Acta Math. Univ. Comenianae Vol. LXV, 2(1996), pp. 189–193 189

KERNELS OF TOLERANCE RELATIONS

I. CHAJDA, G. CZÉDLI and I. G. ROSENBERG

Abstract. Algebras with 0 and their ideals in Gumm and Ursini’s sense [11], [12] are considered. A variety K is called 0-tolerance regular if each tolerance relation α of any A ∈ K is uniquely determined by its kernel [0]ff = {x ∈ A: ⟨0, x⟩ ∈ α}. The main result, strengthening Agliano and Ursini [1], asserts that every 0-tolerance regular variety is congruence permutable. Tolerance kernels of single algebras are also considered.

1. Introduction and Basic Definitions

Ideals of universal algebras were introduced by Ursini [12], cf. also Fichtner [9]. For definition, let K be a variety of algebras with a distinguished nullary operation 0 (or an equationally defined term 0) in its type. We say that K is a variety with 0; its members are called algebras with 0. In the sequel, K will always denote a variety with 0. Even without explicit mentioning all varieties and algebras in this paper are assumed to be with 0. A term p(x_1, . . . , x_m, y_1, . . . , y_n) of K is called a K-ideal term in the variables y_1, . . . , y_n if K satisfies the identity p(x_1, . . . , x_m, 0, . . . , 0) ≈ 0. A nonvoid subset I of an algebra A ∈ K is called a Kideal of A if for every K-ideal term p(x_1, . . . , x_m, y_1, . . . , y_n) in the last n variables and for all a_1, . . . , a_m ∈ A and b_1, . . . , b_n ∈ I we have p(a_1, . . . , a_m, b_1, . . . , b_n) ∈ I. When A does not belong to any specified variety, by a K-ideal term resp. a K-ideal we mean an HSP{A}-ideal term resp. an HSP{A}-ideal. HSP{A}-ideal terms and HSP{A}-ideals of A will also be called ideal terms and ideals even when A belongs to some variety K. Note that, for A ∈ K, every ideal of A is a K-ideal of A. Notice that 0 belongs to every K-ideal since the constant unary operation c_0(y) with value 0 is a K-ideal term in y. If K is the variety of all rings or lattices with zero, then K-ideals are exactly the ideals in the usual sense.

Received February 15, 1996.

1980 Mathematics Subject Classification (1991 Revision). Primary 08A30; Secondary 08B05, 08B99.

Key words and phrases. Ideal determined, variety, variety with 0, tolerance, kernel, ideal, congruence permutable.

A part of this paper was written during the second and third authors’ stay in Olomouc; they thank the Palacký University Olomouc for covering the expenses of their visit. The financial support from NATO Collaborative Research Grant LG 930 302 and that from NFSR (OTKA T7442) of Hungary are also gratefully acknowledged.

190 I. CHAJDA, G. CZÉDLI and I. G. ROSENBERG

Following Agliano and Ursini [1], a nonempty subset C of an algebra A is called a clot if 0 ∈ C and for every term q(x_1 . . . , x_n) with q(0, . . . , 0) = 0 and for all c_1, . . . , c_n ∈ C we have q(c_1, . . . , c_n) ∈ C. For example, every ideal is a clot.

Given a compatible reflexive binary relation α of A ∈ K (i.e., a subalgebra of A^2 that includes the diagonal), the subset [0]_α = {x ∈ A: ⟨0, x⟩ ∈ α} is called the kernel of α. It is easy to see that [0]_α is an ideal of A. Kernels of congruences have been studied, e.g., in [1], [6], [11] and [12].

Recall that an algebra A is said to be congruence permutable if α∘β = β ∘α for all α, β ∈ Con (A). As usual, a variety K is said to have a property if all of its members have this property. If a property of single algebras includes ideals, then (even without explicit mentioning) the corresponding property for K includes K-ideals instead of ideals, of course. A classical theorem of A. I. Mal’cev asserts that a variety K is congruence permutable iff there is a Mal’cev term in K, i.e. a ternary term p such that the identities p(x, x, y) ≈ y and p(x, y, y) ≈ x hold in K. If [0]_{α∘β} = [0]_{β∘α} holds for all α, β ∈ Con (A), then A is called (congruence) permutable at 0. When [0]_α = [0]_β implies α = β for any α, β ∈ Con (A), A is called 0-regular. If α → [0]_α is a bijection from Con (A) to the set of ideals of A, then A is said to be ideal determined. A famous theorem of Gumm and Ursini [11] asserts that a variety K is ideal determined iff K is permutable at 0 and 0-regular.

Motivated by this theorem, other compatible reflexive relations have also been studied from similar aspects, cf. e.g. [1] and [5]. Compatible reflexive symmetric binary relations are called tolerances; cf. [4] for basic facts about them. The tolerances of A form an algebraic lattice, which is denoted by Tol (A). If Tol (A) = Con (A), then A is said to be tolerance trivial. A is called a 0-tolerance regular algebra if, for all α, β ∈ Tol (A), the equality [0]_α = [0]_β implies α = β. When α → [0]_α is a bijection from Tol (A) resp. from the set of compatible reflexive relations of A to the set of ideals resp. clots of A, then A is called an ideal tolerance-determined resp. clot determined algebra. Agliano and Ursini have proved that every clot determined variety is congruence permutable, cf. [1, Thm. 2.7]. Notice that 0-tolerance regularity is a much weaker condition than being clot determined; first because “regular” is weaker than “determined”, and secondly because it is a condition only on tolerances rather than all compatible reflexive relations. Hence the following theorem, the main achievement of the paper, seems to be an essential improvement of the above-mentioned result.

2. Results and Proofs

Theorem 1. If a variety with 0 is 0-tolerance regular, then it is congruence permutable.

KERNELS OF TOLERANCE RELATIONS 191

Proof. Let K be a 0-tolerance regular variety. For A ∈ K and R ⊆ A^2 the tolerance relation generated by R will be denoted by T (R). As usual, we will write T (a, b) instead of T ({⟨a, b⟩}). Consider the free algebra A = F_K(x, y) with two free generators x and y. Set α = T (x, y), I = [0]_α and β = T ({0} × I). Observe that {0} × I ⊆ α implies β ⊆ α, so we obtain I ⊆ [0]_β ⊆ [0]_α = I. The 0-tolerance regularity of K gives α = β, whence ⟨x, y⟩ ∈ β. Now we need the following easy description of generated tolerances:

(1) ⟨a, b⟩ ∈ T ({⟨a_1, b_1⟩, . . . , ⟨a_n, b_n⟩}) iff there are m ≥ 0, elements e_1 . . . , e_m, and a (2n + m)-ary term r such that a = r(a_1, . . . , a_n, b_1, . . . , b_n, e_1, . . . , e_m) and b = r(b_1, . . . , b_n, a_1, . . . , a_n, e_1, . . . , e_m). Note that (1) is just Lemma 1.7 in [4]; the reader can also prove it directly. Since Tol (A) is an algebraic lattice, there is a finite subset {c_1(x, y), . . . , c_n(x, y)} of I such that ⟨x, y⟩ ∈ T ({0} × {c_1(x, y), . . . , c_n(x, y)}). By (1) there is a (2n + m)-ary term r and there are binary terms e_i such that x = r(0, . . . , 0, c_1(x, y), . . . , c_n(x, y), e_1(x, y), . . . , e_m(x, y)), y = r(c_1(x, y), . . . , c_n(x, y), 0, . . . , 0, e_1(x, y), . . . , e_m(x, y)). For simplicity, let us consider the term g(x_1, x_2, . . . , x_{2n+2}) = r(x_1, x_2, . . . , x_{2n}, e_1(x_{2n+1}, x_{2n+2}), . . . , e_m(x_{2n+1}, x_{2n+2})). Then we have (2) x = g(0, . . . , 0, c_1(x, y), . . . , c_n(x, y), x, y), y = g(c_1(x, y), . . . , c_n(x, y), 0, . . . , 0, x, y). We claim that the terms c_i satisfy (3) c_i(x, x) ≈ 0 for i = 1, . . . , n. Indeed, ⟨0, c_i(x, y)⟩ ∈ α = T (x, y). Hence, for each i, the description (1) provides us with u_j (x, y) ∈ A and a term s such that 0 = s(x, y, u_1(x, y), . . . , u_k(x, y)) and c_i(x, y) = s(y, x, u_1(x, y), . . . , u_k(x, y)). Therefore, using the fact that equations for the free generators are valid identities in K, we obtain c_i(x, x) ≈ s(x, x, u_1(x, x), . . . , u_k(x, x)) ≈ 0, showing (3). Now define p(x, y, z) = g(c_1(y, z), . . . , c_n(y, z), c_1(x, y), . . . , c_n(x, y), x, z). From (2) and (3) we infer p(x, x, y) ≈ g(c_1(x, y), . . . , c_n(x, y), 0, . . . , 0, x, y) ≈ y and p(x, y, y) ≈ g(0, . . . , 0, c_1(x, y), . . . , c_n(x, y), x, y) ≈ x, i.e., p is a Mal’cev term. Thus K is congruence permutable. �

192 I. CHAJDA, G. CZÉDLI and I. G. ROSENBERG

Corollary 2. The following four conditions are equivalent for a variety K with 0.

(a) K is 0-tolerance regular;

(b) K is ideal determined and congruence permutable; (c) K is ideal determined and tolerance trivial; (d) K is congruence permutable and 0-regular.

Proof. Since 0-regularity is an evident consequence of 0-tolerance regularity, the implication (a) =⇒ (d) follows from Theorem 1. By [2] or [4, Thm. 4.11], tolerance triviality and congruence permutability for varieties are equivalent conditions. This gives (d) =⇒ (a) and (b) ⇐⇒ (c). Since permutability at 0 trivially follows from congruence permutability, the mentioned result from Gumm and Ursini [11] yields (b) ⇐⇒ (d). �

Note that there are known Mal’cev characterizations of the equivalent conditions of Corollary 2; indeed, [11] resp. Agliano and Ursini [1, Thm. 2.7] gives an appropriate Mal’cev condition equivalent to (d) resp. (b). Notice also that the five element non-modular lattice is 0-tolerance regular but not ideal determined. (Here and in the sequel, the description of lattice tolerances by their blocks, cf. [7] or [4, Corollary to Thm. 2.16] or [8], makes the verification of some examples easier.) Hence much less can be stated about tolerance kernels in case of single algebras than in case of varieties.

In the sequel, τ(a) will stand for T (a, 0), the tolerance generated by ⟨a, 0⟩. Given an algebra A with 0, if for all a, b ∈ A there exists a c ∈ A with τ(c) = τ(a) ∘ τ(b) = τ(a) ∨ τ(b) (in Tol (A)), then A is called strongly 0-tolerance principal. For example, using the results of [2] and [3], it is not too hard to show that distributive lattices with 0 are strongly 0-tolerance principal. To present an example of a different nature, let C = {0, a, 1} be a three element chain, and define L = (C × C) ∪ {b} where ⟨1, a⟩ ≺ b ≺ ⟨1, 1⟩. Then L is not strongly 0-tolerance principal, for τ(⟨1, a⟩) ∨ τ(⟨1, a⟩) ≠ τ(⟨1, a⟩) ∘ τ(⟨1, a⟩). Finally, we formulate

Proposition 3. Let A be a strongly 0-tolerance principal algebra. Then the following two conditions are equivalent:

(i) every ideal of A is a congruence kernel; (ii) every ideal of A is a tolerance kernel.

Proof. For S ⊆ A let I(S) denote the ideal generated by S. As usual, we will write I(s_1, . . . , s_n) instead of I({s_1, . . . , s_n}). Let us consider the condition (iii) I(s_1, . . . , s_n) = [0]_{τ (s1)∘...∘τ (s}n_) holds for all n > 0 and all s_1, . . . , s_n ∈ A.

Before showing that (i), (ii) and (iii) are equivalent, two easy properties of A are worth formulating. Firstly,

(∗) for all a ∈ A, τ(a) ∈ Con (A);

KERNELS OF TOLERANCE RELATIONS 193

indeed, for an appropriate c ∈ A, τ(c) = τ(a) ∨ τ(a) = τ(a) ∘ τ(a) gives the transitivity of τ(a) = τ(c). Secondly, a straightforward induction shows that

for all a_1, . . . , a_n ∈ A there exists a c ∈ A such that (∗∗) τ(c) = τ(a_1) ∘ τ(a_2) ∘ . . . ∘ τ(a_n) = τ(a_1) ∨ . . . ∨ τ(a_n) (in Tol (A)).

The implication (i) =⇒ (ii) is trivial.

Suppose (ii) and let s_1, . . . , s_n ∈ A. Then I(s_1, . . . , s_n) = [0]_α for some α ∈ Tol (A). ¿From s_i ∈ [0]_α we conclude α ≥ τ(s_1) ∨ . . . ∨ τ(s_n) in Tol (A), whence I(s_1, . . . , s_n) ⊇ [0]_{τ (s1)∨...∨τ (s}n_) = [0]_{τ (s1)∘...∘τ (s}n_). The converse inclusion follows from s_i ∈ [0]_{τ (s}i_) ⊆ [0]_{τ (s1)∘...∘τ (s}n_). This proves (ii) =⇒ (iii).

Now suppose (iii). By (∗) and (∗∗), every finitely generated ideal is a congruence kernel. Let J be an arbitrary ideal of A, and let H denote the set ot all finite subsets of J. For X ∈ H the ideal I(X) is a congruence kernel, hence it is the kernel of the congruence Θ_X generated by {0} × I(X). Set Θ = W_{X∈H} Θ_X . Since J is the union of its finitely generated subideals, J ⊆ [0]_Θ. Conversely, let a ∈ [0]_Θ. Since the Θ_X (X ∈ H) form a directed system, ⟨0, a⟩ ∈ Θ_X holds for some X ∈ H, and we obtain a ∈ I(X) ⊆ J. Hence J = [0]_Θ, proving (iii) =⇒ (i). �

References

1. Agliano P. and Ursini A., Ideals and other generalizations of congruence classes, J. Austral.

Math. Soc. (Series A) 53 (1992), 103–115.

2. Chajda I., Tolerance trivial algebras and varieties, Acta Sci. Math. (Szeged) 46 (1983), 35–40.

3. , Algebras with principal tolerances, Math. Slovaca 37 (1987), 169–172. 4. , Algebraic Theory of Tolerance Relations, 117 pages, Monograph Series of Palacký University Olomouc, 1991.

5. Chajda I., Czédli G. and Rosenberg I. G., Lattices whose ideals are all tolerance kernels, Acta Sci. Math. (Szeged) 61 (1995), 23–32.

6. Chajda I. and Rosenberg I. G., Ideals and congruence kernels of algebras, Czech Math. J., (to appear).

7. Czédli G., Factor lattices by tolerances, Acta Sci. Math. (Szeged) 44 (1982), 35–42. 8. Czédli G. and Klukovits L., A note on tolerances of idempotent algebras, Glasnik Matem.

(Zagreb) 18 (1983), 35–38.

9. Fichtner K., Eine Bemerkung über Mannigfaltigkeiten universeller Algebren mit Idealen, Monats. d. Deutsch. Akad. d. Wiss. (Berlin) 12 (1970), 21–25.

10. Grätzer G. and Schmidt E. T., Ideals and congruence relations in lattices, Acta Math. Acad.

Sci. Hungar. 9 (1958), 137–175.

11. Gumm H.-P. and Ursini A., Ideals in universal algebra, Algebra Universalis 19 (1984), 45–54. 12. Ursini A., Sulle varietà di algebre con una buona teoria degli ideali, Boll. U. M. I. 6 (1972), 90–95.

I. Chajda, Algebra and Geometry, Palacký University, Tomkova 40, 779 00 Olomouc, Czech Republic, e-mail: chajda@risc.upol.cz G. Czédli, JATE Bolyai Institute, Aradi vértanúk tere 1, H-6720 Szeged, Hungary, e-mail: czedli@math.u-szeged.hu I. G. Rosenberg, Math. and Stat., Université de Montréal, C.P. 6128, Succ. Centre-ville Montréal, Québec, Canada H3C 3J7, e-mail: rosenb@ere.umontreal.ca