Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 28 (2012), 13–20

www.emis.de/journals
ISSN 1786-0091

SUFFICIENT CONDITIONS FOR THE T (T_0)-SOLVABILITY OF FINITE GROUPS

A. A. HELIEL AND M. M. AL-MOSA AL-SHOMRANI

Abstract. Let G be a finite group. We say that G is a T_0-group if its Frattini quotient group G/Φ(G) is a T -group, where by a T -group we mean a group in which every subnormal subgroup is normal. In this paper, we investigate the structure of the group G if G is the product of two solvable T -groups (T_0-groups) H and K such that H permutes with every subgroup of K and K permutes with every subgroup of H (that is, H and K are mutually permutable) and that (|G : H|, |G : K|) = 1. Some structure theorems are also discussed.

1. Introduction

Throughout this paper, all groups are assumed to be finite. The terminology and notions employed agree with standard usage, as in Doerk and Hawkes [8]. In addition, the set of distinct primes dividing |G| will be denoted byπ(G).

A T -group is a group G in which normality is a transitive relation, that is, if H ⊴ K ⊴ G, then H ⊴ G. T -groups were studied by Gaschütz [10] and he proved that every finite solvable T -group is a subgroup closed T -group (the group and all of its subgroups are T -groups). Recently, van der Waall and Fransman [16] introduced the concept of a T_0-group as a generalization of a T -group. A group G is said to be a T_0-group if G/Φ(G) is a T -group. It is clear that the class of T_0-groups contains the classes of T -groups and nilpotent groups. In contrast to the fact of Gaschü tz and the fact that every nilpotent group is a subgroup closed, it does not hold in general that a finite solvable T_0-group is a subgroup closed T_0-group, see; [16, Example 3.7, p. 66], see also Example 2.1 of Asaad and Heliel [2]. In [2], the authors determined the structure of a minimal non T_0-group (non T_0-group all of its proper subgroups are T_0-groups).

2010 Mathematics Subject Classification. 20D10, 20D15, 20D20.

Key words and phrases. T -groups, T_0-groups, P ST -groups, Permutable subgroups, Solvable groups, Supersolvable groups, Nilpotent groups.

This research was supported by the Deanship of Scientific Research (DSR), King Abdulaziz University (KAU), Jeddah, Project No. 430/036-3 (2010). 13

Recall that a subgroup H of a group G is said to be permutable in G if HK = KH for all subgroups K of G, and H is said to be S-permutable if HP = P H for all Sylow subgroups P of G. Kegel [13] showed that an S-permutable subgroup of G is subnormal. From this it follows that Spermutability is a transitive relation in G (i.e. H is S-permutable in G whenever it is S-permutable in some S-permutable subgroup of G), precisely when every subnormal subgroup of G is S-permutable. Groups with this property are called P ST -groups.

A group G is said to be factorized if it can be expressed as a product of two of its subgroups H and K, as follows: G = HK. A well-known theorem by Kegel and Wielandt asserts that G is solvable provided that H and K are nilpotent. This theorem has been the motivation for a number of results in the literature on factorized groups. For example, taking into account the fact that the product of two normal supersolvable subgroups of G is not necessarily supersolvable, Baer [5] proved that if G is the product of two normal supersolvable subgroups and G^′ (the commutator subgroup of G) is nilpotent, then G is supersolvable. Friesen [9] proved that if G is the product of two normal supersolvable groups of coprime indices, then G is supersolvable. Asaad and Shaalan [4] proved that if G = HK is a mutually permutable product of the supersolvable subgroups H and K such that (|H| , |K|) = 1, then G is supersolvable. They also proved that if G is a product of the supersolvable subgroups H and K, then G is supersolvable if H and K are totally permutable ( H and K are totally permutable if every subgroup of H permutes with every subgroup of K and vice-versa). Heliel [11] proved that if G = HK is a mutually permutable product of the subgroups H and K such that (|H| , |K|) = 1, then G is a solvable T -group if and only if H and K are solvable T -groups. Recently, in [6], Ballester-Bolinches and Cossey proved that if G = HK is a totally permutable product of the solvable P ST -groups H and K such that (|G : H| , |G : K|) = 1, then G is a solvable P ST -group. In [14], Ramadan, Heliel and Enjy Ahmed received some new results in the same line. The reader is referred to [7] for more details and results of totally and mutually permutable product of groups. The purpose of this paper is to continue the above mentioned investigations.

2. Preliminaries

Lemma 2.1 (See [2]). G is a subgroup closed T -group if and only if G is a (supersolvable) solvable T -group.

Let G be a group and let p_1 > p_2 > · · · > p_r be the distinct primes dividing |G|. Then G is said to satisfy the Sylow tower property (or G has a Sylow tower of supersolvable type) if there exist P_1, P_2, . . . , P_r such that each P_i is a Sylow p_i-subgroup of G and P_1P_2 . . . P_k ⊴ G for k = 1, 2, . . . , r.

Lemma 2.2 (See [4]). Assume that the group G = HK is a mutually permutable product of the subgroups H and K. If H and K satisfy the Sylow tower property, then G satisfies the Sylow tower property.

Lemma 2.3 (See Gaschütz [10], also [15, p. 406]). If H is a normal Hall subgroup of G such that G/H is a T -group and all subnormal subgroups of H are normal in G, then G is a T -group.

Lemma 2.4 (See [2]).

(i) If G is a solvable T_0-group, then G is supersolvable. (ii) A subgroup closed T_0-group is supersolvable.

Lemma 2.5 (See [1]). If H and K are solvable subgroups of a group G with |G : H| = p and |G : K| = q, where p and q are distinct primes in π(G), then G is solvable.

Lemma 2.6 (See [2]). If G is a minimal non T_0-group, then:

(i) G^′ is nilpotent. (ii) |π(G)| = 2.

Lemma 2.7 (See [3]). Suppose that H and K are solvable T -groups of a group G with |G : H| = p and |G : K| = q, where p and q are distinct primes in π(G) and p is the largest prime such that p ≢ 1 mod (q). Then G is a solvable T -group.

3. Results

We first prove the following result.

Theorem 3.1. Assume that the group G = HK is a mutually permutable product of the subgroups H and K such that (|G : H|, |G : K|) = 1. Then G is a solvable T -group iff H and K are solvable T -groups.

Proof. Suppose first that H and K are solvable T -groups. By Lemma 2.1 and Gaschűtz [10], we have that both H and K are supersolvable. Therefore, by Lemma 2.2, G has a Sylow tower of supersolvable type and hence P is normal in G, where P is a Sylow p-subgroup of G and p is the largest prime dividing the order of G. We treat the following two cases:

Case 1. p divides |G : K|.

Then p does not divide |G : H| and we have that P � H^x for some x in G. Since H^x has the same properties as H, we can replace H^x by H and hence we can assume, without loss of generality, that P � H. Now, as P ⊴ G, we have G/P = (H/P )(KP/P ), where H/P and KP/P are mutually permutable subgroups of coprime indices in G/P . Furthermore, KP/P ∼= K/P ∩ K is a solvable T -group as K is a T -group. By induction on |G|, G/P is a solvable T -group. Let P_1 be an arbitrary subgroup of P . Clearly, P_1 is subnormal in H and so normal in H as H is a T -group. By hypothesis, P_1K is a subgroup of G and so P_1K possesses a Sylow tower of supersolvable type. Hence P_1 ⊴ P_1K and, since P_1 ⊴ H, it follows that P_1 ⊴ G. Now, by applying Lemma 2.3, we have that G is a solvable T -group.

Case 2. p does not divide |G : K|.

Then p divides |G : H| or p does not divide |G : H|. If p divides |G : H|, then P ≤ K and we can easily prove that G is a solvable T -group as in case 1. If p does not divide |G : H|, then P is contained in K and H. By induction on |G|, G/P is a solvable T -group. Let P_1 be an arbitrary subgroup of P . Then P_1 is subnormal and therefore normal in H and K as H and K are T -groups. Applying Lemma 2.3 again, G is a solvable T -group.

Conversely, if G is a solvable T -group, then by Lemma 2.1, H and K are solvable T -groups. This completes the proof of the theorem. □

As an immediate consequences, we have the following corollaries.

Corollary 3.2. Assume that H and K are normal subgroups of a group G whose indices are relatively prime. Then G is a solvable T -group iff H and K are solvable T -groups.

Corollary 3.3. Assume that H and K are normal subgroups of a group G such that G = HK and (|H| , |K|) = 1. Then G is a solvable T -group iff H and K are solvable T -groups.

Corollary 3.4 ([11]). Assume that H and K are mutually permutable subgroups of a group G such that G = HK and (|H| , |K|) = 1. Then G is a solvable T -group iff H and K are solvable T -groups.

Corollary 3.5. If H and K are normal solvable T_0-groups of a group G whose indices are relatively prime, then G is a solvable T_0-group.

Proof. Consider two cases:

Case 1. Φ(G) ≠ 1.

Clearly, G = HK and hence G/Φ(G) = (HΦ(G)/Φ(G))(KΦ(G)/Φ(G)), where HΦ(G)/Φ(G) and KΦ(G)/Φ(G) are normal solvable T_0-groups of the G/Φ(G) whose indices are relatively prime. By induction on |G|, G/Φ(G) is a solvable T_0-group and hence G is a solvable T_0-group.

Case 2. Φ(G) = 1.

Since H and K are normal subgroups of G, we have that both Φ(H) and Φ(K) are contained in Φ(G) = 1 which just means that H and K are solvable T -groups. By Corollary 3.2, G is a solvable T -group, hence G is also a solvable T_0-group. This completes the proof of the corollary. □

Corollary 3.6 ([11]). Assume that H and K are normal subgroups of a group G such that G = HK and (|H| , |K|) = 1. Then G is a solvable T_0-group iff H and K are solvable T_0-groups.

Now we prove the following theorem.

Theorem 3.7. Assume that H and K are subgroup closed T_0-groups of a group G with |G : H| = p and |G : K| = q, where p and q ≠ p stand for primes. Then G is a subgroup closed T_0-group or G^′ is nilpotent and π(G) = {p, q}.

Proof. By Lemma 2.4(ii), H and K are supersolvable (in particular, solvable) groups and, by Lemma 2.5, it follows that G = HK is a solvable group. Let M be an arbitrary maximal subgroup of G. Then, as G is solvable, M has a prime power index in G. We argue that M is a subgroup closed T_0-group. If M is conjugate to H or K, then M is a subgroup closed T_0-group. Thus, we may assume that M is neither conjugate to H nor K. Then, by [8, p. 57, Theorem 16.2], G = MH = MK. Hence, |G : H| = |M : M ∩ H| = p and |G : K| = |M : M ∩ K| = q, where M ∩ H and M ∩ K are subgroup closed T_0-groups of M. By induction on |G|, M is a subgroup closed T_0-group. Since M is an arbitrary maximal subgroup of G, we have that all proper subgroups of G are T_0-groups. If G is a T_0-group, then G is a subgroup closed T_0-group and we are done. If G is not a T_0-group, then G is a minimal non T_0-group and, by Lemma 2.6, we have that G^′ is nilpotent and π(G) = {p, q} which completes the proof. □

The motivation for the next result is as follows: Van der Waall and Fransman [16] proved that if G is a subgroup closed T_0-group which all of its Sylow subgroups are T -groups, then G is a subgroup closed T -group (solvable T - group). Now, we extend this result and give a sufficient condition for the T -solvability of G as follows:

Theorem 3.8. Assume that G is a solvable T_0-group which all of its Sylow subgroups are elementary abelian. Then G is a solvable T -group (subgroup closed T -group).

Proof. Assume that the result is false and let G be a counterexample of minimal order. Since G is a T_0-group, it follows that G/Φ(G) is a T -group. Our choice of G implies that Φ(G) ≠ 1. By Lemma 2.4(i), G is supersolvable. Then, for the largest prime p dividing the order of G, P ⊴ G, where P is a Sylow psubgroup of G. If q divides Φ(G), q ≠ p; let Q be a Sylow q-subgroup of Φ(G). Since Q is characteristic in Φ(G), we have that Q ⊴ G and therefore G/Q is a solvable T_0-group all of its Sylow subgroups are elementary abelian. By the minimality of G, G/Q is a solvable T -group and so each subgroup of P Q/Q is normal in G/Q. Let L be an arbitrary subgroup of P . Then LQ/Q ⊴ G/Q and so LQ ⊴ G. But LQ is supersolvable, then L is characteristic in LQ (p > q) and, since LQ ⊴ G, we have L ⊴ G. Since G/P ∼= K, where K is a p^′-Hall subgroup in G, is a solvable T -group by our minimal choice of G, it follows, by Lemma 2.3, that G is a solvable T -group; a contradiction. Thus Φ(G) < P . By Maschke’s theorem [8, p. 38], P = Φ(G) × P_1, where P_1 is K-invariant subgroup of G. Since P is abelian and P_1 is K-invariant subgroup of G, we have P_1 ⊴ G and therefore G = P K = Φ(G)(P_1K) = P_1K which is impossible; a final contradiction completing the proof of the theorem. □

We need the following result.

Proposition 3.9. Let M be a T -group of a supersolvable group G, where G is not of prime power order. If |G : M| = p, where p is the largest prime in π(G) such that p ≢ 1 mod (q) for all q ∈ π(G) − {p}, then G is a solvable T -group.

Proof. We prove the result by induction on the order of G. Let H be a maximal subgroup of G. Since G is supersolvable, it follows that |G : H| = q for some prime q ≠ p. Clearly, H is not conjugate to M and, since G is solvable, it follows, by a well-known result of Ore [8, p. 57, Theorem 16.2], that G = MH. Since |G : M| = |H : M ∩ H| = p and M ∩ H is a T -group, we have that H is a solvable T -group by induction on the order of G. Now, we have that M and H are solvable T -groups of a group G with |G : M| = p and |G : H| = q, where p and q are distinct primes in π(G) and p is the largest prime in π(G) such that p ≢ 1 mod (q). Applying Lemma 2.7 yields that G is a solvable T -group completing the proof. □

Now, we can prove the following theorem.

Theorem 3.10. Let M be a T_0-group of a supersolvable group G. If |G : M| = p, where p is the largest prime in π(G) such that p ≢ 1 mod (q) for all q ∈ π(G) − {p}. Then G is a solvable T_0-group.

Proof. Assume that the result is false and let G be a counter-example of minimal order. Then G is not of prime power order since if G is of prime power order, we have that G is nilpotent and so a T_0-group; a contradiction. We argue that Φ(G) = 1. If not, M/Φ(G) is a T_0-group and |G : M| = |G/Φ(G) : M/Φ(G)| = p, where p ≢ 1 mod q for all q ∈ π(G/Φ(G))−{p}. By the minimality of G, we have that G/Φ(G) is a solvable T_0-group, whence G is also a solvable T_0-group; a contradiction. Thus, Φ(G) = 1. Since, G is solvable and Φ(G) = 1, it follows, by [12, p. 279, Satz 4.5], that the Fitting subgroup F (G) = L_1 × L_2 × · · · × L_r, where L_s(s = 1, 2, . . . , r) are (abelian) minimal normal subgroups of G. As G is supersolvable, we have that all chief factors of G are of prime orders and hence |L_s| =prime. Now, we argue that L_s ≤ M for all s (s = 1, 2, . . . , r). If not, then there exists L_s ≰ M and G = L_sM. Clearly, L_s ∩ M = 1 and |L_s| = p. If C_G(L_s) ≠ G, then G/C_G(L_s) ⊆ Aut(L_s) which implies that p ≡ 1 mod (q) for some q ∈ π(G) − {p}; a contradiction. Thus, C_G(L_s) = G which implies that L_s ≤ Z(G) and so M ⊴ G. Since M is a T_0-group and Φ(M) ≤ Φ(G) = 1, we have that M is a T -group. Applying Proposition 3.9, we have that G is a solvable T -group, whence also a solvable T_0-group; a contradiction. Thus, we may assume that L_s ≤ M for every s (s = 1, 2, . . . , r) and hence F (G) ≤ M. Since G is supersolvable, it follows that G^′ is nilpotent and so G^′ ≤ F (G) ≤ M which implies easily that M ⊴ G. Again, as Φ(M) = 1, M is a T -group and, by applying Proposition 3.9, G is a solvable T_0-group; a final contradiction completing the proof of the theorem. □

Remark 3.11. The condition that p ≢ 1 mod (q) in Proposition 3.9 and Theorem 3.10 can not be omitted. For example, let G = S_3 × C_3, where S_3 is the symmetric group of degree 3 and C_3 = ⟨c : c^3 = 1⟩. Take M = S_3. Then M is a T -group (T_0-group) and |G : M| = 3, 3 ≡ 1 mod (2), but G is not a solvable T -group (T_0-group).

Remark 3.12. The converse of Theorem 3.10 is not true. For example, set G = D_8 × E, where D_8 is the dihedral group of order 8 and E is a nonabelian group of order 3^3. Clearly, D_8 and E are solvable T_0-groups and (|D_8|, |E|) = 1. Thus, Corollary 3.6 implies that G is a solvable T_0-group. Now, let M = D_8×L, where |L| = 3^2. Then M is a maximal solvable T_0-group, |G : M| = 3 and 3 ≡ 1 mod (2).

4. Acknowledgement

The authors thank the referee for his or her helpful comments.

References

[1] M. Asaad. On the solvability, supersolvability and nilpotency of finite groups. Ann.

Univ. Sci. Budapest. Eötvös Sect. Math., 16:115–124, 1973.

[2] M. Asaad and A. A. Heliel. Finite groups in which normality is a transitive relation.

Arch. Math. (Basel), 76(5):321–325, 2001.

[3] M. Asaad, M. Ramadan, and A. M. Elkholi. On solvable T -groups. Pure Math. Appl., 6(4):313–319, 1995.

[4] M. Asaad and A. Shaalan. On the supersolvability of finite groups. Arch. Math. (Basel), 53(4):318–326, 1989.

[5] R. Baer. Classes of finite groups and their properties. Illinois J. Math., 1:115–187, 1957. [6] A. Ballester-Bolinches and J. Cossey. Totally permutable products of finite groups satisfying SC or PST. Monatsh. Math., 145(2):89–94, 2005.

[7] A. Ballester-Bolinches, R. Esteban-Romero, and M. Asaad. Products of finite groups, volume 53 of de Gruyter Expositions in Mathematics. Walter de Gruyter GmbH & Co. KG, Berlin, 2010.

[8] K. Doerk and T. Hawkes. Finite soluble groups, volume 4 of de Gruyter Expositions in Mathematics. Walter de Gruyter & Co., Berlin, 1992.

[9] D. K. Friesen. Products of normal supersolvable subgroups. Proc. Amer. Math. Soc., 30:46–48, 1971.

[10] W. Gaschütz. Gruppen, in denen das Normalteilersein transitiv ist. J. Reine Angew.

Math., 198:87–92, 1957.

[11] A. A. Heliel. Finite groups in which normality is a transitive relation. MSc thesis, Cairo University, 1995.

[12] B. Huppert. Endliche Gruppen. I. Die Grundlehren der Mathematischen Wissenschaften, Band 134. Springer-Verlag, Berlin, 1967.

[13] O. H. Kegel. Sylow-Gruppen und Subnormalteiler endlicher Gruppen. Math. Z., 78:205– 221, 1962.

[14] M. Ramadan, A. A. Heliel, and E. Ahmed. Finite groups whose subnormal subgroups are S-permutable. Ital. J. Pure Appl. Math., 24:237–246, 2008.

[15] D. J. S. Robinson. A course in the theory of groups, volume 80 of Graduate Texts in Mathematics. Springer-Verlag, New York, second edition, 1996.

[16] R. W. van der Waall and A. Fransman. On products of groups for which normality is a transitive relation on their Frattini factor groups. Quaestiones Math., 19(1-2):59–82, 1996.

Received May 15, 2011.

(A. A. Heliel, permanent address) Department of Mathematics, Faculty of Science, Beni-Suef University, Beni-Suef, Egypt

(A. A. Heliel, current address) Department of Mathematics, Faculty of Science, King Abdulaziz University, 21589 Jeddah, Saudi Arabia E-mail address: Heliel9@yahoo.com

(M. M. Al-Mosa Al-Shomrani) Department of Mathematics, Faculty of Science 80203, King Abdulaziz University, 21589 Jeddah, Saudi Arabia.