for ¢ < 1, the matrix *AA is practically singular, and in our case,
the matrix *AA is non-invertible; the pseudo-solution z* can be determined only by
special techniques.

3. Find the real numbers {x} }1-- C R which are the closest to the corresponding
numbers {ay, }1; respectively, and are closest each to the other.

Solution. We consider the quadratic form

n

Qx) =Y cxlwr —zp-1)” + > di(zr — ax)?,

k=1 k=1

where g = x,, cr,dix € R, k = 1,n. This positively defined form attends its
minimum at the solution point z* = (x}),_15 , which is obtained by solving the
attached linear system ’

oQ

oxk

4 Hw. Apply the procedure for n = 3 and a1 = 1,a2 = 0,a3 = —1; ¢; =0,c3 =c3 =
1; d1:d2:d3:1.

() =0, k=1,n.

4.6 Numerical computation of eigenvectors and
of eigenvalues

Let A € M,(R), let A € 0(A) be an eigenvalue of A and let x # 0 be an eigenvector
associated to A\. These mathematical objects are connected by the relation

Arv =X & (A—- M)z =0.
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The solutions of the characteristic equation
Py(A\)=det (A=X)=0, \eC
form the complex spectrum
o(A) = {A|[Ps(X) =0} C C.

The attempt of solving the algebraic equation P4(A) = 0 by numerical methods
usually fails (these methods are unstable, since small variations in the coefficients of
P infer large variations in the solution \). We shall describe other ways of finding
the eigenvalues.

4.6.1. The Schur canonic form.

Definition. The matrices A, B € M, (R) are called orthogonally similar iff 3Q €
M,(R), Q orthogonal matriz, (i.e., 'Q = Q!, equivalent to Q'Q = I), such that
B =1Q AQ.

Remarks. a) If A, B are orthogonally similar then o(A) = o(B), i.e., they have
the same eigenvalues.

b) If A, B are orthogonally similar, then the corresponding eigenvectors are con-
nected via vg = Qua.

Theorem. Let A € M, (R) and let
O(n)={AlAe M,(R) |"AA =1}

be the set of orthogonal matrices of order n. Then there exists an orthogonal matrix
Q, such that the matriz S = 'Q AQ to be upper almost triangular matriz.

In this case S is called the canonical Schur form of A, and its columns are called
Schur columns.

Proof. Let A € 0(A) and z € R™\{0} an eigenvector associated to A, i.e., Az =
Az. We can assume ||z|| = 1 (without loss of generality). Let Q = [z,Y] be an
orthogonal matrix, Y € M, «(,,—1)(R) such that (z,y) =0, forall y € Im Y, where
the matrix Y defines a linear transformation ¥ € L (R™ !, R™), such that [Y] =Y.
Hence we have 'Yz = 0. Then

AQ = Az, Y] = [Az, AY] = [Az, AY. (80)
But since
AQ =TAQ = (Q'Q)AQ = Q('QAQ), (81)
denoting A" = *QAQ), we obtain from (80) and (81) that [Az, AY] = QA’, whence,
t
multiplying by Q! =*tQ = t}x/ , we infer

Atz AY
r__t _
w=roa=( 5 ).
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where we denoted B = 'Y AY € M,,_;(R). Moreover, the reduction of the order
of A occurs also for \; 3 = o + i eigenvalues with 8 # 0. If 10 = utiv € C"
are two conjugate associated eigenvectors, then consider @ = [X,Y], where X is the
matrix associated to an orthonormal basis of the subspace L(u,v), and Y is a matrix
of completion. Then AX = XM, where M is of order 2 with eigenvalues « + i3, and
hence we get

A =tQAQ = ( ]‘04 g ) C e M, »(R).

Since the process can be iterated for B € M, _1(R), using induction one obtains after
at most n — 1 steps the Schur normal matriz associated to A. O

4.6.2. The Power Method. Let A € M, (R), having simple eigenvalues
o(A) ={ i} C R.
Let z; be eigenvectors associated to \;, i = 1,n respectively, i.e., Ar; = M\;x;. Then

B = {x;li = 1I,n} C R" represents a basis of R". Let y € R" be a unit vector
(Ily]l = 1), which decomposes w.r.t this basis as

y=">_ Bz (82)
1=1

Then Ay = Z BiAx; = Z Bi\ix;, whence

i=1 =1

Aby =" Bidfa;. (83)
=1

Theorem. Let 0(A) = {A1,...,\n} C R, such that
[A1] > |Ae] > .. > | Al

and let the coefficient By in (82) satisfy B1 # 0. Then Ay converges in direction to
x1, i.e., denoting y. = lim A*y, there exists o € R\{0} such that y. = ax.
k— oo

Proof. Dividing the relation (83) by A¥, and using
[Ni/A1| <1, forallie€2,n,
we infer

S

1 SO .
— APy = By + Z <)\1> Bix; = ;}E?o I\ Aky = Byzy. (84)
=2

AY
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Let now (® € R™ be the initial seed of the vector sequence
y(k) - Aky(o)7 k> 1.
This sequence converges also to a vector collinear to z1, i.e., for some a € R, we have

lim y(k) = axy.

k— o0

A
The relation Ax = Az, x # 0 infers A = <f’ a>c> Hence, using (84) we have
x,T
Lo (K) Aqy(F) () Ay(R) A A
T e A, {y LAy ) _ oz Alom)) _ (e Am)
koo tyy(k)y(k) oo (y(k) (k) {axy, ary) (r1,71)

where we denoted lim y®*) = az;, o € R, and

k— oo
i YAV
koo Lyy(K)q(k)
Remark. When finding the direction of z1 by (84) in concrete computer calcula-
tion, if cr; = 0, then a change in choosing the initial vector (®) must happen, and
the process has to be re-iterated. If all the components of *) converge to 0, usually
the new vector y(?9 is chosen with one component strictly greater than unit.

4.6.3. Exercises

4 1 0
1. Let A= 1 2 1 |. Find four iterations in determining the eigenvalue of
0 1 1

maximal absolute value A € o(A) (i.e., such that |\| > |u|, for all u € o(A4)), and
find the corresponding four estimates of the eigenvector x associated to A\. The seed
vector of the iterations is y(® = *(1,1,1) € R®.

Solution. The approximative values of the eigenvalues of A are
o(A) = {\1 = 4.4605, Ao = 2.23912, A3 = .300372}.

The sequence of vectors y*) = AFy©) L e N, which converges in direction to the
eigenvector x; is

Component\vector‘y(o) TR TCORNTICORPIC)

1 1 5 24 111 504
2 1 4 15 60 252
3 1 2 6 21 81
tvavk

Denoting v, = y*) = AFy0) = Ay+—1 the sequence n, = which con-

tvkvk
verges to A has the first five iterations given by

11 64 410
= — =~ 3. = — =~4.2 = — =44
o 3 3.6666, 1 5 6666, 12 93 0860,
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2695 17833
= 20 4444719, ny = —2° & 4.45713.
3= 7606 719, 4 = 001 5713

Also, one can use the obtained limit value A1, and remark that the normalized sequence
of vectors e
k) = 2k
2 =—"kelN
AY
converges also in direction to x1, and the first four iterations of this sequence are

Component\vector ‘ 2(0) 21 22 23) PAS
1 1 112094 1.20626 1.25075 1.27319
2 1 .896759 0.753916 .676081 .636596
3 1 .448379 .301566 .236628 .204620
1 -1 . oo
2. Let A= ( 0 2 ) Find A € o(A), such that |\ = Jgf}}j)h" Find its

eigenvectors.

Solution. The first seven iterations for the sequence y*) = Ay*) = Aky(©O) > 1
are

Component\ vector ‘ y© gD @ B @) yG) 6 (T
1 1 0 -2 -6 -14  -30 -62 -126
2 1 2 4 8 16 32 64 128

This converges to Umax. Also, if Anax 1S known, then the sequence 2(®) below has
the same property:

1 1
0) _ k) _ k, (O
Z( ) ( 1 ) s Z( ) = FA y( ) — Umax-

The eigenvalue A ax is also provided by the sequence

ty (k) Ay (k)
Nk = ty kAyk — Arnaxv
Sy ®)

whose first three iterations look like

=1, m=2

m=1 =22 s = 53 = 2.12,

m= 23~ 206194, 15 = 97 ~ 2.03118,
me = 1901 901561, 1 = 18198 ~ 200781

We note that o(A) = {1,2}, and the largest in absolute value eigenvalue of A
is A = 2. Then it can be easily seen that the sequence 7 approaches at limit this
eigenvalue.
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