Acta Math. Univ. Comenianae Vol. LXXI, 1(2002), pp. 9–17 9

ON HADAMARD – DIRICHLET ALGEBRAS

A.L. BARRENECHEA and C.C. PEÑA

Abstract. S. Bhatt and R. Raina studied in [1] the behaviour of some fractional operators and Hadamard products on certain analytic functions on the unit disk. More generally, classes of analytic functions on the unit disk constitute a matter of actual intensive research. So, it is desirable to dispose of an adequate theoretic frame which allow relatively simple and expeditious results on this subject. Recently one of the authors considered topics on the structure of Hadamard algebras (cf. [3], [4]). In this article our aim is to consider Dirichlet spaces, which constitute well known Hilbert spaces, endowed with an abelian unitary Banach algebra structure induced by a Hadamard type product. The maximal ideal space, complex Hadamard homomorphisms, reproducing kernels, the generating function and spectra of their elements are determined.

1. Introduction

For −1 < α ≤ 0 let D_α be the weighted pre – Hilbert space of analytic functions on the open unit disk for which ∫ D |df/dz|^2 (1 − |z|^2)^α dA(z) π < ∞, where dA(z) is Lebesgue area measure on the unit disk, with norm given by

(1) ‖f‖^2_{Dα} = |f(0)|^2 + ∫ D |df/dz|^2 (1 − |z|^2)^α dA(z) π and inner product

(2) ⟨f, g⟩_{Dα} = f(0) g(0) + ∫ D df/dz dg/dz (1 − |z|^2)^α dA(z) π . In the sequel we will denote by X(D) to the space of analytic functions on the unit disk endowed with the compact open topology or that of uniform convergence on compact subsets of D. We will also consider the weighted Bergman space A^2_α(D) = X(D)∩L^2(D, (1−|z|^2)^α dA(z)/π) considered as a subspace of L^2(D, (1− |z|^2)^α dA(z)/π). Received March 25, 2001.

2000 Mathematics Subject Classification. Primary 46G20, 46A32; Secondary 32E25, 26A33.

10 A.L. BARRENECHEA and C.C. PE^~NA

2. The Hilbert structure

Theorem 1. (D_α, ⟨, ⟩_{Dα} ) is a Hilbert space.

Proof. It is clear that D_α is a complex vector space and that ⟨, ⟩_{Dα} fulfils all properties of an inner product. Let {f_n}_{n≥1} be a Cauchy sequence in D_α, n, m ∈ N. Then

(3) ‖f_n − f_m‖^2_{Dα} ≥ |f_n(0) − f_m(0)|^2 + ‖df_n/dz − df_m/dz‖^2_A2_{0 (D)} .

Moreover, if C is a compact subset of D, λ ∈ C, 0 < r < 1 − |λ| and F ∈ D_α we have |F (λ)| = | | | | | 1 π r^2 ∫ |z−λ|≤r F (z) dA(z) | | | | | ≤ 1 π r^2 ∫ |z−λ|≤r |F (z)| dA(z)

≤ ( 1 π r^2 ∫ D |F (z)|^2 dA(z) )_{1/2}

= ‖F ‖_A2_{0(D)} /r

and so (4) |F (λ)| ≤ ‖F ‖_A2_{0(D)} /(1 − |λ|) ≤ ‖F ‖_A2_{0 (D)} /dist(C, C −D). By (3) and (4) we obtain ‖f_n − f_m‖_{Dα} ≥ ‖df_n/dz − df_m/dz‖_A2_{0 (D)} ≥ dist(C, C −D) max_C |df_n/dz − df_m/dz| and hence {df_n/dz}_{n≥1} is a uniform Cauchy sequence in X(D). Since X(D) is a Fréchet space there is g ∈ X(D) such that {df_n/dz}_{n≥1} converges to g in X(D). Then

(5) f_n(w) − f_n(0) → ∫_w 0 g(z) dz, convergence being also uniform on compact subsets of D in (5). By (3) we can define f(w) = lim_{n→∞} f_n(0) + ∫_w 0 g(z) dz, w ∈ D. Thus f_n → f uniformly on compact subsets of D and f ∈ X(D). Now, let N ∈ N be such that ‖f_n − f_m‖_{Dα} ≤ 1 for all positive integers m, n greater than N. Then ‖f_n‖_{Dα} ≤ ‖f_n − f_N ‖_{Dα} + ‖f_N ‖_{Dα} ≤ 1 + ‖f_N ‖_{Dα}

ON HADAMARD – DIRICHLET ALGEBRAS 11

if n ≥ N, i.e. ∫ D |df_n/dz|^2 (1 − |z|^2)^α dA(z) π ≤ ( 1 + ‖f_N ‖_{Dα} )_2 − | f_n(0)| and by Fatou’s lemma we obtain ∫ D |g(z)|^2 (1 − |z|^2)^α dA(z) π ≤ lim inf ∫ D |df_n/dz|^2 (1 − |z|^2)^α dA(z) π ≤ ( 1 + ‖f_N ‖_{Dα} )_2 − | f(0)| , so f ∈ D_α. Finally, let ε > 0 and M ∈ N such that ‖f_n − f_m‖_{Dα} ≤ ε if n, m are positive integers greater than M. If 0 < r < 1 we get

(6) |f_n(0) − f_m(0)|^2 + ∫ |z|≤r |df_n/dz − df_m/dz|^2 (1 − |z|^2)^α dA(z) π ≤ ε^2 and if n → ∞ in (6) then

(7) |f(0) − f_m(0)|^2 + ∫ |z|≤r |df/dz − df_m/dz|^2 (1 − |z|^2)^α dA(z) π ≤ ε^2. If r → 1^− then (7) yields ‖f_m − f‖_{Dα} ≤ ε whenever m ≥ M, i.e. f_m → f in D_α. □ 3. The Banach structure

The object of this section is to introduce a Banach structure on D_α. So, if f, g ∈ D_α we define their formal Hadamard product f ⊙ g ∈ D_α as

(f ⊙ g) (z) = ∞∑ n=0 f^{(n)}(0) g^{(n)}(0) n!^2 z^n, z ∈ D. Let h = ∑_∞ n=0 c_n z^n be in D_α, 0 < r < 1. Since h^′ converges absolutely on compact subsets of D we have ∫ rD |h^′ (z)|^2 (1 − |z|^2)^α dA(z) π =

= ∑ n≥1,m≥1 nc_n mc_m ∫ rD z^{n−1}z^{m−1}(1 − |z|^2)^α dA(z) π (8)

= ∑ n≥1,m≥1 nc_n mc_m 2δ_{n,m} ∫_r 0 ρ^{n+m−1} (1 − ρ^2)^α dρ

= ∞∑ n=1 n^2 |c_n|^2 r^{2(n+α)} Be(n, α + 1).

12 A.L. BARRENECHEA and C.C. PE^~NA

If r → 1^− by (1) and (8) we obtain

(9) ‖h‖^2_{Dα} = |c_0|^2 + ∞∑ n=1 n^2 |c_n|^2 Be(n, α + 1).

In particular, h = 0 if and only if h(z) = 0 for all z ∈ D.

Remark 2. If f ∈ X(D) we write

r_f = lim^n √| | | f^{(n)}(0) n! | | |. Since f converges absolutely and uniformly on compact subsets of D then |z| r_f < 1 if z ∈ D. Thus r_f ≤ 1. On the other hand, if the above condition holds it is immediate that f ∈ X (D) . In other words, X (D) is the set of holomorphic functions f at zero such that r_f ≤ 1.

Remark 3. If (a_n)_{n≥0} and (b_n)_{n≥0} are sequences of non negative real numbers then lim |a_n b_n|^{1/n} ≤ lim |a_n|^{1/n} lim |b_n|^{1/n}. Since the Taylor series expansion is unique whenever it exists, by Remark 2 the Hadamard product is closed within X (D) , i.e. ⊙ : X (D) × X (D) → X (D) . Moreover, r_{f ⊙g} ≤ r_f r_g if f, g ∈ X (D) .

Proposition 4. (cf. [2]) If f, g ∈ X (D) then

(f ⊙ g) (w) = 1 2πi ∫ |z|=r f(z) g (w z ) dz z , |w| < r < 1. Corollary 5. If f, g ∈ X (D) then

(f ⊙ g)^{(n)} (w) = 1 2πi ∫ |z|=r f(z) g^{(n)} (w z ) dz z^{n+1} , |w| < r < 1.

= w^{−n} [ f(z) ⊙ (z^n g^{(n)}(z)) ] (w) if w ≠ 0, [ f^{(n)}(0) g^{(n)}(0) ] /n! if w = 0. Theorem 6. If −1 < α ≤ 0 the space D_α is an abelian Banach algebra without unit respect to Hadamard product.

Proof. By Th. 1 we know that (D_α, ‖.‖_{Dα} ) is a Banach space. On the other hand, we observe that Be(1, 1 + α) = 1/(1 + α), i.e. Be(1, 1 + α) ≥ 1. If n^2 Be(n, 1 + α) ≥ 1 for an integer n ≥ 1 then

(n + 1)^2 Be(n + 1, 1 + α) =

(n + 1)^2 n (n + 1 + α) n^2 Be(n, 1 + α)

≥ (n + 1)^2 n (n + 1 + α) and (n + 1)^2 Be(n + 1, 1 + α) ≥ 1. Therefore n^2 Be(n, 1 + α) ≥ 1 for all positive integers. In consequence, if f = ∑_∞ n=0 a_n z^n and g = ∑_∞ n=0 b_n z^n are two

ON HADAMARD – DIRICHLET ALGEBRAS 13

elements of D_α and N ∈ N then

|a_0 b_0|^2 + N∑ n=1 n^2 |a_n b_n|^2 Be(n, α + 1) ≤

≤ [ |a_0|^2 + N∑ n=1 n^2 |a_n|^2 Be(n, α + 1) ] [ |b_0|^2 + N∑ n=1 n^2 |b_n|^2 Be(n, α + 1) ]

≤ ‖f‖^2_{Dα} ‖g‖^2_{Dα} and by (9) it follows that f ⊙ g ∈ D_α and ‖f ⊙ g‖_{Dα} ≤ ‖f‖_{Dα} ‖g‖_{Dα} .

Finally, let us suppose that g ∈ D_α is a unit. If f ∈ D_α and w ∈ D then 0 = 1 2πi ∫ |t|=(1+w)/2 f(t) [ g( w t ) 1 t − 1 t − w ] dt (10)

= 1 2πi ∫ |z|=2|w|/(1+|w|) f( w z ) [ g(z) − 1 1 − z ] dz. If 0 < r < 1, f = z^n, n = 1, 2, ... from equation (10) we obtain that 1 2πi ∫ |z|=2|w|/(1+|w|) [ g(z) − 1 1 − z ] dz z^n = 0.

But w → 2 |w| /(1 + |w|) is a surjective function between D and [0, 1) and whence 1 2πi ∫ |z|=r [ g(z) − 1 1 − z ] dz z^n = 0 whenever 0 ≤ r < 1. In consequence 1 (n − 1)! d^{n−1} dz^{n−1} [ g(z) − 1 1 − z ] z=0 = 0 for all n ∈ N, i.e. g(z) = 1/(1 − z). But the series ∑_∞ n=1 n^2 Be(n, α + 1) diverges as we already know that its general term is greater than one, i.e. g /∈ D_α. □

Corollary 7. The set B_α = {z^n [δ_{n0} + n^2 Be(n, α + 1)]^{−1/2}}_{n≥0} is an orthonormal basis of D_α.

Proof. It is easy to see that B_α is an orthonormal set and by (9) the Bessel – Parseval equality holds. □

Remark 8. We observe that α can not be greater than zero in Th.6. For instance, ‖z ⊙ z‖_{Dα} = ‖z‖_{Dα} = (1 + α)^{−1/2}, i.e. ‖z ⊙ z‖_{Dα} > ‖z‖^2_{Dα} if α > 0.

14 A.L. BARRENECHEA and C.C. PE^~NA

4. The spectral analysis

Remark 9. Let D_α × C be the Banach algebra obtained from D_α by the usual method of adjunction of a unit. We will also denote this algebra by D_α.

Theorem 10. Given (f, a) ∈ D_α we write ⟨(f, a), κ_p⟩ = f^{(p)}(0)/p! + a if p ∈ N_0 , a if p = ∞. Then X_α = {κ_p}^∞_{p=0} is the set of all complex valued homomorphisms on D_α, i.e. X is the maximal ideal space of D_α.

Proof. Let f ∈ D_α be represented by f = ∑_∞ n=0 f^{(n)}(0)/n! z^n as an element of X(D). By applying (9) it follows that

(11) lim_{N→∞} ‖ ‖ ‖ ‖ f − N∑ n=0 f^{(n)}(0)/n! z^n ‖ ‖ ‖ ‖_{Dα} = 0.

So, if κ is a non zero complex valued homomorphism on D_α then it must be bounded and (12) ⟨(f, a), κ⟩ = a + ∞∑ n=0 f^{(n)}(0)/n! ⟨(z^n, 0), κ⟩ . Since (z^k, 0) ⊙ (z^h, 0) = δ_{kh} (z^h, 0) for each k, h ∈ N_0 we have ⟨ (z^k, 0), κ ⟩ ⟨ (z^h, 0), κ ⟩ = ⟨ (z^k, 0) ⊙ (z^h, 0), κ ⟩ = δ_{kh} ⟨ (z^h, 0), κ ⟩ . Since κ ≠ 0 there must be a unique p ∈ N_0 such that ⟨ (z^k, 0), κ ⟩ = δ_{kp}, k ∈ N_0 . Therefore we write κ = κ_p and the claim follows. □

Corollary 11. If f ∈ D_α and p ∈ N then

f^{(p)}(0)/ (α + 1)_p = f(0) δ_{0p}/p + ∫ D f^′ (z) z^{p−1} (1 − |z|^2)^α dA(z) π . Proof. With the above notation, by (12) we obtain ⟨(f, a), (z^p, 1)⟩_{Dα} = a + ∞∑ n=0 f^{(n)}(0)/n! ⟨(z^n, 0), (z^p, 0)⟩_{Dα}

= a + p f^{(p)}(0) (α + 1)_p , a ∈ C . In particular, if a = 0 the result follows by (2). □

Corollary 12. The classical Dirac’s delta functional is given as ⟨f, 1⟩_{Dα} = f(0). Moreover, with the notation of Th. 10 we have

⟨(f, a), κ_p⟩ = ⟨ (f, a), ( (_{α+p} p )_zp p , 1) ⟩ D_α if p ∈ N, ⟨(f, a), (0, 1)⟩_{Dα} if p = ∞.

ON HADAMARD – DIRICHLET ALGEBRAS 15

5. Generating functions and reproducing kernels

Theorem 13. D_α is a functional Hilbert space, it has the generating function

(13) κ_α(z) = 1 + ∞∑ n=1 ( n + α n ) z^n n , z ∈ D, and the reproducing kernel

(14) K_α(z, t) = κ_α(z t) = 1 + ∫_t 0 [ (1 − z w)^{−α−1} − 1 ] dw w , (z, t) ∈ D × D. Proof. By D’Alembert test the series in (13) converges absolutely on D. If (z, w) ∈ D × D then ∂ ∂w ∞∑ n=1 ( n + α n ) (z w)^n n = z ∞∑ n=1 ( n + α n ) (z w)^{n−1} = (1 − z w)^{−α−1} − 1 w and | | | | (1 − z w)^{−α−1} − 1 w | | | ≤ ∞∑ n=1 ( n + α n ) |z|^n = (1 − |z|)^{−α−1} − 1. Then the function K_α is well defined and ∫ D | | | | (1 − z w)^{−α−1} − 1 w | | | | 2 (1 − |w|^2)^α dA(w) π ≤ [ (1 − |z|)^{−α−1} − 1 ]_2

1 + α , i.e. the function w → ∑_∞ n=1 (_{n+α} n ) (z w)^n/n belongs to D_α for each z ∈ D, i.e.

t → K_α(z, t) belongs to D_α for each z ∈ D. Now, D_α is a functional Hilbert space because if f ∈ D_α and z ∈ D then f(z) = ⟨ f(w), 1 + ∞∑ n=1 (z w)^n n^2 Be(n, α + 1) ⟩ D_α = ⟨f(w), K_α(z, w)⟩_{Dα} and so |f(z)| ≤ ‖f‖_{Dα} √ 1 + [(1 − |z|)^{−α−1} − 1]^2 1 + α . Finally, κ_α(z) = ∑_∞ n=0 z^n/ ‖z^n‖^2_{Dα} and (13) follows from Corollary 7. □

6. On units and spectra

Theorem 14. An element (f, a) ∈ D_α is invertible if and only if (i) 0 /∈ {a} ∪ { a + f^{(n)}(0)/n! } n≥0 and (ii) lim | | |f^{(n)}(0)/(f^{(n)}(0) + n! a) | | | ≤ 1. Proof. If (f, a) is a unit and (g, b) ∈ D_α is its inverse then (f, a) ⊙ (g, b) = (f ⊙ g + ag + bf, ab) = (0, 1). In particular b = a^{−1} and if n ∈ N_0 then f^{(n)}(0) g^{(n)}(0)

n!^2 + a g^{(n)}(0) n! + a^{−1} f^{(n)}(0) n! = 0,

16 A.L. BARRENECHEA and C.C. PE^~NA or (15) ( f^{(n)}(0) n! + a) g^{(n)}(0) n! = −a^{−1} f^{(n)}(0) n! and (i) holds. Since g ∈ X(D) then (ii) follows by (15) and Remark 2. Conversely, let us define g(z) = − 1 a ∞∑ n=0 f^{(n)}(0) f^{(n)}(0) + n! a z^n, z ∈ D. Then g ∈ X(D) and f ⊙g +a g +(1/a) f = 0. We must prove that dg/dw belongs to A^2_α(D). Since a dg/dw = −a^{−1} df/dw − d(f ⊙ g)/dw it will be enough to see that [z df/dz ⊙ g(z)] (w)/w ∈ A^2_α(D). For, by Corollary 5 there exist numbers 0 < δ < 1 and K > 0 such that |d(f ⊙ g)/dw| ≤ K if |w| < δ. Furthermore, by (ii) there is N ∈ N such that | |f^{(n)}(0)/(f^{(n)}(0) + n! a) | | ≤ 1 if n ≥ N. Since functions f, g as well as all of their derivatives converge uniformly on closed subsets of D if δ < r < 1 we have ∫ δ≤|w|≤r | | | | 1 2πi ∫ |z|=(1+|w|)/2 df/dz g(w/z) dz | | | | 2 (1 − |w|^2)^α |w|^2 dA(w) π =

= ∫ δ≤|w|≤r | | | | ∞∑ n=0 (1 + n) f^{(1+n)}(0) (1 + n)!

f^{(n)}(0) w^n f^{(n)}(0) + n! a | | | | 2 (1 − |w|^2)^α |w|^2 dA(w) π = ∞∑ n=0 | | | |(1 + n) f^{(1+n)}(0) (1 + n)!

f^{(n)}(0) f^{(n)}(0) + n! a | | | | 2 Be(n, α + 1) (r − δ)^{n+α}

≤ 2 ∞∑ n=N (1 + n)^2 | | | f^{(1+n)}(0) (1 + n)! | | | 2 Be(n + 1, α + 1) +

+ N−1∑ n=0 | | |(1 + n) f^{(1+n)}(0) (1 + n)!

f^{(n)}(0) f^{(n)}(0) + n! a | | | 2 Be(n, α + 1) (r − δ)^{n+α}

≤ 2 ‖f‖^2_{Dα} + N−1∑ n=0 | | | |(1 + n) f^{(1+n)}(0) (1 + n)!

f^{(n)}(0) f^{(n)}(0) + n! a | | | | 2 Be(n, α + 1)(r − δ)^{n+α}. By the monotone convergence theorem if r → 1^− we deduce that ∫ D |d(f ⊙ g)/dw|^2 (1 − |w|^2)^α dA(w) π ≤ K 1 − (1 − δ^2)^{α+1}

α + 1

+ 2 ‖f‖^2_{Dα} +

+ N−1∑ n=0 | | |(1 + n) f^{(1+n)}(0) (1 + n)!

f^{(n)}(0) f^{(n)}(0) + n! a | | | 2 Be(n, α + 1)(1 − δ)^{n+α} < ∞ and dg/dw ∈ A^2_α(D). In consequence, (f, a) becomes invertible and (f, a)^{−1} = (g, 1/a). □

ON HADAMARD – DIRICHLET ALGEBRAS 17

Corollary 15. If (f, a) ∈ D_α, its spectrum is: σ(f, a) = cl { a + f^{(n)}(0)/n! } n≥0 . Corollary 16. Let f ∈ D_α and let h_f (g) = f⊙g, g ∈ D_α. Then h_α is a compact operator on D_α, σ(h_f ) = cl { f^{(n)}(0)/n! } n≥0 and σ_p(h_f ) = { f^{(n)}(0)/n! } n≥0 . If 0 /∈ σ_p(h_f ) then 0 ∈ σ_c(h_f ).

Proof. We have ‖ ‖h_f − h_{∑N} n=0 f^{(n)}(0)/n! z^n ‖ ‖ B(D_α) ≤ ‖ ‖ ‖ ‖ f − N∑ n=0 f^{(n)}(0)/n! z^n ‖ ‖ ‖ ‖_{Dα} , N ≥ 0. Since each h^∑N_{n=0 f} (n)_{(0)/n! z}n has finite rank by (11) the operator h_f becomes compact. It is now easy to determine the spectrum and the point spectrum of h_f . If 0 /∈ σ_p(h_f ) then

R (h_f ) = { g ∈ D_α : ∞∑ n=0 | | | | h^{(n)}(0) f^{(n)}(0) | | | | n^2 Be(n, α + 1) < +∞ } . In particular, f /∈ R (h_f ) . Moreover, by (11) we have lim N→∞ ‖ ‖ ‖ ‖ g − h_f (_N ∑ n=0 h^{(n)}(0) f^{(n)}(0) z^n )‖ ‖ ‖_{Dα} = 0,

so R (h_f ) is dense in D_α and 0 ∈ σ_c(h_f ). □

References

1. Bhatt S. and Raina R., A new class of analytic functions involving certain fractional derivative operators, Acta Math. Univ. Comenianae LXVIII(1) (1999), 179–193.

2. Lebedev N. and Smirnov V., The constructive theory of functions of a complex variable.

Moscow, Nauka, 1964.

3. Peña C., Closed principal ideals on Hadamard rings, Internat. J. of Appl. Mathematics 4(1) (2000), 23–26.

4. , On Hadamard Algebras. Le Matematiche 55(1) 2000.

A.L. Barrenechea, UNCentro – FCExactas – NuCoMPA – Dpto. de Matemáticas. Tandil, Pcia. de Bs. As., Argentina., e-mail: analucia@exa.unicen.edu.ar

C.C. Peña, UNCentro – FCExactas – NuCoMPA – Dpto. de Matemáticas. Tandil, Pcia. de Bs. As., Argentina., e-mail: ccpenia@exa.unicen.edu.ar