Acta Math. Univ. Comenianae Vol. LXX, 1(2001), pp. 75–84 Proceedings of Algoritmy 2000 75

A NUMERICAL APPROXIMATION OF NONFICKIAN FLOWS WITH MIXING LENGTH GROWTH IN POROUS MEDIA

R. E. EWING, Y. LIN and J. WANG

Abstract. The nonFickian flow of fluid in porous media is complicated by the history effect which characterizes various mixing length growth of the flow, which can be modeled by an integro-differential equation. This paper proposes two mixed finite element methods which are employed to discretize the parabolic integro-differential equation model. An optimal order error estimate is established for one of the discretization schemes.

1. Introduction

The understanding of the behavior of the flow of multi-phase and multicomponent fluids through porous media is influenced by many physical phenomena such as the heterogeneities and the degree of correlation in the permeability fields. The research in reservoir simulation has been mainly focused on dispersion models in the past. Numerical results have illustrated the success of dispersion models for many of the approximation techniques. However, there is a type of channeling of nonFickian flow in reservoirs which may have important history effects in the flow and deserves a thorough study in theory and numerical approximations. Cushman and his colleagues [6, 7, 8, 20] have developed a non-local theory and some applications for the flow of fluid in porous media. Furtado, Glimm, Lindquist, and Pereira [18, 19], Neuman and Zhang [25], and Ewing [12, 13, 14] also studied the history effect of various mixing length growth for flow in heterogeneous porous media.

For illustrative purpose, we consider a simple example where a conservative tracer is transported by convection and dispersion under a steady, saturated, incompressible groundwater flow in a nondeformable porous medium of constant porosity [7]. The Darcy’s scale transport equation is thus

(1.1) ∂C ∂t + ∂S ∂t + ∇ · (V C) − ∇ · d∇C = 0, Received January 10, 2001.

2000 Mathematics Subject Classification. Primary 76S05, 45K05, 65M12, 65M60, 65R20. Key words and phrases. Mixed finite element methods, up-scaling. multi-phase flow, non- Fickian flow.

76 R. E. EWING, Y. LIN and J. WANG

where C is the phase concentration, V = (v_1, v_2, v_3)^T is the Darcy scale velocity, and d is the local scale dispersion tensor assumed to be constant, and S is the sorbed phase concentration; the adsorption is governed by a non-equilibrium linear rate equation

(1.2) ∂S ∂t = K_r(K_dC − S), where K_r is the reaction rate parameter and K_d is the usual partition coefficient. Because of uncertainty in the data, it is assumed that K_d, S, C and V are random. We decompose them into

K_d = K̄_d + k_d, S = S̄ + s, C = C̄ + c, V = V̄ + v,

(1.3)

where, for example, K̄ is the mean and k_d is the fluctuation. The key point here is that there is no “smallness” assumption on any of these fluctuations.

With the decomposition (1.3) and the assumption that k_d c, k_d k_d, and k_dv_j are stationary covariances, and that the mean of V is in the x_1 direction, the following equation for C̄ has been derived [7]: ∂C̄ ∂t + V ∂C̄ ∂x_1 − ∫_t 0 ∇ · D^′(t − s)∇C̄ ds = ∇ ∫_t 0 G^′(t − s)C̄ ds − K_r { K̄_dC̄ − e^Kr^t − K_rK̄_d ∫_t 0 e^{−Kd(t−s)}C̄ ds (1.4) − ∫_t 0 [δ(t−s)−K_re^{−Kd(t−s)}] × [∫_s 0 G^{′′}(s−τ)C̄ dτ + ∫_s 0 B^′(s−τ)·∇C̄dτ ] ds } , where D^′ = (d^′_{ij} ) and d^′_{ij} (t) = d_{ij} δ(t) + v_iv_j (x)B(x, t), and B^′s and G^′s are functions in time related to K_r, K̄_d, d. We note that the correlation between v_j v_j is one of the main sources generating the nonlocal effects from microscales to macroscale level. Readers are referred to [6], [7], [8], [18], [20], [12], [13], [14] and the references therein for the mathematical modeling and other related problems in detail.

The equation (1.4) is a special case of the following general parabolic integrodifferential problem: Find u = u(x, t) satisfying u_t = ∇ · σ + cu + f in Ω × J, σ = A(t)∇u − ∫_t 0 B(t, s)∇u(s) ds, in Ω × J, (1.5) u = g on ∂Ω × J, u = u_0(x), x ∈ Ω, t = 0,

where Ω ⊂ R^d; (d = 2, 3) is an open bounded domain with smooth boundary ∂Ω, J = (0, T ) with T > 0, A(t) = A(x, t) and B(t, s) = B(x, t, s) are two 2×2 or 3×3 matrices, and A^{−1} exists and is bounded, c ≤ 0, f, g and u_0 are known smooth functions. We remark that even the memroy term in (1.5) does not have the term bu, where b is a vector, our MFE formulation and analysis are also valid for such case with only a minor modification.

APPROXIMATION OF NONFICKIAN FLOWS IN POROUS MEDIA 77

For numerical approximations, several finite difference methods were studied for the approximate solution of (1.5). In [27], the method of backward Euler and Crank-Nicolson combined with a certain numerical quadrature rule is employed to deal with the time direction which aims at reducing the computational cost and storage spaces due to the memory effect. In the finite element method, there is extensive literature from the last ten years [2], [3], [21], [22], [23], in which optimal and super convergence can be found for the corresponding finite element approximations in various norms, such as L^p with 2 ≤ p ≤ ∞. In particular, the method of using a Ritz-Volterra projection, discovered by Cannon and Lin [2], proved to be a powerful technique behind the analysis.

To the best of our knowledge, there were no rigorous mathematical formulations and analysis for the mixed finite element method for this type of transport flow equations although the standard Galerkin method has been well studied and understood in the last decade.

We are concerned with approximate solutions of (1.5) by mixed finite element methods in this paper. The mathematical difficulty associated with the analysis of numerical approximations to the solution of (1.5) lies on the integral term added to the standard parabolic equation. Two mixed methods are introduced to tackle this obstacle in Section 2. Our methods are in general applicable to the fully non-localized version of reactive transport equations in porous media.

The paper is organized as follows. In Section 2, we propose two numerical schemes for the general parabolic integro-differential equation based on the variables u and σ. In Section 3, we derive an optimal order error estimate for the mixed finite element approximations in the L^2 norm.

2. Discretizations by Mixed Finite Elements

In this section, we propose two numerical schemes for the parabolic integrodifferential equation (1.5). For simplicity, the method will be presented on plane domains.

Let W = L^2(Ω) be the standard L^2 space on Ω with norm ‖ · ‖_0. Denote by

V = H(div, Ω) = { σ ∈ (L^2(Ω))^2 | ∇ · σ ∈ L^2(Ω) } , the Hilbert space equipped with the following norm:

‖σ‖_V = ( ‖σ‖^2_0 + ‖∇ · σ‖^2_0

) 1_2 . There are several ways to discretize the problem (1.5) based on the variables σ and u; each method corresponds to a particular variational form of (1.5).

2.1. A mixed finite element method

Let T_h be a finite element partition of Ω into triangles or quadrilaterals which is quasi-regular. Let V_h × W_h denote a pair of finite element spaces satisfying the Brezzi-Babuska condition. For example, the elements of Raviart and Thomas [26] would be a good choice for V_h and W_h. Let us illustrate the scheme using only

78 R. E. EWING, Y. LIN and J. WANG the Raviart-Thomas elements of the lowest order. The result can be extended to other elements without any difficulty.

Multiplying both sides of the second equation of (1.5) by A^{−1}(t) yields A^{−1}(t)σ = ∇u − ∫_t 0 A^{−1}(t)B(t, s)∇u. (2.1) Solving ∇u from the integral equation (2.1) in term of σ, we obtain ∇u = A^{−1}(t)σ + ∫_t 0 R(t, s)A^{−1}(s)σ(s) ds, (2.2) where R(t, s) is the resolvent of the matrix A^{−1}(t)B(t, s) and is given by R(t, s) = A^{−1}(t)B(t, s) + ∫_t s A^{−1}(t)B(t, τ) R(τ, s) ds, t > s ≥ 0. (2.3) Observe that the resolvent is smooth and bounded since A^{−1}B is.

Test the equation (2.2) against vector-valued functions in H(div, Ω),

(A^{−1}σ, v) + ∫_t 0 (M(t, s)σ(s), v) ds = (∇u, v), where M(t, s) = R(t, s)A^{−1}(s). Using the Green’s formula and the boundary condition u = g, one obtains (∇u, v) = −(∇ · v, u) + ⟨g, v · n⟩, where, and in what follows in this paper ⟨·, ·⟩ indicates the L^2-inner product on ∂Ω. Thus,

(A^{−1}σ, v) + ∫_t 0 (M(t, s)σ(s), v) ds + (∇ · v, u) = ⟨g, v · n⟩ (2.4) for all v ∈ H(div, Ω).

Next, test the first equation of (1.5) against functions in W , yielding (u_t, w) − (∇ · σ, w) − (cu, w) = (f, w), ∀w ∈ W. (2.5)

The equations (2.4) and (2.5) give immediately a variational form for problem (1.5). Note that the initial condition u(0, x) = u_0(x) should be added to the variational form as well. The corresponding discrete version seeks a pair (u_h, σ_h) ∈ W_h × V_h such that

(2.6) (u_{h,t}, w_h) − (∇ · σ_h, w_h) − (cu_h, w_h) = (f, w_h), (A^{−1}σ_h, v_h) + ∫_t 0 (M(t, s)σ_h(s), v_h) ds + (u_h, ∇ · v_h) = ⟨g, n · v_h⟩, for all w_h ∈ W_h and v_h ∈ V_h. The discrete initial condition u_h(0, x) = u_{0,h}, where u_{0,h} ∈ W_h is some appropriately chosen approximation of the initial data u_0(x), should be added to (2.6) for starting. The pair (u_h, σ_h) is an approximation of the true solution of (1.5) in the finite element space W_h × V_h. For sake of notation,

APPROXIMATION OF NONFICKIAN FLOWS IN POROUS MEDIA 79

we shall assume that σ_h(0) satisfies the equation (2.6) with t = 0; namely, it is related to u_{0,h} as follows:

(2.7) (A^{−1}σ_h(0), v_h) + (u_{0,h}, ∇ · v_h) = ⟨g_0, n · v_h⟩,

where g_0 = g(0, x) is the initial value of the boundary data.

2.2. A hybridized mixed method

The method presented in the previous section is based on the equation (2.2) in which the kernel R(t, s) is the solution of a Volttera integral equation. In other words, one would have to solve R(t, s) from (2.3) before discretizing the integrodifferential equation (1.5). Our objective here is to outline a hybridized method which does not require the solution of Volttera equations.

In the hybridized method, the continuity requirement of the flux component σ in the normal direction of interior edges is compensated by the use of a set of new variables defined on the interior edges of the finite element partition T_h. The set of new variables are known as Lagrange multipliers and approximate the variable u on the interior edges.

The finite element space for the flux σ is given by

V_h = {v : v|_K ∈ V(K, j)},

where V(K, j) is the local finite element space of order j on the triangle or quadrilateral K. Again, we shall illustrate the case of j = 0 corresponding to the lowest order Raviart-Thomas element. The finite element space for the variable u is the same as the one described in the previous section. The space of Lagrange multipliers consists of piecewise constant functions on the set of interior edges:

Λ_h = {λ : λ|_e ∈ P_0(e), on any interior edge e}.

We are now ready to derive a hybridized discretization scheme for (1.5). First, we test (2.1) against functions v_h in V_h. Let G(t, s) = B^T A^{−T} where M^T stands for the transpose of the matrix M. Since there is no continuity for v_h in the normal direction of the element boundary, then we have

(A^{−1}σ, v_h) = − ∑ K (∇ · v_h, u)_K + ∑ K ∫ ∂K uv_h · n_K

+ ∑ K ∫_t 0 (u, ∇ · (G(t, s)v_h))_K ds − ∑ K ∫_t 0 (∫ ∂K uG(t, s)v_h · n_K ) ds,

where (·, ·)_K stands for the L^2-inner product on the element K ∈ T_h. Note that u has a given value g on the boundary of Ω. Thus, u shall be replaced by g for boundary integrals on ∂Ω. The interior boundary integrals will substitute u by its approximation, called λ_h, in the finite element space Λ_h. Therefore, the hybridized

80 R. E. EWING, Y. LIN and J. WANG

mixed finite element method seeks u_h ∈ W_h, σ_h ∈ V_h, and λ_h ∈ Λ_h satisfying (u_{h,t}, w_h) − (∇ · σ_h, w_h) − (cu_h, w_h) = (f, w_h), w_h ∈ W_h, (A^{−1}σ_h, v_h) + ∑ K (∇ · v_h, u_h)_K − ∑ K ∫ ∂K∩Ω λ_hv_h · n_K

− ∑ K ∫_t 0 (u_h, ∇ · (G(t, s)v_h))_K ds + ∑ K ∫_t 0 (∫ ∂K∩Ω λ_hG(t, s)v_h · n_K ) ds (2.8)

= ⟨g, v_h · n⟩ − ∫_t 0 ⟨g, G(t, s)v_h · n⟩, v_h ∈ V_h, ∑ K ∫ ∂K∩Ω σ_h · n_K μ = 0, μ ∈ Λ_h.

The last equation in (2.8) ensures a continuity of the flux in the normal direction of interior edges.

3. An Error Estimate in L^2

In this section, we derive an optimal order L^2 error estimate for the mixed finite element approximation resulted from the scheme (2.6). The result is similar to those of the mixed method applied to parabolic problems without memory effects.

In the finite element analysis for parabolic problems, it is often convenient to consider projections of the true solution with respect to the elliptic part of the differential operator. For example, the standard Ritz projection is a good candidate in the Galerkin method for parabolic equations [28, 31]. For integrodifferential equations, the Ritz-Volttera projection [2] plays a good role in the error analysis. For the mixed method, we shall consider a projection defined by using the mixed formula of the elliptic operator.

Let (u, σ) be the solution of (1.5). Consider a pair (P_hu, F_hσ): [0, T ] → W_h × V_h which is defined as the solution of

(A^{−1}(σ − F_hσ), v_h) + (∇ · v_h, u − P_hu) = 0, v_h ∈ V_h,

(3.1) (c(u − P_hu), w_h) + (∇ · (σ − F_hσ), w_h) = 0, w_h ∈ W_h. (3.2)

The pair (P_hu, F_hσ) is called the mixed finite element projection of (u, σ). The error between (P_hu, F_hσ) and (u, σ) has been well studied in many existing papers [1, 10, 26]. The following error estimate is standard for the mixed finite element projection [10]: (3.3) ‖σ − F_hσ‖ ≤ Ch‖σ‖_1, ‖u − P_hu‖ ≤ Ch‖u‖_1, where, and in what follows in this section, we denote by ‖ · ‖_m the norm in the Sobolev space H^m(Ω). The subscript m will be omitted when m = 0. In other words, the standard L^2 norm will also be denoted by ‖ · ‖_0 = ‖ · ‖.

APPROXIMATION OF NONFICKIAN FLOWS IN POROUS MEDIA 81

Theorem 3.1. Let (u, σ) and (u_h, σ_h) be the solutions of (1.5) and (2.6), respectively. Assume that the initial data for (2.6) satisfies (3.4) ‖P_hu_0 − u_h(0)‖_0 + ‖F_hσ(0) − σ_h(0)‖_0 ≤ Ch(‖u_0‖_1 + ‖σ_0‖_1). Then, there exists a constant C such that (3.5) ‖u − u_h‖_0 + ‖σ − σ_h‖_0 ≤ Ch ( ‖u_0‖_1 + ‖σ_0‖_1 + ∫_t 0 (‖σ‖_1 + ‖u_s‖_1) ds ) . Proof. First we decompose the error as follows: u − u_h = (u − P_hu) + (P_hu − u_h) = ρ + ρ_h, σ − σ_h = (σ − F_hσ) + (F_hσ − σ_h) = θ + θ_h, where F_h and P_h are described as above. It follows from (1.5) and (2.6) that (ρ_{h,t}, w_h) − (∇ · θ_h, w_h) − (cρ_h, w_h) = −(ρ_t, w_h), w_h ∈ W_h, (3.6)

(A^{−1}θ_h, v_h) + (ρ_h, ∇ · v_h) = − ∫_t 0 M(t, s)(θ(s) + θ_h(s), v_h) ds, v_h ∈ V_h. (3.7) By letting w_h = ρ_h in (3.6) and v_h = θ_h in (3.7) we obtain from their sum 1 2 d dt ‖ρ_h‖^2 + ‖θ_h‖^2_A−1 − (cρ_h, ρ_h) = −(ρ_t, ρ_h) − (∫_t 0 M(t, s)(θ(s) + θ_h(s))ds, θ_h )

≤ ‖ρ_t‖ ‖ρ_h‖ + 1 2 ‖θ_h‖^2_A−1 + C ∫_t 0 (‖θ‖^2 + ‖θ_h‖^2_A−1 ) ds, which in turn implies via an integration from 0 to t that

‖ρ_h‖^2 + 2 ∫_t 0 ‖θ_h‖^2_A−1 ds ≤ ‖ρ_h(0)‖^2 + ∫_t 0 ‖ρ_s‖ ‖ρ_h‖ ds + C ∫_t 0 (∫_s 0 (‖θ(τ)‖^2 + ‖θ_h(τ)‖^2_A−1 )dτ ) ds ≤ 1 2 sup 0<s<t ‖ρ_h(s)‖^2 + 1 2 (∫_t 0 ‖ρ_s‖ds )2 + ‖ρ_h(0)‖^2 + C ∫_t 0 (∫_s 0 (‖θ(τ)‖^2 + ‖θ_h(τ)‖^2_A−1 ) dτ ) ds. Hence, taking the supremum first and then using the Gronwall’s inequality, we find ‖ρ_h‖^2 + 2 ∫_t 0 ‖θ_h‖^2_A−1 ds ≤ C‖ρ_h(0)‖^2 + C ∫_t 0 ‖θ(s)‖^2 ds + (∫_t 0 ‖ρ_s‖ ds )_2

≤ Ch^2 ( ‖u_0‖^2_1 + ∫_t 0 ‖σ(s)‖^2_1 ds + (∫_t 0 ‖u_s‖_1 ds )2) , where we have used the standard error estimate (3.3).

82 R. E. EWING, Y. LIN and J. WANG

In order to estimate θ_h(t), we differentiate (3.7) to obtain

(A^{−1}θ_{h,t}, v_h) + (ρ_{h,t}, ∇ · v_h) = −(M(t, t)(θ(t) + θ_h(t)), v_h) − ∫_t 0 (M_t(t, s)(θ(s) + θ_h(s)), v_h) ds. Thus, we see from letting w_h = ρ_{h,t} in (3.6) and v = θ_h in the above identity that ‖ρ_{h,t}‖^2 + 1 2 d dt ‖θ_h‖^2_A−1 ≤ ‖ρ_t‖ ‖ρ_h‖ − (M(θ + θ_h) + ∫_t 0 M_t(t, s)(θ(s) + θ_h(s)) ds, θ_h) ≤ 1 2 ‖ρ_h‖^2 + 1 2 ‖ρ_t‖^2 + C ( ‖θ‖^2 + ‖θ_h‖^2_A−1 + ∫_t 0 (‖θ‖^2 + ‖θ_h‖^2_A−1 ) ds ) . Integrating the above from 0 to t yields ∫_t 0 ‖ρ_{h,t}‖^2 ds + ‖θ_h‖^2_A−1 ≤ C ( ‖θ_h(0)‖^2 + ∫_t 0 (‖θ(s)‖^2 + ‖ρ_s(s)‖^2) ds )

≤ C‖θ_h(0)‖^2 + Ch^2 (∫_t 0 ‖σ‖^2_1ds + ∫_t 0 ‖u_s‖^2_1 ds ) . Thus, the estimate (3.5) follows from the above inequality and the assumption (3.4). □

Finally, we comment briefly on the inequality (3.4). Recall that (P_hu_0, F_hσ(0)) is the mixed finite element projection of (u_0, σ(0)) in W_h × V_h. The function u_h(0) is the initial data in the discretization scheme, which is often chosen as the L^2 projection of u_0 in the mixed finite element space W_h. Thus, it is clear that ‖P_hu_0 − u_h(0)‖_0 ≤ Ch(‖u_0‖_1 + ‖σ_0‖_1).

Regarding the error between F_hσ(0) and σ_h(0), notice that σ_h(0) is defined as the solution of (2.7) in which u_{0,h} = u_h(0) is the L^2 projection of the initial data u_0. It is not hard to show that the following holds true: ‖F_hσ(0) − σ_h(0)‖_0 ≤ Ch(‖u_0‖_1 + ‖σ_0‖_1).

In other words, the assumption (3.4) is satisfied if the initial discrete data u_{0,h} is chosen as the L^2 projection.

References

1. Brezzi F. and Fortin M., Mixed and Hybrid Finite Element Methods, Springer-Verlag, New York, 1991.

2. Cannon J. R. and Lin Y., Non-classical H^1 projection and Galerkin methods for nonlinear parabolic integro-differential equations, Calcolo 25(3) (1988), 187–201.

3. , A priori L^2 error estimates for finite element methods for nonlinear diffusion equations with memory, SIAM J. Numer. Anal. 27(3) (1990), 595–607.

4. Chen H., Ewing R. E. and Lazarov R. D., Superconvergence of mixed finite element methods for parabolic problems with nonsmooth initial data, Numer. Math., to appear.

APPROXIMATION OF NONFICKIAN FLOWS IN POROUS MEDIA 83

5. , Superconvergence of the mixed finite element approximations to parabolic equations, Advances in Numerical Methods and Applications O(h^3), (I. T. Dimov, Bl. Sendov and P. S. Vassilevski, eds.), World Scientific, Singapore, 1994, pp. 63–69.

6. Cushman J. H., Nonlocal dispersion in media with continuously evolving scales of heterogeneity, Transport in Porous Media 13 (1993), 123–138.

7. Cushman J. H., Hu X. and Deng F., Nonlocal reactive transport with physical and chemical heterogeneity: Localization error, Water Resources Research 31 (1995), 2219–2237.

8. Cushman J. H., Hu X. and Ginn T. R., Nonequilibrium statistical mechanics of preasymptotic dispersion, J. Stat. Phy. 5/6 (1994), 859–878.

9. Douglas J., Jr., Ewing R. E. and Wheeler M. F., A time-discretization procedure for a mixed finite element approximation of miscible displacement in porous media R.A.I.R.O., Analyse Numerique 17 (1983), 249–265.

10. Douglas J., Jr. and Roberts J. E., Global estimates for mixed methods for second order elliptic equations, Math. Comp. 44 (1985), 39–52.

11. Douglas J., Jr. and Wang J., A superconvergence for mixed finite element methods on rectangular domains, Calcolo 26 (1989), pp. 121–134.

12. Ewing R. E., Mathematical modeling and simulation for applications of fluid flow in porous media, Current and Future Directions in Applied Mathematics (M. Alber, B. Hu, J. Rosenthal, eds.), Birkhauser, Berlin, Germany, 1997, pp. 161–182.

13. , The need for multidisciplinary involvement in groundwater contaminant simulations, Proceedings of Next Generation Environmental Models and Computational Methods (G. Delic and M. Wheeler, eds.), SIAM, Philadelphia, PA, 1997, pp. 227–245.

14. , Aspects of upscaling in formulation of flow in porous media, Advances in Water Resources 20(5-6) (1997), 349–358.

15. Ewing R. E., Lazarov R. D. and Wang J.,Superconvergence of the velocity along the Gauss lines in mixed finite element methods, SIAM J. Numer. Anal. 28(4) (1991), 1015–1029.

16. Ewing R. E., Liu M. and Wang J., Superconvergence of mixed finite element approximations over quadrilaterals, SIAM J. Numer. Anal., to appear.

17. Ewing R. E. and Wheeler M. F., Computational aspects of mixed finite element methods, Numerical Methods for Scientific Computing (R. S. Stepleman, ed.), North Holland Publishing Co., 1983, pp. 163–172.

18. Furtado F., Glimm J., Lindquist W. and Pereira L. F., Characterization of mixing length growth for flow in heterogeneous porous media, Proceedings 11^{th} SPE Symposium on Reservoir Simulation, Anaheim, CA, 1991, pp. 317–322.

19. Glimm J., Lindquist W., Pereira F. and Zhang Q., A theory of macrodispersion for the scale up problem, Transport in Porous Media, to appear.

20. Hu X. and Deng F. and Cushman J. H., Nonlocal reactive transport with physical and chemical heterogeneity: Linear nonequilibrium sorption with random K_d, Water Resources Research 31 (1995), 2239–2252.

21. Lin Y., Thomee V. and Wahlbin L., Ritz-Volterra projection onto finite element spaces and application to integro-differential and Related equations, SIAM J. Numer. Anal. 28(9) (1995), 1047–1070.

22. , On maximum norm estimates for Ritz-Volterra projections and applications to some time-dependent problems, J. Comp. Math. 15(2) (1997), 159–178.

23. , Semi-discrete finite element approximations for linear parabolic integro-differential equations with integrable kernels, J. Int. Eqs. Appl. 10(1) (1998), 51–83.

24. Nakata M., Weiser A. and Wheeler M. F., Some superconvergence results for mixed finite element methods for elliptic problems on rectangular domains, The Mathematics of Finite Element and Applications, V (J. Whiteman, ed.), Academic Press, London, 1985, pp. 367–389.

25. Neuman S. and Zhang Y.-K., A quasi-linear theory of nonFickian and Fickian subsurface dispersion I. Theoretical analysis with application to isotropic media, Water Resour. Res. 26 (1990), 887–902.

84 R. E. EWING, Y. LIN and J. WANG

26. Raviart P. A. and Thomas J. M., A mixed finite element method for 2nd order elliptic problems, Mathematical Aspects of Finite Element Methods, (I. Galligani and E. Magenes, eds), Lecture Notes in Math., Vol. 606, Springer-Verlag, Berlin and New York, 1977, pp. 292–315.

27. Sloan I. H. and Thomée V., Time discretization of an integro-differential equation of parabolic type, SIAM J. Numer. Anal. 23 (1986), 1052–1061.

28. Thomée V., Galerkin Finite Element Methods for Parabolic Problems, Lecture Notes in Mathematics, Vol. 1054, Springer-Verlag, 1984.

29. Wang J., Asymptotic expansions and L^∞-error estimates for mixed finite element methods for second order elliptic problems, Numer. Math. 55 (1989), 401–430.

30. , Superconvergence and extrapolation for mixed finite element methods on rectangular domains, Math. Comp. 56 (1991), 477–503.

31. Wheeler M. F., A priori L_2 error estimates for Galerkin approximation to parabolic partial differential equations, SIAM J. Numer. Anal. 19 (1973), 723–759.

R. E. Ewing, Institute for Scientific Computation, Texas A&M University, College Station, TX 77843-3404, e-mail: ewing@isc.tamu.edu

Y. Lin, Department of Mathematics, University of Alberta, Edmonton, Alberta T6G 2G1 Canada, e-mail: ylin@hilbert.math.ualberta.ca

J. Wang, Department of Mathematics and Computer Sciences, Colorado School of Mines, Golden, Colorado 80401-1887, USA, e-mail: jwang@mines.edu