Acta Math. Univ. Comenianae Vol. LXXVIII, 1(2009), pp. 37–42 37

EXISTENCE AND POSNER’S THEOREM FOR α-DERIVATIONS IN PRIME NEAR-RINGS

M. S. SAMMAN

Abstract. In this paper we define α-derivation for near-rings and extend some results for derivations of prime rings or near-rings to a more general case for α-derivations of prime near-rings. To initiate the study of the theory, the existence of such derivation is shown by an example. It is shown that if d is an α-derivation of a prime near-ring N such that d commutes with α, then d^2 = 0 implies d = 0. Also a Posner-type result for the composition of α-derivations is obtained.

1. Introduction

A left (right) near-ring is a set N with two operations + and · such that (N, +) is a group and (N, ·) is a semigroup satisfying the left distributive law: x(y + z) = xy + xz (right distributive law: (x + y)z = xz + yz) for all x, y, z ∈ N. Zero symmetric left (right) near-rings satisfy x · 0 = 0 · x = 0 for all x ∈ N. Throughout this note, unless otherwise specified, N will stand for a zero symmetric left nearring. Let α be an automorphism of N. An additive endomorphism d : N → N is said to be an α-derivation if d(xy) = α(x)d(y) + d(x)y for all x, y ∈ N. According to [1], a near-ring N is said to be prime if xNy = {0} for x, y ∈ N implies x = 0 or y = 0. As there were only a few papers on derivations of near-rings and none (to the knowledge of the author) on α-derivations of near-rings, it seems that the present paper would initiate and develop the study of the subject in this direction. On the way to this aim, we construct an example of this type of derivation that would make sense of the theory we are dealing with. Furthermore, an analogous version of a well-known result of Posner for the composition of derivations of rings is obtained for the case of near-rings. Also, some properties for α-derivations of near-rings are given.

In the next section we show that such derivations on near-rings do exist.

2. Examples

The following consideration provides a class of near-rings on which we can define an α-derivation. Let M be a near-ring which is not a ring such that (M, +) is abelian. Let R be a commutative ring. Take N to be the direct sum of M and

Received September 27, 2007.

2000 Mathematics Subject Classification. Primary 16Y30.

Key words and phrases. Derivation; α-derivation; near-ring; prime near-ring; automorphism.

38 M. S. SAMMAN

R. So, we have the near-ring N = M ⨁ R. Observe that N is not a ring, R is an ideal of N and its elements commute with all elements of N. Let α be a non-trivial automorphism of N and take a ∈ R. Define d^α_a : N −→ N by d^α_a (x) = α(x)a − xa. Then d^α_a is an α-derivation on N. This can be verified as follows. Let x, y ∈ N. Then d^α_a (xy) = α(xy)a − xya = α(xy)a − α(x)ya + α(x)ya − xya = α(xy)a − α(x)ya + yaα(x) − yax = α(xy)a − α(x)ya + yα(x)a − yxa = α(x)α(y)a − α(x)ya + y[α(x)a − xa] = α(x)[α(y)a − ya] + [α(x)a − xa]y = α(x)d^α_a (y) + d^α_a (x)y.

This shows that d^α_a (xy) = α(x)d^α_a (y) + d^α_a (x)y, for all x, y ∈ N.

Hence d^α_a is an α-derivation on N.

3. Results

Our main goal in this section is to prove the following result which deals with composition of α-derivations on prime near-rings. In fact, it is an analog of a wellknown theorem of Posner [5] for the case of α-derivations on prime near-rings.

Theorem. Let d_1 be an α-derivation and d_2 be a β-derivation on a 2-torsionfree prime near-ring N such that α, β commute with d_1 and with d_2. Then d_1d_2 is an αβ-derivation if and only if d_1 = 0 or d_2 = 0.

Before we proceed to prove the theorem, we derive some properties for αderivations on prime near-rings.

Although the underlying group of the near-ring N is not necessarily commutative, the first result gives an equivalent definition of α-derivation on N which involves a sort of commutativity on N.

Proposition 1. Let d be an additive endomorphism of a near-ring N. Then d is an α-derivation if and only if d(xy) = d(x)y + α(x)d(y) for all x, y ∈ N.

Proof. By definition, if d is an α-derivation then for all x, y ∈ N, d(xy) = α(x)d(y) + d(x)y. Then d(x(y + y)) = α(x)d(y + y) + d(x)(y + y) = 2α(x)d(y) + 2d(x)y, and d(xy + xy) = 2d(xy) = 2(α(x)d(y) + d(x)y), so that α(x)d(y) + d(x)y = d(x)y + α(x)d(y). The converse is easy. □

EXISTENCE AND POSNER’S THEOREM IN PRIME NEAR-RINGS 39

Now, we show that the near-ring N satisfies some partial distributive laws which will be used in the sequel.

Proposition 2. Let d be an α-derivation on a near-ring N. Then for all x, y, z ∈ N,

(i) (α(x)d(y) + d(x)y)z = α(x)d(y)z + d(x)yz;

(ii) (d(x)y + α(x)d(y))z = d(x)yz + α(x)d(y)z. Proof. (i) Let x, y, z ∈ N. Then d(x(yz)) = α(x)d(yz) + d(x)(yz) = α(x)(α(y)d(z) + d(y)z) + d(x)(yz) = (α(x)α(y))d(z) + α(x)d(y)z + d(x)(yz) = α(xy)d(z) + α(x)d(y)z + (d(x)y)z. (1) Also, d((xy)z) = α(xy)d(z) + d(xy)z

= α(xy)d(z) + (α(x)d(y) + d(x)y)z. (2) From (1) and (2), we get (α(x)d(y) + d(x)y)z = α(x)d(y)z + d(x)yz.

(ii) It follows similarly by Proposition 1. □ Remark 3. A similar distributivity result can be obtained for the case of right near-rings.

Proposition 4. Let d be an α-derivation of a prime near-ring N and a ∈ N such that ad(x) = 0 (or d(x)a = 0) for all x ∈ N. Then a = 0 or d = 0.

Proof. For all x, y ∈ N, 0 = ad(xy) = a(α(x)d(y) + d(x)y) = aα(x)d(y) + ad(x)y = aα(x)d(y) + 0 = aα(x)d(y).

Thus aNd(y) = 0. Since N is prime, we get a = 0 or d = 0. To prove the case when d(x)a = 0, we need Proposition 2. So if d(x)a = 0 for all x ∈ N, then for all x, y ∈ N, we have

0 = d(yx)a = (α(y)d(x) + d(y)x)a = α(y)d(x)a + d(y)xa, by Proposition 2, = 0 + d(y)xa.

Thus d(y)Na = 0. Now the primeness of N implies that d = 0 or a = 0. □ Proposition 5. Let N be a 2-torsion-free prime near-ring. Let d be an αderivation on N such that dα = αd. Then d^2 = 0 implies d = 0.

40 M. S. SAMMAN

Proof. Suppose that d^2 = 0. Let x, y ∈ N. Then

d^2(xy) = 0 = d(d(xy)) = d(α(x)d(y) + d(x)y) = d(α(x)d(y)) + d(d(x)y) = α^2(x)d^2(y) + d(α(x))d(y) + α(d(x))d(y) + d^2(x)y = d(α(x))d(y) + α(d(x))d(y) = 2d(α(x))d(y).

Hence, 2d(α(x))d(y) = 0. Since N is 2-torsion-free, we have d(α(x))d(y) = 0.

Since α is onto, we get d(x)d(y) = 0 and hence by Proposition 4, d = 0. □ The following proposition displays, in some way, a sort of commutativity of automorphisms of the near-ring N and the derivation we are considering on N.

Proposition 6. Let d be an α-derivation on a near-ring N. Let β be an automorphism of N which commutes with d. Then αβ(x)dβ(y) = βα(x)βd(y) for all x, y ∈ N.

Proof. Let x, y ∈ N. Then

βd(xy) = β(α(x)d(y) + d(x)y) = βα(x)βd(y) + βd(x)β(y). (3) And, dβ(xy) = d(β(x)β(y)) = αβ(x)d(β(y)) + d(β(x))β(y). (4) Since β commutes with d, equations (3) and (4) imply that αβ(x)dβ(y) = βα(x)βd(y), as required. □ Now we are ready to prove the theorem.

Proof of the Theorem. Let d_1d_2 be an αβ-derivation. For x, y ∈ N, we have (d_1d_2)(xy) = (αβ)(x)d_1 d_2(y) + (d_1d_2)(x)y. (5) Also,

(d_1d_2)(xy) = d_1(d_2(xy))

= d_1[β(x)d_2(y) + d_2(x)y] = d_1[β(x)d_2(y)] + d_1[d_2(x)y] = (αβ)(x)d_1 d_2(y) + (d_1β)(x)d_2(y) + (αd_2)(x)d_1(y) + d_1d_2(x)y. (6) From (5) and (6), we get (d_1β)(x)d_2(y) + (αd_2)(x)d_1(y) = 0. (7)

EXISTENCE AND POSNER’S THEOREM IN PRIME NEAR-RINGS 41

Replacing x by xd_2(z) in (7), we get (d_1β)(xd_2(z))d_2(y) + (αd_2)(xd_2(z))d_1(y) = 0, and so, (βd_1)(xd_2(z))d_2(y) + (αd_2)(xd_2(z))d_1(y) = 0. (8) Using Proposition 1, equation (8) becomes

β[d_1(x)d_2(z) + α(x)d_1d_2(z)]d_2(y) + α[β(x)d^2(z) + d_2(x)d_2(z)]d_1(y) = 0, [βd_1(x)βd_2(z) + βα(x)βd_1 d_2(z)]d_2(y) + [αβ(x)αd^2 (z) + αd_2(x)αd_2(z)]d_1(y) = 0 (9) Using Proposition 6 and the hypothesis, equation (9) becomes [d_1β(x)d_2β(z) + αβ(x)d_1 (βd_2(z))]d_2(y) + [αβ(x)d^2α(z) + d_2α(x)d_2(α(z))]d_1(y) = 0.

(10)

Using Proposition 2, equation (10) becomes

d_1β(x)d_2β(z)d_2(y) + αβ(x)d_1 (βd_2(z))d_2(y) + αβ(x)d^2(α(z))d_1(y) + d_2(α(x))d_2 (α(z))d_1(y) = 0, d_1β(x)d_2β(z)d_2(y) + (αβ)(x)[d_1 (βd_2(z))d_2(y) + d^2(α(z))d_1(y)] + d_2(α(x))d_2 (α(z))d_1(y) = 0.

(11) Replacing x by d_2(z) in (7), we get (d_1β)(d_2(z))d_2(y) + (αd_2)(d_2(z))d_1(y) = 0, or d_1(βd_2(z))d_2(y) + d^2(α(z))d_1(y) = 0.

(12) Since N is zero symmetric, equations (11) and (12) imply that d_1β(x)d_2β(z)d_2(y) + d_2(α(x))d_2 (α(z))d_1(y) = 0.

(13) Replacing now x by z in (7), we get (d_1β)(z)d_2(y) + (αd_2)(z)d_1(y) = 0, or αd_2(z)d_1(y) = −d_1(β(z))d_2(y).

(14) Replacing y by β(z) in (7), we get (d_1β)(x)d_2(β(z)) + (αd_2)(x)d_1(β(z)) = 0. So, d_1(β(x))d_2(β(z)) = −d_2(α(x))d_1(β(z)).

(15) Combining (13), (14) and (15) we get

{−[d_2(α(x))d_1 (β(z))]}d_2(y) + d_2(α(x)){−[d_1(β(z))d_2(y)]} = 0.

(16)

42 M. S. SAMMAN

To simplify notations, we put u = d_2(α(x)), v = d_1(β(z)), and w = d_2(y). Then {−[uv]}w + u{−[vw]} = 0, u[−v]w + u{−[vw]} = 0, u[−v]w − u[vw] = 0, −uvw − uvw = 0, uvw + uvw = 0, u(2vw) = 0.

If u ≠ 0 (i.e. d_2 ≠ 0), then by Proposition 4, 2vw = 0, that is, v[2w] = 0. Again if w ≠ 0 (i.e. d_2 ≠ 0), then by hypothesis 2w ≠ 0, and then by Proposition 4 we have v = 0; that is d_1 = 0. This shows that if d_2 ≠ 0 then d_1 = 0 which completes the proof. □

Remark 7. In the above result, the hypothesis that N is 2-torsion-free may be weakened by assuming instead the existence of an element y in the near-ring N such that 2d_2(y) ≠ 0. Then the same proof will lead to the conclusion that d_1 = 0.

Acknowledgement. The author gratefully acknowledges the support provided by King Fahd University of Petroleum and Minerals during this research.

References

1. Bell H. E. and Mason G., On derivation in near-rings, Near-rings and near-fields, G. Betsch (editor), 137, North-Holland, Amsterdam, 1987, pp. 31–36.

2. , On derivation in near-rings, Math. J. Okayama Univ., 34 (1992), 135–144. 3. Meldrum J. D. P., Near-rings and their links with groups, Pitman Research Notes in Mathematics 134, Pitman, London, 1985.

4. Beidar K.I. and Fong Y., Posner and Herstein theorems for derivations of 3-prime near- -rings, Com. Algebra, 24(5) (1996), 1581–1589.

5. Posner E., Derivations in prime rings, Proc. Amer. Math. Soc. 8 (1957), 1093–1100. 6. Wang X. K., Derivations in prime near-rings, Proc. Amer. Math. Soc., 121 (1994), 361–366.

M. S. Samman, Department of Mathematics and Statistics, King Fahd University of Petroleum and Minerals, Dhahran 31261, Saudi Arabia, e-mail: msamman@kfupm.edu.sa