Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 27 (2011), 299–305

www.emis.de/journals
ISSN 1786-0091

FIXED POINT THEOREMS FOR A GENERAL CLASS OF ALMOST CONTRACTIONS IN METRIC SPACES

GBENGA AKINBO AND OLUWATOSIN MEWOMO

Abstract. In this paper, we prove the existence of fixed points and common fixed points for a general class of almost contraction mappings in metric spaces. This class of almost contractions is an extension and generalization of several contractive conditions in the literature. Our main results are established without forcing the metric space to be complete.

1. Introduction

Let (X, d) be a complete metric space. A self-mapping T of X with

(1.1) d(T x, T y) ≤ ad(x, y) for all x, y ∈ X,

where a is a constant satisfying 0 ≤ a < 1, is called a contraction. The popular Banach’s contraction principle, which is one of the most important results in non-linear analysis, states that any contraction mapping T : X → X has a unique fixed point in X; and that the Picard iteration {x_n}^∞_{n=0} defined by x_{n+1} = T x_n, n = 0, 1, 2, . . . converges to the unique fixed point.

As beautiful as the Banach’s contraction principle is, one setback suffered by the theorem is that the contractive condition (1.1) implies that T must be continuous on X. A series of fruitful efforts have been made, over the years, to address this setback. Several weaker contractive conditions were introduced which do not force T to be continuous on X. In 1968, Kannan [14] replaced (1.1) with the following: there exists a constant b ∈ [0,^1_2 ) such that

(1.2) d(T x, T y) ≤ b(d(x, T x) + d(y, T y))for all x, y ∈ X.

A similar condition to (1.2) was given in 1972 by Chatterjea [11] as follows.

(1.3) d(T x, T y) ≤ c(d(x, T y) + d(y, T x)) for all x, y ∈ X,

where constant c satisfies c ∈ [0,^1_2 ).

Several other results abound in the literature which are devoted to obtaining fixed points without necessarily requiring the continuity of T . For more on

2010 Mathematics Subject Classification. 47H10, 54H25.

Key words and phrases. A-contractions, almost A-contractions, arbitrary metric space. 299

these various earlier definitions of contractive mappings, the reader may see [3], [8] [19] and others.

One of such classes of contractions, introduced by V. Berinde in [6], which is of interest to us in this paper is the almost contractions. T : X → X is said to be an almost contraction if there exists a constant δ ∈ [0, 1) and some L ≥ 0 such that

(1.4) d(T x, T y) ≤ δ · d(x, y) + Ld(y, T x) for all x, y ∈ X,

It is well known that an almost contraction needs not have a unique fixed point. For example, if (X, d) is the closed unit interval [0, 1] with the usual metric, and T is the identity map on X, the condition (1.4) above is clearly satisfied whenever L ≥ 1 − δ but the fixed point set of T is the entire interval [0, 1].

A detailed study of almost contractions can be found in [17]. Interested reader may also see Berinde [4, 5, 6, 7, 8] and Osilike [16] for various convergence and stability results obtained using the class of almost contractions and its weaker forms.

In this paper, we shall establish fixed point results involving a general class of almost contractions in metric spaces.

2. Preliminary results

In 2008, Akram, Zafar and Siddiqui[2] introduced a general class of contractions called A-contractions. They gave the following definition.

Let R_+ denote the set of all nonnegative real numbers and A the set of all functions α : R^3_+ → R_+ satisfying the following conditions.

(i) α is continuous on the set R^3_+ (ii) a ≤ kb for some k ∈ [0, 1) whenever a ≤ α(a, b, b) or a ≤ α(b, a, b) or a ≤ α(b, b, a) for all a, b ∈ R_+.

Definition 1. A self-mapping T of a metric space X is said to be an Acontraction if it satisfies

(2.1) d(T x, T y) ≤ α(d(x, y), d(x, T x), d(y, T y))

for all x, y ∈ X and some α ∈ A.

The authors demonstrated how the A-contractions is a proper super class of several other existing classes of contractions. They obtained a unique fixed point in a complete metric space X and showed that the Picard iteration converges to the unique fixed point.

From the foregoing, it becomes natural to define a class of almost Acontractions by replacing condition (2.1) in Definition 1 above with (2.2) in the following.

Definition 2. A self-mapping T of a metric space X is an almost A-contraction if for some α ∈ A and a constant L ≥ 0, the following condition is satisfied: (2.2) d(T x, T y) ≤ α(d(x, y), d(x, T x), d(y, T y)) + Ld(y, T x) for all x, y ∈ X. Theorem 1. Let T be an almost A-contraction on a complete metric space X. Then

(i) T has a fixed point in X;

(ii) For any x_0 ∈ X, the Picard iteration {x_n}^∞_{n=0} given by x_{n+1} = T x_n, n = 0, 1, 2, . . . converges to some fixed point u of T;

(iii) The following estimate holds (2.3) d(x_n, u) ≤ k^n 1 − k d(x_0, x_1), n = 0, 1, 2, . . .

for some k ∈ [0, 1).

Proof. For any x_0 ∈ X, since T is an almost A-contraction, there exist α ∈ A and a constant L ≥ 0 such that, with x = x_{n−1} and y = x_n, (2.2) gives d(x_n, x_{n+1}) = d(T x_{n−1}, T x_n)

≤ α(d(x_{n−1}, x_n), d(x_{n−1}, T x_{n−1}), d(x_n, T x_n)) + Ld(x_n, T x_{n−1}) = α(d(x_{n−1}, x_n), d(x_{n−1}, x_n), d(x_n, x_{n+1})) This implies that d(x_n, x_{n+1}) ≤ kd(x_{n−1}, x_n) n = 1, 2, . . .

for some k ∈ [0, 1). By induction, we obtain d(x_n, x_{n+1}) ≤ k^nd(x_0, x_1), n = 0, 1, 2, . . . .

Therefore, for a natural number m > n where n = 0, 1, 2, . . . , using the triangle inequality, we have

d(x_n, x_m) ≤ d(x_n, x_{n+1}) + d(x_{n+1}, x_{n+2}) + · · · + d(x_{m−1}, x_m) ≤ k^nd(x_0, x_1) + k^{n+1}d(x_0, x_1) + · · · + k^{m−1}d(x_0, x_1) ≤ k^nd(x_0, x_1)[1 + k + . . . + k^{m−n−1} + · · · ] = k^n 1 − k d(x_0, x_1) In other words, for any m > n, n = 0, 1, 2, . . ., (2.4) d(x_n, x_m) ≤ k^n 1 − k d(x_0, x_1).

This shows that {x_n}^∞_{n=0} is a Cauchy sequence and since X is complete, there exists u ∈ X with lim_{n→∞}x_n = u. In addition, by the continuity of α, d(u, T u) ≤ d(u, x_n) + d(T x_{n−1}, T u)

≤ d(u, x_n) + α(d(x_{n−1}, u), d(x_{n−1}, x_n), d(u, T u)) + Ld(u, x_n),

This gives

d(u, T u) ≤ d(u, u) + α(d(u, u), d(u, u), d(u, T u)) + Ld(u, u), as n → ∞. That is, d(u, T u) ≤ α(0, 0, d(u, T u)), which implies that d(u, T u) ≤ 0. Thus, T u = u. Therefore, u is a fixed point of T .

This shows that for any x_0 ∈ X, the Picard iteration converges to a fixed point u ∈ X. Finally, we obtain (iii) by letting m → ∞ in (2.4). □ In the part (ii) of Theorem 1 of [2], it was shown that for some constant r ∈ [0,^1_2 ) we have r(d(T x, x) + d(T y, y)) = α(d(x, y), d(T x, x), d(T y, y)) whenever α ∈ A. Thus we obtain the following corollary.

Corollary 1. Let T be a self-mapping of a complete metric space X satisfying d(T x, T y) ≤ r(d(T x, x) + d(T y, y)) + Ld(y, T x) for all x, y ∈ X, for some constant r ∈ [0,^1_2 ). Then

(i) T has a fixed point in X;

(ii) for any x_0 ∈ X, the Picard iteration {x_n}^∞_{n=0} given by x_{n+1} = T x_n, n = 0, 1, 2, . . . converges to some fixed point u of T; and (iii) The following estimate holds d(x_n, u) ≤ k^n 1 − k d(x_0, x_1), n = 0, 1, 2, . . . , for some k =^r_{1−r} ∈ [0, 1).

In part (i) of the same theorem of [2], it was also shown that for 0 ≤ h < 1, 0 ≤ r <^1_2 , the following inequality holds. h √ d(T x, x)d(T y, y) ≤ r(d(T x, x) + d(T y, y)).

Therefore, from Corollary 1, we have Corollary 2. Let T be a self-mapping of a complete metric space X satisfying d(T x, T y) ≤ h √ d(T x, x)d(T y, y) + Ld(y, T x) for all x, y ∈ X, for some constant h ∈ [0, 1). Then

(i) T has a fixed point in X;

(ii) for any x_0 ∈ X, the Picard iteration {x_n}^∞_{n=0} given by x_{n+1} = T x_n, n = 0, 1, 2, . . . converges to some fixed point u of T ; and (iii) The following estimate holds d(x_n, u) ≤ k^n 1 − k d(x_0, x_1), n = 0, 1, 2, . . . , for some k =^h_2 .

We shall illustrate Theorem 1. with the following example.

Example. Let X = [0, 1] with the usual metric d(x, y) = |x − y|. Define T : X → X by

T x = { 0 if x = 0 1 2 if x ∈ (0, 1].

Observe that the fixed point set of T , F_T = {0,^1_2 }.

Define α : R^3_+ → R_+ by α(a_1, a_2, a_3) =^1_4 (a_1 +a_2 +a_3) for all a_1, a_2, a_3 ∈ R_+. It is easy to see that α ∈ A (see [1]).

When x = y = 0, or when x > 0 and y > 0, (2.2) is clearly satisfied. Indeed, the left hand side of the inequality is 0.

Moreover, when x = 0 and y > 0, (2.2) holds whenever L ≥^1_8 . Finally, when x > 0 and y = 0, (2.2) is satisfied provided L ≥^1_4 .

Remark. It is clear that the mapping T as defined in the example above, fails to satisfy inequality (1.4). If we choose x = 0 and y ∈ (0, 1], then by the contractive condition (1.4) we get | | |0 − 1 2 | | | ≤ δ|0 − y| + L|y − 0|

from which, by letting y → 0 we get the contradiction^1_2 < 0. Thus, the class of almost A-contractions is larger than that of almost contractions.

3. Fixed points for almost A-contractions in arbitrary metric space.

Our main interest in this section is to obtain fixed points for almost Acontractions without necessarily requiring X to be complete.

Inspired by section 5 of [13], let T be a self-mapping of an arbitrary metric space X. We assume that a function f : X → R_+ defined by f(x) = d(x, T x), for all x ∈ X, attains its minimum in X. The following result shows existence of a fixed point of T without the completeness condition.

Theorem 2. Let T be an almost A-contraction on a metric space X. Assume there exists a point u ∈ X such that

(3.1) f(u) = inf{f(x) : x ∈ X},

where f(x) = d(x, T x) for all x ∈ X. Then u is a fixed point of T .

Proof. Define a sequence {T^nx} in X by T^{n+1}x = T T^nx, for n = 0, 1, 2, . . .. Since T is an almost A-contraction, then for some constant k ∈ [0, 1) and any x ∈ X, we have

d(T^nx, T^{n+1}x) ≤ k^nd(x, T x), n = 0, 1, 2, . . . .

Suppose d(u, T u) > 0, then for a positive integer j, we obtain

d(T^ju, T^{j+1}u) ≤ k^jd(u, T u).

That is, f(T^ju) ≤ k^j f(u). This contradicts (3.1). Hence d(u, T u) = 0, so that T u = u. □

Finally in the following theorem, two metrics d and ρ are defined on a nonempty set X. Completeness is limited to only (X, d) while (X, ρ) is left as an arbitrary metric space.

Theorem 3. Let X be a nonempty set with metrics d and ρ. Let S and T be a self-mappings of X such that

(i) d(x, y) ≤ ρ(x, y), for all x, y ∈ X; (ii) (X, d) is complete;

(iii) T is continuous on (X, d);

(iv) The following condition holds for some α ∈ A, and L ≥ 0;

ρ(Sx, T y) ≤ α(ρ(x, y), ρ(x, Sx), ρ(y, T y)) + Lρ(y, Sx)ρ(x, T y). Then S and T have a common fixed point u ∈ X. Proof. For any x_0 ∈ X, define sequence {x_n}^∞_{n=0} by

x_n = { Sx_{n−1} when n is odd; T x_{n−1} when n is even.

Then, when n is odd, condition (iv) yields

ρ(x_1, x_2) = ρ(Sx_0, T x_1)

≤ α(ρ(x_0, x_1), ρ(x_0, Sx_0), ρ(x_1, T x_1)) + Lρ(x_1, Sx_0)ρ(x_0, T x_1)) = α(ρ(x_0, x_1), ρ(x_0, x_1), ρ(x_1, x_2)) + Lρ(x_1, x_1)ρ(x_0, x_2)) = α(ρ(x_0, x_1), ρ(x_0, x_1), ρ(x_1, x_2)) That is, ρ(x_1, x_2) ≤ kρ(x_0, x_1). Similarly, when n is even, we have ρ(x_2, x_3) ≤ kρ(x_1, x_2).

Therefore for all n ∈ N, (iv) gives ρ(x_n, x_{n+1}) ≤ kρ(x_{n−1}, x_n). This inductively gives ρ(x_n, x_{n+1}) ≤ k^nρ(x_0, x_1).

As in the proof of Theorem 1, the sequence {x_n} is Cauchy in (X, ρ). The sequence is also Cauchy in (X, d) since condition (i) holds. Furthermore, it converges to a point u ∈ X on the account of condition (ii).

Using (iii), we have T u = T (lim_{n→∞} T^nx) = lim_{n→∞} T^{n+1}x = u. That is u is a fixed point of T in X.

Finally, by (iv), ρ(Su, u) = ρ(Su, T u) ≤ α(ρ(u, u), ρ(u, Su), ρ(u, T u)) + Lρ(u, Su)ρ(u, T u) = α(0, ρ(Su, u), 0) Therefore, ρ(Su, u) = 0. Hence u is a common fixed point of S and T . □

References

[1] G. Akinbo, M. O. Olatinwo and A. O. Bosede. A note on A-contractions and common fixed points. Acta Univ. Apulensis Math. Inform., 23:91-98, 2010.

[2] M. Akram, A. A. Zafar and A. A. Siddiqui. A general class of contractions: Acontractions. Novi Sad J. Math., 38(1):25-33, 2008.

[3] V. Berinde. Iterative approximation of fixed points. Baia Mare: Efemeride, 2002. [4] V. Berinde. Approximating fixed points of φ-contractions using the Picard iteration.

Fixed Point Theory, 4(2):131-142, 2003.

[5] V. Berinde. On the approximation of fixed points of weak contractive mappings.

Carpathian J. Math., 19(1):7-22, 2003.

[6] V. Berinde. Approximating fixed points of weak contractions using the Picard iteration.

Nonlinear Analysis Forum, 9(1):43-53, 2004.

[7] V. Berinde. Iterative approximation of Fixed Points. 2nd edition, Springer Verlag, Berlin Heidelberg New York, 2007.

[8] V. Berinde. General constructive fixed point theorems for Ciric-type almost contractions in metric spaces. Carpathian J. Math., 24:10-19, 2008.

[9] V. Berinde and M. Pacurar. Fixed points and continuity of almost contractions. Fixed Point Theory, 9(1):23-34, 2008.

[10] Z. Chuanyi. The generalized set-valued contraction and completeness of the metric space. Math. Japonica, 35(1):111-118, 1990.

[11] S. K. Chatterjea. Fixed point theorems, C.R. Acad. Bulgare Sci., 25:727-730, 1972. [12] C. O. Imoru and M. O. Olatinwo. On the stability of Picard and Mann iteration processes. Carpathian J. Math., 19:155-160, 2003.

[13] J. Jachymski. Fixed points of maps with a contractive iterate at a point. Math. Balkanica (N.S.), 9(Fasc.4):244-254, 1994.

[14] T. Kannan. Some results on fixed points. Bull. Calcutta Math. Soc., 60:71-76, 1968. [15] M. S. Khan. On fixed point theorems. Math. Japonica, 23(2):201-204, 1978/79. [16] M. O. Osilike. Stability results for fixed point iteration procedures. J. Nigerian Math.

Soc., 14/15:17-28, 1995/96.

[17] M. Pacurar. Iterative Methods for Fixed Point Approximation. Risoprint, Cluj-Napoca, 2010.

[18] S. Reich and T. Kannan. Fixed point theorem. Boll. Un. Math. Ital., 188:436-440, 1994. [19] B. E. Rhoades. A comparison of various definitions of contractive mappings. Trans.

Amer. Math. Soc., 226:257-290, 1977.

Received March 29, 2011.

Obafemi Awolowo University, Ile-Ife, Nigeria E-mail address: agnebg@yahoo.co.uk

University of Agriculture, Abeokuta, Nigeria E-mail address: tosinmewomo@yahoo.com