Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 27 (2011), 279–287

www.emis.de/journals
ISSN 1786-0091

MULTIPLICATION OPERATORS ON GENERALIZED LORENTZ-ZYGMUND SPACES

S. C. ARORA AND SATISH VERMA

Abstract. The invertible, compact and Fredholm multiplication operators on generalized Lorentz-Zygmund (GLZ) spaces L_{p,q;α}, 1 < p ≤ ∞, 1 ≤ q ≤ ∞, α in the Euclidean space R^m, are characterized in this paper.

1. Introduction Let f be a complex-valued measurable function defined on a σ-finite measure space (X, A, μ). For s ≥ 0, define μ_f the distribution function of f as

μ_f (s) = μ{x ∈ X : |f(x)| > s}.

By f^∗ we mean the non-increasing rearrangement of f given as

f^∗(t) = inf{s > 0 : μ_f (s) ≤ t}, t ≥ 0.

For t > 0, let

f^{∗∗}(t) = 1 t ∫_t 0 f^∗(s)ds and f^{∗∗}(0) = f^∗(0).

Now, let m ∈ N, and α = (α_1, α_2, . . . , α_m) ∈ R^m. Let us denote v^m_α , real-valued function defined by

v^m_α (t) = m∏ i=1 l^{αi}_i (t), t ∈ (0, +∞),

where l_1, l_2, . . . , l_m are non-negative functions defined on (0, +∞) by

l_1(t) = 1 + | log t|, l_i(t) = 1 + log l_{i−1}(t), i ∈ 2, . . . , m

2010 Mathematics Subject Classification. Primary 47B38; Secondary 46E30. Key words and phrases. generalized Lorentz-Zygmund space, multiplication operator, distribution function, non-increasing rearrangement. 279

For 1 < p ≤ ∞, 1 ≤ q ≤ ∞, and for f measurable function on X define ‖f‖_{p,q;α} as

‖f‖_{p,q;α} = { { ∫_∞ 0 ( t^{1/p}v^m_α (t)f^{∗∗}(t))^{q dt}_t }^{1/q}, 1 < p < ∞, 1 ≤ q < ∞, sup_{t>0} t^{1/p}v^m_α (t)f^{∗∗}(t), 1 < p ≤ ∞, q = ∞.

The generalized Lorentz-Zygmund (GLZ) space L_{p,q;α}, introduced in [10], consists of those measurable functions f on X such that ‖f‖_{p,q;α} < ∞. Also ‖ · ‖_{p,q;α} is a norm and L_{p,q;α} is a Banach space with respect to this norm. The GLZ-spaces are a particular case of more general spaces, namely the Lorentz- Karamata spaces [20]. The GLZ spaces include many familiar spaces, in particular those of Lebesgue, Lorentz, Lorentz-Zygmund, and some exponential Orlicz spaces by taking special choices of p, q, α and the functions v^m_α , α ∈ R^m, for more on these spaces one can refer to [5,6,8-12,19-21] and references therein. The above norm can also be put, using the usual L_q norm over the interval (0, +∞), in the form ‖ ‖f ‖ ‖_{p,q;α} = ‖ ‖t^1p^{− 1}q v^m_α (t)f^{∗∗}(t) ‖ ‖_q.

Let F (X) be a vector space of all complex-valued functions on a non-empty set X. Let u : X → C be a measurable function on X such that u · f ∈ F (X) whenever f ∈ F (X). This gives rise to a linear transformation M_u : F (X) → F (X) defined as M_uf = u · f, where the product of functions is pointwise. In case F (X) is a topological vector space and M_u is continuous, we call it a multiplication operator induced by u.

Multiplication operators have been studied on various function spaces in [1- 4,7,13,14,16,18,22,24], and references therein. Along the line of their arguments we study the multiplication operators on the generalized Lorentz-Zygmund spaces L_{p,q;α}, 1 < p ≤ ∞, 1 ≤ q ≤ ∞. First, we prove a characterization of the boundedness of M_u in terms of u, and show that the set of multiplication operators on L_{p,q;α}, 1 < p < ∞, 1 ≤ q < ∞ is a maximal abelian subalgebra of B(L_{p,q;α}), the Banach algebra of all bounded linear operators on L_{p,q;α}. We use it to characterize the invertibility of M_u on L_{p,q;α}. The compact and Fredholm multiplication operators are also characterized in this paper.

2. Characterizations

In this section boundedness and invertibility of the multiplication operator M_u are characterized in terms of boundedness and invertibility of the complexvalued measurable function u respectively.

Theorem 2.1. The linear transformation M_u : f → u · f on the GLZ space L_{p,q;α}, 1 < p ≤ ∞, 1 ≤ q ≤ ∞ is bounded if and only if u is essentially bounded. Moreover ‖M_u‖ = ‖u‖_∞.

Proof. Suppose u is essentially bounded. For f ∈ L_{p,q;α}, t > 0 we have (u · f)^∗(t) = inf{s > 0 : μ_{u·f} (s) ≤ t}

≤ inf{ ‖u‖_∞ s > 0 : μ_f (s) ≤ t} = ‖u‖_∞ f^∗(t). Consequently, (u · f)^{∗∗}(t) ≤ ‖u‖_∞f^{∗∗}(t).

Therefore, for 1 < p < ∞, 1 ≤ q < ∞,

(2.1) ‖ ‖M_uf ‖ ‖^q_{p,q;α} = ‖ ‖t^1p^{− 1}q v^m_α (t)(u · f)^{∗∗}(t) ‖ ‖^q ≤ ‖u‖^q_∞ ‖ ‖f ‖ ‖^q_{p,q;α}.

For q = ∞, 1 < p ≤ ∞, we have

‖M_uf‖_{p,∞;α} = sup_{t>0} t^{1/p}v^m_α (t)(u · f)^{∗∗}(t)

≤ ‖u‖_∞ sup_{t>0} t^{1/p}v^m_α (t)f^{∗∗}(t) = ‖u‖_∞‖f‖_{p,∞;α}.

Conversely, suppose M_u is a bounded operator on L_{p,q;α}, 1 < p < ∞, 1 ≤ q < ∞. If u is not χ_{En} lies in the GLZ space L_{p,q;α}. This follows from the following:

We have for t > 0, χ^∗_{En} (t) = χ_{[ 0, μ(En))}(t), and so

χ^{∗∗}_{En} (t) = 1 t ∫_t 0 χ^∗_{En} (s)ds = { 1, 0 ≤ t < μ(E_n), 1 t μ(E_n), t ≥ μ(E_n).

Since v^m_α (t) is a slowly varying function [8, 12, 20], therefore using property of the slowly varying function [12, Proposition 2.2(iv), p. 88], we have ‖ ‖χ_{En} ‖ ‖^q_{p,q;α} = ‖ ‖t^1p^{− 1}q v^m_α (t)χ^{∗∗}_{En} (t) ‖ ‖^q =

∫_∞ 0 t^{qp −1}(v^m_α (t))^q(χ^{∗∗}_{En} (t))^qdt = ∫_{μ(En)} 0 t^{qp −1}(v^m_α (t))^qdt + (μ(E_n))^q

∫_∞

μ(E_n)

t^{−q(1− 1p )−1}(v^m_α (t))^qdt = ‖ ‖t^1p^{− 1}q v^m_α (t) ‖ ‖^q_{,(0,μ(En))} + (μ(E_n))^q ‖ ‖t^{−(1− 1}p^{)− 1}q v^m_α (t) ‖ ‖^q_{,(μ(En),∞)}

≈ (μ(E_n))^{q/p}(v^m_α (μ(E_n)))^q + (μ(E_n))^q(μ(E_n))^{−q(1−1/p)}(v^m_α (μ(E_n)))^q = 2(μ(E_n))^{q/p}(v^m_α (μ(E_n)))^q < ∞.

Now,

{x ∈ X : |u(x)χ_{En} (x)| > s} ⊇ {x ∈ X : |χ_{En} (x)| > s/n}, gives for t > 0

(uχ_{En} )^∗(t) ≥ inf{s > 0 : μ{x ∈ X : |χ_{En} (x)| > s/n} ≤ t} = inf{ns > 0 : μ{x ∈ X : |χ_{En} (x)| > s} ≤ t} = nχ^∗_{En} (t).

Thus, ‖ ‖M_uχ_{En} ‖ ‖^q_{p,q;α} ≥ n^q ‖ ‖χ_{En} ‖ ‖^q_{p,q;α}

This contradicts the boundedness of M_u. Hence, u is essentially bounded.

For q = ∞, 1 < p ≤ ∞, the proof is similar.

From (2.1) we have ‖M_u‖ ≤ ‖u‖_∞. Now, for any ϵ > 0, let E denote the set {x ∈ X : |u(x)| ≥ ‖u‖_∞ − ϵ}.

Proceeding as above, on replacing E_n by E and n by ‖u‖_∞ − ϵ, we get ‖M_uχ_E ‖_{p,q;α} ≥ (‖u‖_∞ − ϵ)‖χ_E ‖_{p,q;α}.

Therefore ‖M_u‖ ≥ ‖u‖_∞ − ϵ, and hence ‖M_u‖ ≥ ‖u‖_∞. □ Theorem 2.2. The set of all multiplication operators on the GLZ space L_{p,q;α}, 1 < p < ∞, 1 ≤ q < ∞, is a maximal abelian subalgebra of B(L_{p,q;α}), the Banach algebra of all bounded linear operators on L_{p,q;α}.

Proof. Let M = {M_u : u ∈ L^∞(μ)}. Clearly, M is an abelian subalgebra of B(L_{p,q;α}). Let T be any bounded operator on L_{p,q;α} such that T M_u = M_uT for every u ∈ L^∞(μ). We shall prove that T = M_v for some v ∈ L^∞(μ). The proof given below runs on the same lines as in Conway [7, Proposition 12.4, p. 57]. Consider two cases.

Case 1. μ(X) < ∞. Let e denote the unity function (e(x) = 1, x ∈ X), then e ∈ L_{p,q;α}, as ‖ ‖e ‖ ‖^q_{p,q;α} ≈ (μ(X))^{1/p}(v^m_α (μ(X))) < ∞.

Let v = T e. Then for each E ∈ A, T χ_E = T M_{χE} e = M_{χE} T e = χ_Ev = vχ_E = M_vχ_E .

Let if possible v be not essentially bounded, then the set F_n = {x ∈ X : |v(x)| > n} has a positive measure for each natural number n. Thus, ‖T χ_{Fn} ‖_{p,q;α} = ‖M_vχ_{Fn} ‖_{p,q;α} ≥ n‖χ_{Fn} ‖_{p,q;α}.

This is a contradiction to the fact that T is bounded. Thus, v ∈ L^∞(μ). Since simple functions are dense [15, (2.4), p. 258] in L_{p,q;α}, we have T = M_v. This proves that T ∈ M and so M is maximal.

Case 2. μ(X) = ∞. Write X =

⋃_∞ n=1 A_n, where A_n ∈ A and μ(A_n) < ∞, since μ being σ-finite. For n ≥ 1, let

L_{p,q;α}(μ|A_n) = {χ_{An} f : f ∈ L_{p,q;α}} and L^∞(μ|A_n) = {χ_{An} u : u ∈ L^∞(μ)}. Now, for f ∈ L_{p,q;α}(μ|A_n), we have

T f = T χ_{An} f = T M_{χAn} f = M_{χAn} T f = χ_{An} T f ∈ L_{p,q;α}(μ|A_n). Let T_{An} be the restriction of T to L_{p,q;α}(μ|A_n). It is routine to show that T_{An} M_{uAn} = M_{uAn} T_{An} , for all u_{An} ∈ L^∞(μ|A_n). Apply Case 1 to T_{An} , there is a function v_{An} ∈ L^∞(μ|A_n), such that (2.2) T_{An} = M_{vAn} .

For m ≠ n and f ∈ L_{p,q;α}(μ|(A_m ∩ A_n)), we have v_{Am} f = M_{vAm} f = T_{Am} f = T f = T_{An} f = v_{An} f.

Thus, v_{Am} = v_{An} on A_m ∩ A_n. Therefore, setting v(x) = v_{An} (x) when x ∈ A_n gives a well-defined function on X. It is seen that v is measurable since v|A_n = v_{An} is measurable for each n ≥ 1. Also, ‖v_{An} ‖_∞ = ‖M_{vAn} ‖ = ‖T_{An} ‖ ≤ ‖T ‖ implies μ{x ∈ A_n : |v_{An} (x)| > ‖T ‖} = 0, ∀n ≥ 1 and so

μ{x ∈ X : |v(x)| > ‖T ‖} ≤ ∞∑ n=1 μ{x ∈ A_n : |v_{An} (x)| > ‖T ‖} = 0

gives that μ{x ∈ X : |v(x)| > ‖T ‖} = 0, hence ‖v‖_∞ ≤ ‖T ‖ and v ∈ L^∞(μ). Moreover, using (2.2), we have T f = M_vf whenever n ≥ 1 and f ∈ L_{p,q;α}(μ|A_n). Because X =

⋃_∞ n=1 A_n, the linear span of the spaces {L_{p,q;α}(μ|A_n)} is dense in L_{p,q;α}. Therefore T = M_v . □ Corollary 2.3. The multiplication operator M_u on L_{p,q;α}, 1 < p < ∞, 1 ≤ q < ∞ is invertible if and only if u is invertible in L^∞(μ). Proof. If M_u is invertible then M^{−1}_u commutes with all multiplication operators on L_{p,q;α} and hence M^{−1}_u = M_v for some v ∈ L^∞(μ). Therefore v is the inverse of u.

Conversely, if u is invertible, then M^{−1}_u = M_u−1 . □

3. Compact Multiplication Operators In this section we characterize compact multiplication operators.

Theorem 3.1. A multiplication operator M_u on GLZ space L_{p,q;α}, 1 < p ≤ ∞, 1 ≤ q ≤ ∞ is compact if and only if L^{p,q;α}(u, ϵ) is finite dimensional for each ϵ > 0, where

(u, ϵ) = {x ∈ X : |u(x)| ≥ ϵ} and L^{p,q;α}(u, ϵ) = {fχ_{(u,ϵ)} : f ∈ L_{p,q;α}}. Proof. If M_u is a compact operator, then L^{p,q;α}(u, ϵ) is a closed invariant subspace of M_u and hence M_u|_Lp,q;α_{(u,ϵ)} is a compact operator. Also for f ∈ L_{p,q;α}, t > 0

(ufχ_{(u,ϵ)})^∗(t) ≥ ϵ inf { s > 0 : μ{x ∈ X : |f(x)χ_{(u,ϵ)}(x)| > s} ≤ t }

= ϵ(fχ_{(u,ϵ)})^∗(t). This gives ‖M_ufχ_{(u,ϵ)}‖_{p,q;α} ≥ ϵ‖fχ_{(u,ϵ)}‖_{p,q;α}.

Thus, M_u|_Lp,q;α_{(u,ϵ)} has closed range in L^{p,q;α}(u, ϵ) and hence invertible. Being compact, L^{p,q;α}(u, ϵ) is finite dimensional.

Conversely, suppose that L^{p,q;α}(u, ϵ) is finite dimensional for each ϵ > 0. In particular for each natural number n, L^{p,q;α}(u, 1/n) is finite dimensional. For each n, define

u_n(x) = { u(x), x ∈ (u, 1/n), 0, otherwise.

Then u_n ∈ L^∞(μ) as u ∈ L^∞(μ). Moreover, for any f ∈ L_{p,q;α}, t > 0 ( (u_n − u) · f

)_∗

(t) = inf { s > 0 : μ_{(un−u)·f} (s) ≤ t }

≤ inf { s > 0 : μ{x ∈ X : |f(x)| > ns} ≤ t } = 1 n f^∗(t).

Consequently ‖(M_{un} − M_u)f‖_{p,q;α} ≤ 1 n ‖f‖_{p,q;α}.

This implies that M_{un} converges to M_u uniformly. As L^{p,q;α}(u, 1/n) is finite dimensional so M_{un} is a finite rank operator. Therefore M_{un} is a compact operator and hence M_u is a compact operator. □ Corollary 3.2. If μ is a non-atomic measure, then the only compact multiplication operator on the GLZ space L_{p,q;α} is the zero operator. Corollary 3.3. If for each ϵ > 0, the set (u, ϵ) contains only finitely many atoms, then M_u is a compact multiplication operator on the GLZ space L_{p,q;α}.

4. Fredholm Multiplication Operators In this section we first establish a condition for a multiplication operator to have a closed range and then we make use of it to characterize Fredholm multiplication operators on L_{p,q;α}, 1 < p < ∞, 1 < q < ∞, where μ is a non-atomic measure. Here the operator M_u is Fredholm if its range R(M_u) is closed, dim N(M_u) < ∞ and codim R(M_u) < ∞.

Theorem 4.1. A multiplication operator M_u on the GLZ space L_{p,q;α}, 1 < p ≤ ∞, 1 ≤ q ≤ ∞ has closed range if and only if there exists a δ > 0 such that |u(x)| ≥ δ a.e. on S = {x ∈ X : u(x) ≠ 0}, the support of u. Proof. If |u(x)| ≥ δ a.e. on S, then ‖M_ufχ_S ‖_{p,q;α} ≥ δ‖fχ_S ‖, for all f ∈ L_{p,q;α}. Hence M_u has closed range.

Conversely if M_u has closed range, then there exists an ϵ > 0 such that ‖M_uf‖_{p,q;α} ≥ ϵ‖f‖_{p,q;α}, for all f ∈ L^{p,q;α}(S), where L^{p,q;α}(S) = {fχ_S : f ∈ L_{p,q;α}}.

Let E = {x ∈ S : |u(x)| < ϵ/2}.

If μ(E) > 0, then we can find a measurable set F ⊆ E such that χ_F ∈ L^{p,q;α}(S). Then we have { ϵ 2 s > 0 : μ_{χF} (s) ≤ t } ⊆ { s > 0 : μ_{u·χF} (s) ≤ t }

so that (u · χ_F )^∗(t) ≤ ϵ 2 χ^∗_F (t).

Hence, ‖M_uχ_F ‖_{p,q;α} ≤ ϵ 2 ‖χ_F ‖_{p,q;α}.

This is a contradiction. Therefore, μ(E) = 0. This completes the proof. □ Theorem 4.2. Suppose that μ is a non-atomic measure. Let M_u be a multiplication operator on the GLZ space L_{p,q;α}, 1 < p < ∞, 1 < q < ∞, where u ∈ L_∞(μ). Then the following conditions are equivalent :

(1) M_u is an invertible operator. (2) M_u is a Fredholm operator.

(3) R(M_u) is closed and codim R(M_u) < ∞. (4) |u(x)| ≥ δ a.e. on X for some δ > 0.

Proof. We here show that (3) implies (4), because other implications are obvious. Suppose that R(M_u) is closed and codim R(M_u) < ∞. Then there exists a δ > 0 (Theorem 4.1) such that |u| ≥ δ a.e. on S, the support of u. Hence, it is enough to show that μ(S^c) = 0, where S^c = {x ∈ X : u(x) = 0}. First, we claim that M_u is onto. If possible M_u be not onto and let f_0 ∈ L_{p,q;α} \ R(M_u). Since, R(M_u) is closed, we can find a function g_0 ∈ L_p′_{,q}′_{;−α}, the conjugate space, where 1/p + 1/p^′ = 1/q + 1/q^′ = 1 such that ∫ f_0g_0dμ = 1, and ∫ (M_uf)g_0dμ = 0, for all f ∈ L_{p,q;α}.

From the first equality, ∫ Re(f_0g_0)dμ = 1. Hence, the set E_ϵ = {x ∈ X : Re(f_0g_0)(x) ≥ ϵ} must have positive measure for some ϵ > 0. Since μ is non-atomic, we can choose a sequence {E_n} of subsets of E_ϵwith 0 < μ(E_n) < ∞ and E_m ∩ E_n = ∅(m ≠ n). Let g_n = χ_{En} g_0. Then g_n ∈ L_p′_{,q}′_{;−α}, and is nonzero because Re ∫ f_0g_ndμ = Re ∫ E_n

f_0g_0dμ ≥ ϵμ(E_n) > 0.

Furthermore, for each f ∈ L_{p,q;α}, χ_{En} f is in L_{p,q;α}, and so

(M^∗_u g_n)(f) = g_n(M_uf) = ∫ (M_uf)g_ndμ = ∫ (M_ufχ_{En} )g_0dμ = 0, where M^∗_u is the conjugate operator of M_u. This implies g_n ∈ N(M^∗_u ). Thus, the sequence {g_n} forms a linearly independent subset of N(M^∗_u ). This contradicts the fact that dim N(M^∗_u ) = codim R(M_u) < ∞. Hence M_u is onto. Now, it is easily seen that μ(S^c) = 0. In fact, if μ(S^c) > 0, then there exists a subset A of S^c with 0 < μ(A) < ∞. Then χ_A ∈ L_{p,q;α} \ R(M_u), which contradicts the fact that M_u is onto. Therefore μ(S^c) = 0, and so we have |u| ≥ δ a.e. on X. □

acknowledgement

The authors would like to thank the referee for the thorough review and insightful suggestions for the improvement of the paper.

References

[1] M. B. Abrahamse. Multiplication operators. In Hilbert space operators (Proc. Conf., Calif. State Univ., Long Beach, Calif., 1977), volume 693 of Lecture Notes in Math., pages 17–36. Springer, Berlin, 1978.

[2] S. C. Arora, G. Datt, and S. Verma. Multiplication operators on Lorentz spaces. Indian J. Math., 48(3):317–329, 2006.

[3] S. C. Arora, G. Datt, and S. Verma. Multiplication and composition operators on Orlicz-Lorentz spaces. Int. J. Math. Anal. (Ruse), 1(25-28):1227–1234, 2007.

[4] S. C. Arora, G. Datt, and S. Verma. Multiplication and composition operators on Lorentz-Bochner spaces. Osaka J. Math., 45(3):629–641, 2008.

[5] C. Bennett and K. Rudnick. On Lorentz-Zygmund spaces. Dissertationes Math.

(Rozprawy Mat.), 175:67, 1980.

[6] C. Bennett and R. Sharpley. Interpolation of operators, volume 129 of Pure and Applied Mathematics. Academic Press Inc., Boston, MA, 1988.

[7] J. B. Conway. A course in operator theory, volume 21 of Graduate Studies in Mathematics. American Mathematical Society, Providence, RI, 2000.

[8] D. E. Edmunds and W. D. Evans. Hardy operators, function spaces and embeddings.

Springer Monographs in Mathematics. Springer-Verlag, Berlin, 2004. [9] D. E. Edmunds, P. Gurka, and B. Opic. Double exponential integrability of convolution operators in generalized Lorentz-Zygmund spaces. Indiana Univ. Math. J., 44(1):19–43, 1995.

[10] D. E. Edmunds, P. Gurka, and B. Opic. On embeddings of logarithmic Bessel potential spaces. J. Funct. Anal., 146(1):116–150, 1997.

[11] W. D. Evans, B. Opic, and L. Pick. Interpolation of operators on scales of generalized Lorentz-Zygmund spaces. Math. Nachr., 182:127–181, 1996.

[12] A. Gogatishvili, B. Opic, and W. Trebels. Limiting reiteration for real interpolation with slowly varying functions. Math. Nachr., 278(1-2):86–107, 2005.

[13] P. R. Halmos. A Hilbert space problem book. D. Van Nostrand Co., Inc., Princeton, N.J.-Toronto, Ont.-London, 1967.

[14] H. Hudzik, R. Kumar, and R. Kumar. Matrix multiplication operators on Banach function spaces. Proc. Indian Acad. Sci. Math. Sci., 116(1):71–81, 2006.

[15] R. A. Hunt. On L(p, q) spaces. Enseignement Math. (2), 12:249–276, 1966. [16] B. S. Komal and S. Gupta. Multiplication operators between Orlicz spaces. Integral Equations Operator Theory, 41(3):324–330, 2001.

[17] G. G. Lorentz. Some new functional spaces. Ann. of Math. (2), 51:37–55, 1950.

[18] E. Nakai. Pointwise multipliers on the Lorentz spaces. Mem. Osaka Kyoiku Univ. III Natur. Sci. Appl. Sci., 45(1):1–7, 1996.

[19] J. S. Neves. On decompositions in generalised Lorentz-Zygmund spaces. Boll. Unione Mat. Ital. Sez. B Artic. Ric. Mat. (8), 4(1):239–267, 2001.

[20] J. S. Neves. Lorentz-Karamata spaces, Bessel and Riesz potentials and embeddings.

Dissertationes Math. (Rozprawy Mat.), 405:46, 2002.

[21] B. Opic and L. Pick. On generalized Lorentz-Zygmund spaces. Math. Inequal. Appl., 2(3):391–467, 1999.

[22] R. K. Singh and J. S. Manhas. Composition operators on function spaces, volume 179 of North-Holland Mathematics Studies. North-Holland Publishing Co., Amsterdam, 1993.

[23] E. M. Stein and G. Weiss. Introduction to Fourier analysis on Euclidean spaces. Princeton University Press, Princeton, N.J., 1971. Princeton Mathematical Series, No. 32.

[24] H. Takagi and K. Yokouchi. Multiplication and composition operators between two L^pspaces. In Function spaces (Edwardsville, IL, 1998), volume 232 of Contemp. Math., pages 321–338. Amer. Math. Soc., Providence, RI, 1999.

[25] A. Zygmund. Trigonometric series. 2nd ed. Vol. II. Cambridge University Press, New York, 1959.

Received June 3, 2010.

S. C. Arora, Department of Mathematics, University of Delhi, Delhi-110007, India E-mail address: scarora@maths.du.ac.in; scaroradu@gmail.com

Satish Verma, Department of Mathematics, SGTB Khalsa College, University of Delhi, Delhi-110007, India E-mail address: vermas@maths.du.ac.in