Acta Math. Univ. Comenianae Vol. LXXXII, 2 (2013), pp. 177–189 177

ON THE GEODESIC TORSION OF A TANGENTIAL INTERSECTION CURVE OF TWO SURFACES IN R^3

B. UYAR DÜLDÜL and M. ÇALIŞKAN

Abstract. In this paper, we find the unit tangent vector and the geodesic torsion of the tangential intersection curve of two surfaces in all three types of surface-surface intersection problems (parametric-parametric, implicit-implicit and parametric-imp-licit) in three-dimensional Euclidean space.

1. Introduction

We know that the curvatures of a curve can be calculated easily if the curve is given by its parametric equation. But the curvature calculations become harder when the curve is given as an intersection of two surfaces in three-dimensional Euclidean space.

In differential geometry the surfaces are generally given by their parametric or implicit equations. For that reason, the surface-surface intersection (SSI) problems can be three types: parametric-parametric, implicit-implicit, parametric-implicit. The SSI is called transversal or tangential if the normal vectors of the surfaces are linearly independent or linearly dependent, respectively at the intersecting points. In transversal intersection problems, the tangent vector of the intersection curve can be found easily by the vector product of the normal vectors of the surfaces. Because of this, there are many studies related to the transversal intersection problems in literature on differential geometry. Also there are some studies about tangential intersection curve and its properties. Some of these studies are mentioned below.

Willmore [1] describes how to obtain the Frenet apparatus of the transversal intersection curve of two implicit surfaces in Euclidean 3-space. Using the implicit function theorem, Hartmann [2] obtains formulas for computing the curvature κ of the transversal intersection curve for all three types of SSI problems. Ye and Maekawa [3] present algorithms for computing the differential geometry properties of intersection curves of two surfaces and give algorithms to evaluate the higherorder derivatives for transversal as well as tangential intersections for all three types of intersection problems. Wu, Aléssio and Costa [4], using only the normal

Received June 12, 2012.

2010 Mathematics Subject Classification. Primary 53A04, 53A05.

Key words and phrases. intersection curve; transversal intersection; tangential intersection.

178 B. UYAR D^¨ULD^¨UL and M. ÇALIŞKAN

vectors of two regular surfaces, present an algorithm to compute the local geometric properties of the transversal intersection curve. Goldman [5], using the classical curvature formulas in differential geometry, provides formulas for computing the curvatures of intersection curve of two implicit surfaces. Using the implicit function theorem, Aléssio [6] gives a method to compute the Frenet vectors and also the curvature and the torsion of the intersection curve of two implicit surfaces. Aléssio [7] presents algorithms for computing the differential geometry properties of intersection curves of three implicit surfaces in R^4, using the implicit function theorem and generalizing the method of Ye and Maekawa. Düldül [8] gives a method for computing the Frenet vectors and the curvatures of the transversal intersection curve of three parametric hypersurfaces in four-dimensional Euclidean space. In our recent study [9], we give the geodesic curvature and the geodesic torsion of the intersection curve of two transversally intersecting surfaces in Euclidean 3-space. Aléssio [10] presents formulas on geodesic torsion, geodesic curvature and normal curvature of the intersection curve of n − 1 implicit hypersurfaces in R^n.

In this study, first we find the unit tangent vector of the tangential intersection curve of two surfaces in all three types of SSI problems. Then we calculate the geodesic torsion of the intersection curve and give examples related to the subject.

2. Preliminaries

Consider a unit-speed curve α : I → R^3, parametrized by arclength function s. Let {t(s), n(s), b(s)} be the moving Frenet frame along α, where t, n and b denote the tangent, the principal normal and the binormal vector fields, respectively. The vector t^′ = α^{′′}(s) is called the curvature vector and the length of this vector denotes the curvature κ(s) of the curve α.

Let {t(s), V(s), N(s)} be the moving Darboux frame on the curve α, where N(s) is the surface normal restricted to α and V(s) = N(s) × t(s). Then, we have

t^′ = κ_g V + κ_nN V^′ = −κ_gt + τ_g N N^′ = −κ_nt − τ_g V (1)

where κ_n, κ_g and τ_g are the normal curvature of the surface in the direction of t, the geodesic curvature and the geodesic torsion of the curve α, respectively, [11]. Thus from (1), the normal curvature, the geodesic curvature and the geodesic torsion of the curve α are

κ_n = ⟨t^′, N⟩, κ_g = ⟨t^′, V⟩, τ_g = ⟨V^′, N⟩,

where ⟨, ⟩ denotes the scalar product.

We know that the geodesic curvature and the geodesic torsion of the transversal intersection curve of the surfaces A and B with the parametric equations X(u, v)

ON THE GEODESIC TORSION OF A TANGENTIAL INTERSECTION 179

and Y(p, q), respectively, with respect to the surface A are given by

κ^A_g = 1 √ EG − F^2 {[( F_u −

E_v 2 ) ⟨X_u, t⟩ −

E_u 2 ⟨X_v , t⟩ ] (u^′)^2

+ (G_u⟨X_u, t⟩ − E_v ⟨X_v , t⟩) u^′v^′ + [ G_v 2 ⟨X_u, t⟩ − ( F_v −

G_u 2 ) ⟨X_v , t⟩ ] (v^′)^2 }

+ √ EG − F^2(u^′v^{′′} − v^′u^{′′})

(2)

and τ^A_g = 1 √ EG − F^2 { (EM − F L) (u^′)^2 + (EN − GL) u^′v^′

+ (F N − GM) (v^′)^2 } (3)

in which u^′ and v^′ can be found by [3]

u^′ = 1 EG − F^2

(G⟨t, X_u⟩ − F ⟨t, X_v ⟩)

v^′ = 1 EG − F^2

(E⟨t, X_v ⟩ − F ⟨t, X_u⟩) (4)

where E, F , G and L, M, N, respectively, are the first and the second fundamental form coefficients of the surface A (Eqs. (2) and (3) can be found in classic books on differential geometry). The values u^{′′} and v^{′′} in Eq. (2) can be computed from the linear equation system [9]

⟨X_u, N^B ⟩u^{′′} + ⟨X_v , N^B⟩v^{′′} = ⟨Λ, N^B ⟩ ⟨X_u, t⟩u^{′′} + ⟨X_v , t⟩v^{′′} = −⟨X_{uu}, t⟩(u^′)^2 − 2⟨X_{uv}, t⟩u^′v^′ − ⟨X_{vv} , t⟩(v^′)^2

where Λ = Y_{pp}(p^′)^2 + 2Y_{pq}p^′q^′ + Y_{qq} (q^′)^2 − X_{uu}(u^′)^2 − 2X_{uv}u^′v^′ − X_{vv} (v^′)^2.

p^′ = 1 eg − f^2

(g⟨t, Y_p⟩ − f⟨t, Y_q ⟩)

q^′ = 1 eg − f^2

(e⟨t, Y_q⟩ − f⟨t, Y_p⟩) (5)

and e, f, g and l, m, n, respectively, denote the first and the second fundamental form coefficients of the surface B.

Also, the geodesic curvature of the transversal intersection curve of the surfaces A and B with respect to the surface A is

κ^A_g = 1 ‖∇f‖

{(y^′z^{′′} − y^{′′}z^′)f_x + (z^′x^{′′} − z^{′′}x^′)f_y + (x^′y^{′′} − x^{′′}y^′)f_z}, (6) where t = (x^′, y^′, z^′), t^′ = (x^{′′}, y^{′′}, z^{′′}) and f(x, y, z) = 0 denotes the implicit equation of A [12].

180 B. UYAR D^¨ULD^¨UL and M. ÇALIŞKAN

2.1. Tangential intersection curve of parametric-parametric surfaces

Let A and B be two regular surfaces given by parametric equations X(u, v) and Y(p, q), respectively. Let us assume that these surfaces intersect tangentially along the intersection curve α(s). Then, the unit normal vectors of the surfaces A and B are given by

N^A =

X_u × X_v ‖X_u × X_v‖

, N^B =

Y_p × Y_q ‖Y_p × Y_q ‖ . Since the surfaces intersect tangentially, the normals N^A and N^B are parallel at all points of α. It can be assumed that N^A = N^B = N by orienting the surfaces properly. In this case, we can not find the unit tangent vector t of the intersection curve by the vector product of the normal vectors. Therefore, we have to find new methods to compute the geometric properties of the intersection curve α.

Since V^A = N^A ×t and V^B = N^B ×t, let us denote V^A = V^B = V. Thus from (1), the geodesic torsions of the intersection curve α with respect to the surfaces A and B are τ^A_g = τ^B_g = ⟨V^′, N⟩.

Also, we may write α(s) = X(u(s), v(s)) = Y(p(s), q(s)) which yield

t = α^′(s) = X_uu^′ + X_v v^′ = Y_pp^′ + Y_q q^′. (7) If we take the vector product of both hand sides of (7) with Y_p and Y_q , and then take the dot product of both hand sides of these equations with N, we have

p^′ = b_{11}u^′ + b_{12}v^′ q^′ = b_{21}u^′ + b_{22}v^′, (8) where

b_{11} = det(X_u, Y_q , N) √ eg − f^2

, b_{12} = det(X_v , Y_q, N) √ eg − f^2 , b_{21} = det(Y_p, X_u, N) √ eg − f^2

, b_{22} = det(Y_p, X_v, N) √ eg − f^2 . Thus from (3), we have

D_1(u^′)^2 + D_2u^′v^′ + D_3(v^′)^2 = d_1(p^′)^2 + d_2p^′q^′ + d_3(q^′)^2, (9) where

D_1 =

EM − F L √ EG − F^2

, D_2 =

EN − GL √ EG − F^2

, D_3 =

F N − GM √ EG − F^2 , d_1 = em − fl √ eg − f^2

, d_2 = en − gl √ eg − f^2

, d_3 = fn − gm √ eg − f^2 . Substituting (8) into (9), we have

c_1(u^′)^2 + c_2u^′v^′ + c_3(v^′)^2 = 0,

(10)

ON THE GEODESIC TORSION OF A TANGENTIAL INTERSECTION 181

where c_1 = d_1b^2_{11} + d_2b_{11}b_{21} + d_3b^2_1 − D_1, c_2 = 2d_1b_{11}b_{12} + d_2(b_{11}b_{22} + b_{12}b_{21}) + 2d_3b_{21}b_{22} − D_2, c_3 = d_1b^2_{12} + d_2b_{12}b_{22} + d_3b^2_2 − D_3.

If we denote ρ =^{u′}_{v′} when c_1 ≠ 0, or ν =^{v′}_{u′} when c_1 = 0 and c_3 ≠ 0, Eq. (10) becomes c_1ρ^2 + c_2ρ + c_3 = 0 or c_3ν^2 + c_2ν = 0.

Let Δ = c^2 − 4c_1c_3. If Δ > 0, then solving the above equations according to ρ or ν, two different values are found. For these values of ρ and ν, let us consider the vectors

r_i = ρ_iX_u + X_v ‖ρ_iX_u + X_v‖ or r_i =

X_u + ν_iX_v ‖X_u + ν_iX_v‖

, i = 1, 2.

(11)

We need to determine the vector which denotes the tangent vector r_1 and/or r_2 at the intersection point P .

Let R_1 denotes the plane determined by the common surface normal N and the vector r_1 at P . R_1 has the parametric equation Z(r, w). Since the normals of the plane R_1 and the surface A are perpendicular, the intersection of these surfaces is the transversal intersection at P . Let us denote the normal vector of the plane R_1 by N_1 = N × r_1. Then, the unit tangent vector of the transversal intersection curve of the surface A and the plane R_1 is determined by

t_1 =

N × N_1 ||N × N_1|| . From (2), the geodesic curvature κ^A_{g1} of this intersection curve with respect to R_1 is κ^A_{g1} = √ E_1G_1 − F^2_1 (r^′w^{′′} − r^{′′}w^′),

(12)

where E_1 = ⟨Z_r , Z_r⟩, F_1 = ⟨Z_r, Z_w⟩, G_1 = ⟨Z_w, Z_w⟩ and

r^′ = 1 E_1G_1 − F^2_1

(G_1⟨t_1, Z_r⟩ − F_1⟨t_1, Z_w⟩) ,

w^′ = 1 E_1G_1 − F^2_1

(E_1⟨t_1, Z_w⟩ − F_1⟨t_1, Z_r⟩) .

(13)

The unit tangent vector of the transversal intersection curve of A and R_1 is t_1 = Z_rr^′ + Z_ww^′ = X_uu^′ + X_v v^′, where u^′ and v^′ can be calculated by taking t_1 instead of t in Eq. (4). Since Z_{rr} = Z_{rw} = Z_{ww} = (0, 0, 0),

t^′_1 = Z_rr^{′′} + Z_ww^{′′} = X_uu^{′′} + X_vv^{′′} + Λ^A_1 ,

(14)

182 B. UYAR D^¨ULD^¨UL and M. ÇALIŞKAN

where Λ^A_1 = X_{uu}(u^′)^2 + 2X_{uv}u^′v^′ + X_{vv} (v^′)^2. By taking the dot product of both hand sides of (14) with N, we get

⟨Z_r , N⟩r^{′′} + ⟨Z_w , N⟩w^{′′} = ⟨Λ^A_1 , N⟩.

(15)

Since t^′_1 is perpendicular to t_1,

⟨Z_r, t_1⟩r^{′′} + ⟨Z_w , t_1⟩w^{′′} = 0

(16)

is also obtained. (15) and (16) constitute a linear system with respect to r^{′′} and w^{′′} which has nonvanishing coefficients determinant, i.e., δ = −‖Z_r ×Z_w‖·‖N×N_1‖ ≠ 0. Thus, r^{′′} and w^{′′} can be computed by solving this linear system. So, from Eq. (12), κ^A_{g1} is calculated.

On the other hand, the unit tangent vector of the transversal intersection curve of the surface B and the plane R_1 is also t_1. Then, the geodesic curvature of this intersection curve with respect to R_1 is

κ^B_{g1} = √ E_1G_1 − F^2_1 (r^′w^{′′} − r^{′′}w^′),

(17)

where r^′ and w^′ are calculated by Eq. (13). Let us find r^{′′} and w^{′′}. The unit tangent vector of the transversal intersection curve of B and R_1 is

t_1 = Z_rr^′ + Z_ww^′ = Y_pp^′ + Y_q q^′,

where p^′ and q^′ can be computed by taking t_1 instead of t in Eq. (5). Also,

t^′_1 = Z_rr^{′′} + Z_ww^{′′} = Y_pp^{′′} + Y_q q^{′′} + Λ^B_1 ,

(18)

where Λ^B_1 = Y_{pp}(p^′)^2 + 2Y_{pq}p^′q^′ + Y_{qq} (q^′)^2. If we solve Eq. (16) and the equation obtained by taking the dot product of both hand sides of (18) with N, we find the unknowns r^{′′} and w^{′′}. Thus, κ^B_{g1} is calculated from Eq. (17).

Similarly, if we denote the plane determined by the common surface normal N and the vector r_2 at P by R_2, we can calculate the geodesic curvatures κ^A_{g2} and κ^B_{g2} (with respect to R_2) of the intersection curve of the plane R_2 with A and R_2 with B, respectively.

We have the following cases for Δ > 0:

1) If κ^A_{g1} = κ^B_{g1} , then the transversal intersection curve of both R_1 with A and R_1 with B is the same curve around the point P , i.e., t = r_1. If κ^A_{g2} = κ^B_{g2} , then the transversal intersection curve of both R_2 with A and R_2 with B is the same curve around the point P , i.e., t = r_2. Hence, P is a branch point.

2) If κ^A_{g1} = κ^B_{g1} and κ^A_{g2} ≠ κ^B_{g2} (or κ^A_{g1} ≠ κ^B_{g1} and κ^A_{g2} = κ^B_{g2} ), then the intersection curve is unique, i.e., t = r_1 (or t = r_2).

3) If κ^A_{g1} ≠ κ^B_{g1} and κ^A_{g2} ≠ κ^B_{g2} , then P is an isolated contact point. We have the following cases for Δ = 0:

1) If c_1 = c_2 = c_3 = 0, then P is an isolated contact point when κ^A_{g1} ≠ κ^B_{g1} , or the surfaces have at least second order contact at P when κ^A_{g1} = κ^B_{g1} obtained by taking any tangent vector r_1.

ON THE GEODESIC TORSION OF A TANGENTIAL INTERSECTION 183

2) If c^2_1 + c^2 + c^2_3 ≠ 0, then r_1 = r_2. In this case, t = r_1 when κ^A_{g1} = κ^B_{g1} or P is an isolated contact point when κ^A_{g1} ≠ κ^B_{g1} .

If Δ < 0, then P is an isolated contact point.

Thus, using the unit tangent vector t of the tangential intersection curve of the surfaces A and B, u^′ and v^′ can be calculated from Eq. (4). Substituting these values into (3), the geodesic torsion of the intersection curve with respect to the surfaces A and B at P is obtained.

Example 1. Let A and B be two surfaces given by the parametric equations, respectively,

X(u, v) = ( 3 cos u − cos u cos v + 1 √ 10 sin u sin v, 3 sin u − sin u cos v − 1 √ 10 cos u sin v, u + 3 √ 10 sin v )

and Y(p, q) = (2 cos p, 2 sin p, q), where 0 ≤ u, v, p, q ≤ 2π (Figure 1). Let us find the unit tangent vector and the geodesic torsions with respect to the surfaces A and B of the intersection curve at the point P = X(0, 0) = Y(0, 0) = (2, 0, 0).

The partial derivatives of the surface A are X_u = (0, 2, 1), X_v = (0, −^{1√}_{10} ,^{3√}_{10} ), X_{uu} = (−2, 0, 0), X_{uv} = (^{1√}_{10} , 0, 0) and X_{vv} = (1, 0, 0) at P . Thus we find the unit normal vector and the first and the second fundamental form coefficients of A at P as N^A = (1, 0, 0), E = 5, F =^{1√}_{10} , G = 1, L = −2, M =^{1√}_{10} , N = 1.

Similarly, for the surface B at the point P , we get N^B = (1, 0, 0), Y_p = (0, 2, 0), Y_q = (0, 0, 1), Y_{pp} = (−2, 0, 0), Y_{pq} = Y_{qq} = (0, 0, 0), e = 4, g = 1, l = −2, f = m = n = 0.

Figure 1. The tangential intersection of the cylinder and the canal surface.

184 B. UYAR D^¨ULD^¨UL and M. ÇALIŞKAN

Figure 2. Tangential intersection of a cylinder and sphere.

Also, we have D_1 = d_2 = 1, D_2 = √ 10, D_3 = d_1 = d_3 = 0 and b_{11} = b_{21} = 1, b_{12} = −^1_2^√_{10} , b_{22} =^{3√}_{10} . Therefore, we obtain 5 √ 10ν + ν^2 = 0, i.e., Δ = 250 > 0.

By solving this equation, the values ν_1 = 0 and ν_2 = −5 √ 10 are found. So, from (11), we obtain r_1 = (0,^{2√}_5 ,^{1√}_5 ) and r_2 = (0,^{1√}_5 , −^{2√}_5 ).

Let us denote the common unit normal vectors of the surfaces A and B by N. Since the normal vector of R_1 determined by N and r_1 is N_1 = (0, −^{1√}_5 ,^{2√}_5 ), R_1 has the parametric equation Z(r, w) = (r, 2w, w). Then, Z_r = (1, 0, 0), Z_w = (0, 2, 1), E_1 = 1, F_1 = 0, G_1 = 5, t_1 = (0, −^{2√}_5 , −^{1√}_5 ), r^′ = 0, w^′ = −^{1√}_5 , r^{′′} = −^2_5 , w^{′′} = 0. So, we have κ^A_{g1} = −^2_5 . Similarly, we get κ^B_{g1} = −^2_5 . On the other hand, we find κ^A_{g2} =^{238}_{245} , κ^B_{g2} =^{−1}_{10} . Since κ^A_{g1} = κ^B_{g1} and κ^A_{g2} ≠ κ^B_{g2} , the vector r_1 is the tangent vector of the tangential intersection curve of the surfaces A and B at P , i.e., t = (0,^{2√}_5 ,^{1√}_5 ). Also, we find u^′ =^{1√}_5 , v^′ = 0 and p^′ = q^′ =^{1√}_5 . Thus, we obtain the geodesic torsions τ^A_g = τ^B_g =^1_5 of the tangential intersection curve at the point P .

Figure 3. Tangential intersection of two cylinders.

ON THE GEODESIC TORSION OF A TANGENTIAL INTERSECTION 185

Example 2. Let us consider the parametric surfaces A and B, respectively, with X(u, v) = (cos u cos v, −1 + sin u cos v, sin v), Y(p, q) = (cos q, 1 + sin q, p), where −π < u < π, −^π_2 < v <^π_2 , −1 < p < 1, −π < q < π.

These surfaces intersect tangentially at the origin. We have c_1 = 0, c_2 = −1, c_3 = 0, i.e. Δ > 0. Applying the explained method for r_1 = (0, 0, 1) and r_2 = (−1, 0, 0), we find κ^A_{g1} = −1, κ^B_{g1} = 0, κ^A_{g2} = −1, κ^B_{g2} = 1. Since κ^A_{g1} ≠ κ^B_{g1} and κ^A_{g2} ≠ κ^B_{g2} , P is an isolated contact point (Figure 2).

Example 3. The surfaces A . . . X(u, v) = (cos u, sin u, v) and B . . . Y(p, q) = (p, 2 + cos q, sin q) (0 < u, q < 2π, −1 < v, p < 1) intersect tangentially at the point P = (0, 1, 0). We obtain Δ = 0 with c_1 = c_2 = c_3 = 0. Thus, by taking r_1 = (−1, 0, 0), we have κ^A_{g1} ≠ κ^B_{g1} . Hence, P is an isolated contact point (Figure 3).

Example 4. Let us consider the parametric surfaces A and B respectively, with X(u, v) = (u, v, v^4), Y(p, q) = (p, q, 0), −1 < u, v, p, q < 1, which are intersect tangentially at origin. For these surfaces we find Δ = 0 with c_1 = c_2 = c_3 = 0. By taking r_1 = (1, 0, 0) we have κ^A_{g1} = κ^B_{g1} . Thus, the surfaces have at least second order contact at origin (Figure 4).

Figure 4. Tangential intersection with higher order contact.

2.2. Tangential intersection curve of implicit-implicit surfaces

Let A and B be two regular tangentially intersecting surfaces with implicit equations f(x, y, z) = 0 and g(x, y, z) = 0, respectively. Since ∇f = (f_x, f_y, f_z) ≠ 0 and ∇g = (g_x, g_y, g_z) ≠ 0, the normal vectors of the surfaces are

N^A = ∇f ‖∇f‖

, N^B = ∇g ‖∇g‖ . By orienting the surfaces properly, we can assume N^A = N^B = N along the intersection curve α. Let us denote the unit tangent vector of α with α^′(s) = t =

186 B. UYAR D^¨ULD^¨UL and M. ÇALIŞKAN

(x^′, y^′, z^′). Since τ^A_g = ⟨(V^A)^′, N^A⟩ and V^A = N^A × t, we have

τ^A_g = 1 ‖∇f‖

{(a_3f_y − a_2f_z)x^′ + (a_1f_z − a_3f_x)y^′ + (a_2f_x − a_1f_y)z^′},

(19)

where (N^A)^′ = (a_1, a_2, a_3) and

a_i = 1 ‖∇f‖ ( f_{xixi} x^′_i + f_{xixj} x^′_j + f_{xixk} x^′_k )

− 1 ‖∇f‖^3 [ f^2_{xi} ( f_{xixi} x^′_i + f_{xixj} x^′_j + f_{xixk} x^′_k ) + f_{xi} f_{xj} ( f_{xj xi} x^′_i + f_{xj xj} x^′_j + f_{xj xk} x^′_k ) + f_{xi} f_{xk} ( f_{xkxi} x^′_i + f_{xkxj} x^′_j + f_{xk xk} x^′_k ) ] with x_1 = x, x_2 = y, x_3 = z (i, j, k = 1, 2, 3 cyclic).

Similarly, for the geodesic torsion of the intersection curve with respect to the surface B, we find

τ^B_g = 1 ‖∇g‖

{(b_3g_y − b_2g_z)x^′ + (b_1g_z − b_3g_x)y^′ + (b_2g_x − b_1g_y)z^′},

(20)

where (N^B )^′ = (b_1, b_2, b_3) and

b_i = 1 ‖∇g‖ ( g_{xixi} x^′_i + g_{xixj} x^′_j + g_{xixk} x^′_k )

− 1 ‖∇g‖^3 [ g^2_{xi} ( g_{xixi} x^′_i + g_{xixj} x^′_j + g_{xixk} x^′_k ) + g_{xi} g_{xj} ( g_{xj xi} x^′_i + g_{xj xj} x^′_j + g_{xj xk} x^′_k ) + g_{xi} g_{xk} ( g_{xkxi} x^′_i + g_{xk xj} x^′_j + g_{xk xk} x^′_k ) ] with x_1 = x, x_2 = y, x_3 = z (i, j, k = 1, 2, 3 cyclic).

Since the surfaces A and B intersect tangentially along the intersection curve, τ^A_g = τ^B_g is valid. Then, from Eq. (19) and (20), we obtain

λ_1x^′ + λ_2y^′ + λ_3z^′ = 0,

(21) where λ_1 = a_3f_y − a_2f_z ||∇f|| + b_2g_z − b_3g_y ||∇g|| , λ_2 = a_1f_z − a_3f_x ||∇f|| + b_3g_x − b_1g_z ||∇g|| , λ_3 = a_2f_x − a_1f_y ||∇f|| + b_1g_y − b_2g_x ||∇g|| . Also, since the tangent vector t is perpendicular to the gradient vector ∇f, we have f_xx^′ + f_yy^′ + f_zz^′ = 0.

(22)

ON THE GEODESIC TORSION OF A TANGENTIAL INTERSECTION 187

Eq. (21) and Eq. (22) constitute a linear system with unknowns x^′, y^′ and z^′. Since at least one of the f_x, f_y and f_z is non-zero, we assume f_z is non-zero. Then we get z^′ = −^{fxx′ +fy y′}_{fz} from Eq. (22). Substituting this value of z^′ into (21), we find μ_1x^′ + μ_2y^′ = 0,

(23) where μ_1 = λ_1f_z − λ_3f_x and μ_2 = λ_2f_z − λ_3f_y. Since x^′, y^′ and z^′ are components of the unit tangent vector, x^′ and y^′ both can not be zero. If we denote ρ =^{x′}_{y′} when y^′ ≠ 0, or ν =^{y′}_{x′} when x^′ ≠ 0, and solve (23) for ρ or ν, then

r_1 =

(ρy^′, y^′, −^{ρfx +fy}_{fz} y^′)

‖(ρy^′, y^′, −^{ρfx +fy}_{fz} y^′)‖ or r_2 =

(x^′, νx^′, −^{fx+νfy}_{fz} x^′)

‖(x^′, νx^′, −^{fx+νfy}_{fz} x^′)‖

are found. Now, let us determine the vector which corresponds to the tangent vector at the point P . If we denote the plane determined by N and r_1 with R_1, then R_1 has the implicit equation h(x, y, z) = 0. The intersection of R_1 and A is the transversal intersection. Thus, the unit tangent vector of this intersection curve is t_1 =

N × N_1 ||N × N_1||

= (x^′_1, y^′_1, z^′_1),

where the vector N_1 = N × r_1 is the normal vector of the plane R_1. Then the geodesic curvature κ^A_{g1} of the transversal intersection curve with respect to R_1 is found from Eq. (6) as

κ^A_{g1} = 1 ||∇h||

{(y^′_1z^{′′}_1 − y^{′′}_1 z^′_1)h_x + (x^{′′}_1 z^′_1 − x^′_1z^{′′}_1 )h_y + (x^′_1y^{′′}_1 − x^{′′}_1 y^′_1)h_z},

(24)

where t^′_1 = (x^{′′}_1 , y^{′′}_1 , z^{′′}_1 ). If the linear equation system consisting of the equations x^′_1x^{′′}_1 + y^′_1y^{′′}_1 + z^′_1z^{′′}_1 = 0, h_xx^{′′}_1 + h_yy^{′′}_1 + h_zz^{′′}_1 = 0, f_xx^{′′}_1 + f_yy^{′′}_1 + f_zz^{′′}_1 = −{f_{xx}(x^′_1)^2 + f_{yy}(y^′_1)^2 + f_{zz}(z^′_1)^2 +2(f_{xy}x^′_1y^′_1 + f_{xz}x^′_1z^′_1 + f_{yz}y^′_1z^′_1)} is solved, the unknowns x^{′′}_1 , y^{′′}_1 and z^{′′}_1 can be found. Substituting these values into Eq. (24) yield the geodesic curvature κ^A_{g1} . Similarly, the geodesic curvature κ^B_{g1} of the transversal intersection curve of the surface B and the plane R_1 can be found.

By using the previous method given in paramteric-parametric intersection, we determine the tangent vector at P of the tangential intersection curve of the surfaces A and B. Then the geodesic torsion τ^A_g (or τ^B_g ) of the intersection curve with respect to A (or B) is calculated by Eq. (19) (or Eq. (20)).

Example 5. The implicit surface A is given by f(x, y, z) = ( √ x^2 + y^2 − 2)^2 + (z − 1)^2 − 1 = 0 and the implicit surface B is given by g(x, y, z) = z − 2 = 0 (Figure 5).

We have ∇f = (0, 0, 2) and ∇g = (0, 0, 1) at the point P = (0, 2, 2) on the intersection curve of the surfaces A and B. At the intersection point we have

188 B. UYAR D^¨ULD^¨UL and M. ÇALIŞKAN

Figure 5. The tangential intersection of the torus and the plane.

‖∇f‖ = 2, N^A = (0, 0, 1), (∇f)^′ = (0, 2y^′, 2z^′), (N^A)^′ = (0, y^′, 0) for the surface A and ‖∇g‖ = 1, N^B = (0, 0, 1), (∇g)^′ = (N^B )^′ = (0, 0, 0) for the surface B. Also, the vectors r_1, r_2 are calculated as r_1 = (0, 1, 0) and r_2 = (1, 0, 0), and the geodesic curvatures are found as κ^A_{g1} = −1, κ^B_{g1} = 0, κ^A_{g2} = 0, κ^B_{g2} = 0. Since κ^A_{g1} ≠ κ^B_{g1} and κ^A_{g2} = κ^B_{g2} , the unit tangent vector of the tangential intersection curve of the surfaces A and B at P is the vector r_2, i.e., t = (1, 0, 0). Then the geodesic torsions τ^A_g and τ^B_g are calculated as zero at P .

2.3. Tangential intersection curve of parametric-implicit surfaces Let A be a regular surface given by the parametric equation X(u, v) and B be a regular surface given by the implicit equation g(x, y, z) = 0. The unit normal vectors of the surfaces A and B on the intersection curve α are given by

N^A =

X_u × X_v ‖X_u × X_v ‖

, N^B = ∇g ‖∇g‖ . Let us denote the common surface normal by N = N^A = N^B . The unit tangent vector of the curve α is t = X_uu^′ + X_v v^′ = (x^′, y^′, z^′).

(25) We know the geodesic torsions of α with respect to the surfaces A and B, respectively, as τ^A_g = D_1(u^′)^2 + D_2u^′v^′ + D_3(v^′)^2

(26) and τ^B_g = E_1x^′ + E_2y^′ + E_3z^′,

(27)

where E_1 =^{b3gy −b2 gz}_{‖∇g‖} , E_2 =^{b1gz −b3 gx}_{‖∇g‖} , E_3 =^{b2 gx−b1 gy}_{‖∇g‖} . Since the surfaces A and B intersect tangentially along the curve α, τ^A_g is equal to τ^B_g , and so D_1(u^′)^2 + D_2u^′v^′ + D_3(v^′)^2 − E_1x^′ − E_2y^′ − E_3z^′ = 0.

(28)

ON THE GEODESIC TORSION OF A TANGENTIAL INTERSECTION 189

If we substitute the values of x^′, y^′, z^′ in terms of u^′ and v^′ into Eq. (28), we obtain a quadratic equation similar to (10). Solving this quadratic equation and applying the same method, the unit tangent vector of the intersection curve at P is found. Also, substituting u^′ and v^′ into Eq. (26) or x^′, y^′, z^′ into Eq. (27), the geodesic torsions of α are obtained.

Acknowledgment. The authors would like to thank the referee for useful comments.

References

1. Willmore T. J., An Introduction to Differential Geometry, Clarendon Press, Oxford, 1959. 2. Hartmann E. G^2 Interpolation and blending on surfaces, The Visual Computer, 12 (1996) 181–192.

3. Ye, X. and Maekawa, T. Differential geometry of intersection curves of two surfaces, Computer Aided Geometric Design, 16 (1999), 767–788.

4. Wu S. T., Alessio, O. and Costa, S. I. R., On estimating local geometric properties of intersection curves, In “Proceedings of SIBGRAPI 2000”, 152–159.

5. Goldman R., Curvature formulas for implicit curves and surfaces, Computer Aided Geometric Design, 22 (2005), 632–658.

6. Aléssio O., Geometria diferencial de curvas de interseao de duas suferficies implicitas, TEMA Tend. Mat. Apl. Comput. 7(2) (2006), 169–178.

7. , Differential geometry of intersection curves in R^4 of three implicit surfaces, Computer Aided Geometric Design, 26 (2009), 455–471.

8. Düldül M., On the intersection curve of three parametric hypersurfaces, Computer Aided Geometric Design, 27 (2010), 118–127.

9. Uyar Düldül, B. and Çalışkan M., The geodesic curvature and geodesic torsion of the intersection curve of two surfaces, Acta Universitatis Apulensis, 24 (2010), 161–172.

10. Aléssio O., Formulas for second curvature, third curvature, normal curvature, first geodesic curvature and first geodesic torsion of implicit curve in n-dimensions, Computer Aided Geometric Design, 29 (2012), 189–201.

11. O’Neill B., Elementary Differential Geometry, Academic Press, New-York, 1966. 12. Patrikalakis N. M. and Maekawa T., Shape Interrogation for Computer Aided Design and Manufacturing, Springer-Verlag, New York, 2002.

B. Uyar Düldül, Yıldız Technical University, Education Faculty, Department of Mathematics Education, İstanbul, Turkey, e-mail: buduldul@yildiz.edu.tr

M. Çalışkan, Gazi University, Science Faculty, Department of Mathematics, Ankara, Turkey, e-mail: mustafacaliskan@gazi.edu.tr