Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 24 (2008), 397–413

www.emis.de/journals
ISSN 1786-0091

FUNDAMENTAL PROBLEMS FOR A WEAKENED INFINITE PLATE BY A CURVILINEAR HOLE IN A HALF-PLANE

SAMAR ALI ASEERI

Abstract. Complex variable method (Cauchy integral method) has been applied to derive exact and closed expressions of Goursat functions for the first and second fundamental problems for an infinite plate weakened by a curvilinear hole. The area outside the hole with the hole itself is conformally mapped on the right half-plane by the use of a rational mapping function. This rational mapping consists of complex constants, in order to make the hole take different famous shapes, which can be found throughout the nature.

Many previous works are considered as special cases of this work. Also many new cases can be derived from the problem.

1. Introduction

For many years, contact and mixed problems in the theory of elasticity has been recognized as a rich and challenging subject for study, see Atkin and Fox (1990). These problems can be established from the initial value problems or from the boundary value problems, or from the mixed problems, see Colton and Kress (1983) and Abdou (2003). Also, many different methods are established for solving the contact and mixed problems in elastic and thermoelastic problems, the books edited by Noda et al. (2003), Hetnarski (2004), Parkus (1976) and Popov (1988) contain many different methods to solve the problems in the theory of elasticity in one, two and three dimensions.

It is known that, see Muskhelishvili (1953), the first and second fundamental problems in the plane theory of elasticity are equivalent to finding two analytic functions ϕ_1(z) and ψ_1(z) of one complex argument z = x + iy. These functions satisfy the boundary conditions,

2000 Mathematics Subject Classification. 74B10, 30C20.

Key words and phrases. Conformal mapping; Plane elasticity; Complex variable method; Curvilinear hole; Half plane. 397

398 SAMAR ALI ASEERI

(1.1) kϕ_1(t) − tϕ^′_1(t) − ψ_1(t) = f(t), where t denotes the affix of a point on the boundary. In terms of z = cω (s), c > 0, subject to the condition that ω (∞) is bounded and ω^′ (s) does not vanish on the right half-plane i.e. Re s ≥ 0, the infinite region outside a closed contour is conformally mapped to the right half-plane.

For k = −1 and f(t) is a given function of stress in (1.1), we have the boundary condition for the first fundamental problem (or in other words the stress boundary value problem);

(1.2) ϕ_1(t) + tϕ^′_1(t) + ψ_1(t) = f_1(t), f_1(t) = −f(t).

While for k = κ =^{λ+3μ}_{λ+μ} > 1, κ is called Muskhelishvili’s constant; λ, μ are the Lame’s constants and f(t) = 2μg(t) is a given function of displacement, we have the principal formula for the second fundamental problem (or the displacement boundary value problem);

(1.3) κϕ_1(t) − t ϕ^′_1 (t) − ψ_1(t) = 2μg(t).

The stress problem is ordered the first because any displacement for a body is resulted after a stress effect on this body.

In the absence of body forces, it is known from Muskhelishvili (1953) that stress components, in the plane theory of elasticity, are σ_{xx} + σ_{yy} = 4 Re {ϕ^′(z)} , σ_{yy} − σ_{xx} + 2iσ_{xy} = 2 [z̄ϕ^{′′}(z) + ψ^′(z)] .

(1.4)

Also, the complex potential functions ϕ_1(z) and ψ_1(z), take the form

ϕ_1(z) = −

X + iY 2π (1 + κ) ln z + Γz + ϕ(z),

ψ_1(z) = κ (X − iY ) 2π (1 + κ) ln z + Γ^∗z + ψ(z),

(1.5)

where X, Y are the components of the resultant vector of all external forces acting on the boundary and Γ, Γ^∗ are complex constants. The potential functions ϕ(z) and ψ(z), Goursat functions, are single-valued analytic functions within the region on the right half-plane and ϕ(∞) = 0, ψ(∞) = 0.

El-Sirafy (1977) used the complex variable method and a rational mapping function to obtain Goursat functions for the first fundamental problem of a stretched infinite plate weakened by a curvilinear hole with the application of a uniform tensile stress of intensity P , making an angle θ with the x-axis and the edge of the hole which is free from external forces is conformally mapped on the right half-plane by the rational mapping

(1.6) z = cω (s) = c

(s + 1)^2 + m (s − 1)^2 s^2 − 1 − n (s − 1)^2

, (c > 0, |n| < 1, s = σ + iτ),

PROBLEMS FOR A WEAKENED INFINITE PLATE 399

where m, n are real parameters subjected to the condition ω^′ (s) does not vanish within the right half-plane.

Also, Abdou and Khar Eldin (1994) used the complex variable method to obtain Goursat functions for a plate stated under the same above circumstances with a more complicated rational mapping

(1.7) z = cω (s) = c

(s + 1)^3 + m (s + 1) (s − 1)^2 + l (s − 1)^3 (s − 1) (s + 1)^2 − n (s + 1) (s − 1)^2 , (c > 0, |n| < 1, s = σ + iτ),

where m, n, l are real parameters subjected to the condition ω^′ (s) does not vanish within the right half-plane.

In this paper the complex variable method will be applied to solve the first and second fundamental problems for a general infinite plate weakened by a curvilinear hole C. The hole is conformally mapped to the right half-plane by the use of a rational mapping function which is simpler than the one’s used above in 1.6 and 1.7 but with complex constants as follows

(1.8) z = ω (s) = l ( s + 1 s − 1 ) + m ( s − 1 s + 1

)_2

, (|l| > 1, 0 ≤ | |^m_l | | <^1_2 ),

where l = l_1 + i l_2, m = m_1 + i m_2, and | |^m_l | | is a parameter restricted such that ω^′ (s) does not vanish within the right half-plane.

Basically, in the following shape we can take a fast look on the singularity of the rational mapping (1.8) on the plate. (Figure 1.)

2. Mapping function

The parametric equations of the hole C by assuming that τ is the parameter of the curve are obtained from 1.8 as

x = ` −1 + τ^2 ´` 1 + τ^2 ´ l1 + 2τ ` 1 + τ^2 ´ l2 + `` 1 − 6τ^2 + τ^4 ´ m1 − 4τ ` −1 + τ^2 ´ m2 ´ (1 + τ^2)^2 , y = −2τ ` 1 + τ^2 ´ l1 + ` −1 + τ^2 ´` 1 + τ^2 ´ l2 + ` 4τ ` −1 + τ^2 ´ m1 + ` 1 − 6τ^2 + τ^4 ´ m2 ´ (1 + τ^2)^2 .

(2.1)

Whereas, our present mapping function deals with famous shapes of tunnels, then it is useful to use it in studying stresses and strains around tunnels. In underground engineering the tunnel is assumed to be driven in a homogeneous, isotropic, linear elastic and pre-stressed geometrical situation. Also, the tunnel is considered to be deep enough such that the stress distribution before excavation is homogeneous. Excavating underground openings in soils and rocks are done for several purposes and in multi-sizes. At least, excavation of the opening will cause the soil or rock to deform elastically.

400 SAMAR ALI ASEERI

Worth mentioning, that excavation in soil or rock is a complicated, dangerous, and expensive process. The mechanics of this can be very complex. However, the use of conformal mapping that allows us to study stresses and strains around a unit circle makes it useful for engineers and easier for mathematicians.

The physical interest of the mapping (1.8) comes from its different shapes of holes it treats where we find from Fig’s. 2-4 the following notations;

(i) If the hole contain corners only three corners will appear. (ii) The complex constant m works on circling the shape from the symmetry situation and the circling angle is given by θ = tan^{−1 m2}_{m1} (m = m_1 + im_2). Positive values of θ means that the circling will be in- the positive direction i.e. in the anticlockwise direction and for negative values the circling will be in the negative direction i.e. in clockwise direction.

(iii) The complex constant l works on expanding the corners of the hole shape. (Figures 2–4.)

3. Method of solution

In this section, we will use the transformation mapping (1.8) in the boundary condition (1.1), then we will apply the complex variable method with the residue theorems to obtain closed expressions for Goursat functions. Therefore, the expression ω (iτ)/ω^′ (iτ) will be written in the form

(3.1) ω (iτ) ω^′ (iτ)

= α (iτ) + β (iτ) ,

where

α (iτ) = h iτ + a

, a =^{3√2m+ 3√l} 3√ 2m−^3 √ l , h =^{(a+1)2}[^{l̄(a−1)3+m̄(a+1)3}] (^{3√}4m−^{3√}2l)^“(^{3√}4m(a−1))^2+2^{3√}ml(a^2 −1)+(^{3√}2l(a+1))^{2 ”} , (3.2)

and (3.3) β (iτ) = ω (iτ) ω^′ (iτ) + h iτ − a . It is obvious that β (iτ) is a regular function within the right half-plane except at infinity.

Using (3.1) and the complex potential function’s form in (1.5) transforms the boundary condition (1.1) into

(3.4) kΦ(iτ) − α (iτ) Φ^′(iτ) − Ψ_∗(iτ) = f_∗ (iτ) ,

where

Ψ_∗(iτ) = Ψ(iτ) + β (iτ) Φ^′(iτ),

(3.5a)

PROBLEMS FOR A WEAKENED INFINITE PLATE 401

f_∗ (iτ) = F (iτ) − kΓω (iτ) + Γ̄^∗ω (iτ) + ω^′ (iτ) [ α (iτ) + β (iτ) ] N (iτ) ,

(3.5b)

N (iτ) = Γ̄ −

X − iY 2π (1 + κ) · 1 ω (iτ) , (3.5c) and (3.5d) F (s) = f (ω (s)) .

The function F (s) with its derivatives must satisfy the Hölder condition and we assume that Φ (∞) = Ψ (∞) = 0.

Multiplying both sides of 3.4 by (1/2π) 1/ (s − iτ) and integrating with respect to τ from −∞ to ∞, one has

(3.6) kΦ (s) − 1 2π ∞∫ −∞ α (iτ) Φ^′(iτ)dτ s − iτ = 1 2π ∞∫ −∞ f_∗ (iτ) dτ s − iτ , and by using (3.2) and (3.5b), we have

(3.7) 1 2π ∞∫ −∞ α (iτ) Φ^′(iτ)dτ

s − iτ = h̄b s + ā ,

(3.8) 1 2π ∞∫ −∞ f_∗ (iτ) dτ s − iτ

= A (s) +

4kΓms (s + 1)^2 − 2Γ^∗l̄ s + 1 + 2m (s + 1)^2 [ X − iY 2π (1 + κ) · s + 1 l̄ − 2s ] , where b is a complex constant to be determined and

(3.9) A (s) = 1 2π ∞∫ −∞ F (iτ) dτ s − iτ . Substituting from (3.7) and (3.8) into (3.6), we get

(3.10) kΦ (s)

= A (s) +

4kΓms (s + 1)^2 − 2Γ^∗l̄ s + 1 + h̄b s + ā + 2m (s + 1)^2 [ X − iY 2π (1 + κ) · s + 1 l̄ − 2s ] . Inserting Φ^′(iτ) from (3.10) into (3.7), the complex constant b is determined in the form

(3.11) b = 1 kT [A^′ (−ā) −

4kΓ̄m̄ (ā − 1) (ā + 1)^3 + 2Γ̄^∗l (ā + 1)^2

+ N̄_1 + N̄_2

402 SAMAR ALI ASEERI − h k (ā + a)^2 { A^′ (−ā) −

4kΓm (a − 1) (a + 1)^3 + 2Γ^∗l̄ (a + 1)^2

+ N_1 + N_2 } ], where

T = 1 − hh̄ k^2 (ā + a)^4 , (3.12a)

N_1 = 2m (a + 1)^2 [ X − iY 2π (1 + κ) · 1 l̄ − 2 ] , (3.12b)

N_2 = 4m (a + 1) [ 2a −

X − iY 2π (1 + κ) · (a + 1) l̄ ] . (3.12c)

Substituting from (3.11) into (3.10), we get

(3.13) kΦ (s)

= A (s) +

4kΓms (s + 1)^2 − 2Γ^∗l̄ s + 1 + h̄b (s + ā) + 2m (s + 1)^2 [ X − iY 2π (1 + κ) · s + 1

l̄ − 2s ] . Also from the boundary condition (3.4), we obtain Ψ(s) in the form

Ψ(s) = A (s) −

4kΓ̄m̄s (s − 1)^2 + 2Γ̄^∗l s − 1 − hb̄ (s − a) − (s + 1)^2[l̄(s − 1)^3 + m̄(s + 1)^3] k[4m(s − 1)^3 − 2l(s + 1)^3]

[A^′ (s) − 8kΓms (s + 1)^3 + 2Γ^∗l̄ (s + 1)^2 − h̄b (s + ā)^2 − 4m (s + 1)^3 [ X − iY 2π (1 + κ) · s + 1

l̄ − 2s ]

+ 2m (s + 1)^2 [ X − iY 2π(1 + κ) · 1 l̄ − 2 ] ] + 2m̄ (s − 1)^2 [ 2s −

X + iY 2π (1 + κ) · s − 1 l ]

− Γ^∗ω (s) + [ kΓ̄ − N (s) ] ω (s) − F (s),

(3.14)

Finally, Goursat functions are completely determined in (3.13) and (3.14).

4. Special cases 4.1. In our recent mapping function (1.8) if we consider the reality of the constants with letting l = 1 and m = l also by considering the substitutions k = −1, Γ =^p_4 , Γ^∗ = −^1_2 pe^{−2iθ}, X = Y = f = 0, we have

(4.1) Φ (s) = − pls (s + 1)^2 − pe^{−2iθ} s + 1 + 4ls (s + 1)^2 + hQ (s + a) T ,

PROBLEMS FOR A WEAKENED INFINITE PLATE 403

Ψ(s) = pls (s − 1)^2 − pe^{2iθ} s − 1 + hQ (s − a) T + (s + 1)^2 [ (s − 1)^3 + l (s + 1)^3 ] 4l (s − 1)^3 − 2 (s + 1)^3 ( 2pls (s + 1)^3 − pe^{−2iθ} (s + 1)^2 + 8ls (s + 1)^3 − 4l (s + 1)^2 + hQ (s + a) T ) + 4ls (s − 1)^2 − p 2 [ s − 1 s + 1 + l ( s + 1 s − 1

)_2] + pe^{−2iθ} 2 [ s + 1 s − 1 + l ( s − 1 s + 1

)_2] ,

(4.2)

where Q = (a − 1) pl (a + 1)^3 − pe^{−2iθ} (a + 1)^2 + h 4a^2 { (a − 1) pl (a + 1)^3 − pe^{2iθ} (a + 1)^2 − 4l (a + 1)^2 + 8la (a + 1) } − 4l (a + 1)^2 + 8la (a + 1) . (4.3)

If we substitute m = n = 0 in the expressions derived by Abdou and Khar Eldin (1994), we get approximately the same above expressions of Goursat functions because of using the same method (complex variable method).

4.2. For ς =^{s+1}_{s−1} , we get the mapping function

(4.4) z = ω (ζ) = lζ + mζ^{−2}.

This mapping corresponds to the one discussed in Aseeri (2007) when n = 2. Thereon, letting s =^{ζ+1}_{ζ−1} in the Goursat functions formulae in (3.13) and (3.14), gives

kΦ (ζ) = A (ζ) + kΓm ( ζ^2 − 1 ) ζ^2 − Γ^∗l̄ (ζ − 1) ζ + m (ζ − 1)

ζ^2 [ ζ (X − iY ) 2π (1 + κ) l̄

− (ζ + 1) ]

+ h̄ (ζ − 1) b [ζ (1 + ā) + (1 − ā)] , (4.5)

404 SAMAR ALI ASEERI

cΨ(ζ) = A (ζ) − kΓ̄m̄ζ(ζ^2 − 1) + Γ̄^∗l (ζ − 1) − F (s) − Γ^∗ [ lζ + mζ^{−2} ] + ( kΓ̄ − N (ζ) ) [ l̄ζ^{−1} + m̄ζ^2]

+ m̄ (ζ − 1) [ ζ + 1 −

X + iY 2π (1 + κ) l ]

− (¯ lζ^{−1} + m̄ζ^2 ) U (ζ) k (l − 2mζ^{−3}) − h (ζ − 1) b̄ ((1 − a) ζ + (1 + a)) ,

(4.6)

where

U(ζ) = A^′ (ζ) +

Γ^∗l̄ (ζ − 1)^2 2ζ^2 − kΓm ( ζ^2 − 1 ) (ζ − 1) ζ^3 − h̄ (ζ − 1)^2 b (ζ (1 + ā) + (1 − ā))^2 − m (ζ − 1)^2 ζ^3 ([ (X − iY ) ζ 2π (1 + κ) l̄

− (ζ + 1) ] + ζ 2 [ X − iY 2π(1 + κ)l̄ − 2 ]) . (4.7)

If we substitute n = 2 in the expressions derived by Aseeri (2007), we get, after neglecting the constant term, the same above expressions of Goursat functions.

4.3. Abdou and Aseeri (2007) used the rational mapping

(4.8) z = ω (ζ) = lζ + M∑ j=1 m_j ζ^{−j} ,

where l, m_j (j = 1, 2, . . . M) are complex constants to obtain Goursat functions for the same recent problem. The derived expressions of Goursat functions in this case are approximately equivalent to those indicated in (4.5) and (4.6) if we put M = 2 and m_1 = 0.

5. Applications 5.1. Curvilinear hole for an infinite plate subjected to a uniform tensile stress. For k = −1, Γ =^p_4 , Γ^∗ = −^1_2 P exp (−2iθ) and X = Y = f = 0, we have an infinite plate stretched at infinity by the application of a uniform tensile stress of intensity P , making an angle θ with x−axis. The plate is weakened by a curvilinear hole C which is free from stress.

The functions (3.13), (3.14) take the form

(5.1) Φ (s) =

(p + 4) ms (s + 1)^2 − pl̄e^{−2iθ} s + 1 + h̄V T (s + ā) ,

PROBLEMS FOR A WEAKENED INFINITE PLATE 405

Ψ(s) = 1 2 pe^{−2iθ} [ l ( s + 1 s − 1 ) + m ( s − 1 s + 1

)_2]

− p 2 [ l̄ ( s − 1 s + 1 ) + m̄ ( s + 1 s − 1

)_2]

+ (p + 4) m̄s (s − 1)^2 − ple^{2iθ} s − 1 + (s + 1)^2 [ l̄ (s − 1)^3 + m̄ (s + 1)^3 ] 4m (s − 1)^3 − 2l (s + 1)^3 × [ 2 (p + 4) ms (s + 1)^3 − pl̄e^{−2iθ} + 4m (s + 1)^2 + h̄V T (s + ā)^2 ] + hV T̄ (s − a) ,

(5.2)

where

V = ( pm̄ (ā − 1) (ā + 1)^3 − ple^{2iθ} + 4m (ā + 1)^2 + 8m̄ā ā + 1 + h (ā + a)^2 { pm (a − 1) (a + 1)^3 − pl̄e^{−2iθ} + 4m (a + 1)^2 + 8ma a + 1 }). (5.3)

And for l = i, m = 1 + i, P = 0.25, θ =^π_4 , the stress components σ_{xx}, σ_{yy} and σ_{xy} are obtained in large forms calculated by computer and illustrated in Figures 5–9.

5.2. When the external force acts on the center of the curvilinear. For Γ = Γ^∗ = f = 0 and k = κ, we have the second fundamental problem when the force acts on the curvilinear kernel. It will be assumed that the stresses vanish at infinity and it is easily seen that the kernel does not rotate.

In general the kernel remains in the original position. The Goursat’s functions are

(5.4) Φ (s) = h̄W κ^2T (s + ā) + 2m κ (s + 1)^2 [ (X − iY ) (s + 1)

2π (1 + κ) l̄

− 2s ] ,

406 SAMAR ALI ASEERI

Ψ(s) =

(s + 1)^2 [ l̄ (s − 1)^3 + m̄ (s + 1)^3 ] κ [ 4m (s − 1)^3 − 2l (s + 1)^3 ]

× [ h̄W κT (s + ā)^2 − 4m (s + 1)^2 [ X − iY 4π (1 + κ) l̄ − 1 ]

+ 4m (s + 1)^3 [ (X − iY ) (s + 1) 2π (1 + κ) l̄

− 2s ]]

+ 2m̄ (s − 1)^2 [ 2s −

(X + iY ) (s − 1)

2π (1 + κ) l ] hW κT̄ (a − s) + (X + iY ) (s − 1) (s + 1)^2 2π (1 + κ) [ l (s + 1)^3 + m (s − 1)^3 ] ω (s),

(5.5)

where

(5.6) W = N_1 + N_2 − h {N_1 + N_2} κ (ā + a)^2 . For l = i, m = 1 + i, X = Y = 10, κ = 2, the stress components σ_{xx}, σ_{yy} and σ_{xy} are obtained in large forms calculated by computer and illustrated in Figures 10–14.

6. Conclusions

From the above results and discussions the following may be concluded: (1) In the theory of two dimensional linear elasticity one of the most useful techniques for the solutions of boundary value problem for a region weakened by a curvilinear hole is to transform the region into a simpler shape to get solutions without difficulties.

(2) The transformation mapping z = cω (s), c > 0, s = σ + i τ, transforms the domain of the infinite plate with a curvilinear hole into the domain of the right half-plane. While the mapping z = cω (ζ), |ζ| > 1, ζ = ρe^{iθ}, transforms the domain of the infinite plate with a curvilinear hole into the domain outside a unit circle.

(3) The transformation s =^{ζ+1}_{ζ−1} , transforms the domain of the right halfplane into the domain outside a unit circle. The inverse case can be obtained by using the transformation ζ =^{s+1}_{s−1} .

(4) The physical interest of the mapping (1.8) comes from its different shapes of holes it treats and different directions it takes as shown in Fig’s. 2–4.

(5) The complex variable method (Cauchy method) is considered as one of the best methods for solving the integro-differential equations (1.1), and obtaining the two complex potential functions ϕ (z) and ψ (z) directly.

PROBLEMS FOR A WEAKENED INFINITE PLATE 407

(6) Stress is an internal force whereas positive values of it mean that stress is in the positive direction, i.e. stress acts as a tension force. On the other side, negative values of stress mean that stress is in the negative direction, i.e. stress acts as a press force.

(7) The most important issue deduced from (Fig’s. 5, 6 and 10, 11) is that max σ_{xx} = − min σ_{yy} and vice versa (min σ_{xx} = − max σ_{yy}).

(8) By following the intendancy of^{σxx}_{σyy} and^{σyy}_{σxx} at (Fig’s. 8, 9 and 13, 14), we find that^{σxx}_{σyy} → 0 at the same points where^{σyy}_{σxx} → ∞ and vice versa (^{σxx}_{σyy} → ∞ at the same points where^{σyy}_{σxx} → 0).

(9) When^{σxx}_{σyy} → 0 that means that the perpendicular stress on y−axis is the maximum value and presents the body interior resistance of treatment (like rocks for example). Whereas, the perpendicular stress on x−axis is small according to y−axis. Thereon, it is better to treat the problem at points determined by angles that gives minimum values of^{σxx}_{σyy} .

408 SAMAR ALI ASEERI

Figure 1

Figure 2

Figure 3

PROBLEMS FOR A WEAKENED INFINITE PLATE 409

Figure 4

Figure 5

Figure 6

410 SAMAR ALI ASEERI

Figure 7

Figure 8

Figure 9

PROBLEMS FOR A WEAKENED INFINITE PLATE 411

Figure 10

Figure 11

Figure 12

412 SAMAR ALI ASEERI

Figure 13

Figure 14

References

[1] M. Abdou and A. Khamis. On a problem of an infinite plate with a curvilinear hole having three poles and arbitrary shape. Bull. Calcutta Math. Soc., 92(4):313–326, 2000.

[2] M. A. Abdou. Fundamental problems for infinite plate with a curvilinear hole having finite poles. Appl. Math. Comput., 125(1):79–91, 2002.

[3] M. A. Abdou. On asymptotic methods for Fredholm-Volterra integral equation of the second kind in contact problems. J. Comput. Appl. Math., 154(2):431–446, 2003.

[4] M. A. Abdou and S. A. Aseeri. Closed forms of gaursat functions in presence of heat for curvilinear holes. Sixth International Elasticity Conference in U.S.A, 2007.

[5] M. A. Abdou and A. A. Badr. Boundary value problems of an infinite plate weakened by arbitrary shape hole. J. India Acad. Sci., 27:215–227, 1999.

[6] M. A. Abdou and E. A. K.-E. din. On the problems of stretched infinite plate weakened by a curvilinear hole. J. Pure Appl. Math. Sci., 14:106–113, 1994.

[7] M. A. Abdou and E. A. K.-E. din. Stretched infinite plate weakened by arbitrary curvilinear hole. J. Pure. Appl. Math. Sci., 14:114–122, 1994.

[8] M. A. Abdou and E. A. Khar-El din. An infinite plate weakened by a hole having arbitrary shape. J. Comput. Appl. Math., 56(3):341–351, 1994.

PROBLEMS FOR A WEAKENED INFINITE PLATE 413

[9] S. A. Aseeri. Gaursat functions for a problem of an isotropic plate with a curvilinear hole.

7th Saudi Engineering Conference, 2007.

[10] R. J. Atkin and N. Fox. An introduction to the theory of elasticity. Longman, London, 1980. Longman Mathematical Texts.

[11] D. L. Colton and R. Kress. Integral equation methods in scattering theory. Pure and Applied Mathematics (New York). John Wiley & Sons Inc., New York, 1983. A Wiley- Interscience Publication.

[12] I. H. el Sirafy. Stretched plates weakened by inner curvilinear holes. Z. Angew. Math.

Phys., 28(6):1153–1159, 1977.

[13] I. H. el Sirafy and M. A. Abdow. First and second fundamental problems of infinite plate with a curvilinear hole. J. Math. Phys. Sci., 18(2):205–214, 1984.

[14] A. H. England. Complex variable methods in elasticity. Wiley—Interscience [A division of John Wiley & Sons, Ltd.], London-New York-Sydney, 1971.

[15] G. E. Exadaktylos, P. A. Liolios, and M. C. Stavropoulou. A semi-analytical elastic stressdisplacement solution for notched circular openings in rocks. International Journal of Solids and Structures, 40:1165–1178, 2003.

[16] G. E. Exadaktylos and M. C. Stavropoulou. A closed-form elastic solution for stresses and displacements around tunnels. International Journal of Rock Mechanics and Mining Sciences, 39:905–916, 2002.

[17] R. B. Hetnarski. Mathematical Theory of Elasticity. Taylor and Francis, 2004. [18] A. I. Kalandiya. Mathematical methods of two-dimensional elasticity. Mir Publishers, Moscow, 1975. Translated from the Russian by M. Konyaeva [M. Konjaeva].

[19] N. I. Muskhelishvili. Some basic problems of the mathematical theory of elasticity. Fundamental equations, plane theory of elasticity, torsion and bending. P. Noordhoff Ltd., Groningen, 1953. Translated by J. R. M. Radok.

[20] N. Noda, R. B. Hetnarski, and Y. Tanigowa. Thermal Stress. Taylo and Francis, 2003. [21] H. Parkus. Thermoelasticity. Springer-Verlag, Vienna, enlarged edition, 1976. [22] G. Y. Popov. Kontaktnye zadachi dlya lineino-deformiruemogo osnovaniya. “Vishcha Shkola”, Kiev, 1982.

[23] A. S. Sabbah, M. A. Abdou, and A. S. Ismail. An infinite plate with a curvilinear hole and flowing heat. Proc. Math. Phys. Soc. Egypt, 2002.

[24] I. S. Sokolnikoff. Mathematical theory of elasticity. Robert E. Krieger Publishing Co. Inc., Melbourne, Fla., second edition, 1983.

Department of Mathematics, Faculty of Education, Umm Al-Qura University, Makkah, Saudi Arabia, P.O. Box 6425; Postal Code 21955 E-mail address: samaraseeri@yahoo.com