Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 31 (2015), 107–120

www.emis.de/journals
ISSN 1786-0091

SOME PROPERTIES OF THE INDICATRIX OF A COMPLEX FINSLER SPACE

ELENA POPOVICI

Dedicated to Professor Lajos Tamássy on the occasion of his 90th birthday

Abstract. Following the study of the indicatrix of a real Finsler space, in this paper there are investigated some properties of the complex indicatrix of a complex Finsler space, both in a fixed point and for the indicatrix bundle. In a fixed point z_0 ∈ M, the associated indicatrix I_{z0} M is a convex hypersurface in the holomorphic tangent space T^′_{z0} M and it can be regarded as a locally Minkowski manifold. Using the submanifold equations, several properties of the indicatrix in a fixed point are obtained in terms of the fundamental function. In the global case, an almost contact structure is introduced on the indicatrix bundle and considering the Gauss-Weingarten equations with respect to the Chern-Finsler connection, a constant value of the mean curvature is determined.

1. Introduction

The study of the indicatrix of a real Finsler space is one of interest ([4, 6, 12, 2, 3, 7], etc.), mainly because it is a compact and strictly convex set surrounding the origin. For example, the indicatrix plays a special role in the definition of the volume of a Finsler space.

In the present paper, based on some ideas from the real case, the indicatrix bundle of a complex Finsler manifold (M, F ) is introduced and several of its properties are obtained, both locally and globally.

Firstly, we recall some basic notions about complex Finsler geometry (in Section 1). Then, in Section 2 the notion of complex indicatrix in a fixed point z_0 will be introduced and using the submanifold equations ([10]), the relation

2010 Mathematics Subject Classification. 53B40, 53C60, 53C40, 53B25. Key words and phrases. complex Finsler space, indicatrix, mean curvature, totally umbilical, Gauss equations, Weingarten formula, Ricci tensor.

This paper is supported by the Sectoral Operational Programme Human Resources Development (SOP HRD), ID134378 financed from the European Social Fund and by the Romanian Government. 107

between the locally coefficients of the second fundamental form and Weingarten operator will be given. Moreover, the properties of the hypersurfaces homothetic to the indicatrix will be obtained. Considering an almost contact metric structure introduced on the indicatrix bundle (as in [4]), we will be able in Section 3 to express the mean curvature of constant value in the global case.

Now, we will make a short overview of the concepts and terminology used in complex Finsler geometry, for more see [1, 8]. Let M be an n + 1 dimensional complex manifold, and z := (z^k), k = 1, . . . , n + 1, the complex coordinates on a local chart (U, φ). The complexified of the real tangent bundle T_CM splits into the sum of holomorphic tangent bundle T^′M and its conjugate T^{′′}M, i.e. T_CM = T^′M ⊕ T^{′′}M. The holomorphic tangent bundle T^′M is in its turn a (2n + 2)-dimensional complex manifold and the local coordinates in a local chart in u ∈ T^′M are u := (z^k, η^k), k = 1, . . . , n + 1.

Definition 1. A complex Finsler space is a pair (M, F ), where F : T^′M → R^+, F = F (z, η) is a continuous function that satisfies the following conditions:

i. F is a smooth function on ~T^′M := T^′M \ {0}; ii. F (z, η) ≥ 0, the equality holds if and only if η = 0; iii. F (z, λη) = |λ|F (z, η), ∀λ ∈ C; iv. the Hermitian matrix � g_i¯_j(z, η) � is positive definite, where g_i¯_j =^{∂2L}_{∂ηi∂η̄j} is the fundamental metric tensor, with L := F^2.

By L := F^2 we denote the complex Lagrangian associated to the complex Finsler function F .

The fourth condition means that the indicatrix in a fixed point I_zM = {η | g_i¯_j(z, η)η^iη̄^j = 1} is strongly pseudoconvex, for any z ∈ M.

Moreover, condition iii. says that L is homogeneous with respect to the complex norm L(z, λη) = λλ̄L(z, η), ∀λ ∈ C, and by applying Euler’s formula we get that: (1) ∂L ∂η^k η^k = ∂L ∂η̄^k η̄^k = L;

∂g_i¯_j ∂η^k η^k =

∂g_i¯_j ∂η̄^k η̄^k = 0 and L = g_i¯_jη^iη̄^j.

An immediate consequence of the above homogeneity conditions concerns the following Cartan complex tensors:

C_i¯_{jk} :=

∂g_i¯_j ∂η^k and C_i¯_j¯_k :=

∂g_i¯_j ∂η̄^k . They have the following properties:

(2) C_i¯_{jk} = C_k¯_{ji}; C_i¯_j¯_k = C_i¯_k¯_j; C_i¯_{jk} = C_{jī}¯_k and (3) C_i¯_{jk}η^k = C_i¯_j¯_kη̄^j = C_i¯_{jk}η^i = C_i¯_j¯_kη̄^k = 0

The positivity of (g_i¯_j) from condition iv. ensures the existence of the inverse (g^{j̄i}), with g^{j̄i}g_i¯_k = δ^{j̄}_{k̄}.

Roughly speaking, the geometry of a complex Finsler space consists of the study of the geometric objects of the complex manifold T^′M endowed with a Hermitian metric structure defined by g_i¯_j. Regarding this, the first step is the study of the sections of the complexified tangent bundle of T^′M which splits into the direct sum T_C(T^′M) = T^′(T^′M) ⊕ T^{′′}(T^′M), where T^{′′}_u (T^′M) = T^′_u(T^′M) . Let be V (T^′M) ⊂ T^′(T^′M) the vertical bundle, locally spanned by �_∂

∂η^k � and let V (T^{′′}M) be its conjugate that contains (0, 1)− vector fields.

The idea of complex nonlinear connection, briefly (c.n.c.), is fundamental in ”linearization” of this geometry ([8]). A (c.n.c.) is a supplementary complex subbundle to V (T^′M) in T^′(T^′M), i.e. T^′(T^′M) = H(T^′M) ⊕ V (T^′M). The horizontal distribution H_u(T^′M) is locally spanned by

�_δ

δz^k = ∂ ∂z^k − N j k ∂ ∂η^j � , where N^j_k (z, η) are the coefficients of the (c.n.c.). Then, we will call the adapted frame of the (c.n.c.) the pair � δ_k :=^δ_{δzk} , ˙∂_k :=^∂_{∂ηk} � , which obey

the change rules δ_k =^{∂z′j}_{∂zk} δ^′_j and ˙∂_k =^{∂z′j}_{∂zk} ˙∂^′_j . By conjugation everywhere we get an adapted frame {δ¯_k, ˙∂¯_k} on T^{′′}_u (T^′M). The dual adapted bases are � dz^k, δη^k := dη^k + N^k_j dz^j � , respectively {dz̄^k, δη̄^k}, where δη̄^k = dη̄^k+N^{k̄}_{j̄} dz̄^j .

Let us consider on T^′M the Hermitian metric structure G, named the Sasaki type lift of the metric tensor g_i¯_j , as

(4) G = g_i¯_j dz^i ⊗ dz̄^k + g_i¯_j δη^i ⊗ δη̄^j.

One main problem of this geometry is to determine a (c.n.c.) related only by the fundamental function of a complex Finsler space (M, L); one almost classical now is the Chern-Finsler (c.n.c.) ([1],[8]), in brief C-F (c.n.c.):

(5) N^k_j = g^{m̄k}

∂g_{lm̄} ∂z^j η^l.

The next step is to specify the derivation law D on sections of T_C(T^′M). A Hermitian connection D, of (1, 0)-type, which satisfies D_{JX} Y = JD_X Y , for all horizontal vectors X and J the natural complex structure J(δ_k) = iδ_k, J(δ¯_k) = −iδ¯_k, J( ˙∂_k) = i ˙∂_k, J( ˙∂¯_k) = −i ˙∂¯_k, will be the Chern-Finsler linear connection, locally given by the next set of coefficients (notations from [8]):

(6) L^i_{jk} = g^{l̄i}δ_k(g_j¯_l), C^i_{jk} = g^{l̄i} ˙∂_k(g_j¯_l), L^ī_{j̄k} = 0, C^ī_{j̄k} = 0,

where D_{δk} δ_j = L^i_{jk}δ_i, D_{δk} ˙∂_j = L^i_{jk} ˙∂_i, D ˙_{∂k} ˙∂_j = C^i_{jk} ˙∂_i, D ˙_{∂k} δ_j = C^i_{jk}δ_i. Of course, there is also D_X Y = D¯_XȲ . From the homogeneity conditions (1) it takes: C^i_{jk}η^j = C^i_{jk}η^k = 0. Moreover, we have L^i_{jk} = ˙∂_j N^i_k.

Further we will use the following notation η̄^j =: η^{j̄} to note a conjugate object.

2. The geometry of complex indicatrix in a fixed point z_0 In this section we limit our research to the indicatrix in a fixed point z_0 ∈ M.

Let T^′_{z0} M be the corresponding holomorphic tangent space of M in z_0 ∈ M and (g_i¯_j(z_0, η)) the Hermitian metric from (1). Then, (T^′_{z0} M, F ) can be regarded as a locally Minkowski space with the Hermitian metric G defined by:

G = g_j¯_kdη^j ⊗ dη̄^k, with g_j¯_k = G � ˙∂_j , ˙∂_{k̄} � , that acts on V_C (T^′M).

According to [8], p.12, a linear connection on M extends by linearity to T_C M, which is isomorphic to V_C (T^′M) via vertical lift, and it is well defined by the next set of coefficients Γ^i_{jk} = Γ^ī_{j̄k̄}, Γ^ī_{j̄k} = Γ^i_{jk̄}, Γ^ī_{jk} = Γ^i_{j̄k̄}, Γ^ī_{jk̄} = Γ^i_{j̄k}. We require that ∇ be a complex connection with respect to the natural complex structure J, i.e. ∇J = 0. So, it results that ∇ conserves the holomorphic tangent space.

We can choose ∇ to be the Levi-Civita connection, which is a metrical and symmetric connection and we get the next components of the Levi-Civita connection:

Γ^i_{jk} = 1 2 g^{h̄i} � ˙∂_kg_{jh̄} + ˙∂_j g_{kh̄} � = g^{h̄i}C_j¯_{hk} =: C^i_{jk}(η),

Γ^ī_{j̄k} = 1 2 g^{īh} � ˙∂_kg_{hj̄} − ˙∂_hg_{kj̄} � = 0,

Γ^i_{j̄k} = 1 2 g^{h̄i} � ˙∂_{j̄} g_{kh̄} − ˙∂_{h̄}g_{kj̄} � = 0,

Γ^ī_{jk} = 0, where we used relations (2). Since Γ^i_{j̄k} = Γ^ī_{j̄k} = 0, it takes that the Levi-Civita connection is Hermitian, and has only the following nonzero coefficients: C^i_{jk} := Γ^i_{jk} = Γ^ī_{j̄k̄} = g^{h̄i}C_j¯_{hk} = g^{h̄i} ˙∂_kg_j¯_h,

with C_{jk} = C_{kj} and C^i_{jk}η^j = C^i_{jk}η^k = 0.

Then, the Riemannian tensor can be written as:

R_i¯_{jk}¯_h =

∂^2g_i¯_h ∂η^k∂η̄^j

− g^{p̄q}

∂g_{ip̄} ∂η^k

∂g_q¯_h ∂η̄^j . It fulfills R_i¯_{jk}¯_h = R_k¯_{ji}¯_h = R_k¯_{hi}¯_j . Moreover, we have

(7) R_i¯_{jk}¯_h = g_i¯_l ˙∂_kC^{l̄}_{j̄h̄} = g_l¯_h ˙∂¯_j C^l_{ik} = −g_l¯_hR^l_{ij̄k} = −g_i¯_lR^{l̄}_{j̄kh̄},

where R^i_{jk̄h} = − ˙∂¯_kC^i_{jh} is the non-zero component of the curvature. Accordingly, from C^i_{jk}η^j = C^i_{jk}η^k = 0, we can write

(8) R_i¯_{jk}¯_hη^i = R_i¯_{jk}¯_hη^{j̄} = R_i¯_{jk}¯_hη^k = R_i¯_{jk}¯_hη^{h̄} = 0.

The Ricci tensor is S_i¯_j = − � k ∂C^k_{ik} ∂η̄^j = Sīj.

The covariant derivative of a tensor T^h_{ij̄} on T^′_{z0} M is:

T^h_{ij̄} |_k =

∂T^h_{ij̄} ∂η^k

+ C^h_{mk}T^m_{ij̄} − C^m_{ik} T^h_{mj̄} − C^{m̄}_{j̄k}T^h_{im̄},

and by applying it to the important tensors of the complex Finsler space, by direct calculation we obtain the following relations:

F |_i = ∂F ∂η^i

= l_i := η_i 2F ; F |_ī = ∂F ∂η̄^i

= l_ī := η_ī 2F ; l_i |_j = − l_il_j F ; l_i |¯_j = l¯_j|_i = g_i¯_j − 2l_il¯_j 2F = h_i¯_j 2F ; h_i¯_j |_k =

2l_il¯_jl_k − l_ih_k¯_j F ; h_i¯_j |¯_k =

2l_il¯_jl¯_k − l¯_jh_i¯_k F . So, for a fixed point z_0 on M, we consider the complex indicatrix in z_0 as:

I_{z0} M = � η ∈ T^′_{z0} | F (z_0, η) = 1 � . The indicatrix I_{z0} M is an n dimensional immersed complex submanifold in T^′_{z0} M. Moreover, it is a locally Minkowski manifold ([11]) and we can take a locally parametrization of this indicatrix as η^i = η^i(θ^α); we further consider that the Latin indices i, j, k, . . . run from 1 to n + 1 and the Greek indices α, β, γ, . . . run from 1 to n. We shall denote by B^i_α(θ) :=^{∂ηi}_{∂θα} the projection factor and by N^i the unit normal vector to I_{z0} M. It can be noticed that rank(^{∂ηi}_{∂θα} ) = n and the vector fields B_α = B^i_α (θ)^∂_{∂ηi} define a local frame of the holomorphic tangent bundle over I_{z0} M. Then, the induced Hermitian metric tensor relative to I_{z0} M is given by:

(9) g_α¯_β = G � ∂ ∂θ^α , ∂ ∂θ̄^β � = G � ∂η^i ∂θ^α ∂ ∂η^i , ∂η̄^j ∂θ̄^β ∂ ∂η̄^j � = B^i_αB^{j̄}_{β̄}g_i¯_j ,

So, rank(g_α¯_β) = n and it admits the inverse � g^{β̄α} � such that g_α¯_β g^{β̄γ} = δ^γ_α.

Moreover, we can notice that ˙∂_α :=^∂_{∂θα} =^{∂ηi}_{∂θα}^∂_{∂ηi} = B^i_α^∂_{∂ηi} = B^i_α ˙∂_i.

Since on I_{z0} M we have F (z_0, η(θ)) = 1 and considering that L = F^2, if we differentiate the equation L(z_0, η(θ)) = 1 with respect to θ^α and we use (1) we get: ∂L ∂η^i

∂η^i ∂θ^α

= 0, that is equivalent to g_i¯_j(z_0, η(θ))η^{j̄}(θ)B^i_α = 0.

Now, if we differentiate the same identity with respect to θ̄^α, and using again (1) we obtain ( ˙∂¯_j L) ˙∂_ᾱη̄^j = 0, which is equal to g_i¯_j (z_0, η(θ))η^i(θ)B^{j̄}_ᾱ = 0. Therefore, the vector field N = η^i(θ) ˙∂_i is a normal and unitary vector field to the indicatrix, because g_i¯_j (z_0, η(θ))η^i(θ)η̄^j(θ) = 1. It represents the vertical Liouville vector field C = η^k ˙∂_k restriction to the indicatrix.

We can define B^α_i = g^{β̄α}B^{j̄}_{β̄}g_i¯_j such that the following properties take place:

B^i_γ B^α_i = δ^α_γ , B^i_γ B^γ_j = δ^i_j − η^i(θ)η_j (θ), g^{ᾱβ} = B^β_i B^ᾱ_{j̄} g^{j̄i}, and (10) g^{j̄i} = B^i_αB^{j̄}_{β̄} g^{β̄α} + η^i(θ)η̄^j (θ),

where η_j(θ) = g_j¯_kη^{k̄}(θ).

Considering I_{z0} M an n-dimensional holomorphic submanifold immersed in the n + 1 dimensional complex manifold T^′_{z0} M, we can apply the theory of submanifolds and we can denote by ~∇, respectively ∇, their Levi-Civita connections. Then, the Gauss-Weingarten formulae are as follows:

∇_X Y = ~∇_X Y + h(X, Y ), ∀X, Y ∈ Γ(T_C (I_{z0} M))

(11)

∇_X W = −A_W X + ∇^⊥_X W, ∀X ∈ Γ(T_C (I_{z0} M)), ∀W ∈ Γ(T_C (I^⊥_{z0} M))

(12) with the F(T^′M)-bilinear second fundamental form of the indicatrix subspace h : Γ(T_C (I_{z0} M)) × Γ(T_C (I_{z0} M)) → Γ(T_C (I^⊥_{z0} M)) and the F(T^′M)-bilinear shape operator (or Weingarten operator) A : Γ(T_C (I^⊥_{z0} M)) × Γ(T_C (I_{z0} M)) → Γ(T_C (I_{z0} M)), A_W X = A(W, X). This maps are defined by the following set of coefficients h_{αβ} = h_ᾱ¯_β, h_{ᾱβ} = h_α¯_β, A^α_β = A^ᾱ_{β̄} , A^α_{β̄} = A^ᾱ_β , regarded as:

h( ˙∂_β , ˙∂_α) = h_{αβ} N, h( ˙∂_β , ˙∂_ᾱ) = h_{ᾱβ}N̄, A_N( ˙∂_β ) = A^α_β ˙∂_α, A_N( ˙∂¯_β) = A^α_{β̄} ˙∂_α.

The following results are valid in the general context of the complex submanifolds of a Hermitian manifold ([9, 5]). Recall that an m−complex submanifold ~M of a complex manifold M is totally umbilical iff for every W ∈ Γ(T ′ ~M ⊥) it exists a real constant λ such that A_W X = λX, for all X ∈ Γ(T^′ ~M). According to [8], a Hermitian structure g on the holomorphic tangent bundle T^′M determines a Hermitian metric G on the manifold M, and conversely g(X, Y ) = G(X, Ȳ ), for any (1,0)-type vector fields. Thus, the mean curvature H is the length of the mean curvature vector that is defined with respect to an orthonormal frame {E_i}_{i=1,m} on T^′ ~M and is the mean H =^1_m � h(E_i, Ē_i). Obvious, it is independent of chosen frame and H is a real value.

Proposition 1. Let ~M be an m-dimensional complex submanifold of an ndimensional complex manifold M, endowed with the Hermitian metric G which is acting on the fibers of T^′M, such that G(X, Ȳ ) = G(Y, X̄). Considering D a linear connection that is metric with respect to G, the following relations take place:

i) G(A_W X, Ȳ ) = G(W, h(X, Ȳ )), G(Y, A¯_W X) = G(h(X, Y ), W̄ ), and their conjugates, for all X, Y ∈ Γ(T^′ ~M), W ∈ Γ(T^′ ~M^⊥);

ii) if, in addition, ~M is a totally umbilical submanifold, we can state a) A_W X = G(W, H)X, ∀X ∈ Γ(T^′ ~M), ∀W ∈ Γ(T^′ ~M^⊥); b) h(X, Ȳ ) = G(X, Ȳ ) · H, ∀X, Y ∈ Γ(T^′ ~M), where H represents the mean curvature vector field of ~M.

The proof of i) is a consequence of (D_X G)(W, Ȳ ) = 0, ∀X, Y ∈ Γ(T^′ ~M), W ∈ Γ(T^′ ~M^⊥). We obtain ii).a) by summing the relation λ = G(W, h(E_i, Ē_i)) and for ii) b) is used {W_α}_{α=1,n−m} a complementary orthonormal frame in Γ(T^′ ~M^⊥). Then, from h(X, Ȳ ) =

�_{n−m} i=1 G(W_i, h(X, Ȳ ))W̄_i, by i) and ii).a), we get G(X, Ȳ ) · H.

We note that an equivalent definition of the totally umbilical complex submanifold is h(X, Ȳ ) = G(X, Ȳ )H, for any X, Y ∈ Γ(T^′ ~M), that locally becomes h_{ᾱβ} = Hg_{βᾱ}.

Since the indicatrix I_{z0} M is an n dimensional immersed complex submanifold in the (n + 1)-dimensional complex manifold T^′_{z0} M, ∇ is the Levi-Civita connection, i.e. it is metrical, and considering Γ(T_C (I^⊥_{z0} M)) = span{N, N̄}, we can apply the above Proposition, i), and, between the second fundamental form and shape operator components, we find the next relation:

h_{ᾱβ} = A^γ_β g_{γᾱ}, equivalent to A^α_β = h_{γ̄β}g^{γ̄α}, h_ᾱ¯_β = A^γ_{β̄} g_{γᾱ}, equivalent to A^α_{β̄} = h_{γ̄}¯_βg^{γ̄α}.

Using the relations G(∇_X Y, N̄) = G(h(X, Y ), N̄), respectively G(∇_X N, ˙∂¯_β) = −G(A_NX, ˙∂¯_β ), we can compute the above components and we obtain:

Proposition 2. The coefficients of the second fundamental form and Weingarten operator are given by

h_{αβ} = 0, h_{ᾱβ} = g_i¯_j

∂B^{j̄}_ᾱ ∂θ^β η^i(θ)

A^α_β = −δ^α_β , A^α_{β̄} = 0.

Now, looking to the form of the Weingarten operator coefficients from the above Proposition and the definition of a totally umbilical submanifold, we conclude that I_{z0} M is totally umbilical. Moreover, if we differentiate the orthogonality condition g_i¯_jB^{j̄}_ᾱη^i(θ) = 0 with respect to θ^β , using the relations (1) and (9), we get g_i¯_jη^i(θ) ˙∂_β B^{j̄}_ᾱ = −g_{βᾱ}. From Proposition 2, we obtain h_{ᾱβ} = −g_{βᾱ} and thus, the coefficients of the second fundamental form of I_{z0} M are Hermitian, i.e. h_{ᾱβ} = h¯_{βα}. Taking into account that I_{z0} M is a totally umbilical submanifold of T^′_{z0} M, h_{ᾱβ} = −g_{βᾱ} and Proposition 1.ii)b), where G is taken to be the Hermitian structure G = g_j¯_kdη^j ⊗ dη̄^k, we can conclude:

Proposition 3. The indicatrix I_{z0} M of a complex Finsler space is a totally umbilical complex hypersurface with constant mean curvature H = −1.

Expressed in terms of the base vectors fields of I_{z0} M the Gauss-Weingarten equations (11-12) become:

˙∂_β Bi_α + Bk_β Bj_αCi_{jk} = C̃^γ_{αβ} Bi_γ + h_{αβ} ηi(θ), ˙∂_β ηi(θ) = −Aα_β Bi_α + �C⊥�^i_{βk} ηk(θ), ˙∂_β Bī_ᾱ = Γ̃^{γ̄}_{ᾱβ}Bī_{γ̄} + h_{ᾱβ}η̄i(θ), ˙∂_{β̄} ηi(θ) = −Aα_{β̄} Bi_α + �Γ⊥�^i_{β̄k} ηk(θ).

Considering ˙∂_βη^i(θ) = B^i_β, ˙∂¯_β η^i(θ) = 0 and Proposition 2, we find that in the Gauss-Weingarten equalities the coefficients of the orthogonal connection fulfill � C^⊥

�_i βk η^k(θ) = � Γ^⊥

�_i β̄k η^k(θ) = 0.

So, given the above properties and since ∇ and ~∇ are Levi-Civita connections, we can state:

Proposition 4. The Gauss-Weingarten formulae of the indicatrix I_{z0} M are written locally as:

∂B^i_α ∂θ^β

+ B^k_β B^j_αC^i_{jk} = C̃^γ_{αβ} B^i_γ ,

∂B^i_α ∂θ̄^β

= −g_α¯_βη^i(θ),

∂η^i(θ) ∂θ^β

= B^i_β ,

∂η^i(θ) ∂θ̄^β

= 0.

Next, we consider

R̃_{αβ̄γδ̄} = ∂^2g^{αδ̄} ∂θ^γ ∂θ̄^β

− g^{σ̄λ}

∂g_{ασ̄} ∂θ^γ

∂g_λ¯_δ ∂θ̄^β the Riemannian tensor of I_{z0} M. The Gauss equations ([10]), for the Levi- Civita connections, expressed by means of the metric structures G and G̃ = g_α¯_βdθ^α ⊗ dθ̄^β, are as follows:

G (R(X, Y )Z, U) = G̃ � R̃(X, Y )Z, U � + G (H(X, Z), H(Y, U)) − G(H(Y, Z), H(X, U)).

Using R(U, Z, X, Y ) = G(R(X, Y )Z, U) and taking X = ˙∂_γ , Y = ˙∂¯_δ , Z = ˙∂_{β̄}, U = ˙∂_α we get locally:

B^i_αB^{j̄}_{β̄}B^k_γ B^{h̄}_{δ̄} R_i¯_{jk}¯_h = R̃_α¯_{βγ}¯_δ + h¯_{βγ} h_α¯_δ − h¯_β¯_δh_{αγ} .

Considering that h¯_{βα} = h_α¯_β = −g_α¯_β and h_{αβ} = 0, we obtain R̃_{αβ̄γδ̄} = B^i_αB^{j̄}_{β̄} B^k_γ B^{h̄}_{δ̄} R_{ij̄kh̄} − g_{γβ̄}g_{αδ̄}

Contracting by g^{δ̄α}, considering rank � g_α¯_β � = n and using (10), we get:

R̃_{β̄γ} = B^{j̄}_{β̄}B^k_γ R_{j̄k} − ng_{γβ̄} ,

where R̃¯_{βγ} is the Ricci tensor of I_{z0} M and R¯_{jk} = g^{h̄i}R_i¯_{jk}¯_h is v-Ricci tensor. Moreover, contracting by g^{β̄γ} , we have R̃ = R − n^2, where R̃ is the scalar curvature of I_{z0} M and R = g^{j̄k}R¯_{jk} is v-scalar curvature.

In the following, considering the ideas from the real case [6, 12], we introduce the hypersurfaces homothetic to the complex indicatrix in a fixed point z_0 and we give some properties of them.

Firstly, let M̃ be an n-dimensional hypersurface in T^′_{z0} M represented by the parametric equations η^i = η^i (u^α) = η^i(u). If N^i denotes the unit normal vector to M̃ and P^i_α =^{∂ηi}_{∂uα} the projection factor, the Gauss-Weingarten formulae with respect to the Levi-Civita connections, for the hypersurface M̃, we have the following expression

∂P^i_α ∂u^β

+ P^k_β P^j_αC^i_{jk} = C̃^γ_{αβ}P^i_γ + h_{αβ} N^i,

∂P^i_α ∂ū^β

= h_α¯_βN^i,

∂N^i ∂u^β

+ N^j P^k_β C^i_{jk} = −A^α_β P^i_α,

∂N^i ∂ū^β

= −A^α_{β̄} P^i_α,

where h_{αβ} , h_α¯_β and A^α_β , A^α_{β̄} are the coefficients of the second fundamental form and the shape operator of M̃, respectively, that satisfy A^α_β = h_{γ̄β}g^{γ̄α} and A^α_{β̄} = h_{γ̄}¯_βg^{γ̄α}. Moreover, the induced metric tensor is given by g_α¯_β (u) = P^i_αP^{j̄}_{β̄} g_i¯_j (z_0, η(u)).

A closed (i.e. boundless and compact) hypersurface ~M in T^′_{z0} M of equation F (z_0, η) = c, i.e.

(13) g_i¯_j η^i(u)η̄^j(u) = c^2, with c > 0 a real constant, will be called homothetic to the indicatrix.

On differentiating (13) with respect to ū^α and using (3), we obtain

g_i¯_j(u)η^i(u)P^{j̄}_ᾱ = 0 and hence it exists a constant ν such that η^i(u) = νN^i.

We denote by D_α the operator of mixed covariant derivative, that acts on a given T^i_β as follows:

D_αT^i_β =

∂T^i_β ∂θ^α

+ C^i_{jk}T^j_β B^k_α − C̃^γ_{βα}T^i_γ .

By a direct computation, using the above Gauss-Weingarten formulae, we get:

D_αP^i_β = h_{βα}N^i, D_αN^i = −h_{γ̄α}g^{γ̄β}P^i_β, D_αη^i = P^i_α, D_ᾱP^i_β = h_{βᾱ}N^i, D_ᾱN^i = −h_{γ̄ᾱ}g^{γ̄β}P^i_β, D_ᾱη^i = 0, and D_αg_i¯_j = D_ᾱg_i¯_j = 0, D_αg_{βγ̄} = D_ᾱg_{βγ̄} = 0, and their conjugates.

Further, by applying D_β to g_i¯_j(u)η^i(u)P^{j̄}_ᾱ = 0, we obtain h_{ᾱβ} = −^1_ν g_{βᾱ}. Considering Proposition 1.ii)b), we get that a hypersurface homothetic to the indicatrix is a totally umbilical one, with the mean curvature H = −^1_ν . Since H is a constant real value, we have ν also real, h_α¯_β = h¯_{βα}, i.e. the second fundamental form coefficients of a hypersurface homothetic to the indicatrix are Hermitian, and η̄^i(u) = νN̄^i. By substituting this into relation (13), we obtain ν = ϵc, were ϵ = +1 or ϵ = −1. So, we can conclude: Proposition 5. Let M̃, given by the parametric equations η^i = η^i(u^α), be a hypersurface homothetic to the indicatrix in ~T^′_{z0} M. Then M̃ is totally umbilical and satisfies the condition: 1 + ϵcH = 0.

3. The complex indicatrix bundle Let (M, F ) be a Finsler manifold, dim_C M = n + 1, and � ~ T^′M, G � be the slit holomorphic tangent bundle of M endowed with the Sasaki lift (4), which is a Hermitian metric structure on ~T^′M = T^′M\{0}. Considering that dim_C T^′M = 2n + 2, on T^′M, we take the local coordinates (z^k, η^k), with k = 1, . . . , n + 1.

We denote by IM the hypersurface of ~T^′M given by

IM = ∪_{z∈M}I_zM, I_zM = {η ∈ T^′_zM | F (z, η) = 1} ,

which will be called the indicatrix bundle of the complex Finsler space (M, F ). The above condition can be written, for any z ∈ M, as

F (z, η) = 1 i.e. L(z, η) = 1 i.e. g_i¯_j(z, η)η^iη̄^j = 1.

Notice that it takes place the inclusion IM^i→ T^′M. Locally, we can consider a parametrization of this submanifold as: z^i = z^i(u^α), η^i = η^i(u^α), α ∈ {1, 2, . . . , 2n + 1}.

Differentiating F^2(z, η) = 1 with respect to u^α we obtain:^{∂F 2}_{∂zi}^{∂zi}_{∂uα} +^{∂F 2}_{∂ηi}^{∂ηi}_{∂uα} = 0. Using F^2 = L, we can rewrite: ∂L ∂z^i

∂z^i ∂u^α + ∂L ∂η^i

∂η^i ∂u^α

= 0.

From the homogeneity relations we define: η_i = g_i¯_jη̄^j =^{∂L}_{∂ηi} . Furthermore, on T^′M we consider the C-F (c.n.c.) such that^δ_{δzi} =^∂_{∂zi} − N^k_i^∂_{∂ηk} and^{δL}_{δzi} = 0. Then the above relations can be written as: � δL δz^i

+ N^k_i ∂L ∂η^k � ∂z^i ∂u^α + ∂L ∂η^i

∂η^i ∂u^α

= 0,

that is equivalent to

(14) � N^k_i

∂z^i ∂u^α + ∂η^k ∂u^α � η_k = 0.

The natural frame field on IM is represented by ∂ ∂u^α = ∂z^i ∂u^α ∂ ∂z^i + ∂η^i ∂u^α ∂ ∂η^i = ∂z^i ∂u^α δ δz^i + � N^k_i

∂z^i ∂u^α + ∂η^k ∂u^α � ∂ ∂η^k .

Then, by (14), we have G � ∂ ∂u^α

, η̄^l ∂ ∂η̄^l � = � N^k_i

∂z^i ∂u^α + ∂η^k ∂u^α � η̄^lg_k¯_l = 0,

where G is the Sasaki lift. Then it follows that the vertical Liouville vector field N = η^{l ∂}_{∂ηl} is orthogonal to T^′(IM), i.e. it is normal to the indicatrix, and ξ = FN = η^iδ_i is the radial horizontal vector field, unitary and tangent to IM , where F (which is bold) represents the complex structure defined on T^′M as:

F (δ_j ) = ˙∂_j , F( ˙∂_j ) = −δ_j , F � δ¯_j � = ˙∂¯_j , F( ˙∂¯_j ) = −δ¯_j .

To avoid an eventually confusion with the fundamental function F , we further denote a complex Finsler space as (M, L). So, (M, F, G) is an almost Hermitian structure on T^′M and its integrability implies the integrability of horizontal distribution.

We consider the 1-form θ given by (15) ϕ(X) = G(X, ξ̄), ∀X ∈ Γ(T^′T^′M).

Next, we denote by G̃ the induced metric on IM by the Sasaki lift G. Finally, for any vector field X on IM we decompose FX as: (16) FX = φX + ϕ(X)N, where φX denotes a vector field that is tangent to IM.

Since ξ is a vector field unitary with respect to G̃, from (15) we get that ϕ(ξ) = 1; moreover, ϕ(N) = 0. Also, from (15) and (16), we deduce that ϕ ∘ φ = 0 and taking X = ξ in (16) we obtain φξ = 0. Further, by applying F to (16), we obtain φ^2X = −X + ϕ(X)ξ, i.e. (17) φ^2 = −Id + ϕ ⊗ ξ.

Moreover, taking into account that F is an isometry with respect to G̃ and using (16), we infer that the induced Hermitian metric structure satisfies G̃(φX, φY ) = G̃(X, Y ) − ϕ(X)ϕ(Y ), ∀X, Y ∈ Γ (T_C IM) .

So, we have:

Proposition 6. Let (M, L) be a complex Finsler manifold. Then (φ, ξ, ϕ, G̃) is a metric almost contact structure on IM.

Next, we take a vector field X on M and consider its horizontal and vertical lifts X^h and X^v on ~T^′M, respectively; thus, for X = X^{i ∂}_{∂zi} we define: X^h = X^iδ_i and X^v = X^i ˙∂_i.

Then X^h is tangent to IM, while X^v is expressed at the points of IM as follows:

(18) X^v = X^t + ϕ(X^h)N, where X^t represents the part of X^v tangent to IM and it is called the tangential lift of X on IM.

Thus, we can make the notations:

HIM = H ~T^′M_{|IM} and V IM = V ~T^′M_{|IM} .

Also, we denote by IM^t the bundle of tangential vectors, which are complementary orthogonal to span{N} in V IM. Then, the tangent bundle of IM admits the orthogonal decomposition:

T_C IM = T^′IM ⊕ T^{′′}IM, with T^′IM = HIM ⊕ IM^t and T^{′′}IM = T^′IM. Now, by applying F to (18) and taking into account that F(N) = −ξ, ϕ(X^t) = 0 and FX^v = −X^h, we deduce that: (19) X^h = −φX^t + ϕ(X^h)ξ.

Thus, the above decomposition becomes: T^′IM = span{ξ} ⊕ φ � IM^t � ⊕ IM^t.

By applying φ to (19) and using (17), we obtain: φX^h = X^t.

On T^′M we consider the Chern-Finsler (c.n.c.), given by the coefficients (5). So, taking into account the Chern-Finsler linear connection on ~T^′M, locally given by the set of coefficients from (6), we get that

D_{vX} N = vX, D_{vX}N̄ = 0, D_{hX} N = 0 and D_{hX}N̄ = 0, where by h and v we denote the projection morphisms of T^′(T^′M) on HT^′M and V T^′M, respectively. More precisely, for a vector field X, we consider hX = X^iδ_i and vX = X^i ˙∂_i. So, we deduce that

D_Xt N = X^t, D_XtN̄ = 0, D_Xh N = 0 and D_XhN̄ = 0. On the other hand, considering the general framework of the geometry of hypersurfaces, for any X ∈ Γ(T_C IM) we have the Weingarten formula on the indicatrix IM with respect to the induced Chern-Finsler linear connection: D_X N = −A_N X, where A_N (X) =: A(X) is the shape operator of the immersion of IM in (~T^′M, G) , that satisfies G(D_X N, ˙∂¯_k) = −G(A(X), ˙∂¯_k). Thus, comparing the last two relations, we get:

(20) AX^t = −X^t, AX^t = 0, AX^h = 0 and AX^h = 0, where AX^t = A¯_N X^t.

Let D̃ be the tangent Chern-Finsler connection induced on (IM, G̃). The Gauss formula of the immersed subspace IM is: D_X Y = D̃_X Y + h(X, Y ), ∀X, Y ∈ Γ(T_CIM), where h(X, Y ) ∈ Γ(T_C IM^⊥) is the normal part of the vector field D_X Y . The map h : Γ(T_C IM) × Γ(T_C IM) → Γ(T_C IM^⊥) is F(T^′M)-bilinear and it represents the second fundamental form of the indicatrix subspace. Moreover, it takes place: G(D_X Y, N̄) = G(h(X, Y ), N̄).

Considering that the Chern-Finsler connection is metrical with respect to the Sasaki lift G, we can apply Proposition 1.i), for the immersed subspace IM in (~T^′M, G) , so between Weingarten operator and the second fundamental tensor it exists the following relation: G � A_N X, Ȳ � = G(N, h(X, Ȳ )) and G(Y, A¯_N X) = G(h(X, Y ), N̄),

and their conjugates, for all X, Y ∈ Γ(T^′IM).

If we take X = X^h, then we obtain h(X^h, Y ) = 0, equivalent to

(21) D_Xh Y = D̃_Xh Y.

Similar, D_{Xh} Y = D̃_{Xh} Y , D_{Xt} Y = D̃_{Xt} Y and h(X^t, X^t) = −N̄.

Considering this, we can state the following proposition:

Proposition 7. The complex indicatrix bundle IM is a hypersurface in ( �T^′M, G) of constant mean curvature:

H = − n 2n + 1 .

References

[1] M. Abate and G. Patrizio. Finsler metrics—a global approach, volume 1591 of Lecture Notes in Mathematics. Springer-Verlag, Berlin, 1994.

[2] M. Anastasiei. A framed f-structure on tangent manifold of a Finsler space. In Proceedings of the Centennial “G. Vrănceanu” and the Annual Meeting of the Faculty of Mathematics (Bucharest, 2000), volume 49, pages 3–9, 2000.

[3] M. Anastasiei and M. Gîrţu. Indicatrix of a Finsler vector bundle. Sci. Stud. Res. Ser.

Math. Inform., 20(2):21–28, 2010.

[4] A. Bejancu. Tangent bundle and indicatrix bundle of a Finsler manifold. Kodai Math.

J., 31(2):272–306, 2008.

[5] B.-y. Chen. Geometry of submanifolds. Marcel Dekker, Inc., New York, 1973. Pure and Applied Mathematics, No. 22.

[6] M. Gheorghe. The indicatrix in Finsler geometry. An. Ştiinţ. Univ. Al. I. Cuza Iaşi.

Mat. (N.S.), 53(suppl. 1):163–180, 2007.

[7] M. Matsumoto. Foundations of Finsler geometry and special Finsler spaces. Kaiseisha Press, Shigaken, 1986.

[8] G. Munteanu. Complex spaces in Finsler, Lagrange and Hamilton geometries, volume 141 of Fundamental Theories of Physics. Kluwer Academic Publishers, Dordrecht, 2004.

[9] K. Ogiue. Differential geometry of Kaehler submanifolds. Advances in Math., 13:73–114, 1974.

[10] E. Popovici. The equations of the indicatrix of a complex Finsler space. Bull. Transilv.

Univ. Braşov Ser. III, 6(55)(1):63–76, 2013.

[11] H. Rund. The differential geometry of Finsler spaces. Die Grundlehren der Mathematischen Wissenschaften, Bd. 101. Springer-Verlag, Berlin-Göttingen-Heidelberg, 1959.

[12] S. Watanabe and F. Ikeda. On some properties of Finsler spaces based on the indicatrices. Publ. Math. Debrecen, 28(1-2):129–136, 1981.

Received December 3, 2013.

Faculty of Mathematics and Computer Science, Transilvania University of Braşov, Romania