Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 25 (2009), 247–269

www.emis.de/journals
ISSN 1786-0091

ON WEAKLY PROJECTIVE SYMMETRIC MANIFOLDS

A. A. SHAIKH AND SHYAMAL KUMAR HUI

Abstract. The object of the present paper is to study weakly projective symmetric manifolds and its decomposability with several non-trivial examples. Among others it is shown that in a decomposable weakly projective symmetric manifold both the decompositions are weakly Ricci symmetric.

1. Introduction

The notions of weakly symmetric and weakly projective symmetric manifolds were introduced by Tamássy and Binh [6] and later Binh [1] studied decomposable weakly symmetric manifolds. A non-flat Riemannian manifold (M^n, g)(n > 2) is called a weakly symmetric manifold if its curvature tensor R of type (0,4) satisfies the condition

(∇_X R)(Y, Z, U, V ) = A(X)R(Y, Z, U, V ) + B(Y )R(X, Z, U, V ) + C(Z)R(Y, X, U, V ) + D(U)R(Y, Z, X, V ) + E(V )R(Y, Z, U, X)

(1.1)

for all vector fields X, Y, Z, U, V ∈ χ(M^n), where A, B, C, D and E are 1-forms (not simultaneously zero) and ∇ denotes the operator of covariant differentiation with respect to the Riemannian metric g. The 1-forms are called the associated 1-forms of the manifold and an n-dimensional manifold of this kind is denoted by (W S)_n. Moreover, it is to be noted that in a (W S)_n, B = C and D = E [2] and hence the defining condition (1.1) of a (W S)_n reduces to (∇_X R)(Y, Z, U, V ) = A(X)R(Y, Z, U, V ) + B(Y )R(X, Z, U, V ) + B(Z)R(Y, X, U, V ) + D(U)R(Y, Z, X, V ) + D(V )R(Y, Z, U, X),

(1.2)

where A, B and D are 1-forms (not simultaneously zero). A non-projectively flat Riemannian manifold (M^n, g)(n > 2) (this condition will be assumed

2000 Mathematics Subject Classification. 53B35, 53B05, 53C15, 53C25. Key words and phrases. weakly projective symmetric manifold, weakly Ricci symmetric manifold, projective curvature tensor, decomposable manifold, scalar curvature. 247

throughout the paper) is said to be a weakly projective symmetric manifold if its projective curvature tensor P of type (0,4) satisfies the condition

(∇_X P )(Y, Z, U, V ) = A(X)P (Y, Z, U, V ) + B(Y )P (X, Z, U, V ) + C(Z)P (Y, X, U, V ) + D(U)P (Y, Z, X, V ) + E(V )P (Y, Z, U, X)

(1.3)

for all vector fields X, Y, Z, U, V ∈ χ(M^n), where A, B, C, D and E are 1-forms (not simultaneously zero) and ∇ denotes the operator of covariant differentiation with respect to the Riemannian metric g ( [6]). Such an n-dimensional manifold is denoted by (W P S)_n.

Also in 1993 Tamássy and Binh [7] introduced the notion of a weakly Ricci symmetric manifold. A Riemannian manifold (M^n, g)(n > 2) is called weakly Ricci symmetric manifold if its Ricci tensor S of type (0,2) is not identically zero and satisfies the condition

(1.4) (∇_X S)(Y, Z) = A(X)S(Y, Z) + B(Y )S(Z, X) + D(Z)S(Y, X),

where A, B and D are three non-zero 1-forms and ∇ denotes the operator of covariant differentiation with respect to the Riemannian metric g. Such an n-dimensional manifold is denoted by (W RS)_n.

The aim of the present paper is to study a (W P S)_n. Section 2 deals with some basic results of (W P S)_n. In [6] Tamássy and Binh found out the necessary and sufficient condition for a weakly symmetric manifold to be a weakly projective symmetric manifold with the same associated 1-forms, namely, they obtained the following result:

Theorem A. A Riemannian manifold (M^n, g)(n ≥ 4) is weakly symmetric and also weakly projective symmetric with the same associated 1-forms A, B, C, D and associated vector field F ≠ 0 if and only if the Ricci tensor S vanishes.

In a (W S)_n, the associated 1-forms B = C and D = E. However, in a (W P S)_n this is not true, in general. In section 2 of the paper it is shown that in a (W P S)_n, the associated 1-forms B = C but D ≠ E and hence the defining condition (1.3) of a (W P S)_n reduces to

(∇_X P )(Y, Z, U, V ) = A(X)P (Y, Z, U, V ) + B(Y )P (X, Z, U, V ) + B(Z)P (Y, X, U, V ) + D(U)P (Y, Z, X, V ) + E(V )P (Y, Z, U, X),

(1.5)

where A, B, D and E are 1-forms (not simultaneously zero). It is proved that in a (W P S)_n, if the Ricci tensor is of Codazzi type, then^r_n is an eigenvalue of the Ricci tensor S corresponding to the eigenvector L defined by g(X, L) = α(X). Also it is shown that in a (W P S)_n,^r_n is an eigenvalue of the Ricci tensor S corresponding to the eigenvector ρ_2 defined by g(X, ρ_2) = T (X) = B(X) + E(X) for all X.

Section 3 deals with an Einstein (W P S)_n and it is proved that an Einstein (W P S)_n is a (W S)_n provided that A + B + D is not everywhere zero. Also it is shown that if the vector L defined by g(X, L) = α(X) is a concurrent vector field in an Einstein (W P S)_n, then it reduces to a (W S)_n.

Section 4 is devoted to the study of decomposable (W P S)_n which is generally called the product (W P S)_n and it is shown that in such a manifold one of the decomposition is Ricci symmetric and the other is projectively flat. Shaikh and Jana [5] already proved that every (W S)_n is not a (W RS)_n, in general. In this paper it is shown that if a Riemannian manifold (M^n, g) is a decomposable (W P S)_n such that M = M^p_1 × M^{n−p}_2 (2 ≤ p ≤ n − 2), then M_1 is (W RS)_p and M_2 is (W RS)_{n−p}. The last section deals with several non-trivial examples of (W P S)_n and also of decomposable (W P S)_n.

2. Some basic results of (W P S)_n In this section, we derive some formulas, which will be needed to the study of a (W P S)_n. The projective curvature tensor P of type (0,4) is given by (2.1)

P (Y, Z, U, V ) = R(Y, Z, U, V ) − 1 n − 1

[S(Z, U)g(Y, V ) − S(Y, U)g(Z, V )],

where S is the Ricci tensor of type (0,2) of the manifold. Let {e_i : i = 1, 2, . . . , n} be an orthonormal basis of the tangent space at any point of the manifold. Then the Ricci tensor S of type (0,2) and the scalar curvature r are given by the following:

S(X, Y ) = n∑ i=1 R(e_i, X, Y, e_i) and r = n∑ i=1 S(X, Y ) = n∑ i=1 g(Qe_i, e_i),

where Q is the Ricci-operator i.e., g(QX, Y ) = S(X, Y ).

Now, from (2.1), we have the following:

(2.2) n∑ i=1 P (e_i, Z, U, e_i) = 0 = n∑ i=1 P (e_i, e_i, U, V ) = n∑ i=1 P (Y, Z, e_i, e_i), and (2.3) n∑ i=1 P (Y, e_i, e_i, V ) = n n − 1

[S(Y, V ) − r n g(Y, V )].

Also from (2.1), it follows that

(i) P (Y, Z, U, V ) = −P (Z, Y, U, V ), (ii) P (Y, Z, U, V ) ≠ −P (Y, Z, V, U), (iii) P (Y, Z, U, V ) ≠ P (U, V, Y, Z), (iv) P (X, Y, Z, U) + P (Y, Z, X, U) + P (Z, X, Y, U) = 0.

(2.4)

Proposition 2.1. The defining condition of a (W P S)_n can always be expressed in the form (1.5).

Proof. Interchanging Y and Z in (1.3) we get

(∇_X P )(Z, Y, U, V ) = A(X)P (Z, Y, U, V ) + B(Z)P (X, Y, U, V ) + C(Y )P (Z, X, U, V ) + D(U)P (Z, Y, X, V ) + E(V )P (Z, Y, U, X).

(2.5)

Adding (1.3) and (2.5) we obtain by virtue of (2.4)(i) that (2.6) γ(Y )P (X, Z, U, V ) + γ(Z)P (X, Y, U, V ) = 0, where γ(X) = B(X) − C(X) for all X.

If we choose a vector field ρ such that γ(ρ) ≠ 0, then putting Y = Z = ρ in (2.6) we get P (X, ρ, U, V ) = 0.

Again setting Z = ρ in (2.6) we obtain P (X, Y, U, V ) = 0 for all vector fields X, Y , U and V , which contradicts to our assumption that the manifold is not projectively flat. Hence, we must have γ(X) = 0 for all X and consequently B(X) = C(X) for all X.

But, in view of (2.4)(ii), it follows that the relation D = E does not hold in a (W P S)_n. Hence, the defining condition of a (W P S)_n can be written as (1.5). This proves the proposition. □ Proposition 2.2. In a Riemannian manifold (M^n, g)(n > 2), the Ricci tensor is of Codazzi type if and only if (2.7) (∇_X P )(Y, Z, U, V ) + (∇_Y P )(Z, X, U, V ) + (∇_Z P )(X, Y, U, V ) = 0. Proof. We first suppose that in a Riemannian manifold (M^n, g)(n > 2), the Ricci tensor S is of Codazzi type [3]. Then we have (2.8) (∇_X S)(Y, Z) = (∇_Y S)(X, Z) = (∇_Z S)(X, Y ) for all vector fields X, Y , Z on the manifold.

From (2.1) it follows by virtue of Bianchi identity that

(∇_X P )(Y, Z, U, V ) + (∇_Y P )(Z, X, U, V ) + (∇_Z P )(X, Y, U, V ) = − 1 n − 1

[g(Y, V ){(∇_X S)(Z, U) − (∇_Z S)(X, U)} + g(Z, V ){(∇_Y S)(X, U) − (∇_X S)(Y, U)} + g(X, V ){(∇_Z S)(Y, U) − (∇_Y S)(Z, U)}].

(2.9)

Using (2.8) in (2.9) we obtain (2.7).

Conversely, if a Riemannian manifold satisfies the relation (2.7), then (2.9) yields g(Y, V ){(∇_X S)(Z, U) − (∇_Z S)(X, U)} + g(Z, V ){(∇_Y S)(X, U) − (∇_X S)(Y, U)} + g(X, V ){(∇_Z S)(Y, U) − (∇_Y S)(Z, U)} = 0.

(2.10)

Putting Y = V = e_i in (2.10) and taking summation over i, 1 ≤ i ≤ n, we obtain (∇_X S)(Z, U) = (∇_Z S)(X, U) for all X, Z, U ∈ χ(M^n) and hence the Ricci tensor is of Codazzi type. This proves the proposition. □ In view of (1.5), the relation (2.7) reduces to the following:

(2.11) α(X)P (Y, Z, U, V ) + α(Y )P (Z, X, U, V ) + α(Z)P (X, Y, U, V ) + E(V )[P (Y, Z, U, X) + P (Z, X, U, Y ) + P (X, Y, U, Z)] = 0 where α(X) = A(X) − 2B(X) for all X.

Setting Y = V = e_i in (2.11) and taking summation over i, 1 ≤ i ≤ n, we get (2.12) α(P (Z, X)U) = 0.

Again putting X = U = e_i in (2.12) and taking summation over i, 1 ≤ i ≤ n, we get (2.13) α(QZ) = r n α(Z), that is, S(Z, L) =^r_n g(Z, L). This leads to the following:

Proposition 2.3. If in a (W P S)_n, the Ricci tensor is of Codazzi type then r n is an eigenvalue of the Ricci tensor S corresponding to the eigenvector L defined by g(X, L) = α(X) for all X.

Next, by virtue of (1.5), the relation (2.9) takes the form

α(X)P (Y, Z, U, V ) + α(Y )P (Z, X, U, V ) + α(Z)P (X, Y, U, V ) + E(V )[P (Y, Z, U, X) + P (Z, X, U, Y ) + P (X, Y, U, Z)] = − 1 n − 1

[g(Y, V ){(∇_X S)(Z, U) − (∇_Z S)(X, U)} + g(Z, V ){(∇_Y S)(X, U) − (∇_X S)(Y, U)} + g(X, V ){(∇_Z S)(Y, U) − (∇_Y S)(Z, U)}].

(2.14)

Setting Y = V = e_i in (2.14) and taking summation over i, 1 ≤ i ≤ n, we get

(2.15) α(R(Z, X)U) − 1 n − 1

[α(Z)S(X, U) − α(X)S(Z, U)] = n − 2 n − 1

[(∇_Z S)(X, U) − (∇_X S)(Z, U)].

Putting X = U = e_i in (2.15) and taking summation over i, 1 ≤ i ≤ n, we obtain (2.16) n − 2 2n dr(Z) = α(QZ) − r n α(Z).

If the manifold is of constant scalar curvature then (2.16) reduces to (2.13) and hence we can state the following:

Proposition 2.4. If a (W P S)_n is of constant scalar curvature, then^r_n is an eigenvalue of the Ricci tensor S corresponding to the eigenvector L defined by g(X, L) = α(X) for all X.

Again using (2.1) the equation (1.5) becomes

(∇_X R)(Y, Z, U, V ) − 1 n − 1

[(∇_X S)(Z, U)g(Y, V ) − (∇_X S)(Y, U)g(Z, V )]

= A(X)[R(Y, Z, U, V ) − 1 n − 1

{S(Z, U)g(Y, V ) − S(Y, U)g(Z, V )}]

+ B(Y )[R(X, Z, U, V ) − 1 n − 1

{S(Z, U)g(X, V ) − S(X, U)g(Z, V )}]

+ B(Z)[R(Y, X, U, V ) − 1 n − 1

{S(X, U)g(Y, V ) − S(Y, U)g(X, V )}]

+ D(U)[R(Y, Z, X, V ) − 1 n − 1

{S(Z, X)g(Y, V ) − S(Y, X)g(Z, V )}]

+ E(V )[R(Y, Z, U, X) − 1 n − 1

{S(Z, U)g(Y, X) − S(Y, U)g(Z, X)}].

(2.17)

Setting Y = V = e_i in (2.17) and taking summation over i, 1 ≤ i ≤ n, we have (2.18) B(R(X, Z)U) − E(R(U, X)Z) = = − 1 n − 1

[B(X)S(Z, U)B(Z)S(X, U) + E(X)S(Z, U) − E(QU)g(Z, X)]. Also putting Z = U = e_i in (2.18) and taking summation over i, 1 ≤ i ≤ n, we obtain (2.19) T (QX) = r n T (X), which can be written as (2.20) S(X, ρ_2) = r n g(X, ρ_2), where g(X, ρ_2) = T (X) = B(X) + E(X) for all X. This leads to the following:

Proposition 2.5. In a (W P S)_n,^r_n is an eigenvalue of the Ricci tensor S corresponding to the eigenvector ρ_2 defined by g(X, ρ_2) = T (X) for all X. 3. Einstein (W P S)_n Let us consider a (W P S)_n, which is an Einstein manifold. Then we have (3.1) S(X, Y ) = r n g(X, Y ), from which it follows that (3.2) dr(X) = 0 and (∇_Z S)(X, Y ) = 0 for all X, Y, Z.

By virtue of (3.1) and (3.2), it follows from (2.1) that (3.3) P (Y, Z, U, V ) = R(Y, Z, U, V ) − r n(n − 1)

[g(Z, U)g(Y, V ) − g(Y, U)g(Z, V )] and (3.4) (∇_X P )(Y, Z, U, V ) = (∇_X R)(Y, Z, U, V ). In view of (3.3) and (3.4), (1.5) reduces to

(∇_X R)(Y, Z, U, V ) = A(X)R(Y, Z, U, V ) + B(Y )R(X, Z, U, V ) + B(Z)R(Y, X, U, V ) + D(U)R(Y, Z, X, V ) + E(V )R(Y, Z, U, X) − r n(n − 1)

[A(X)

{g(Z, U)g(Y, V ) − g(Y, U)g(Z, V )} + B(Y ){g(Z, U)g(X, V ) − g(X, U)g(Z, V )} + B(Z){g(X, U)g(Y, V ) − g(Y, U)g(X, V )} + D(U){g(Z, X)g(Y, V ) − g(Y, X)g(Z, V )} + E(V ){g(Z, U)g(Y, X) − g(Y, U)g(Z, X)}].

(3.5)

Using (1.2) in (3.5) we obtain

[E(V ) − D(V )]R(Y, Z, U, X) = r n(n − 1)

[A(X){g(Z, U)g(Y, V )

− g(Y, U)g(Z, V )} + B(Y ){g(Z, U)g(X, V ) − g(X, U)g(Z, V )} + B(Z){g(X, U)g(Y, V ) − g(Y, U)g(X, V )} + D(U){g(Z, X)g(Y, V ) − g(Y, X)g(Z, V )} + E(V ){g(Z, U)g(Y, X) − g(Y, U)g(Z, X)}].

(3.6)

Setting X = U = e_i in (3.6) and then taking summation over i, 1 ≤ i ≤ n, we get (3.7) r[A(Z)g(Y, V ) − A(Y )g(Z, V ) − (n − 1)B(Y )g(Z, V ) + (n − 1)B(Z)g(Y, V ) + D(Z)g(Y, V ) − D(Y )g(Z, V )] = 0.

Further setting Z = V = e_i in (3.7) and taking summation over i, 1 ≤ i ≤ n, we have (3.8) r[A(Y ) + (n − 1)B(Y ) + D(Y )] = 0. Again contracting (3.6) over X and Y we obtain r n [E(V ) − D(V )]g(Z, U) = r n(n − 1)

[A(V )g(Z, U)

− A(U)g(Z, V ) + B(V )g(Z, U) − B(U)g(Z, V ) − (n − 1)D(U)g(Z, V ) + (n − 1)E(V )g(Z, U)].

(3.9)

Now, setting Z = V = e_i in (3.9) and taking summation over i, 1 ≤ i ≤ n, we get (3.10) r[A(U) + B(U) + (n − 1)D(U)] = 0 for all U. Replacing U by Y in the above equation we have (3.11) r[A(Y ) + B(Y ) + (n − 1)D(Y )] = 0.

Also setting Y = V = e_i in (3.6) and taking summation over i, 1 ≤ i ≤ n, we get E(R(X, U)Z) − D(R(X, U)Z) = r n(n − 1)

[(n − 1)A(X)g(Z, U) + B(X)g(Z, U) − B(Z)g(X, U) + (n − 1)B(Z)g(X, U) + (n − 1)D(U)g(Z, X) + E(X)g(Z, U) − E(U)g(Z, X)], which yields, on further contraction with respect to Z and U, that r[nA(X) + 2B(X) + 2D(X)] = 0 for all X.

Interchanging X and Y in the above equation we have (3.12) r[nA(Y ) + 2B(Y ) + 2D(Y )] = 0. Adding (3.8), (3.11) and (3.12) we obtain r = 0 if A(Y ) + B(Y ) + D(Y ) ≠ 0 for all Y.

This leads to the following:

Theorem 3.1. An Einstein (W P S)_n is a (W S)_n provided that A + B + D is not everywhere zero on the manifold.

Definition 3.1. In a Riemannian manifold a vector field W is said to be parallel if it satisfies the following condition: (3.13) ∇_X W = 0 for all X.

Let us now consider an Einstein (W P S)_n in which the vector field L defined by g(X, L) = A(X) − 2B(X) is a parallel vector field. Then we have (3.14) ∇_X L = 0 for all X. Therefore, using Ricci identity we get R(X, Y, L, U) = 0, which yields (3.15) S(Y, L) = 0. From (3.15) and (2.20) , it follows that r = 0 if ‖L‖^2 ≠ 0.

Again if r = 0 then (3.1) implies that S(X, Y ) = 0 and consequently the manifold is a (W S)_n. Thus, we can state the following:

Theorem 3.2. If in an Einstein (W P S)_n the vector field L defined by g(X, L) = α(X) is a parallel vector field, then it is a (W S)_n provided that ‖L‖^2 ≠ 0.

Definition 3.2. A vector field F on a Riemannian manifold is said to be concurrent [4] if (∇_X F ) = kX, where k is a constant.

In particular if k = 0 then F is said to be a parallel vector field.

Next, we suppose that in an Einstein (W P S)_n the vector field L defined by g(X, L) = α(X) = A(X) − 2B(X) is a concurrent vector field.

Then we have

(3.16) ∇_X L = kX,

where k is a constant.

Making use of Ricci identity we have R(X, Y, L, U) = 0, which implies that

(3.17) S(Y, L) = 0 for all Y.

Now, (3.17) yields r = 0 provided that ‖L‖^2 ≠ 0.

Thus, arguing as in the case of parallel vector field we obtain that the manifold under consideration is a (W S)_n. Hence, we can state the following:

Theorem 3.3. If in an Einstein (W P S)_n the vector field L defined by

g(X, L) = α(X)

is a concurrent vector field, then it is a (W S)_n provided that ‖L‖^2 ≠ 0.

4. Decomposable (W P S)_n

A Riemannian manifold (M^n, g) is said to be decomposable [8] if it can be expressed as M^p_1 × M^{n−p}_2 for 2 ≤ p ≤ n − 2, that is, in some coordinate neighbourhood of the Riemannian manifold (M^n, g), the metric can be expressed as (4.1) ds^2 = g_{ij}dx^idx^j = g̃_{ab}dx^adx^b+^∗g_{αβ} dx^αdx^β,

where g̃_{ab} are functions of x^1, x^2, · · · , x^p(p < n) denoted by x̃ and^∗g_{αβ} are functions of x^{p+1}, x^{p+2}, · · · , x^n denoted by^∗x; a, b, c, · · · run from 1 to p and α, β, γ, · · · run from p + 1 to n. The two parts of (4.1) are the metrics of M^p_1 (p ≥ 2) and M^{n−p}_2 (n − p ≥ 2) which are called the decomposition of the manifold M^n = M^p_1 × M^{n−p}_2 (2 ≤ p ≤ n − 2).

Let (M^n, g) be a Riemannian manifold such that M^p_1 × M^{n−p}_2 for 2 ≤ p ≤ n−2. Here throughout this section each object denoted by a ‘tilde’ is assumed to be from M_1 and each object denoted by a ‘star’ is assumed to be from M_2.

Let X̃, Ỹ , Z̃, Ũ, Ṽ ∈ χ(M_1) and^∗X,^∗Y ,^∗Z,^∗U,^∗V ∈ χ(M_2), then we have the following relations:

R(^∗X, Ỹ , Z̃, Ũ) = 0 = R(X̃,^∗Y , Z̃,^∗U) = R(X̃,^∗Y ,^∗Z,^∗U), (∇ ∗_X R)(Ỹ , Z̃, Ũ, Ṽ ) = 0 = (∇~_X R)(Ỹ ,^∗Z, Ũ,^∗V ) = (∇ ∗_X R)(Ỹ ,^∗Z, Ũ,^∗V ), R(X̃, Ỹ , Z̃, Ũ) = R̃(X̃, Ỹ , Z̃, Ũ); R(^∗X,^∗Y ,^∗Z,^∗U) =^∗R (^∗X,^∗Y ,^∗Z,^∗U), S(X̃, Ỹ ) = S̃(X̃, Ỹ ); S(^∗X,^∗Y ) =^∗S (^∗X,^∗Y ), (∇~_X S)(Ỹ , Z̃) = ( ~∇~_X S)(Ỹ , Z̃); (∇ ∗_X S)(^∗Y ,^∗Z) = (^∗∇ ∗_X S)(^∗Y ,^∗Z), and r = r̃+^∗r, where r, r̃, and^∗r are the scalar curvature of M, M_1, M_2 respectively. Let us consider a Riemannian manifold (M^n, g) which is a decomposable (W P S)_n. Then M^n = M^p_1 × M^{n−p}_2 , (2 ≤ p ≤ n − 2).

Now, from (2.1), we have (4.2) P (^∗Y , Z̃, Ũ, Ṽ ) = 0 = P (Ỹ ,^∗Z,^∗U,^∗V ),

(4.3) P (^∗Y , Z̃, Ũ,^∗V ) = − 1 n − 1

S(Z̃, Ũ)g(^∗Y ,^∗V ),

(4.4) P (^∗Y ,^∗Z, Ũ, Ṽ ) = 0 and (4.5) P (^∗Y , Z̃,^∗U, Ṽ ) = 1 n − 1

S(^∗Y ,^∗U)g(Z̃, Ṽ ).

Again from (1.5), we have

(∇~_X P )(Ỹ , Z̃, Ũ, Ṽ ) = A(X̃)P (Ỹ , Z̃, Ũ, Ṽ ) + B(Ỹ )P (X̃, Z̃, Ũ, Ṽ ) + B(Z̃)P (Ỹ , X̃, Ũ, Ṽ ) + D(Ũ)P (Ỹ , Z̃, X̃, Ṽ ) + E(Ṽ )P (Ỹ , Z̃, Ũ, X̃).

(4.6)

Changing X̃ by^∗X in (4.6) we get (4.7) A(^∗X)P (Ỹ , Z̃, Ũ, Ṽ ) = 0. Similarly we have (4.8) B(^∗Y )P (X̃, Z̃, Ũ, Ṽ ) = 0, (4.9) D(^∗U)P (Ỹ , Z̃, X̃, Ṽ ) = 0 and (4.10) E(^∗V )P (Ỹ , Z̃, Ũ, X̃) = 0.

Now, putting X̃ =^∗X, Ỹ =^∗Y in (4.6) we get (4.11) D(Ũ)S(^∗Y ,^∗X)g(Z̃, Ṽ ) − E(Ṽ )S(Z̃, Ũ)g(^∗Y ,^∗X) = 0. Similarly, putting Ỹ =^∗Y , Ṽ =^∗V in (4.6) we obtain (4.12) (∇~_X S)(Z̃, Ũ) = A(X̃)S(Z̃, Ũ) + B(Z̃)S(X̃, Ũ) + D(Ũ)S(Z̃, X̃). Also putting X̃ =^∗X, Ỹ =^∗Y , Ũ =^∗U in (4.6) we have (4.13) (∇ ∗_X S)(^∗Y ,^∗U) = A(^∗X)S(^∗Y ,^∗U) + B(^∗Y )S(^∗X,^∗U) + D(^∗U)S(^∗Y ,^∗X). In the similar way, from (4.6), we have the following: (4.14) D(^∗U)S(Ỹ , X̃)g(^∗Z,^∗V ) − E(^∗V )S(^∗Z,^∗U)g(Ỹ , X̃) = 0, (4.15) A(X̃)P (^∗Y ,^∗Z,^∗U,^∗V ) = 0, (4.16) B(Ỹ )P (^∗X,^∗Z,^∗U,^∗V ) = 0, (4.17) D(Ũ)P (^∗Y ,^∗Z,^∗X,^∗V ) = 0, (4.18) E(Ṽ )P (^∗Y ,^∗Z,^∗U,^∗X) = 0 and (∇ ∗_X P )(^∗Y ,^∗Z,^∗U,^∗V ) = A(^∗X)P (^∗Y ,^∗Z,^∗U,^∗V ) + B(^∗Y )P (^∗X,^∗Z,^∗U,^∗V ) + B(^∗Z)P (^∗Y ,^∗X,^∗U,^∗V ) + D(^∗U)P (^∗Y ,^∗Z,^∗X,^∗V ) + E(^∗V )P (^∗Y ,^∗Z,^∗U,^∗X).

(4.19)

From (4.7)–(4.10) we have two cases. Namely,

(I) A = B = D = E = 0 on M_2, (II) M_1 is projectively flat.

At first, we consider the case (I). Then from (4.19) we have (∇ ∗_X P )(^∗Y ,^∗Z,^∗U,^∗V ) = 0, that is, (4.20) (∇ ∗_X R)(^∗Y ,^∗Z,^∗U,^∗V ) − 1 n − 1

[(∇ ∗_X S)(^∗Z,^∗U)g(^∗Y ,^∗V ) − (∇ ∗_X S)(^∗Y ,^∗U)g(^∗Z,^∗V )] = 0.

Setting^∗Z=^∗V =^∗e_α in (4.20) and taking summation over α, p + 1 ≤ α ≤ n, we obtain (4.21) (∇ ∗_X S)(^∗Y ,^∗U) = 0, which implies that M_2 is a Ricci symmetric manifold.

Secondly, we discuss the case of (II).

Since, M_1 is projectively flat, it is a manifold of constant curvature. Hence we can state the following:

Theorem 4.1. Let (M^n, g) be a Riemannian manifold such that M = M^p_1 × M^{n−p}_2 , (2 ≤ p ≤ n − 2). If M is a (W P S)_n then the following holds:

(I) In the case of A = B = D = E = 0 on M_2, the manifold M_2 is Ricci symmetric.

(II) When M_1 is projectively flat, it is a manifold of constant curvature. Similarly, we have from (4.15) — (4.18) that Theorem 4.2. Let (M^n, g) be a Riemannian manifold such that M = M^p_1 × M^{n−p}_2 , (2 ≤ p ≤ n − 2). If M is a (W P S)_n then the following holds:

(I) In the case of A = B = D = E = 0 on M_1, the manifold M_1 is Ricci symmetric.

(II) When M_2 is projectively flat, it is a manifold of constant curvature. Next, we consider the contraction with respect to^∗X and^∗Y in (4.11) and obtain (4.22) D(Ũ)^∗r g(Z̃, Ṽ ) − (n − p)E(Ṽ )S(Z̃, Ũ)] = 0, which yields (4.23) E(QŨ) = r_1D(Ỹ ), where (4.24) r_1 = p n − p ∗ r . Similarly, from (4.14) we have (4.25) E(Q^∗U) = r_2E(^∗U), where (4.26) r_2 = n − p p r̃. Thus, we can state the following:

Theorem 4.3. Let (M^n, g) be a Riemannian manifold such that M = M^p_1 × M^{n−p}_2 , (2 ≤ p ≤ n − 2). If M is a (W P S)_n then the 1-forms D and E are related by E(QŨ) = r_1D(Ỹ ) on M_1, where r_1 =^p_{n−p}^∗r and E(Q^∗U) = r_2E(^∗U) on M_2, where r_2 =^{n−p}_p r̃.

Again from (4.12) and (4.13) we can state the following:

Theorem 4.4. Let (M^n, g) be a Riemannian manifold such that M = M^p_1 × M^{n−p}_2 , (2 ≤ p ≤ n − 2). If M is a (W P S)_n then the manifold M_1 is a (W RS)_p and the manifold M_2 is a (W RS)_{n−p}.

5. Some Examples of (W P S)_n and decomposable (W P S)_n Example 5.1. Let M^4 = {(x^1, x^2, x^3, x^4) ∈ R^4 : 0 < x^1 <^π_2 , 0 < x^2 <^π_2 } be a manifold endowed with the metric (5.1) ds^2 = (dx^1)^2 + sin^2 x^1(dx^2)^2 + sin^2 x^1 sin^2 x^2(dx^3)^2 + (dx^4)^2. Then the only non-vanishing components of the Christoffel symbols, the curvature tensor, Ricci tensor, scalar curvature, projective curvature tensor are given by

Γ^1_{22} = − 1 2 sin(2x^1), Γ^1_{33} = − 1 2 sin(2x^1) sin^2 x^2,

Γ^2_{33} = − 1 2 sin(2x^2), Γ^2_{12} = cot x^1 = Γ^3_{13}, Γ^3_{23} = cot x^2,

R_{1221} = − sin^2 x^1, R_{1331} = − sin^2 x^1 sin^2 x^2, R_{2332} = − sin^4 x^1 sin^2 x^2, S_{11} = −2, S_{22} = −2 sin^2 x^1, S_{33} = −2 sin^2 x^1 sin^2 x^2, r = −6 ≠ 0,

P_{1221} = − 1 3 sin^2 x^1 = −P_{1212}, P_{1331} = − 1 3 sin^2 x^1 sin^2 x^2 = −P_{1313},

P_{2332} = − 1 3 sin^4 x^1 sin^2 x^2 = −P_{2323}, P_{1441} = − 2 3 , P_{2424} = − 2 3 sin^2 x^1, P_{3434} = − 2 3 sin^2 x^1 sin^2 x^2

and the components that can be obtained from these by the symmetry properties. The covariant derivatives of all components of projective curvature tensor are vanish. In terms of local coordinate system we consider the components of the 1-forms A, B, D and E as follows: A_i = B_i = D_i = E_i = 0 for i = 1, 2, 3, 4.

Then one can easily prove that (M^4, g) is a (W P S)_4 with non-vanishing scalar curvature.

Thus, we can state the following:

Theorem 5.1. Let (M^4, g) be a Riemannian manifold endowed with the metric given in (5.1). Then (M^4, g) is a weakly projective symmetric manifold with non-vanishing scalar curvature, which is projectively symmetric.

Example 5.2. Let M^n = {(x^1, x^2, x^3, · · · , x^n) ∈ R^n : 0 < x^1 <^π_2 , 0 < x^2 <^π_2 } be a manifold endowed with the metric

(5.2) ds^2 = (dx^1)^2 + sin^2 x^1(dx^2)^2 + sin^2 x^1 sin^2 x^2(dx^3)^2 + n∑ k=4 (dx^k)^2.

Then the only non-vanishing components of the Christoffel symbols, the curvature tensor, Ricci tensor, scalar curvature, projective curvature tensor are given by

Γ^1_{22} = − 1 2 sin(2x^1), Γ^1_{33} = − 1 2 sin(2x^1) sin^2 x^2,

Γ^2_{33} = − 1 2 sin(2x^2), Γ^2_{12} = cot x^1 = Γ^3_{13}, Γ^3_{23} = cot x^2,

R_{1221} = − sin^2 x^1, R_{1331} = − sin^2 x^1 sin^2 x^2, R_{2332} = − sin^4 x^1 sin^2 x^2, S_{11} = −2, S_{22} = −2 sin^2 x^1, S_{33} = −2 sin^2 x^1 sin^2 x^2, r = −6 ≠ 0,

P_{1221} = − n − 3 n − 1 sin^2 x^1 = P_{1212}, P_{1331} = − n − 3 n − 1 sin^2 x^1 sin^2 x^2 = P_{1313},

P_{2332} = − n − 3 n − 1 sin^4 x^1 sin^2 x^2 = P_{2323}, P_{1kk1} = 2 n − 1 , P_{2kk2} = 2 n − 1 sin^2 x^1, P_{3kk3} = 2 n − 1 sin^2 x^1 sin^2 x^2, for 4 ≤ k ≤ n.

and the components that can be obtained from these by the symmetry properties.

In view of the above all the covariant derivatives of the projective curvature tensor are vanish.

Therefore, our M^n with the considered metric g in (5.2) is a Riemannian manifold of non-vanishing scalar curvature.

In terms of local coordinate system we consider the components of the 1- forms A, B, D and E as follows:

A_i = B_i = D_i = E_i = 0 for i = 1, 2, · · · , n.

Then (M^n, g) is a (W P S)_n and hence we can state the following:

Theorem 5.2. Let (M^n, g)(n ≥ 4) be a Riemannian manifold equipped with the metric given in (5.2). Then (M^n, g)(n ≥ 4) is a weakly projective symmetric manifold with non-vanishing scalar curvature, which is projectively symmetric.

Now, we consider the two manifolds (M^4_1 , ds^2_1) and (M^{n−4}_2 , ds^2) where M^4_1 = R^4 and M^{n−4}_2 = R^{n−4},

(5.3) ds^2_1 = (dx^1)^2 + sin^2 x^1[(dx^2)^2 + sin^2 x^2(dx^3)^2] + (dx^4)^2, ds^2 = n∑ k=5 (dx^k)^2.

Then (M^n, ds^2) is obviously a decomposable manifold where ds^2 is given by (5.2). Hence we can state the following:

Theorem 5.3. Let (M^n, g)(n ≥ 4) be a Riemannian manifold endowed with the metric given in (5.2). Then (M^n, g)(n ≥ 4) is a decomposable weakly projective symmetric manifold (M^4_1 , ds^2_1) × (M^{n−4}_2 , ds^2) with non-vanishing scalar curvature, where ds^2_1 and ds^2 are given in (5.3).

Example 5.3. Let M = R^4 be a manifold endowed with the metric (5.4) ds^2 = g_{ij}dx^idx^j = (1 + 2γ)[(dx^1)^2 + (dx^3)^2] + (dx^2)^2 + (dx^4)^2,

(i,j = 1,2,3,4), where γ =^{ex1}_{K2} ≠^1_4 and K is a non-zero constant.

Then the only non-vanishing components of the Christoffel symbols, the curvature tensor, Ricci tensor, scalar curvature, projective curvature tensor and its covariant derivatives are given by

Γ^1_1 = γ 1 + 2γ

= Γ^3_{13} = −Γ^1_{33}, R_{1331} = γ 1 + 2γ , S_{11} = γ (1 + 2γ)^2

= S_{33}, r = 2γ (1 + 2γ)^3

≠ 0,

P_{1212} = P_{1414} = P_{3434} = γ 3(1 + 2γ)^2 , P_{2332} = − γ 3(1 + 2γ)^2

, P_{1331} = 2 3 γ 1 + 2γ

= −P_{1313},

P_{1212,1} = P_{1414,1} = P_{3434,1} = γ(1 − 4γ) 3(1 + 2γ)^3 , (5.5)

P_{2332,1} = − γ(1 − 4γ) 3(1 + 2γ)^3 , (5.6)

P_{1331,1} =

2γ(1 − 4γ) 3(1 + 2γ)^2

= −P_{1313,1}

(5.7)

and the components that can be obtained from these by the symmetry properties, where ‘,’ denotes the covariant differentiation with respect to the metric tensor and S_{ij} denotes the components of the Ricci tensor and r is the scalar curvature of the manifold. Therefore, the manifold M^4 with the considered metric is a Riemannian manifold, which is neither projectively flat nor projectively symmetric and is of non-vanishing scalar curvature.

We shall now show that this (M^4, g) is a (W P S)_4, that is, it satisfies (1.5). In terms of local coordinate system, we consider the components of the 1-forms A, B, D and E as follows:

A(∂_i) = A_i =

{_{1−4γ}

1+2γ , for i = 1,

0, otherwise , B_i = D_i = E_i = 0 for i = 1, 2, 3, 4,

(5.8)

where ∂_i =^∂_{∂xi} .

In our M^4 with the considered 1-forms, (1.5) reduces to the following equations:

P_{121l,i} = A_iP_{121l} + B_1P_{i21l} + B_2P_{1i1l} + D_1P_{12il} + E_lP_{121i},

(5.9)

P_{12t2,i} = A_iP_{12t2} + B_1P_{i2t2} + B_2P_{1it2} + D_tP_{12i2} + E_2P_{12ti},

(5.10)

P_{1u12,i} = A_iP_{1u12} + B_1P_{iu12} + B_uP_{1i12} + D_1P_{1ui2} + E_2P_{1u1i},

(5.11)

P_{t212,i} = A_iP_{t212} + B_tP_{i212} + B_2P_{ti12} + D_1P_{t2i2} + E_2P_{t21i},

(5.12)

P_{133l,i} = A_iP_{133l} + B_1P_{i33l} + B_3P_{1i3l} + D_3P_{13il} + E_lP_{133i},

(5.13)

P_{13w1,i} = A_iP_{13w1} + B_1P_{i3w1} + B_3P_{1iw1} + D_wP_{13i1} + E_1P_{13wi},

(5.14)

P_{1w31,i} = A_iP_{1w31} + B_1P_{iw31} + B_wP_{1i31} + D_3P_{1wi1} + E_1P_{1w3i},

(5.15)

P_{t331,i} = A_iP_{t331} + B_tP_{i331} + B_3P_{ti31} + D_3P_{t3i1} + E_1P_{t33i},

(5.16)

P_{131s,i} = A_iP_{131s} + B_1P_{i31s} + B_3P_{1i1s} + D_1P_{13is} + E_sP_{131i},

(5.17)

P_{13t3,i} = A_iP_{13t3} + B_1P_{i3t3} + B_3P_{1it3} + D_tP_{13i3} + E_3P_{13ti},

(5.18)

P_{1p13,i} = A_iP_{1p13} + B_1P_{ip13} + B_pP_{1i13} + D_1P_{1pi3} + E_3P_{1p1i},

(5.19)

P_{t313,i} = A_iP_{t313} + B_tP_{i313} + B_3P_{ti13} + D_1P_{t3i3} + E_3P_{t31i},

(5.20)

P_{14lu,i} = A_iP_{14lu} + B_1P_{i4lu} + B_4P_{1ilu} + D_lP_{14iu} + E_uP_{14li},

(5.21)

P_{14t4,i} = A_iP_{14t4} + B_1P_{i4t4} + B_4P_{1it4} + D_tP_{14i4} + E_4P_{14ti},

(5.22)

P_{1114,i} = A_iP_{1114} + B_1P_{i114} + B_1P_{1i14} + D_1P_{11i4} + E_4P_{111i},

(5.23)

P_{t414,i} = A_iP_{t414} + B_tP_{i414} + B_4P_{ti14} + D_1P_{t4i4} + E_4P_{t41i},

(5.24)

P_{233t,i} = A_iP_{233t} + B_2P_{i33t} + B_3P_{2i3t} + D_3P_{23it} + E_tP_{233i},

(5.25)

P_{23w2,i} = A_iP_{23w2} + B_2P_{i3w2} + B_3P_{2iw2} + D_wP_{23i2} + E_2P_{23wi},

(5.26)

P_{2w32,i} = A_iP_{2w32} + B_2P_{iw32} + B_wP_{2i32} + D_3P_{2wi2} + E_2P_{2w3i},

(5.27)

P_{s332,i} = A_iP_{s332} + B_sP_{i332} + B_3P_{si32} + D_3P_{s3i2} + E_2P_{s33i},

(5.28)

P_{343t,i} = A_iP_{343t} + B_3P_{i43t} + B_4P_{3i3t} + D_3P_{34it} + E_tP_{343i},

(5.29)

P_{34w4,i} = A_iP_{34w4} + B_3P_{i4w4} + B_4P_{3iw4} + D_wP_{34i4} + E_4P_{34wi},

(5.30)

P_{3334,i} = A_iP_{3334} + B_3P_{i334} + B_3P_{3i34} + D_3P_{33i4} + E_4P_{333i},

(5.31)

P_{v434,i} = A_iP_{v434} + B_vP_{i434} + B_4P_{vi34} + D_3P_{v4i4} + E_4P_{v43i},

(5.32) where i = 1, 2, 3, 4; l = 1, 2, 3, 4; t = 2, 3, 4; u = 1, 3, 4; w = 1, 2, 4; v = 1, 3; s = 3, 4; p = 1, 4; v = 2, 4. Since, for the cases other than (5.9) – (5.32), the components of each term of (1.5) either vanishes identically or the relation (1.5) holds trivially using the skew-symmetry property of P .

Now, using (5.5) and (5.8), it follows, for i = 1, that right hand side of (5.9)(for l = 2) = (A_1 + B_1 + D_1)P_{1212} =^{γ(1−4γ)}_{3(1+2γ)3} = P_{1212,1} = left hand side of (5.9)(for l = 2).

For i = 2, 3, 4, the relation (5.8) implies that both sides of equation (5.9) are equal. By the similar argument, it can be easily seen that the equations (5.10) – (5.32) hold. Thus, the manifold under consideration is weakly projective symmetric.

Hence, we can state the following:

Theorem 5.4. Let (M^4, g) be a Riemannian manifold endowed with the metric given in (5.4). Then (M^4, g) is a weakly projective symmetric manifold with non-vanishing scalar curvature, which is neither projectively flat nor projectively symmetric but projectively recurrent.

Example 5.4. Let M = R^n be a manifold endowed with the metric

(5.33) ds^2 = g_{ij}dx^idx^j = 2γ[(dx^1)^2 +(dx^3)^2]+δ_{ij}dx^idx^j, (i, j = 1, 2, · · · , n),

where γ =^{ex1}_{K2} ≠^1_4 and K is a non-zero constant.

Then the only non-vanishing components of the Christoffel symbols, the curvature tensor, Ricci tensor, scalar curvature, projective curvature tensor and its covariant derivatives are given by

Γ^1_1 = γ 1 + 2γ

= Γ^3_{13} = −Γ^1_{33}, R_{1331} = γ 1 + 2γ , S_{11} = γ (1 + 2γ)^2

= S_{33}, r = 2γ (1 + 2γ)^3

≠ 0,

P_{1212} = P_{1414} = P_{3434} = γ (n − 1)(1 + 2γ)^2 , P_{2332} = − γ (n − 1)(1 + 2γ)^2

, P_{1331} = n − 2 n − 1 γ 1 + 2γ

= −P_{1313},

P_{1k1k} = P_{3k3k} = γ (n − 1)(1 + 2γ)^2 for 5 ≤ k ≤ n,

P_{1212,1} = P_{1414,1} = P_{3434,1} = γ(1 − 4γ) (n − 1)(1 + 2γ)^3 , (5.34)

P_{2332,1} = − γ(1 − 4γ) (n − 1)(1 + 2γ)^3 , (5.35)

P_{1331,1} =

(n − 2)γ(1 − 4γ) (n − 1)(1 + 2γ)^2

= −P_{1313,1},

(5.36)

P_{1k1k,1} = P_{3k3k,1} = γ(1 − 4γ) (n − 1)(1 + 2γ)^3 for 5 ≤ k ≤ n

(5.37)

and the components that can be obtained from these by the symmetry properties, where ‘,’ denotes the covariant differentiation with respect to the metric tensor and S_{ij} denotes the components of the Ricci tensor and r is the scalar curvature of the manifold. Therefore, the manifold M^n with the considered metric is a Riemannian manifold, which is neither projectively flat nor projectively symmetric and is of non-vanishing scalar curvature.

We shall now show that this (M^n, g) is a (W P S)_n, that is, it satisfies (1.5). In terms of local coordinate system, if we consider the components of the 1-forms A, B, D and E as

A(∂_i) = A_i =

{_{1−4γ}

1+2γ , for i = 1,

0, otherwise , B_i = D_i = E_i = 0 for i = 1, 2, · · · , n,

(5.38) where ∂_i =^∂_{∂xi} .

In our M^n with the considered 1-forms, (1.5) reduces to the following equations:

P_{121l,i} = A_iP_{121l} + B_1P_{i21l} + B_2P_{1i1l} + D_1P_{12il} + E_lP_{121i},

(5.39)

P_{12t2,i} = A_iP_{12t2} + B_1P_{i2t2} + B_2P_{1it2} + D_tP_{12i2} + E_2P_{12ti},

(5.40)

P_{1u12,i} = A_iP_{1u12} + B_1P_{iu12} + B_uP_{1i12} + D_1P_{1ui2} + E_2P_{1u1i},

(5.41)

P_{t212,i} = A_iP_{t212} + B_tP_{i212} + B_2P_{ti12} + D_1P_{t2i2} + E_2P_{t21i},

(5.42)

P_{133l,i} = A_iP_{133l} + B_1P_{i33l} + B_3P_{1i3l} + D_3P_{13il} + E_lP_{133i},

(5.43)

P_{13w1,i} = A_iP_{13w1} + B_1P_{i3w1} + B_3P_{1iw1} + D_wP_{13i1} + E_1P_{13wi},

(5.44)

P_{1w31,i} = A_iP_{1w31} + B_1P_{iw31} + B_wP_{1i31} + D_3P_{1wi1} + E_1P_{1w3i},

(5.45)

P_{t331,i} = A_iP_{t331} + B_tP_{i331} + B_3P_{ti31} + D_3P_{t3i1} + E_1P_{t33i},

(5.46)

P_{131s,i} = A_iP_{131s} + B_1P_{i31s} + B_3P_{1i1s} + D_1P_{13is} + E_sP_{131i},

(5.47)

P_{13t3,i} = A_iP_{13t3} + B_1P_{i3t3} + B_3P_{1it3} + D_tP_{13i3} + E_3P_{13ti},

(5.48)

P_{1p13,i} = A_iP_{1p13} + B_1P_{ip13} + B_pP_{1i13} + D_1P_{1pi3} + E_3P_{1p1i},

(5.49)

P_{t313,i} = A_iP_{t313} + B_tP_{i313} + B_3P_{ti13} + D_1P_{t3i3} + E_3P_{t31i},

(5.50)

P_{14lu,i} = A_iP_{14lu} + B_1P_{i4lu} + B_4P_{1ilu} + D_lP_{14iu} + E_uP_{14li},

(5.51)

P_{14t4,i} = A_iP_{14t4} + B_1P_{i4t4} + B_4P_{1it4} + D_tP_{14i4} + E_4P_{14ti},

(5.52)

P_{111q,i} = A_iP_{111q} + B_1P_{i11q} + B_1P_{1i1q} + D_1P_{11iq} + E_qP_{111i},

(5.53)

P_{t414,i} = A_iP_{t414} + B_tP_{i414} + B_4P_{ti14} + D_1P_{t4i4} + E_4P_{t41i},

(5.54)

P_{233t,i} = A_iP_{233t} + B_2P_{i33t} + B_3P_{2i3t} + D_3P_{23it} + E_tP_{233i},

(5.55)

P_{23w2,i} = A_iP_{23w2} + B_2P_{i3w2} + B_3P_{2iw2} + D_wP_{23i2} + E_2P_{23wi},

(5.56)

P_{2w32,i} = A_iP_{2w32} + B_2P_{iw32} + B_wP_{2i32} + D_3P_{2wi2} + E_2P_{2w3i},

(5.57)

P_{s332,i} = A_iP_{s332} + B_sP_{i332} + B_3P_{si32} + D_3P_{s3i2} + E_2P_{s33i},

(5.58)

P_{343t,i} = A_iP_{343t} + B_3P_{i43t} + B_4P_{3i3t} + D_3P_{34it} + E_tP_{343i},

(5.59)

P_{34w4,i} = A_iP_{34w4} + B_3P_{i4w4} + B_4P_{3iw4} + D_wP_{34i4} + E_4P_{34wi},

(5.60)

P_{333q,i} = A_iP_{333q} + B_3P_{i33q} + B_3P_{3i3q} + D_3P_{33iq} + E_qP_{333i},

(5.61)

P_{v434,i} = A_iP_{v434} + B_vP_{i434} + B_4P_{vi34} + D_3P_{v4i4} + E_4P_{v43i},

(5.62)

P_{1k1l,i} = A_iP_{1k1l} + B_1P_{ik1l} + B_kP_{1i1l} + D_1P_{1kil} + E_lP_{1k1i},

(5.63)

P_{1kmk,i} = A_iP_{1kmk} + B_1P_{ikmk} + B_kP_{1imk} + D_mP_{1kik} + E_kP_{1kmi},

(5.64)

P_{1y1k,i} = A_iP_{1y1k} + B_1P_{iy1k} + B_yP_{1i1k} + D_1P_{1yik} + E_kP_{1y1i},

(5.65)

P_{tk1k,i} = A_iP_{tk1k} + B_tP_{ik1k} + B_kP_{ti1k} + D_1P_{tkik} + E_kP_{tk1i},

(5.66)

P_{3k3l,i} = A_iP_{3k3l} + B_3P_{ik3l} + B_kP_{3i3l} + D_3P_{3kil} + E_lP_{3k3i},

(5.67)

P_{3kwk,i} = A_iP_{3kwk} + B_3P_{ikwk} + B_kP_{3iwk} + D_wP_{3kik} + E_kP_{3kwi},

(5.68)

P_{3z3k,i} = A_iP_{3z3k} + B_3P_{iz3k} + B_zP_{3i3k} + D_3P_{3zik} + E_kP_{3z3i},

(5.69)

P_{tk3k,i} = A_iP_{tk3k} + B_tP_{ik3k} + B_kP_{ti3k} + D_3P_{tkik} + E_kP_{tk3i},

(5.70) where i = 1, 2, · · · , n; l = 1, 2, · · · , n; t = 2, 3, · · · , n; u = 1, 3, 4, · · · , n; w = 1, 2, 4, · · · , n; v = 2, 4, · · · , n; s = 3, 4, · · · , n; p = 1, 4, · · · , n; q = 4, 5, · · · , n; m = 2, 3, 4; y = 1, 3, 4; z = 1, 2, 3, 4. Since, for the cases other than (5.39) – (5.70), the components of each term of (1.5) either vanishes identically or the relation (1.5) holds trivially using the skew-symmetry property of P .

Then it can be easily shown that the manifold under consideration is weakly projective symmetric and hence we can state the following: Theorem 5.5. Let (M^n, g) be a Riemannian manifold endowed with the metric given in (5.33). Then (M^n, g) is a weakly projective symmetric manifold with non-vanishing scalar curvature, which is neither projectively flat nor projectively symmetric but projectively recurrent.

Let (M^4_3 , g_3) be a Riemannian manifold in Example 5.3. and (R^{n−4}, g_0) be an (n−4) dimensional Euclidean space with standard metric g_0. Then (M^n, g) in Example 5.4. is a product manifold of (M^4_3 , g_3) and (R^{n−4}, g_0). Thus, we can state the following:

Theorem 5.6. Let (M^n, g)(n ≥ 4) be a Riemannian manifold endowed with the metric given in (5.33). Then (M^n, g)(n ≥ 4) is a decomposable weakly projective symmetric manifold (M^4_3 , g_3) × (R^{n−4}, g_0) with non-vanishing scalar curvature, which is neither projectively flat nor projectively symmetric but projectively recurrent.

Example 5.5. Let M = {(x^1, x^2, x^3, x^4) ∈ R^4 : 0 < x^4 < 1} be a manifold endowed with the metric (5.71) ds^2 = g_{ij}dx^idx^j = (x^4)^{43} [(dx^1)^2 + (dx^4)^2] + (dx^2)^2 + (dx^3)^2, (i, j = 1, 2, 3, 4). Then the only non-vanishing components of the Christoffel symbols, the curvature tensor, Ricci tensor, scalar curvature, projective curvature tensor and its covariant derivatives are given by

Γ^1_4 = Γ^4_4 = 2 3x^4

= −Γ^4_{11}, R_{1441} = − 2 3(x^4)^23 , S_{11} = S_{44} = − 2 3(x^4)^2 , r = − 4 3(x^4)^{10}3

≠ 0, P_{1212} = P_{1313} = − 2 9(x^4)^2 , P_{1441} = − 4 9(x^4)^23

= −P_{1414}, P_{2442} = P_{3443} = 2 9(x^4)^2 , P_{1212,4} = P_{1313,4} = 20 27(x^4)^3 , (5.72)

P_{1441,4} = 40 27(x^4)^53

= −P_{1414,4},

(5.73)

P_{2442,4} = − 20 27(x^4)^3

= P_{3443,4}

(5.74)

and the components that can be obtained from these by the symmetry properties, where ‘,’ denotes the covariant differentiation with respect to the metric tensor. Therefore, the manifold M^4 with the considered metric is a Riemannian manifold, which is neither projectively flat nor projectively symmetric and is of non-vanishing scalar curvature.

We shall now show that this (M^4, g) is a (W P S)_4, that is, it satisfies (1.5). In terms of local coordinate system we consider the components of the 1- forms A, B, D and E as follows:

A(∂_i) = A_i = { −^{10}_{3x4} , for i = 4 0, otherwise , B_i = D_i = E_i = 0 for i = 1, 2, 3, 4,

(5.75)

where ∂_i =^∂_{∂xi} .

In our M^4 with the considered 1-forms, (1.5) reduces to the following equations:

P_{121l,i} = A_iP_{121l} + B_1P_{i21l} + B_2P_{1i1l} + D_1P_{12il} + E_lP_{121i},

(5.76)

P_{12t2,i} = A_iP_{12t2} + B_1P_{i2t2} + B_2P_{1it2} + D_tP_{12i2} + E_2P_{12ti},

(5.77)

P_{1u12,i} = A_iP_{1u12} + B_1P_{iu12} + B_uP_{1i12} + D_1P_{1ui2} + E_2P_{1u1i},

(5.78)

P_{t212,i} = A_iP_{t212} + B_tP_{i212} + B_2P_{ti12} + D_1P_{t2i2} + E_2P_{t21i},

(5.79)

P_{131u,i} = A_iP_{131u} + B_1P_{i31u} + B_3P_{1i1u} + D_1P_{13iu} + E_uP_{131i},

(5.80)

P_{13t3,i} = A_iP_{13t3} + B_1P_{i3t3} + B_3P_{1it3} + D_tP_{13i3} + E_3P_{13ti},

(5.81)

P_{1p13,i} = A_iP_{1p13} + B_1P_{ip13} + B_pP_{1i13} + D_1P_{1pi3} + E_3P_{1p1i},

(5.82)

P_{t313,i} = A_iP_{t313} + B_tP_{i313} + B_3P_{ti13} + D_1P_{t3i3} + E_3P_{t31i},

(5.83)

P_{144l,i} = A_iP_{144l} + B_1P_{i44l} + B_4P_{1i4l} + D_4P_{14il} + E_lP_{144i},

(5.84)

P_{14v1,i} = A_iP_{14v1} + B_1P_{i4v1} + B_4P_{1iv1} + D_vP_{14i1} + E_1P_{14vi},

(5.85)

P_{1v41,i} = A_iP_{1v41} + B_1P_{iv41} + B_vP_{1i41} + D_4P_{1vi1} + E_1P_{1v4i},

(5.86)

P_{t441,i} = A_iP_{t441} + B_tP_{i441} + B_4P_{ti41} + D_4P_{t4i1} + E_1P_{t44i},

(5.87)

P_{141t,i} = A_iP_{141t} + B_1P_{i41t} + B_4P_{1i1t} + D_1P_{14it} + E_tP_{141i},

(5.88)

P_{14q4,i} = A_iP_{14q4} + B_1P_{i4q4} + B_4P_{1iq4} + D_qP_{14i4} + E_4P_{14qi},

(5.89)

P_{1114,i} = A_iP_{1114} + B_1P_{i114} + B_1P_{1i14} + D_1P_{11i4} + E_4P_{111i},

(5.90)

P_{t414,i} = A_iP_{t414} + B_tP_{i414} + B_4P_{ti14} + D_1P_{t4i4} + E_4P_{t41i},

(5.91)

P_{244t,i} = A_iP_{244t} + B_2P_{i44t} + B_4P_{2i4t} + D_4P_{24it} + E_tP_{244i},

(5.92)

P_{24v2,i} = A_iP_{24v2} + B_2P_{i4v2} + B_4P_{2iv2} + D_vP_{24i2} + E_2P_{24vi},

(5.93)

P_{2v42,i} = A_iP_{2v42} + B_2P_{iv42} + B_vP_{2i42} + D_4P_{2vi2} + E_2P_{2v4i},

(5.94)

P_{s442,i} = A_iP_{s442} + B_sP_{i442} + B_4P_{si42} + D_4P_{s4i2} + E_2P_{s44i},

(5.95)

P_{344t,i} = A_iP_{344t} + B_3P_{i44t} + B_4P_{3i4t} + D_4P_{34it} + E_tP_{344i},

(5.96)

P_{34v3,i} = A_iP_{34v3} + B_3P_{i4v3} + B_4P_{3iv3} + D_vP_{34i3} + E_3P_{34vi},

(5.97)

P_{3v43,i} = A_iP_{3v43} + B_3P_{iv43} + B_vP_{3i43} + D_4P_{3vi3} + E_3P_{3v4i},

(5.98)

P_{4443,i} = A_iP_{4443} + B_4P_{i443} + B_4P_{4i43} + D_4P_{44i3} + E_3P_{444i},

(5.99) where i = 1, 2, 3, 4; l = 1, 2, 3, 4; t = 2, 3, 4; u = 1, 3, 4; p = 1, 4; v = 1, 2, 3; q = 2, 3; s = 3, 4, since for the cases other than (5.76) – (5.99), the components of each term of (1.5) either vanishes identically or the relation (1.5) holds trivially using the skew-symmetry property of P .

Now, using (5.72) and (5.75), it follows for i = 4 that, right hand side of (5.76)(for l = 2) = A_4P_{1212} =^{20}_{27(x4)3} = P_{1212,4} = left hand side of (5.76)(for l = 2).

For i = 1, 2, 3, the relation (5.39) implies that both sides of equation (5.40) are equal. By the similar argument, it can be easily seen that the equation (5.41) – (5.63) holds. Thus, the manifold under consideration is weakly projective symmetric manifold.

Hence, we can state the following:

Theorem 5.7. Let (M^4, g) be a Riemannian manifold endowed with the metric given in (5.75). Then (M^4, g) is a weakly projective symmetric manifold with non-vanishing scalar curvature, which is neither projectively flat nor projectively symmetric but projectively recurrent.

Example 5.6. Let M = {(x^1, x^2, x^3, · · · , x^n) ∈ R^n : 0 < x^4 < 1} be a manifold endowed with the metric (5.100) ds^2 = [(x^4)^{43} − 1][(dx^1)^2 + (dx^4)^2] + δ_{ab}dx^adx^b, where δ_{ab} is the Kronecker delta and a, b run from 1 to n. Then the only non-vanishing components of the Christoffel symbols, the curvature tensor, Ricci tensor, scalar curvature, projective curvature tensor and its covariant derivatives are given by

Γ^1_4 = Γ^4_4 = 2 3x^4

= −Γ^4_{11}, R_{1441} = − 2 3(x^4)^23 , S_{11} = S_{44} = − 2 3(x^4)^2

, r = − 4 3(x^4)^{10}3

≠ 0,

P_{1212} = P_{1313} = − 2 3(n − 1)(x^4)^2

, P_{1441} = −

2(n − 2) 3(n − 1)(x^4)^23

= −P_{1414},

P_{2442} = P_{3443} = 2 3(n − 1)(x^4)^2

, P_{1k1k} = P_{4k4k} = − 2 3(n − 1)(x^4)^2 , P_{1212,4} = P_{1313,4} = 20 9(n − 1)(x^4)^3 , (5.101)

P_{1441,4} =

20(n − 2) 9(n − 1)(x^4)^53

= −P_{1414,4},

(5.102)

P_{2442,4} = − 20 9(n − 1)(x^4)^3

= P_{3443,4},

(5.103)

P_{1k1k,4} = P_{4k4k,4} = 20 9(n − 1)(x^4)^3 for 5 ≤ k ≤ n.

(5.104)

If we consider the components of the 1-forms A, B, D and E as

A(∂_i) = A_i = { −^{10}_{3x4} , for i = 4, 0, otherwise, B_i = D_i = E_i = 0 for i = 1, 2, · · · , n,

where ∂_i =^∂_{∂xi} , then it can be easily shown that M^n is a (W P S)_n, which is not projectively symmetric.

Hence, we can state the following:

Theorem 5.8. Let (M^n, g)(n ≥ 4) be a Riemannian manifold endowed with the metric given in (5.100). Then (M^n, g) is a weakly projective symmetric manifold with non-vanishing scalar curvature, which is not projectively symmetric but projectively recurrent.

Let (M^4_5 , g_5) be a Riemannian manifold in Example 5.5. and (R^{n−4}, g_4) be an (n−4) dimensional Euclidean space with standard metric g_4. Then (M^n, g) in Example 5.6. is a product manifold of (M^4_5 , g_5) and (R^{n−4}, g_4). Thus, we can state the following:

Theorem 5.9. Let (M^n, g)(n ≥ 4) be a Riemannian manifold endowed with the metric given in (5.100). Then (M^n, g)(n ≥ 4) is a decomposable weakly projective symmetric manifold (M^4_5 , g_5) × (R^{n−4}, g_4) with non-vanishing scalar curvature, which is not projectively symmetric but projectively recurrent.

References

[1] T. Q. Binh. On weakly symmetric Riemannian spaces. Publ. Math. Debrecen, 42(1- 2):103–107, 1993.

[2] U. C. De and S. Bandyopadhyay. On weakly symmetric Riemannian spaces. Publ. Math.

Debrecen, 54(3-4):377–381, 1999.

[3] D. Ferus. A remark on codazzi tensors on constant curvature space. In D. Ferus, W. Kühnel, and B. Wegner, editors, Global differential geometry and global analysis, volume 838 of Lecture Notes in Mathematics. Springer, 1981.

[4] J. A. Schouten. Ricci-calculus. An introduction to tensor analysis and its geometrical applications. Die Grundlehren der mathematischen Wissenschaften in Einzeldarstellungen mit besonderer Berücksichtigung der Anwendungsgebiete, Bd X. Springer-Verlag, Berlin, 1954. 2d. ed.

[5] A. A. Shaikh and S. K. Jana. On weakly symmetric Riemannian manifolds. Publ. Math.

Debrecen, 71(1-2):27–41, 2007.

[6] L. Tamássy and T. Q. Binh. On weakly symmetric and weakly projective symmetric Riemannian manifolds. In Differential geometry and its applications (Eger, 1989), volume 56 of Colloq. Math. Soc. János Bolyai, pages 663–670. North-Holland, Amsterdam, 1992.

[7] L. Tamássy and T. Q. Binh. On weak symmetries of Einstein and Sasakian manifolds.

Tensor (N.S.), 53(Commemoration Volume I):140–148, 1993. International Conference on Differential Geometry and its Applications (Bucharest, 1992).

[8] K. Yano and M. Kon. Structures on manifolds, volume 3 of Series in Pure Mathematics.

World Scientific Publishing Co., Singapore, 1984.

Received January 11, 2008; accepted on March 1, 2009

Department of Mathematics, University of Burdwan, Burdwan - 713104, West Bengal, India E-mail address: aask2003@yahoo.co.in