Acta Math. Univ. Comenianae Vol. LXII, 2(1993), pp. 179–190 179

AFFINE COMPLETE ALGEBRAS ABSTRACTING KLEENE AND STONE ALGEBRAS

M. HAVIAR

Abstract. Boolean algebras are affine complete by a well-known result of G. Grätzer. Various generalizations of this result have been obtained. Among them, a characterization of affine complete Stone algebras having a smallest dense element was given by R. Beazer. In this paper, generalizations of Beazer’s result are presented for algebras abstracting simultaneously Kleene and Stone algebras.

1. Introduction

G. Grätzer in [6] proved that all finitary functions on a Boolean algebra B preserving the congruences of B (he called such functions “Boolean”, we shall use the usual term “compatible”) are polynomials. Later on, in [7] he characterized bounded distributive lattices in which all compatible functions are polynomials. These were the first results leading to the study of affine complete algebras. H. Werner [16] calls an algebra A affine complete if all finitary compatible functions on A are polynomials. Further, an (infinite) algebra A is said to be locally affine complete, if for every n ≥ 1, every n-ary compatible function on A can be interpolated on any finite subset F ⊆ A^n by a polynomial of A. For various generalizations of Grätzer’s results see [11]–[15] and [1], [2], [9].

R. Beazer in [1] characterized affine complete Stone algebras having a smallest dense element. This result is partially generalized to the class of all distributive p-algebras in [9]. Since Stone algebras form a subvariety of the MS-algebras introduced by T. S. Blyth and J. C. Varlet (see [3], [4]), it is natural to ask for a generalization of Beazer’s result to MS-algebras. In this paper, investigations in this direction are presented.

We deal with the subvariety K_2 of MS-algebras whose members (K_2-algebras) include Kleene algebras and Stone algebras. We first establish a characterization of locally affine complete K_2-algebras (Theorem 1). We show that this characterization can be essentially simplified if L is an infinite Stone algebra (Theorem 2). Theorem 2 can be considered as an affirmative answer to the “local version”

Received December 21, 1992; revised September 1, 1993.

1980 Mathematics Subject Classification (1991 Revision). Primary 06D15, 06D30. Key words and phrases. (locally) affine complete algebra, compatible function, (principal) K2-algebra.

180 M. HAVIAR

of a question of R. Beazer (see Remark 3). For the class of so-called principal K_2-algebras (which contains the class of Stone algebras having a smallest dense element investigated in [1]), an analogous characterization of affine complete members can be established (Theorem 3). Beazer’s result in [1] immediately follows from this characterization (Corollary 6). Furthermore, several other consequences are presented, one of which asserts that finite Boolean algebras are the only affine complete finite K_2-algebras.

2. Preliminaries

An MS-algebra is an algebra ⟨L; ∨, ∧,^∘ , 0, 1⟩ where ⟨L; ∨, ∧, 0, 1⟩ is a bounded distributive lattice and^∘ is a unary operation such that for all x, y ∈ L, (1) x ≤ x^{∘∘}, (2) (x ∧ y)^∘ = x^∘ ∨ y^∘, (3) 1^∘ = 0.

One can show that the following rules of computation hold in L:

(x ∨ y)^∘ = x^∘ ∧ y^∘, x^{∘∘∘} = x^∘, 0^∘ = 1 .

The class of all MS-algebras is equational. The subvariety K_2 of MS-algebras, which we deal with, is defined by the two additional identities, (4) x ∧ x^∘ = x^{∘∘} ∧ x^∘ and (5) (x ∧ x^∘) ∨ y ∨ y^∘ = y ∨ y^∘, and the lattice of its subvarieties is drawn on Figure 1.

S K

T

B

K_2

� Figure 1.

The subvarieties of K_2 denoted by T , B, S, K are the classes of all trivial, Boolean, Stone and Kleene algebras, respectively and are characterized in K_2 by

AFFINE COMPLETE MS–ALGEBRAS 181

the identities T : x = y, B : x ∨ x^∘ = 1, S : x ∧ x^∘ = 0 and K : x = x^{∘∘}, respectively.

Let L be an algebra from the subvariety K_2. Then

(i) L^{∘∘} = {x ∈ L; x = x^{∘∘}} is a Kleene subalgebra of L; (ii) L^∧ = {x ∧ x^∘; x ∈ L} is an ideal of L; (iii) L^∨ = {x ∨ x^∘; x ∈ L} is a filter of L.

If L is a Stone algebra, then the operation^∘ is that of pseudocomplementation, L^∧ = {0}, L^{∘∘} is the Boolean algebra B(L) of all closed elements of L and L^∨ is the filter D(L) of all dense elements of L (see [8] or [1]).

By a function on an algebra L we always mean a finitary function. Functions on L preserving the congruences of L are called compatible. Furthermore, a partial function on an algebra L is said to be compatible, if it preserves the congruences of L where defined. The set of all total compatible (order-preserving) functions on a lattice L will be denoted by C(L) (OF(L)).

The members of the variety K_2 are called K_2-algebras. We shall say that a K_2-algebra L is principal, if the filter L^∨ is principal, i.e. L^∨ = [d) for some element d ∈ L. A simple construction of principal K_2-algebras is presented in [10].

For other basic results on MS-algebras we refer the reader to [3] and [4].

3. Affine Completeness

We start with some preliminary results.

Proposition 1 ([7; Corollaries 1, 3]). Let L be a bounded distributive lattice. Then the following conditions are equivalent:

(i) L is affine complete; (ii) C(L) ⊆ OF(L); (iii) L contains no proper Boolean interval.

Proposition 2 ([5; Theorem 4, Corollary 1]). For any distributive lattice L the following conditions are equivalent:

(i) L is locally affine complete; (ii) C(L) ⊆ OF(L); (iii) L contains no proper Boolean interval.

Lemma 1. Let (D; ∨, ∧, 0, 1) be a bounded distributive lattice. Let f^′, g^′ : D^n → D be partial compatible functions on D with domains F and G (F, G ⊆ D^n), respectively and let S = F ∩ G. Let S ∩ {0, 1}^n ≠ ? and h(S ∩ {0, 1}^n) = h(S)^1 for every 0, 1-homomorphism h from D onto a 2-element lattice. Then f^′ ≡ g^′ identically on S iff f^′ ≡ g^′ identically on S ∩ {0, 1}^n.

1Here h(S) denotes the set {(h(x1), . . . , h(xn)); (x1, . . . , xn) ∈ S}

182 M. HAVIAR

Proof. Let f^′ ≡ g^′ identically on S ∩ {0, 1}^n. Suppose on the contrary that there exists an n-tuple (d_1, . . . , d_n) ∈ S such that f^′(d_1, . . . , d_n) = a ≠ b = g^′(d_1, . . . , d_n). Since a, b ∈ D and D is a subdirect product of copies of 2-element lattices, there exists a “projection” h: D → {0, 1}, which is a 0, 1-homomorphism between D and some lattice 2 = {0, 1}, such that h(a) ≠ h(b). Define functions f^′_2, g^′_2 : h(S) → {0, 1} by the following rules:

f^′_2(h(x_1), . . . , h(x_n)) = h(f^′(x_1, . . . , x_n)), g^′_2(h(x_1), . . . , h(x_n)) = h(g^′(x_1, . . . , x_n)).

Obviously, f^′_2, g^′_2 are well-defined. Furthermore, f^′_2 ≡ g^′_2 identically on h(S), because h(S) = h(S ∩ {0, 1}^n) and f^′ ≡ g^′ identically on S ∩ {0, 1}^n. Therefore h(a) = h(f^′(d_1, . . . , d_n)) = f^′_2(h(d_1), . . . , h(d_n)) = g^′_2(h(d_1), . . . , h(d_n)) = h(g^′(d_1, . . . , d_n)) = h(b), a contradiction. Hence f^′ ≡ g^′ identically on S and the proof is complete. �

The following lemma states a canonical form of any polynomial function on an MS-algebra and generalizes a similar result for Stone algebras (see [1; Lemma 1]).

Lemma 2. Any polynomial function p(x_1, . . . , x_n) on an MS-algebra L can be represented in the form p(x_1, . . . , x_n) = ⋁ ĩ,j̃∈{0,1,2,3}n, ĩ<j̃ [α(i_1, j_1, . . . , i_n, j_n) ∧ x^{i1}_1 ∧ x^{j1}_1 ∧ · · · ∧ x^in_n ∧ x^jn_n ]

and dually, in the form p(x_1, . . . , x_n) = ⋀ ĩ,j̃∈{0,1,2,3}n, ĩ<j̃ [β(i_1, j_1, . . . , i_n, j_n) ∨ x^{i1}_1 ∨ x^{j1}_1 ∨ · · · ∨ x^in_n ∨ x^jn_n ]

where the join ⋁ and the meet ⋀ are taken over all n-tuples ĩ = (i_1, . . . , i_n), j̃ = (j_1, . . . , j_n) ∈ { 0, 1, 2, 3 }^n, the coefficients α(i_1, . . . , j_n), β(i_1, . . . , j_n) ∈ L and x^0, x^1, x^2 and x^3 denote 1 ( 0 in the dual form), x, x^∘ and x^{∘∘}, respectively (i.e. x^0 means that the variable x can be omitted in a given conjunction (disjunction)).

Proof. It follows from the facts that (x ∨ y)^∘ = x^∘ ∧ y^∘, (x ∧ y)^∘ = x^∘ ∨ y^∘, x^{∘∘∘} = x^∘, x ≤ x^{∘∘} for any x, y ∈ L and that the lattice L is distributive. �

Proposition 3. Let L be an MS-algebra. If L is (locally) affine complete, then so is L^{∘∘}.

Proof. Let L be a (locally) affine complete MS-algebra. Let f^′ : (L^{∘∘})^n → L^{∘∘} be a compatible function (and F ⊆ (L^{∘∘})^n be a finite set). Define a function

AFFINE COMPLETE MS–ALGEBRAS 183

f : L^n → L by f(x_1, . . . , x_n) = f^′(x^{∘∘}_1 , . . . , x^{∘∘}_n ). Obviously f is compatible, since f^′ is compatible, so f can be represented (on the set F ) by a polynomial p(x_1, . . . , x_n) of L. Hence, for all x̃ = (x_1, . . . , x_n) ∈ (L^{∘∘})^n (x̃ ∈ F ), we have f^′(x̃) = f(x̃) = p(x̃) = p(x̃)^{∘∘}, since f^′(x̃) ∈ L^{∘∘}. Using Lemma 2, all constants in p(x_1, . . . , x_n)^{∘∘} are elements of L^{∘∘}. Thus f^′ can be represented (on F ) by a polynomial of L^{∘∘}. �

Lemma 3. Let L be a K_2-algebra, a ∈ L and b ∈ L^∨. If b ≤ a ∨ a^∘ then a = a^{∘∘} ∧ (a ∨ b). Proof. By the distributivity of L, a^{∘∘} ∧ (a ∨ b) = a ∨ (a^{∘∘} ∧ b). It suffices to show that a^{∘∘} ∧ b = a ∧ b. Put x = a^{∘∘} ∧ b, y = a^∘ ∧ b, z = a ∧ b. Using the identity (4) and the hypothesis we get x ∧ y = a^{∘∘} ∧ a^∘ ∧ b = a ∧ a^∘ ∧ b = z ∧ y and x ∨ y = (a^{∘∘} ∨ a^∘) ∧ b = b = (a ∨ a^∘) ∧ b = z ∨ y . Now x = z follows immediately from the distributivity of L. �

Lemma 4. Let L be a K_2-algebra and x, y ∈ L. If x, y ∈ L^∨ then x^∘ ≤ y. If x, y ∈ L^∧ then x^∘ ≥ y. Proof. If x, y ∈ L^∨ then x = a ∨ a^∘, y = b ∨ b^∘ for some a, b ∈ L. Thus x^∘ = a^∘ ∧ a^{∘∘} ≤ b ∨ b^∘ = y by (5). The second statement can be shown analogously. �

Lemma 5. Let L be a K_2-algebra, f : L^n → L be a compatible function on L, F ⊆ L^n and b ∈ L^∨. Let f^′_F : [b, 1]^{3n} → [b, 1] be a partial function such that f^′_F (x_1 ∨b, . . . , x_n ∨b, x^∘_1 ∨b, . . . , x^∘_n ∨b, x^{∘∘}_1 ∨b, . . . , x^{∘∘}_n ∨b) = f(x_1, . . . , x_n)∨b (x̃ ∈ F ) and f^′_F is undefined elsewhere. Then f^′_F is a well-defined partial compatible function of the lattice [b, 1].

Proof. For any lattice congruence θ_b of [b, 1] we define an equivalence relation θ on L by x ≡ y(θ) iff

(a) x ∨ b ≡ y ∨ b (θ_b) and x^∘ ∨ b ≡ y^∘ ∨ b (θ_b) and x^{∘∘} ∨ b ≡ y^{∘∘} ∨ b (θ_b) .

It is easy to verify that θ is a congruence of the algebra L. Therefore, if some pairs (x_i, y_i), i = 1, . . . , n satisfy (a), then x_i ≡ y_i(θ), and since f is compatible, f(x_1, . . . , x_n) ≡ f(y_1, . . . , y_n)(θ). Hence, f(x̃) ∨ b ≡ f(ỹ) ∨ b (θ_b) again by (a). Thus f^′_F preserves the congruences of [b, 1] where defined. To show that f^′_F is well-defined, it suffices to take θ_b = ω, the smallest congruence of [b, 1]. �

184 M. HAVIAR

Definition 1. A K_2-algebra L satisfies the condition (FD) if for any compatible function f : L^n → L, any element b ∈ L^∨ and any finite set F ⊆ L^n, the partial compatible function f^′_F defined above can be extended to a total compatible function of the lattice [b, 1].

Convention. In what follows, the 3n-tuples (x_1, . . . , x_n, x^∘_1, . . . , x^∘_n, x^{∘∘}_1 , . . . , x^{∘∘}_n ) will be shortly written as (x̃, x̃^∘, x̃^{∘∘}), and the 3n-tuples (x_1 ∨ b, . . . , x_n ∨ b, x^∘_1 ∨b, . . . , x^∘_n ∨b, x^{∘∘}_1 ∨b, . . . , x^{∘∘}_n ∨b) will be abbreviated as (x̃ ∨b, x̃^∘ ∨b, x̃^{∘∘} ∨b). Theorem 1. Let L be a K_2-algebra. The following two conditions are equivalent:

(1) L is locally affine complete;

(2) (i) L^∨ is locally affine complete distributive lattice and

(ii) L^{∘∘} is locally affine complete Kleene algebra and (iii) (FD).

Proof. (1) =⇒ (2)(i). To show that the lattice L^∨ is locally affine complete, it suffices to show (by Proposition 2) that C(L^∨) ⊆ OF(L^∨). Suppose to the contrary that there exists a compatible function f^′ : (L^∨)^n → L^∨ which is not order-preserving, i.e. f(u) > f(v) for some u, v ∈ (L^∨)^n, u < v. Define a function f : L^n → L as follows: f(x_1, . . . , x_n) = f^′(x_1 ∨ x^∘_1, . . . , x_n ∨ x^∘_n) for any (x_1, . . . , x_n) ∈ L^n. Obviously, f ¯ (L^∨)^n = f^′ (Lemma 4) and f is compatible on L. By hypothesis, for any finite set F ⊆ L^n, the function f can be interpolated on F by a polynomial function of L. Thus, using Lemma 2, for all x̃ ∈ F ⊆ (L^∨)^n we can write

(b) f^′(x̃) = f(x̃) = ⋀ ĩ,j̃∈{0,1,2,3}n, ĩ<j̃ [β(i_1, j_1, . . . , i_n, j_n)∨x^{i1}_1 ∨x^{j1}_1 ∨· · · ∨x^in_n ∨x^jn_n ]

Since {f^′(x̃); x̃ ∈ F } is a finite subset of L^∨, there exists an element d ∈ L^∨ such that f^′(x̃) = f^′(x̃) ∨ d for all x̃ ∈ F . Furthermore, by Lemma 4, the terms x^∘_i can be omitted in (b). Hence for all x̃ ∈ F we get

f^′(x̃) = ⋀ ĩ,j̃∈{0,1,3}n, ĩ<j̃ [(β(i_1, j_1, . . . , i_n, j_n) ∨ d) ∨ x^{i1}_1 ∨ x^{j1}_1 ∨ · · · ∨ x^in_n ∨ x^jn_n ].

Now it is evident that f^′ is an order-preserving function on F . For F = {u, v} this contradicts f(u) > f(v).

(1) =⇒ (2)(ii) This follows from Proposition 3.

(1) =⇒ (2)(iii) Let f : L^n → L be a compatible function on L, F ⊆ L^n be a finite set, b ∈ L^∨ and f^′_F be the partial compatible function defined in Lemma 5. Obviously, the function f_1 : L^n → [b, 1], f_1(x̃) = f(x̃) ∨ b is compatible on L. Thus f_1 can be interpolated on F by a polynomial p(x_1, . . . , x_n) of the algebra L. Using the formulas (x ∧ y)^∘ = x^∘ ∨ y^∘, (x ∨ y)^∘ = x^∘ ∧ y^∘ and x^{∘∘∘} = x^∘,

AFFINE COMPLETE MS–ALGEBRAS 185

the polynomial p(x̃) can be rewritten as l(x̃, x̃^∘, x̃^{∘∘}) where l(x_1, . . . , x_{3n}) is a lattice polynomial of L. Furthermore, if a_1, . . . , a_m are all constant symbols appearing in l, then l(x_1, . . . , x_{3n}) is a term t(x_1, . . . , x_{3n}, a_1, . . . , a_m) of the algebra L_1 = (L; ∨, ∧, a_1, . . . , a_m). Hence for any x̃ ∈ F , f^′_F (x̃ ∨ b, x̃^∘ ∨ b, x̃^{∘∘} ∨ b) = f_1(x̃) = l(x̃, x̃^∘, x̃^{∘∘}) = t(x̃, x̃^∘, x̃^{∘∘}, a_1, . . . , a_m). Since f_1(x̃) = f_1(x̃) ∨ b and the mapping φ: L → L^∨ defined by φ(x) = x ∨ b is a lattice homomorphism, we have t(x̃, x̃^∘, x̃^{∘∘}, a_1, . . . , a_m) = φ(t(x̃, x̃^∘, x̃^{∘∘}, a_1, . . . , a_m)) = t(x̃ ∨ b, x̃^∘ ∨ b, x̃^{∘∘} ∨ b, a_1 ∨ b, . . . , a_m ∨ b) = l^′(x̃ ∨ b, x̃^∘ ∨ b, x̃^{∘∘} ∨ b), where l^′(x_1, . . . , x_{3n}) is now a lattice polynomial of the lattice L^∨. Hence the partial function f^′_F can be extended to a total polynomial function l^′(x_1, . . . , x_{3n}) of the lattice L^∨. Thus (FD) holds in L.

(2) =⇒ (1) Let f : L^n → L be a compatible function of L and F be a finite subset of L^n. The finiteness of F guarantees that there exists an element b ∈ L^∨ such that f(x̃) ∨ f(x̃)^∘ ∈ [b, 1] for all x̃ ∈ F . Thus by Lemma 3,

(c) f(x̃) = f(x̃)^{∘∘} ∧ (f(x̃) ∨ b) for all x̃ ∈ F .

Obviously, the function f_1 : (L^{∘∘})^n → L^{∘∘} defined by f_1(x^{∘∘}_1 , . . . , x^{∘∘}_n ) = f(x_1, . . . , x_n)^{∘∘} is well-defined because x → x^{∘∘} is an endomorphism of L. We show that f_1 is compatible on L^{∘∘}. Let θ_1 be a congruence of L^{∘∘}, x_i, y_i ∈ L^{∘∘}, i = 1, . . . , n and x_i ≡ y_i(θ_1). Evidently, the relation θ defined on L by x ≡ y(θ) iff x^{∘∘} ≡ y^{∘∘}(θ_1) is a congruence of L extending θ_1. So we have x_i ≡ y_i(θ), i = 1, . . . , n. Since f is compatible, we get f(x̃) ≡ f(ỹ)(θ). Thus f(x̃)^{∘∘} ≡ f(ỹ)^{∘∘}(θ_1), and so f_1 is compatible on L^{∘∘}. By hypothesis, f_1 can be interpolated on the finite set {(x^{∘∘}_1 , . . . , x^{∘∘}_n ); x̃ ∈ F } by a polynomial k(x_1, . . . , x_n) of L^{∘∘}. Thus for all x̃ ∈ F we get f(x_1, . . . , x_n)^{∘∘} = f_1(x^{∘∘}_1 , . . . , x^{∘∘}_n ) = k(x^{∘∘}_1 , . . . , x^{∘∘}_n ), and so in (c), f(x̃)^{∘∘} can be replaced by a polynomial of the algebra L.

Now consider the partial function f^′_F : [b, 1]^{3n} → [b, 1] defined in Lemma 5. Using (FD), f^′_F can be extended to a total compatible function f_2 of the lattice [b, 1]. By hypothesis and Proposition 2, f_2 can be represented on the finite set {(x̃ ∨ b, x̃^∘ ∨ b, x̃^{∘∘} ∨ b); x̃ ∈ F } by a lattice polynomial l(x_1, . . . , x_{3n}). Hence for any x̃ ∈ F we have f(x̃)∨b = f^′_F (x̃∨b, x̃^∘ ∨b, x̃^{∘∘} ∨b) = f_2(x̃ ∨b, x̃^∘ ∨b, x̃^{∘∘} ∨b) = l(x̃∨b, x̃^∘ ∨b, x̃^{∘∘} ∨b), and consequently,

f(x̃) = k(x̃^{∘∘}) ∧ l(x̃ ∨ b, x̃^∘ ∨ b, x̃^{∘∘} ∨ b).

This proves that the algebra L is locally affine complete. �

Remark 1. One can easily show that the local affine completeness of the algebra L also yields the local affine completeness of the lattice L^∧.

186 M. HAVIAR

Lemma 6. Let L be a Stone algebra, b ∈ L^∨ and x, y ∈ L. Then x^∘ ∨ b = y^∘ ∨ b iff x^{∘∘} ∨ b = y^{∘∘} ∨ b . Proof. Let x^∘ ∨ b = y^∘ ∨ b. Since y^∘ ∨ y^{∘∘} = 1 holds in L, we have x^{∘∘} ∨ b = (y^∘ ∨ b ∨ y^{∘∘}) ∧ (x^{∘∘} ∨ b) = [(x^∘ ∨ b) ∧ (x^{∘∘} ∨ b)] ∨ [y^{∘∘} ∧ (x^{∘∘} ∨ b)] = [(x^∘ ∧ x^{∘∘}) ∨ b] ∨ [y^{∘∘} ∧ (x^{∘∘} ∨ b)] = (y^{∘∘} ∨ b) ∧ (x^{∘∘} ∨ b) using (5).

Hence x^{∘∘} ∨ b ≤ y^{∘∘} ∨ b. Similarly, y^{∘∘} ∨ b ≤ x^{∘∘} ∨ b. The converse statement can be proved analogously. �

Lemma 7. Let L be a K_2-algebra, b ∈ L^∨ and x ∈ L such that (x ∨ b, x^∘ ∨ b, x^{∘∘} ∨ b) ∈ {b, 1}^3. Then x^∘ ∨ b = 1 implies x ∨ b = x^{∘∘} ∨ b = b. Furthermore, x ∨ b = 1 yields x^∘ ∨ b = b and x^{∘∘} ∨ b = 1.

Proof. If b = 1 then the statement is obvious. So let b ≠ 1. Let x^∘ ∨ b = 1. If also x^{∘∘} ∨ b = 1, then 1 = (x^∘ ∨ b) ∧ (x^{∘∘} ∨ b) = (x^∘ ∧ x^{∘∘}) ∨ b = b by (5), a contradiction. Hence x ∨ b = x^{∘∘} ∨ b = b. Now let x ∨ b = 1. Then again, x^∘ ∨ b = 1 would mean that 1 = (x ∧ x^∘) ∨ b = b; a contradiction. Therefore x^∘ ∨ b = b. �

Remark 2. If L is a finite K_2-algebra then in Theorem 1 as well as in the next results, the term “locally affine complete” can be replaced by the term “affine complete”. However, in the following results the finite case would not be interesting to investigate. Therefore we confine our considerations to infinite algebras.

Theorem 2. Let L be an infinite Stone algebra. The following conditions are equivalent:

(i) L is locally affine complete;

(ii) L^∨ is locally affine complete distributive lattice; (iii) No proper interval of L^∨ is Boolean.

Proof. If L is a Stone algebra then L^∧ = {0} and L^{∘∘} is a Boolean algebra. Therefore by Theorem 1 it suffices to show that the local affine completeness of L^∨ (= D(L)) yields (FD).

So let L^∨ contain no proper Boolean interval. For an n-ary compatible function f on L, a finite set F ⊆ L^n and an element b ∈ L^∨ take the function f^′_F from Lemma 5. Take its partial extension f^′ = f^′_Ln with the domain S = {(x̃ ∨ b, x̃^∘ ∨ b, x̃^{∘∘} ∨ b); x̃ ∈ L^n} (see again Lemma 5). Define a polynomial p(x_1, . . . , x_{3n}) of the lattice [b, 1] by

p(x_1, . . . , x_{3n}) = ⋁ ã∈S∩{b,1}3n (f^′(a_1, . . . , a_{3n}) ∧ y_1 ∧ · · · ∧ y_{3n}),

AFFINE COMPLETE MS–ALGEBRAS 187

where y_i = { x_i if a_i = 1, 1 if a_i = b.

We show that f^′ ≡ p on S ∩ {b, 1}^{3n}.

Take any x̃ = (x_1, . . . , x_{3n}) ∈ S ∩ {b, 1}^{3n}. Assume first that ã ∈ S ∩ {b, 1}^{3n}, ã ≠ x̃ and a_j ≠ x_j for some j, n < j ≤ 3n. Hence a_j and x_j are elements of the set {x^∘ ∨b; x ∈ L} or the set {x^{∘∘} ∨b; x ∈ L}. By Lemma 6 we can suppose that a_j ≠ x_j for some n < j ≤ 2n. If a_j = 1 then evidently f^′(a_1, . . . , a_{3n})∧y_1 ∧· · ·∧y_{3n} = b, if a_j = b then x_j = x^∘ ∨ b = 1 for some x ∈ L, thus by Lemmas 6, 7 a_{j+n} = 1 and again f^′(a_1, . . . , a_{3n})∧y_1 ∧· · ·∧y_{3n} = b. Now let ã ∈ S∩{b, 1}^{3n}, ã ≠ x̃ and a_j > x_j for some j, 1 ≤ j ≤ n. Again it is clear that f^′(a_1, . . . , a_{3n}) ∧ y_1 ∧ · · · ∧ y_{3n} = b. Hence we have shown that

p(x_1, . . . , x_{3n}) = ⋁ ã∈S∩{b,1}3n, ã≤x̃ (f^′(a_1, . . . , a_n, x_{n+1}, . . . , x_{3n}) . Take any ã ∈ S ∩ {b, 1}^{3n} such that a_i ≤ x_i for i = 1, . . . , n, a_j ≠ x_j for some 1 ≤ j ≤ n and a_i = x_i for i = n + 1, . . . , 3n. We show that f^′(a_1, . . . , a_n, x_{n+1}, . . . , x_{3n}) ≤ f^′(x_1, . . . , x_{3n}). Denote z_k = a_k if a_k = x_k, otherwise z_k = z, 1 ≤ k ≤ n. We define a total function of one variable g : [b, 1] → [b, 1] by g(z) = f^′(z_1, . . . , z_n, x_{n+1}, . . . , x_{3n}). Obviously, g is compatible on [b, 1] and f^′(a_1, . . . , a_n, x_{n+1}, . . . , x_{3n}) = g(b), f^′(x_1, . . . , x_{3n}) = g(1). Hence we need to show that g(b) ≤ g(1). For any z ∈ [b, 1] we have g(b) ≡ g(z) (θ_{lat}(b, z)) and g(z) ≡ g(1) (θ_{lat}(z, 1)). Therefore g(z) ∨ z = g(b) ∨ z and g(z) ∧ z = g(1) ∧ z . Thus for any z ∈ [g(1), g(b) ∨ g(1)], g(z) is the relative complement of z in this interval. Consequently, [g(1), g(b)∨g(1)] is a Boolean interval of [b, 1]. By hypothesis this yields g(b) ≤ g(1), as required.

Hence p ≡ f^′ on S ∩ {b, 1}^{3n}. To apply Lemma 1 to the functions f^′, p, it remains to show that h(S ∩ {b, 1}^{3n}) = h(S) for any 0, 1-lattice homomorphism h from [b, 1] onto a 2-element lattice 2 = {0, 1}. Note that for any x ∈ L we have h(x^∘ ∨ b) ∨ h(x^{∘∘} ∨ b) = h(x^∘ ∨ x^{∘∘} ∨ b) = h(1) = 1 , h(x^∘ ∨ b) ∧ h(x^{∘∘} ∨ b) = h((x^∘ ∧ x^{∘∘}) ∨ b) = h(b) = 0 , and analogously, h(x ∨ b) ∧ h(x^∘ ∨ b) = h(b) = 0 . So the triples (h(x ∨ b), h(x^∘ ∨ b), h(x^{∘∘} ∨ b)) as components of every 3n-tuple in h(S) are only of the form (0, 1, 0) or (1, 0, 1) or (0, 0, 1). Thus when finding the associated triples (their preimages in h) (x∨b, x^∘ ∨b, x^{∘∘} ∨b) ∈ S∩{b, 1}^3, it suffices to take x equal to 0, 1 and b, respectively. Therefore h(S) = h(S ∩ {b, 1}^{3n}) and, by Lemma 1, p(x_1, . . . , x_{3n}) is a total compatible extension of the partial function f^′, hence the required extension of the partial function f^′_F . �

188 M. HAVIAR

Lemma 8. Let L be an infinite K_2-algebra. If L^∨ has a smallest element then L^∧ has a greatest element. If L^∨ is finite then L^∧ is finite. If L is Kleene algebra then L^∨ ∼= (L^∧)^d.

Proof. The first statement follows from the fact that the mapping x → x^∘ is a dual endomorphism of L^∨ onto L^∧. Let L^∨ be finite. The mapping x → x^∘ is a dual embedding of L^∧ into L^∨. Thus L^∧ is finite. If L is a Kleene algebra then x → x^∘ define a dual isomorphism between L^∨ and L^∧. �

Corollary 1. Let L be an infinite K_2-algebra such that L^∧ is finite. The following conditions are equivalent:

(i) L is locally affine complete;

(ii) L is locally affine complete Stone algebra.

Proof. If L is locally affine complete, then also L^∧ is locally affine complete (see Remark 1). By Proposition 2 this yields |L^∧| = 1 since L^∧ is finite. Thus x ∧ x^∘ = 0 for all x ∈ L and L is a Stone algebra. �

Corollary 2. Let L be an infinite Kleene algebra such that L^∧(L^∨) is finite. Then L is (locally) affine complete if and only if L is a Boolean algebra.

Example 1. Let D be a dense-in-itself chain with 1, e.g. D is the interval (0, 1] in the real numbers. If we adjoin a new zero 0 and put a^∘ = 0 for all a ∈ D, then we obviously obtain a Stone algebra L (see Figure 2). By Theorem 2, L is locally affine complete because L^∨ = D has no proper Boolean interval. Now, let D = [0, 1] and 0^∘ = 0, a^∘ = 0 for every a > 0 (see Figure 3). We obtain a K_2-algebra L in which L^∨ = D has no proper Boolean interval again. But L is not (locally) affine complete because L is not a Stone algebra using Corollary 1.�

D

0 = a^∘ 0 a 1

�

D

0 = a^∘

0 = 0^∘ a 1

� Figure 2. Figure 3.

To achieve similar results concerning affine completeness, we ought to confine our considerations to principal K_2-algebras.

So let (L; ∨, ∧,^∘ , 0, 1) be a principal K_2-algebra such that L^∨ = [d).

AFFINE COMPLETE MS–ALGEBRAS 189

Definition 2. We shall say that L satisfies the condition (D) if for any compatible function f : L^n → L, the partial function f^′ = f^′_Ln (see Lemma 5) with the domain S = {(x̃∨d, x̃^∘ ∨d, x̃^{∘∘} ∨d); x̃ ∈ L^n} can be extended to a total compatible function of the lattice L^∨.

Repeating the proof of Theorem 1 with d playing the role of the element b everywhere and (D) used instead of (FD), we get the following generalization of R. Beazer’s result.

Theorem 3. Let L be a principal K_2-algebra such that L^∨ = [d). Then the following two conditions are equivalent:

(1) L is affine complete;

(2) (i) L^∨ is an affine complete distributive lattice and

(ii) L^{∘∘} is an affine complete Kleene algebra and (iii) (D).

Corollary 3. Let L be a K_2-algebra such that L^∧ is finite. Then L is affine complete if and only if L is an affine complete Stone algebra.

Proof. This can be done in the same way as that of Corollary 1. �

Corollary 4. Let L be a K_2-algebra such that L^∨ is finite. Then L is affine complete if and only if L is a Boolean algebra.

Corollary 5. Finite Boolean algebras are the only finite affine complete K_2- algebras.

Analogously as in Theorem 2, one can show that affine completeness of a principal K_2-algebra L yields (D). Hence from Theorem we immediately get R. Beazer’s characterization of affine complete Stone algebras having a smallest dense element, i.e. (in our terminology) principal Stone algebras:

Corollary 6 ([1; Theorem 4]). Let L be a principal Stone algebra. Then the following conditions are equivalent:

(i) L is affine complete; (ii) L^∨ is affine complete;

(iii) No proper interval of L^∨ is a Boolean algebra.

Remark 3. R. Beazer in [1] asked whether the equivalence (i) and (ii) in this result holds also for L not having a smallest dense element (i.e. if L is not principal). Theorem 2 can be considered as a positive answer to this question in its “local version”.^2

2The author together with M. Ploščica have shown (in an unpublished paper) that the mentioned equivalence does not hold in general.

190 M. HAVIAR

References

1. Beazer R., Affine complete Stone algebras, Acta. Math. Acad. Sci. Hungar. 39 (1982), 169–174.

2. , Affine complete double Stone algebras with bounded core, Algebra Universalis 16 (1983), 237–244.

3. Blyth T.S. and Varlet J.C., On a common abstraction of de Morgan algebras and Stone algebras, Proc. Roy. Soc. Edinburgh 94A (1983), 301–308.

4. , Subvarieties of the class of MS-algebras, Proc. Roy. Soc. Edinburgh 95A (1983), 157–169.

5. Dorninger D. and Eigenthaler G., On compatible and order-preserving functions on lattices, Universal Algebra and Appl., Banach Center Publ., vol. 9, Warszaw (1982), 97–104.

6. Grätzer G., On Boolean functions (notes on Lattice theory II), Revue de Math. Pures et Appliquées 7 (1962), 793–797.

7. , Boolean functions on distributive lattices, Acta Math. Acad. Sci. Hungar. 15 (1964), 195–201.

8. , Lattice theory. First concepts and distributive lattices, W. H. Freeman and Co., .

San Francisco, Calif., 1971.

9. Haviar M., On affine completeness of distributive p-algebras, Glasgow Math. J. 34 (1992), 365–368.

10. , On a certain construction of MS-algebras, Portugaliae Math., (to appear). 11. Hu T.-K., Characterization of polynomial functions in equational classes generated by independent primal algebras, Algebra Universalis 1 (1971), 187–191.

12. Iskander A. A., Algebraic functions on p-rings, Colloq. Math. 25 (1972), 37–42. 13. Keimel K. and Werner H., Stone duality for varieties generated by quasi-primal algebras.

Recent advances in representation theory of rings and C�-algebras by continuous sections, (Sem. Tulane Univ. New Orleans La. 1973), 59–85; Mem. Amer. Math. Soc. 148 (1974), Amer. Math. Soc. Providence, R.I.

14. Knoebel R., Congruence-preserving functions in quasiprimal varieties, Algebra Universalis 4 (1974), 287–288.

15. Pixley A. F., Completeness in arithmetical algebras, Algebra Universalis 2 (1972), 179–196. 16. Werner H., Produckte von Kongruenzklassengeometrien universeller Algebren, Math. Z. 121 (1971), 111–140.

M. Haviar, Department of Mathematics, M. Bel University, 975 49 Banská Bystrica, Slovakia