Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 27 (2011), 197–209

www.emis.de/journals
ISSN 1786-0091

ON CLASSES OF FUNCTIONS WITH VARYING ARGUMENT OF COEFFICIENTS

JACEK DZIOK AND RENATA JURASIŃSKA

Abstract. In this paper we give the coefficients estimates, distortion properties, radii of starlikeness and convexity for classes of functions with varying argument of coefficients defined by convolution and subordination.

1. Introduction

Let A denote the class of functions which are analytic in U = U(1), where

U(r) = {z ∈ C : |z| < r}.

and let A (p, k) (p, k ∈ N = {1, 2, 3, . . .} , p < k) denote the class of functions f ∈ A of the form

(1) f(z) = a_pz^p + ∞∑ n=k a_nz^n (z ∈ U; a_p > 0).

For multivalent function f ∈ A (p, k) the normalization (2) f (z) z^{p−1} | | |_{z=0} = 0 and f^′ (z) z^{p−1} | | |_{z=0} = p.

is classical. One can obtain interesting results by applying normalization of the form (3) f (z) z^{p−1} | | |_{z=0} = 0 and f^′ (z) z^{p−1} | | |_{z=ρ} = p.

where ρ is a fixed point of the unit disk U. In particular, for p = 1 we obtain Montel’s normalization (cf. [7]).

We denote by A_ρ (p, k) the classes of functions f ∈ A (p, k) with the normalization (3). It will be called the class of functions with two fixed points.

2010 Mathematics Subject Classification. 30C45, 30C50, 30C55.

Key words and phrases. analytic functions; varying arguments; subordination; Hadamard product. 197

Also, by T (p, k; η) (η ∈ R) we denote the class of functions f ∈ A (p, k) of the form (1) for which all of non-vanishing coefficients satisfy the condition (4) arg(a_n) = π + (p − n)η (n = k, k + 1, . . .). For η = 0 we obtain the class T (p, k; 0) of functions with negative coefficients. Moreover, we define (5) T (p, k) := ⋃ η∈R T (p, k; η) .

The classes T (p, k) and T (p, k; η) are called the classes of functions with varying argument of coefficients. The class T (1, 2) was introduced by Silverman [8] (see also [10]).

Let α ∈ ⟨0, p) , r ∈ (0, 1⟩. A function f ∈ A (p, k) is said to be convex of order α in U(r) if Re ( 1 + zf^{′′}(z) f^′(z) ) > α (z ∈ U(r)).

A function f ∈ A (p, k) is said to be starlike of order α in U(r) if

(6) Re ( zf^′(z) f(z) ) > α (z ∈ U(r)).

We denote by S^c (α) the class of all functions f ∈ A (p, p + 1) which are convex of order α in U and by S^∗_p (α) we denote the class of all functions f ∈ A (p, p + 1) which are starlike of order α in U. We also set S^c = S^c_1(0) and S^∗ = S^∗_1 (0).

It is easy to show that for a function f from the class T (p, k) the condition (6) is equivalent to the following (7) | | | zf^′(z) f(z) − p | | | < p − α (z ∈ U(r)).

Let B be a subclass of the class A (p, k). We define the radius of starlikeness of order α and the radius of convexity of order α for the class B by R^∗_α(B) = inf_{f∈B} (sup {r ∈ (0, 1] : f is starlike of order α in U(r)}) ,

R^c_α(B) = inf_{f∈B} (sup {r ∈ (0, 1] : f is convex of order α in U(r)}) ,

respectively.

We say that a function f ∈ A is subordinate to a function F ∈ A, and write f(z) ≺ F (z) (or simply f ≺ F ), if and only if there exists a function ω ∈ A (|ω(z)| ≤ |z|, z ∈ U) such that f(z) = F (ω(z)) (z ∈ U).

In particular, if F is univalent in U, we have the following equivalence f(z) ≺ F (z) ⇐⇒ f(0) = F (0) and f(U) ⊂ F (U).

For functions f, g ∈ A of the form

f(z) = ∞∑ n=0 a_nz^n and g(z) = ∞∑ n=0 b_nz^n,

by f ∗ g we denote the Hadamard product (or convolution) of f and g, defined by (f ∗ g) (z) = ∞∑ n=0 a_nb_nz^n (z ∈ U).

Let A, B be real parameters, −1 ≤ A < B ≤ 1, and let φ, ϕ ∈ A_0 (p, k). By W (p, k; ϕ, φ; A, B) we denote the class of functions f ∈ A (p, k) such that (8) (ϕ ∗ f) (z) (φ ∗ f) (z) ≺ 1 + Az 1 + Bz . In particular, we have

S^∗ = W ( 1, 2; z (1 − z)^2 , z 1 − z

; 1, −1 ) , S^c = W ( 1, 2;

z (z + 1) (1 − z)^3 , z (1 − z)^2

; 1, −1 ) . Now, we define the classes of functions with varying argument of coefficients related to the class W (p, k; ϕ, φ; A, B). Let us denote

T W (p, k; ϕ, φ; A, B) := T (p, k) ∩ W (p, k; ϕ, φ; A, B) , T W (p, k; ϕ, φ; A, B; η) := T (p, k; η) ∩ W (p, k; ϕ, φ; A, B) , T W_ρ (p, k; ϕ, φ; A, B; η) := A_ρ (p, k) ∩ T W (p, k; ϕ, φ; A, B; η) , T W_ρ (p, k; ϕ, φ; A, B) := A_ρ (p, k) ∩ T W (p, k; ϕ, φ; A, B) .

For the presented investigations we assume that φ, ϕ are the functions of the form

(9) φ(z) = z^p + ∞∑ n=k α_nz^n, ϕ(z) = z^p + ∞∑ n=k β_nz^n (z ∈ U),

where 0 ≤ α_n < β_n (n = k, k + 1, . . .) .

Moreover, let us put (10) d_n := (1 + B) β_n − (1 + A) α_n (n = k, k + 1, . . .) .

The families W_ρ (p, k; ϕ, φ; A, B; η) and W_ρ (p, k; ϕ, φ; A, B) unify various new and well-known classes of analytic functions.

The object of the present paper is to investigate the coefficients estimates, distortion properties and the radii of starlikeness and convexity for the class of functions with varying argument of coefficients. Some remarks depicting consequences of the main results are also mentioned.

2. Coefficients estimates

We first mention a sufficient condition for the function to belong to the class W (p, k; ϕ, φ; A, B).

Theorem 1. Let {d_n} be defined by (10), and let −1 ≤ A < B ≤ 1. If a function f of the form (1) satisfies the condition

(11) ∞∑ n=k d_n |a_n| ≤ (B − A) a_p,

then f belongs to the class W (p, k; ϕ, φ; A, B).

Proof. A function f of the form (1) belongs to the class W (p, k; ϕ, φ; A, B) if and only if there exists a function ω, |ω(z)| ≤ |z| (z ∈ U), such that

(ϕ ∗ f) (z) (φ ∗ f) (z) = 1 + Aω(z) 1 + Bω(z)

(z ∈ U) ,

or equivalently

(12) | | | | (ϕ ∗ f) (z) − (φ ∗ f) (z) B (ϕ ∗ f) (z) − A (φ ∗ f) (z) | | | | < 1 (z ∈ U) .

Thus, it is sufficient to prove that | | | (ϕ ∗ f) (z) − (φ ∗ f) (z)

z^p | | | − | | | B (ϕ ∗ f) (z) − A (φ ∗ f) (z) z^p | | | < 0 (z ∈ U).

Indeed, letting |z| = r (0 ≤ r < 1), we have | | | | (ϕ ∗ f) (z) − (φ ∗ f) (z) z^p | | | | − | | | | B (ϕ ∗ f) (z) − A (φ ∗ f) (z) z^p | | | | = | | | | ∞∑ n=k (β_n − α_n) a_nz^{n−p} | | | | − | | | | (B − A) a_p − ∞∑ n=k (Bβ_n − Aα_n) a_nz^{n−p} | | | | ≤ ∞∑ n=k (β_n − α_n) |a_n| r^{n−p} − (B − A) a_p + ∞∑ n=k (Bβ_n − Aα_n) |a_n| r^{n−p}

≤ ∞∑ n=k d_n |a_n| r^{n−p} − (B − A) a_p < 0,

whence f ∈ W (p, k; ϕ, φ; A, B). □

Our next theorem shows that the condition (11) is necessary as well for functions of the form (1), with (4) to belong to the class T W (p, k; ϕ, φ; A, B; η).

Theorem 2. Let f be a function of the form (1), satisfying the argument property (4). Then f belongs to the class T W (p, k; ϕ, φ; A, B; η) if and only if the condition (11) holds true.

Proof. In view of Theorem 1 we need only show that each function f from the class T W^p_k (ϕ, φ; A, B; η) satisfies the coefficient inequality (11). Let f ∈ T W (p, k; ϕ, φ; A, B; η). Then by (12) and (1), we have | | | | | | ∞∑ n=k (β_n − α_n) a_nz^{n−p}

(B − A) a_p −^∞ ∑ n=k (Bβ_n − Aα_n) a_nz^{n−p}

| | | | | | < 1 (z ∈ U).

Therefore putting z = re^{iη} (0 ≤ r < 1), and applying (4) we obtain

(13) ∞∑ n=k (β_n − α_n) a_nr^{n−p}

(B − A) a_p −^∞ ∑ n=k (Bβ_n − Aα_n) a_nr^{n−p} < 1

It is clear, that the denominator of the left hand said can not vanish for r ∈ ⟨0, 1). Moreover, it is positive for r = 0, and in consequence for r ∈ ⟨0, 1). Thus, by (13) we have ∞∑ n=k [(1 + B) β_n − (1 + A) α_n] |a_n| r^{n−p} < (B − A) a_p,

which, upon letting r → 1^−, readily yields the assertion (11). □

By applying Theorem 2 we can deduce following result.

Theorem 3. Let f be a function of the form (1), satisfying the argument property (4). A function f of the form (1) belongs to the class T W_ρ (p, k; ϕ, φ; A, B; η) if and only if it satisfies (3) and

(14) ∞∑ n=k ( pd_n − (B − A) n |ρ|^{n−p} ) |a_n| ≤ p(B − A),

where {d_n} is defined by (10).

Proof. For a function f of the form (1) with the normalization (3), we have

(15) a_p = 1 + ∞∑ n=k n p |a_n| |ρ|^{n−p} .

Applying the equality (15)) to (11), we obtain the assertions (14). □

Since the condition (14) is independent of η, Theorem 3 yields the following theorem.

Theorem 4. Let f be a function of the form (1), satisfying the argument property (4). Then f belongs to the class T W_ρ (p, k; ϕ, φ; A, B) if and only if the condition (14) holds true.

By applying Theorem 3 we obtain the following lemma.

Lemma 1. Let {d_n} be defined by (10), ρ ∈ U, and let us assume, that there exists an integer n_0 (n_0 ∈ N_k = {k, k + 1, . . .}) such that (16) pd_{n0} − (B − A) n_0 |ρ|^{n0−p} ≤ 0. Then the function

f_{n0} (z) = ( 1 + a n_0 p ρ^{n0−p} ) z^p − ae^{i(p−n0)η}z^{n0}

belongs to the class T W_ρ (p, k; ϕ, φ; A, B; η) for all positive real numbers a. Moreover, for all n (n ∈ N_k) such that (17) pd_n − (B − A) n |ρ|^{n−p} > 0, the functions

f_n(z) = ( 1 + a n_0 p ρ^{n0−p} + b n p z^{n−p} ) z^p − ae^{i(p−n0)η}z^{n0} − be^{i(p−n)η}z^n,

where b = p (B − A) + ( (B − A) n_0 |ρ|^{n0−p} − pd_{n0} ) a pd_n − (B − A) n |ρ|^{n−p} , belong to the class T W_ρ (p, k; ϕ, φ; A, B; η).

By Lemma 1 and Theorem 3, we have following corollary.

Corollary 1. Let a function f of the form (1) belongs to the class T W_ρ (p, k; ϕ, φ; A, B; η) and let {d_n} be defined by (10). Then all of the coefficients a_n for which pd_n − (B − A) n |ρ|^{n−p} = 0 are unbounded.

Moreover, if there exists an integer n_0 (n_0 ∈ N_k = {k, k + 1, . . .}) such that pd_{n0} − (B − A) n_0 |ρ|^{n0−p} < 0, then all of the coefficients of the function f are unbounded. In the remaining cases (18) |a_n| ≦ p (B − A) pd_n − (B − A) n |ρ|^{n−p} . The result is sharp, the functions f_n of the form

(19) f_{n,η}(z) = pd_nz^p − p (B − A) e^{i(p−n)η}z^n pd_n − (B − A) n |ρ|^{n−p}

(z ∈ U; n = k, k + 1, . . .)

are the extremal functions.

Remark 1. The coefficients estimates for the class T W_ρ (p, k; ϕ, φ; A, B) are the same as for the class T W_ρ (p, k; ϕ, φ; A, B; η).

By putting ρ = 0 in Theorems 3 and 4, and Corollary 1, we have the corollaries listed below.

Corollary 2. Let f be a function of the form (1), satisfying the argument property (4). Then f belongs to the class T W_0 (p, k; ϕ, φ; A, B; η) if and only if (20) ∞∑ n=k d_n |a_n| ≤ B − A,

where {d_n} is defined by (10).

Corollary 3. Let f be a function of the form (1), satisfying the argument property (4). Then f belongs to the class T W_0 (p, k; ϕ, φ; A, B) if and only if the condition (20) holds true.

Corollary 4. If a function f of the form (1) belongs to the class T W_0 (p, k; ϕ, φ; A, B; η), then

(21) |a_n| ≤

B − A d_n

(n = k, k + 1, . . .),

where d_n is defined by (10). The result is sharp. The functions f_{n,η} of the form

(22) f_{n,η}(z) = z^p −

B − A

d_n e^{i(p−n)η}z^n (z ∈ U; n = k, k + 1, . . .)

are the extremal functions.

Corollary 5. If a function f of the form (1) belongs to the class T W_0 (p, k; ϕ, φ; A, B), then the coefficients estimates (21) holds true. The result is sharp. The functions f_{n,η} (η ∈ R) of the form (22) are the extremal functions.

3. Distortion theorems From Theorem 2 we have the following lemma.

Lemma 2. Let a function f of the form (1) belong to the class T W_ρ (p, k; ϕ, φ; A, B; η). If the sequence {d_n} defined by (10) satisfies the inequality

(23) 0 < d_k − (B − A) k p |ρ|^{k−p} ≤ d_n − (B − A) n p |ρ|^{n−p} (n = k, k + 1, . . .) ,

then_∞ ∑ n=k |a_n| ≤

B − A d_k − (B − A)^k_p |ρ|^{k−p} . Moreover, if

(24) 0 < d_k − (B − A)^k_p |ρ|^{k−p} k ≤ d_n − (B − A)^n_p |ρ|^{n−p} n (n = k, k + 1, . . .) , then_∞ ∑ n=k n |a_n| ≤ k (B − A) d_k − (B − A)^k_p |ρ|^{k−p} . Remark 2. The second part of Lemma 2 we can rewritten in terms of σneighborhood N_σ defined by

N_σ = { f(z) = a_pz^p + ∞∑ n=k a_nz^n ∈ T (p, k; η) : ∞∑ n=k n |a_n| ≤ σ }

in the following form:

if the sequence {d_n} defined by (10) satisfies (24), then T W_ρ (p, k; ϕ, φ; A, B; η) ⊂ N_σ.

where δ = k (B − A) d_k − (B − A)^k_p |ρ|^{k−p} . Theorem 5. Let a function f belong to the class T W_ρ (p, k; ϕ, φ; A, B; η) and let |z| = r < 1. If the sequence {d_n} defined by (10) satisfies (23), then

(25) pa_pr^p −

B − A d_k − (B − A)^k_p |ρ|^{k−p} r^k ≤ |f(z)| ≤ d_kr^p + (B − A) r^k d_k − (B − A)^k_p |ρ|^{k−p} , Moreover, if (24) holds, then

(26) ϕ^′(r) ≤ |f^′(z)| ≤ d_kr^p + k (B − A) r^{k−1} d_k − (B − A)^k_p |ρ|^{k−p} . where

(27) ϕ(r) := { r^p (r ≦ ρ)

d_k r^p−(B−A)r^k d_k −(B−A)^k_p |ρ|^{k−p} (r > ρ) .

The result is sharp, with the extremal function f_{k,η} of the form (19) and f(z) = z.

Proof. Suppose that the function f of the form (1) belongs to the class T W_ρ (p, k; ϕ, φ; A, B; η). By Lemma 2 we have

|f^′(z)| = | | |pa^pz^{p−1} + ∞∑ n=k na_nz^{n−1} | | | ≤ r^{p−1} ( pa_p +^∞ ∑ n=k n |a_n| r^{n−p} )

≤ r^{p−1} ( p +^∞ ∑ n=k n |a_n| |ρ|^{n−p} +^∞ ∑ n=k n |a_n| r^{n−p} )

≤ r^{p−1} ( p + (|ρ|^{k−p} + r^{k−p})^∞ ∑ n=k n |a_n| ) ≤^{dk rp−1+k(B−A)rk}

d_k −(B−A)^k_p |ρ|^{k−p} ,

and |f^′(z)| ≥ r^{p−1} ( pa_p − ∞∑ n=k n |a_n| r^{n−p} )

= r^{p−1} ( p + ∞∑ n=k (|ρ|^{n−p} − r^{n−p})n |a_n| ) . (28)

If r ≤ ρ, then we obtain |f^′(z)| ≥ r^{p−1}. If r > ρ, then the sequence {(ρ^{n−p} − r^{n−p})} is decreasing and negative. Thus, by (26), we obtain

|f^′(z)| ≥ r^{p−1} ( p − (r^{k−p} − |ρ|^{k−p}) ∞∑ n=2 a_n ) ≥ pd_kr^p − k (B − A) r^k d_k − (B − A)^k_p |ρ|^{k−p} , and we have the assertion (26). Making use of Lemma 2, in conjunction with (15), we readily obtain the assertion (25) of Theorem 5. □ Theorem 5 implies the following results.

Corollary 6. Let a function f belong to the class T W_ρ (p, k; ϕ, φ; A, B). the sequence {d_n} defined by (10) satisfies (23), then the assertion (25) holds true. Moreover, if we assume (24), then the assertion (26) holds true. The result is sharp, with the extremal functions f_{k,η} (η ∈ R) of the form (19). Corollary 7. Let a function f belong to the class T W_0 (p, k; ϕ, φ; A, B; η) and let the sequence {d_n} be defined by (10). If (29) d_k ≤ d_n (n = k, k + 1, . . .) , then (30) r^p −

B − A

d_k r^k ≤ |f(z)| ≤ r^p +

B − A

d_k r^k (|z| = r < 1) .

Moreover, if (31) nd_k ≤ kd_n (n = k, k + 1, . . .) , then

(32) pr^{p−1} − k (B − A) d_k r^{k−1} ≤ |f^′(z)| ≤ pr^{p−1} + k (B − A) d_k r^{k−1} (|z| = r < 1) .

The result is sharp, with the extremal function f_{k,η}of the form (22). Corollary 8. Let a function f belong to the class T W_0 (p, k; ϕ, φ; A, B). If the sequence {d_n} defined by (10) satisfies (29), the assertion (30) holds true. Moreover, if we assume (31), then the assertion (32) holds true. The result is sharp, with the extremal functions f_{k,η} (η ∈ R) of the form (22).

4. The radii of convexity and starlikeness Theorem 6. The radius of starlikeness of order α for the class T W (p, k; ϕ, φ; A, B; η) is given by

(33) R^∗_α (T W (p, k; ϕ, φ; A, B; η)) = inf_{n≥k} ( (p − α) d_n (n − α) (B − A)

) 1_{n−p} , where d_n is defined by (10). The functions f_{n,η} of the form

(34) f_{n,η}(z) = a_p ( z^p −

B − A

d_n e^{i(p−n)η}z^n ) (z ∈ U; n = k, k+1, . . . ; a_p > 0)

are the extremal functions.

Proof. A function f ∈ T (p, k; η) of the form (1) is starlike of order α in the disk U(r), 0 < r ≤ 1, if and only if it satisfies the condition (7). Since | | | | zf^′(z) f(z) − p | | | | = | | | | | | ∞∑ n=k (n − p)a_nz^n

a_pz^p +^∞ ∑ n=k a_nz^n

| | | | | | ≤ ∞∑ n=k (n − p) |a_n| |z|^{n−p}

a_p −^∞ ∑ n=k |a_n| |z|^{n−p} ,

putting |z| = r the condition (7) is true if

(35) ∞∑ n=k n − α p − α

|a_n| r^{n−p} ≤ a_p.

By Theorem 2, we have

(36) ∞∑ n=k d_n B − A

|a_n| ≤ a_p,

Thus, the condition (35) is true if n − α p − α r^{n−p} ≤ d_n B − A

(n = k, k + 1, . . .),

that is, if

(37) r ≤ ( (p − α) d_n (n − α) (B − A)

) 1_{n−p}

(n = k, k + 1, . . .).

It follows that each function f ∈ T W (p, k; ϕ, φ; A, B; η) is starlike of order α in the disk U(r), where

r = inf_{n≥k} ( (p − α) d_n (n − α) (B − A)

) 1_{n−p} . The functions f_{n,η} of the form (34) realize equality in (36), and the radius r can not be larger. Thus we have (33). □ The following result may be proved in much the same way as Theorem 6.

Theorem 7. The radius of convexity of order α for the class T W (p, k; ϕ, φ; A, B; η) is given by

R^c_α (T W (p, k; ϕ, φ; A, B; η)) = inf_{n≥k} ( (p − α) d_n n (n − α) (B − A)

) 1_{n−p} , where d_n is defined by (10). The functions f_{n,η} of the form (34) are the extremal functions.

It is clear that for a_p = d_n d_n − (B − A)^n_p |ρ|^{n−p} > 0 the extremal functions f_{n,η} of the form (34) belong to the class T W_ρ (p, k; ϕ, φ; A, B; η). Moreover, we have T W_ρ (p, k; ϕ, φ; A, B; η) ⊂ T W (p, k; ϕ, φ; A, B; η) .

Thus, by Theorems 6 and 7 we have the following results.

Corollary 9. Let the sequence { d_n − (B − A)^n_p |ρ|^{n−p} } , where d_n is defined by (10), be positive. The radius of starlikeness of order α for the class T W_ρ (p, k; ϕ, φ; A, B; η) is given by

R^∗_α (T W_ρ (p, k; ϕ, φ; A, B; η)) = inf_{n≥k} ( (p − α) d_n (n − α) (B − A)

) 1_{n−p} . The functions f_{n,η} of the form (19) are the extremal functions.

Corollary 10. Let the sequence { d_n − (B − A)^n_p |ρ|^{n−p} } , where d_n is defined by (10), be positive. The radius of convexity of order α for the class T W_ρ (p, k; ϕ, φ; A, B; η) is given by

R^c_α (T W_ρ (p, k; ϕ, φ; A, B; η)) = inf_{n≥k} ( (p − α) d_n n (n − α) (B − A)

) 1_{n−p} , where d_n is defined by (10).

5. Remarks Choosing the functions ϕ and φ in the condition (8) we can define new classes of functions. In particular, the class

W_n (p, k; φ; A, B) := W ( p, k; zφ^′ (z) , n−1∑ k=0 φ ( x^kz ) ; A, B ) (x^n = 1)

contains functions f ∈ A (p, k) , such that z (φ ∗ f)^′ (z) ∑_{n−1} k=0 (φ ∗ f) (x^kz) ≺ 1 + Az 1 + Bz .

It is related to the well-known class of starlike functions with n-symmetric points. Moreover, putting n = 1 we obtain the class W (p, k; φ; A, B) = W_1 (p, k; φ; A, B) defined by the following condition

z (φ ∗ f)^′ (z) (φ ∗ f) (z) ≺ 1 + Az 1 + Bz . The class is related to the class of p-valent starlike functions.

Let λ be a convex parameter. A function f ∈ A (p, k) belongs to the class

V_λ (p, k; φ; A, B) := W ( p, k; λ φ (z) z + (1 − λ) φ^′ (z) , z; A, B )

if it satisfies the condition λ (φ ∗ f) (z) z + (1 − λ) (φ ∗ f)^′ (z) ≺

1 + Az 1 + Bz . Moreover, a function f ∈ A (p, k) belongs to the class

U_λ (p, k; φ; A, B) := W ( p, k; λ φ (z) z + (1 − λ) φ^′ (z) ; A, B )

if it satisfies the condition z (φ ∗ f)^′ (z) + (1 − λ) z^2 (φ ∗ f)^{′′} (z) λ (φ ∗ f) (z) + (1 − λ) z (φ ∗ f)^′ (z) ≺ 1 + Az 1 + Bz . The classes W_n (p, k; φ; A, B) , U_λ (p, k; φ; A, B) and V_λ (p, k; φ; A, B) generalize well-known important classes, which were investigated in earlier works, see for example [1]-[6], and [9]. Most of these classes were defined by using linear operators and special functions.

If we apply the results presented in this paper to the classes discussed above, we can obtain a lot of partial results. Some of these results where obtained in earlier works.

References

[1] M.K. Aouf, H.M. Hossen and H.M. Srivastava, Some families of multivalent functions, Comput. Math. Appl. 39(2000), 39-48.

[2] N.E. Cho, O.S. Kwon, H.M. Srivastava, Inclusion relationships and argument properties for certain subclasses of multivalent functions associated with a family of linear operators, J. Math. Anal. Appl. 292(2004), 470-483.

[3] N.E. Cho, H.M. Srivastava, Argument estimates of certain analytic functions defined by a class of multiplier transformations, Math. Comput. Modelling, 37(2003), 39-49.

[4] J. Dziok, A new class of multivalent analytic functions defined by the Hadamard product, Demonstratio Math. 44(2011), to appear.

[5] J. Dziok and H.M. Srivastava, Certain subclasses of analytic functions associated with the generalized hypergeometric function, Integral Transform. Spec. Funct. 14 (2003), 7-18.

[6] J.-L. Liu, H.M. Srivastava, Certain properties of the Dziok-Srivastava operator, Appl.

Math. Comput. 159(2004), 485-493.

[7] P. Montel, Leçons sur les Fonctions Univalentes ou Multivalentes, Gauthier-Villars, Paris 1933.

[8] H. Silverman, Univalent functions with varying arguments, Houston J. Math. 7(1981), 283-287.

[9] J. Sokół, On some applications of the Dziok-Srivastava operator, Appl. Math. Comput.

201(2008), 774-780.

[10] H.M. Srivastava, S. Owa, Certain classes of analytic functions with varying arguments, J. Math. Anal. Appl. 136(1988), 217-228.

Received April 9, 2010.

Institute of Mathematics, University of Rzeszów, 35-310 Rzeszów, Poland E-mail address: jdziok@univ.rzeszow.pl

E-mail address: rjuras@univ.rzeszow.pl