Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 24 (2008), 103–114

www.emis.de/journals
ISSN 1786-0091

DUAL CONNECTIONS IN FINSLER GEOMETRY

TETSUYA NAGANO AND TADASHI AIKOU

Abstract. In the present paper, we generalize the notion of statistical structure and its dual connection in Riemannian geometry to Finsler geometry. We shall show that the Berwald connection D of a Finsler manifold is a statistical structure. In particular, as an application of this fact, we shall show that, if the hh-curvature of the Berwald connection D vanishes identically, then the given Finsler metric induces a Hessian metric on the base manifold.

1. Introduction

Let M be a connected smooth manifold of dim M = n with a (semi-) Riemannian metric h. A statistical structure in (M, h) is a symmetric linear connection D satisfying the Codazzi equation (D_X h)(Y, Z) = (D_Y h)(X, Z) for all vector fields X, Y and Z on M, that is, Dh is totally symmetric. As is well-known, for an arbitrary symmetric (0, 3)-tensor field C, the (1, 2)-tensor field S defined by h(S(X, Y ), Z) = C(X, Y, Z) induces a statistical structure D on (M, h) by D = ∇ − S/2.

A linear connection D^∗ on (M, h) defined by

Xh(Y, Z) = h(D_X Y, Z) + h(Y, D^∗_X Z)

is called the dual connection of D. If D is a statistical structure, then its dual D^∗ is also a statistical structure on (M, h), and we have the relation ∇ = (D+D^∗)/2 for the Levi-Civita connection ∇ of (M, h) (cf. [2]). Recently the geometry of statistical structure becomes an interesting topics in differential geometry. In particular, the interest in statistical structure arises from the study of affine geometry and Hessian geometry (e.g., [7] and [10]). In [2], it is proved that the

2000 Mathematics Subject Classification. 53B40. Key words and phrases. Finsler connections, Dual connections.

The second author is supported in part by Grant-in-Aid for Scientific Research No. 17540086(2007), The Ministry of Education, Science Sports and Culture. 103

flatness of a statistical structure D implies the existence of a Hessian metric on the base manifold M.

Since Finsler geometry includes Riemannian geometry as a special case, it is natural to generalize the notions of statistical structure and the dual connection in Finsler geometry. The aim of the present paper is to define a statistical structure D and its dual connection D^∗ in a Finsler manifold.

In Finsler geometry, the Chern connection ∇ is a standard tool for studying Finsler manifolds, since ∇ satisfies the metrical condition and the symmetric property (see Definition 3.1 below). In particular, if the given metric is a Riemannian metric, then ∇ is just the Levi-Civita connection of the given Riemannian metric. In the second and third section, we shall review some fundamental facts in Finsler geometry from [1].

On the other hand, the Berwald connection D satisfies the symmetric property, but not the metrical condition. The Berwald connection D, however, plays an important role for some topics in Finsler geometry. In particular, we shall show that the Berwald connection is a statistical structure in this generalized sense (Theorem 5.1). In the last section, as an application of this fact, we shall show that, if the hh-curvature of the Berwald connection vanishes identically, then the base manifold M admits a flat statistical structure in the original sense, and thus M is a Hessian manifold (Theorem 6.1).

2. Finsler metrics and Cartan tensor

Let π : T M → M be the tangent bundle of a connected smooth manifold M. We denote by v = (x, y) the points in T M if y ∈ π^{−1}(x) = T_xM. We introduce a coordinate system on T M as follows. Let U ⊂ M be an open set with local coordinate (x^1, . . . , x^n). By setting v = ∑ y^i ( ∂/∂x^i ) x for every v ∈ π^{−1}(U), we introduce a local coordinate (x, y) = (x^1, . . . , x^n, y^1, . . . , y^n) on π^{−1}(U).

Definition 2.1. A function L: T M −→ R is called a Finsler metric on M if 1. L(x, y) ≥ 0, and L(x, y) = 0 if and only if y = 0, 2. L(x, λy) = λL(x, y) for^∀λ ∈ R^+ = {λ ∈ R : λ > 0}, 3. L(x, y) is smooth on T M^× = T M\{0} are satisfied. The pair (M, L) is called a Finsler manifold. For each X ∈ T_xM, its norm ‖X‖ is defined by ‖X‖ = L(x, X).

The differential π_∗ of the submersion π : T M^× → M induces an exact sequence

(2.1) 0 −→ V^i−→ T (T M^×)^{π∗}−→ ~T M −→ 0,

where V is the vertical subbundle which is locally spanned by {∂/∂y^j}_{j=1,...,n} on π^{−1}(U), and ~T M = {(y, v) ∈ T M^× × T M v ∈ T_{π(y)}M} is the pullback bundle of T M by π_∗.

Since the natural local frame field {∂/∂x^i}_{i=1,...,n} on U is identified with the one of ~T M on π^{−1}(U), we use the notation X = ∑ (∂/∂x^i) ⊗ X^i for a section X of ~T M. Furthermore, since ker π_∗ = V , the morphism π_∗ is given by π_∗ = ∑ (∂/∂x^i) ⊗ dx^i.

On the other hand, since ~T M is naturally identified with V ∼= ker π_∗, any section X of ~T M is considered as a section of V . We denote by X^V the section of V corresponding to X ∈ Γ ( ~T M): X = ∑ ∂ ∂x^i

⊗ X^i ⇐⇒ X^V = ∑ ∂ ∂y^i

⊗ X^i.

A Finsler metric L is said to be convex if F = L^2/2 is strictly convex on each tangent space T_xM, that is, the Hessian (G_{ij} ) defined by

(2.2) G_{ij} (x, y) =

∂^2F ∂y^i∂y^j

is positive-definite. In the sequel, we assume the convexity of L. Then ~T M admits a metric G defined by G(X, Y ) = ∑ G_{ij} X^iY^j for all X = ∑ (∂/∂x^i)⊗X^i and Y = ∑ (∂/∂x^j ) ⊗ Y^j . We also set

C_{ijk} = 1 2 ∂G_{ij} ∂y^k = 1 4 ∂^3L^2 ∂y^i ∂y^j ∂y^k . Then we define a symmetric tensor field C : ⊗^3 ~T M → R by

(2.3) C(X, Y, Z) = ∑ C_{ijk} X^iY^j Z^k

for all sections X, Y, Z of ~T M. It is trivial C vanishes identically if and only if G is a Riemannian metric on M. This tensor field C is called the Cartan tensor field.

The multiplier group R^+ ∼= {cI ∈ GL(T M^×); c ∈ R^+} ⊂ GL(T M^×) acts on the total space by multiplication m_λ : T M^× ∋ v = (x, y) → λv = (x, λy) ∈ T M^× for^∀λ ∈ R^+. This action induces a canonical section E of V defined by E(v) = (v, v) for all v ∈ T M. We shall consider E as a section of ~T M, and we denote it by the same notation E. This section E is called the tautological section of ~T M. Then it is easily shown that L = √ G(E, E) and

(2.4) C(E, ·, ·) ≡ 0.

3. Chern connection

The vertical subbundle V of the submersion π : T M^× → M is uniquely determined. A subbundle H ⊂ T (T M^×) complementary to V is called a horizontal subbundle:

(3.1) T (T M^×) = V ⊕ ~T M ∼= V ⊕ H.

An Ehresmann connection of π is a selection of horizontal subbundles. An Ehresmann connection is given by a ~T M-valued 1-form θ satisfying (3.2) θ(X^V ) = X for every section X of ~T M. If an Ehresmann connection θ is given, the subbundle H := ker θ is a horizontal subbundle. In the sequel of the present paper, we shall denote by A^k( ~T M) the space of smooth ~T M-valued k-forms on T M^×.

Since we are concerned with the tangent bundle, the bundle ~T M is also naturally identified with the horizontal subbundle H, and any section X ∈ A^0( ~T M) is considered as a section of H. We denote by X^H the section of H corresponding to X ∈ A^0( ~T M): X = ∑ ∂ ∂x^i

⊗ X^i ⇐⇒ X^H = ∑ δ δx^i

⊗ X^i, where we set {δ/δx^1, . . . , δ/δx^n} = (∂/∂x^i)^H . By the definitions above, we have (3.3) π_∗(X^H ) = X, π_∗(X^V ) = 0 and (3.4) θ(X^H ) = 0, θ(X^V ) = X for every X ∈ A^0( ~T M).

According to the decomposition (3.1), we get the splitting d = d^V ⊕ d^H of the differential operator d on T M^×: d^H f(X) = X^H (f) and d^V f(Y ) = Y^V (f) for every f ∈ C^∞(T M^×). Also any covariant exterior derivation ∇: A^k( ~T M) → A^{k+1}( ~T M) on ~T M has the splitting ∇ = ∇^H ⊕ ∇^V : ∇^H_X Y = ∇_X H Y and ∇^V_X Y = ∇_X V Y for all X, Y ∈ A^0( ~T M) respectively.

3.1. Definition of Chern connection. In this subsection, we shall recall the definition of Chern connection from [4] and [1].

Definition 3.1. The Chern connection on (M, L) is a covariant exterior derivation ∇: A^k( ~T M) → A^{k+1}( ~T M) determined by the following conditions.

(1) ∇ is symmetric:

(3.5) ∇π_∗ = 0.

(2) ∇ is almost G-compatible:

(3.6) ∇^H G = 0,

where we take the Ehresmann connection θ defined by (3.7) θ = ∇E.

Remark 3.1. From the assumption (3.5), we can easily show that the ~T M-valued 1-form θ defined by (3.7) is an Ehresmann connection. In [4] or [8], this θ is called the Cartan’s non-linear connection. It is known that θ defined by (3.7) is uniquely obtained from the given Finsler metric L. The definition (3.7) of θ and the homogeneity of L gives (3.8) ∇^H_X E = 0 for every X ∈ A^0( ~T M). This equation means that the horizontal subbundle H = ker θ is invariant by the action m_• of R^+. □

The assumption (3.5) is equivalent to (3.9) ∇^H_X Y − ∇^H_Y X − π_∗[X^H , Y^H ] = 0 and (3.10) ∇^V_Y X − π_∗[Y^V , X^H ] = 0, and the assumption (3.6) is equivalent to (3.11) d^H G(X, Y ) = G(∇^H X, Y ) + G(X, ∇^H Y ) for all X, Y ∈ A^0( ~T M).

3.2. Torsion T_∇ and curvature R_∇ of ∇. In this subsection, we shall recall the definitions of torsion and curvature of the Chern connection ∇ defined in the previous subsection. We also recall some propositions concerned with torsion and curvature (cf. [1]).

Definition 3.2. The torsion T_∇ ∈ A^2( ~T M) of ∇ is defined by (3.12) T_∇ = ∇θ.

Because of (3.3), we obtain T_∇(X^V , Y^V ) = 0 for all X, Y ∈ A^0( ~T M). If we define T^{HH}_∇ (X, Y ) := T_∇(X^H , Y^H ) and T^{HV}_∇ (X, Y ) := T_∇(X^H , Y^V ), then (3.3) and (3.4) give (3.13) T^{HH}_∇ (X, Y ) = −θ[X^H , Y^H ] and (3.14) T^{HV}_∇ (X, Y ) = ∇^H_X Y − θ[X^H , Y^V ] for all X, Y ∈ A^0( ~T M). The following is easily obtained.

Proposition 3.1. The horizontal part T^{HH}_∇ and the mixed part T^{HV}_∇ satisfy (3.15) T^{HH}_∇ (X, Y ) + T^{HH}_∇ (Y, X) ≡ 0 and (3.16) T^{HV}_∇ (X, Y ) − T^{HV}_∇ (Y, X) ≡ 0 for all X, Y ∈ A^0( ~T M). Furthermore the mixed part T^{HV}_∇ satisfies the following (3.17) T^{HV}_∇ (X, E) = 0.

Definition 3.3. The curvature R_∇ ∈ A^2(End( ~T M)) of ∇ is defined by (3.18) R_∇ = ∇^2.

Similarly to the torsion T_∇, we obtain R(X^V , Y^V ) ≡ 0 for all X, Y ∈ A^0( ~T M). We set R^{HH}_∇ (X, Y )Z := R(X^H , Y^H )Z and R^{HV}_∇ (X, Y )Z := R(X^H , Y^V )Z. We list up some identities concerning with R_∇.

The symmetry assumption (3.5) gives Proposition 3.2. The horizontal part R^{HH}_∇ and the mixed part R^{HV}_∇ satisfy the followings:

(3.19) R^{HH}_∇ (X, Y )Z + R^{HH}_∇ (Y, Z)X + R^{HH}_∇ (Z, X)Y ≡ 0, (3.20) R^{HV}_∇ (X, Y )Z − R^{HV}_∇ (Z, Y )X ≡ 0.

The definition of T_∇ implies T_∇ = R_∇E. Thus we get Proposition 3.3. The curvature R_∇ and the torsion T_∇ satisfies the relation T_∇ = R_∇E:

(3.21) R^{HH}_∇ (X, Y )E = T^{HH}_∇ (X, Y ), (3.22) R^{HV}_∇ (X, Y )E = T^{HV}_∇ (X, Y ).

The almost G-compatibility assumption (3.6) gives Proposition 3.4. The curvature R_∇ and the torsion T_∇ satisfy the followings: (3.23) G(R^{HH}_∇ (X, Y )Z, W )+G(R^{HH}_∇ (X, Y )W, Z)+2C(T^{HH}_∇ (X, Y ), Z, W ) = 0 G(R^{HV}_∇ (X, Y )Z, W ) + G(Z, R^{HV}_∇ (X, Y )W ) + + 2(∇^H_X C)(Y, Z, W ) + 2C(T^{HV}_∇ (X, Y ), Z, W ) = 0

(3.24) This last identity gives (3.25) R^{HV}_∇ (X, E) = 0 4. Dual connections In this section, we shall introduce the notion of dual connection in Finsler geometry. Let (M, L) be a Finsler manifold, and θ the Ehresmann connection defined by (3.7). Let D = D^H ⊕d^V be a symmetric Finsler connection satisfying (4.1) DE = θ.

Under this assumption, the horizontal part T^{HH}_D of the torsion T_D = Dθ coincides with T^{HH}_∇ , and therefore we denote it by T^{HH} in the sequel. Furthermore, similarly to the case of Riemannian geometry[10], we call D a statistical structure of ( ~T M, G) if (4.2) (D^H_X G)(Y, Z) = (D^H_Y G)(X, Z) is satisfied for all X, Y, Z ∈ A^0( ~T M).

Definition 4.1. A Finsler connection D^∗ = D^{∗H} ⊕ d^V is called the dual connection of a statistical structure D if D^∗ satisfies (4.3) X^H G(Y, Z) = G(D^H_X Y, Z) + G(Y, D^{∗H}_X Z) for all X, Y, Z ∈ A^0( ~T M).

Proposition 4.1. The dual connection D^∗ of a statistical structure D is symmetric.

Proof. It is trivial that (D^H_X G)(Y, Z) is symmetric in Y and Z, and thus we have (D^H_X G)(Y, Z) = X^H G(Y, Z) − G(D^H_X Y, Z) − G(Y, D^H_X Z) = X^H G(Z, Y ) − G(D^H_X Z, Y ) − G(Z, D^H_X Y ) = (G(D^H_X Z, Y ) + G(Z, D^{∗H}_X Y )) − G(D^H_X Z, Y ) − G(Z, D^H_X Y ) = G(Z, D^{∗H}_X Y ) − G(Z, D^H_X Y ) and (D^H_Y G)(X, Z) = G(Z, D^{∗H}_Y X) − G(Z, D^H_Y X). Consequently we have (D^H_X G)(Y, Z) − (D^H_Y G)(X, Z) = G(Z, D^{∗H}_X Y ) − G(Z, D^H_X Y ) − G(Z, D^{∗H}_Y X) + G(Z, D^H_Y X) = G(Z, D^{∗H}_X Y − D^{∗H}_Y X) − G(Z, D^H_X Y − D^H_Y X) = G(Z, D^{∗H}_X Y − D^{∗H}_Y X) − G(Z, π_∗[X^H , Y^H ]) = G(Z, D^{∗H}_X Y − D^{∗H}_Y X − π_∗[X^H , Y^H ]) = G(Z, (D^∗π_∗)(X^H , Y^H )) for all X, Y, Z ∈ A^0( ~T M). Since G is nondegenerate, we have shown that D^∗ is symmetric if and only if D is a statistical structure. □ From the definition (4.3), the following proposition is obtained immediately.

Proposition 4.2. Let D^∗ be the dual connection of a statistical structure D. Then we have (4.4) D^H G + D^{∗H} G = 0, and therefore the dual D^∗ is also a statistical structure of ( ~T M, G).

Form Proposition 4.1 and 4.2, for a statistical structure D, the covariant exterior derivation (D + D^∗)/2 satisfies the symmetric condition (3.5) and the almost G-compatibility (3.6), and thus the uniqueness of Chern connection ∇ gives ∇ = (D + D^∗)/2. Therefore, we have Theorem 4.1. Let D^∗ be the dual connection of a statistical structure D of ( ~T M, G). Then the Chern connection ∇ of ( ~T M, G) is given by (4.5) ∇ = 1 2 (D + D^∗) Furthermore the dual of D^∗ coincides with D, that is, D^{∗∗} = D.

Let R_D∗ = D^{∗2} be the curvature of the dual connection D^∗. We investigate the relation between the curvatures R^{HH}_D and R^{HH}_D∗ .

Theorem 4.2. Let D^∗ be the dual connection of a statistical structure D of ( ~T M, G).

(1) The horizontal part R^{HH}_D and R^{HH}_D∗ of D and D^∗ are related by (4.6) G(R^{HH}_D (X, Y )Z, W )+G(Z, R^{HH}_D∗ (X, Y )W )+2C(T^{HH} (X, Y ), Z, W ) = 0.

(2) The dual connection D^∗ satisfies R^{HH}_D∗ = 0 if and only if D satisfies R^{HH}_D = 0.

Proof. From (4.2), we have

[X^H , Y^H ]G(Z, W ) = [X^H , Y^H ]^H G(Z, W ) + [X^H , Y^H ]^V G(Z, W ) = G(D_{[X} H_{,Y} H_]H Z, W ) + G(Z, D^∗_{[X} H_{,Y} H_]H W ) + [X^H , Y^H ]^V G(Z, W ) for all X, Y, Z, W ∈ Γ ( ~T M). From (3.13) we note that

[X^H , Y^H ]^V G(Z, W ) = (D_{[X} H_{,Y} H_]V G)(Z, W ) + G(D_{[X} H_{,Y} H_]V Z, W ) + G(Z, D_{[X} H_{,Y} H_]V W ) = −2C(T^{HH} (X, Y ), Z, W ) + G(D_{[X} H_{,Y} H_]V Z, W ) + G(Z, D^∗_{[X} H_{,Y} H_]V W ), since D^V = D^{∗V} = d^V . Hence we obtain

[X^H , Y^H ]G(Z, W ) = −2C(T^{HH} (X, Y ), Z, W ) + G(D_{[X} H_{,Y} H_]Z, W ) + G(Z, D^∗_{[X} H_{,Y} H_]W ).

On the other hand

X^H Y^H G(Z, W ) = G(D^H_X D^H_Y Z, W ) + G(D^H_Y Z, D^{∗H}_X W ) + G(D^H_X Z, D^{∗H}_Y W ) + G(Z, D^{∗H}_X D^{∗H}_Y W ) implies

[X^H , Y^H ]G(Z, W ) = G(D^H_X D^H_Y Z − D^H_Y D^H_X Z, W ) + G(Z, D^{∗H}_X D^{∗H}_Y W − D^{∗H}_Y D^{∗H}_X W ), and therefore we obtain (4.6).

We suppose R^{HH}_D = 0 (resp. R^{HH}_D∗ = 0). Then (4.1) implies T^{HH} (X, Y ) = R^{HH}_D (X, Y )E = R^{HH}_{D∗} (X, Y )E = 0 for all X, Y ∈ Γ ( ~T M). Hence we obtain R^{HH}_D∗ = 0 (resp. R^{HH}_D = 0) from (4.6). □ 5. Berwald connection There exists another canonical Finsler connection which plays an important role for some topics in Finsler geometry. For the Ehresmann connection θ by (3.7), the Finsler connection D = d^V ⊕ D^H on ~T M defined by (5.1) D^H_X Y = θ[X^H , Y^V ] is called the Berwald connection in a Finsler manifold (M, L). From the equation (3.14) and the definition (5.1), we obtain a relation between the Chern connection ∇ and the Berwald connection D: (5.2) D^H_X Y = ∇^H_X Y − T^{HV}_∇ (X, Y ) Then, from (4.7) and (4.17), it follows that D defined by (5.1) satisfies (4.1), and thus D is a Finsler connection in the sense of previous section. Furthermore D defined by (5.1) symmetric, namely, Dπ_∗ = 0. In fact, from (3.14) and (3.16) we have (Dπ_∗)(X^H , Y^H ) = D^H_X Y − D^H_Y X − π_∗[X^H , Y^H ] = ∇^H_X Y − T^{HV} (X, Y ) − ∇^H_Y X + T^{HV}_∇ (Y, X) − π_∗[X^H , Y^H ] = 0 and (Dπ_∗)(X^V , Y^H ) = D^V_X Y − π_∗[X^V , Y^H ] = 0, since D^V = d^V .

The almost G-compatibility and the relation (4.2) induce the following (5.3) (D^H_X G)(Y, Z) = G(T^{HV}_∇ (X, Y ), Z) + G(Y, T^{HV}_∇ (X, Z)). On the other hand, if we set X = E in (3.24), then (3.20) and (3.22) give G(T^{HV}_∇ (Z, Y ), W ) + G(Z, T^{HV}_∇ (W, Y )) + 2(∇^H_E C)(Y, Z, W ) = 0, and therefore (5.3) is equivalent to (5.4) (D^H_X G)(Y, Z) = −2(∇^H_E C)(X, Y, Z), and from (4.4) (5.5) (D^{∗H}_X G)(Y, Z) = 2(∇^H_E C)(X, Y, Z).

for all X, Y, Z ∈ A^0( ~T M). Thus Proposition 4.1 implies

Theorem 5.1. The Berwald connection D and its dual connection D^∗ are statistical structures on the Finsler bundle ( ~T M, G).

A Finsler manifold (M, L) is called a Landsberg space if the Berwald connection D coincides with the Chern connection ∇. In this case, from (4.5), we have

Proposition 5.1. If (M, L) is a Landsberg space, then the Berwald connection D and its dual D^∗ coincide with the Chern connection ∇.

6. Finsler manifolds satisfying R^{HH}_D = 0

The class of Berwald space which is characterized by R^{HV}_∇ = 0 or R^{HV}_D = 0 has been studied by [11], and the classification of Berwald spaces is obtained. If a Finsler manifold (M, L) satisfies R^{HH}_∇ ≡ 0, then the metric G on ~T M induces a flat Riemannian metric on M, and thus M is locally Euclidean (cf.[1]).

On the other hand, the class of Finsler manifolds satisfying R^{HH}_D ≡ 0 has not been studied enough yet. In the sequel, we shall show that, if a Finsler manifold (M, L) satisfies R^{HH}_D = 0, then the metric L induces a Hessian metric g on M. Here a Riemannian manifold (M, g) is said to be a Hessian manifold if the following conditions are satisfied (cf. [10]).

(1) There exists a flat affine connection D on M, (2) the metric g = ∑ g_{ij} dx^i ⊗ dx^j is given by the Hessian of some function ψ with respect to the affine coordinate (x^1, . . . , x^n) of D, that is, g is given by the covariant derivative Ddψ of the 1-from dψ:

g_{ij} =

∂^2ψ ∂x^i∂x^j . We suppose that R^{HH}_D = 0. Then, the Ricci identity T_D = R_D E gives T^{HH} = 0, and thus the horizontal subbundle H is integrable. Hence there exists a section v : M → T M^× satisfying v^∗θ = 0. Such a section v is called a horizontal section (cf. [1]). Since v satisfies v^∗ ∘ d^V = 0, we obtain

(6.1) d ∘ v^∗ = v^∗ ∘ d^H .

Lemma 6.1. Suppose that the horizontal part R^{HH}_D of the Berwald connection D vanishes identically. Then the induced connection v^∗D by a horizontal section v is a flat affine connection on M.

Proof. We denote by ω^i_j the connection form of D with respect to the local frame field {∂/∂x^1, . . . , ∂/∂x^n}. If we set

R^{HH}_D ∂ ∂x^j = ∑ ∂ ∂x^i

⊗ Ω^i_j , the curvature form Ω^i_j is given by Ω^i_j = d^H ω^i_j + ∑ ω^i_l ∧ ω^l_j , and thus the assumption means that Ω^i_j = 0.

On the other hand, the connection form of v^∗D is given by v^∗ω^i_j . Hence, from (6.1), the curvature of v^∗D is given by

d(v^∗ω^i_j ) + ∑ (v^∗ω^i_j ) ∧ (v^∗ω^l_j ) = v^∗(d^H ω^i_j + ∑ ω^i_l ∧ ω^l_j ) = v^∗Ω^i_j .

Consequently v^∗D is flat. □

By Theorem 4.2 and Lemma 6.1, if D satisfies R^{HH}_D = 0, then the induced connection v^∗D^∗ is also a flat affine connection on M. We set D = v^∗D and D^∗ = v^∗D^∗. We also denote by g = ∑ G_{ij} (x, v(x))dv^i ⊗ dv^j = ∑ g_{ij} dx^i ⊗ dx^j the induced Riemannian metric v^∗G on M. Then the condition (4.3) implies the following relation:

(6.2) Xg(Y, Z) = g(D_X Y, Z) + g(Y, D^∗_X Z)

for all X, Y, Z ∈ Γ (T M). Furthermore, D and D^∗ are symmetric affine connections such that Dg and D^∗g are totally symmetric. Therefore, if R^{HH}_D = 0 is satisfied, then (M, g, D) and (M, g, D^∗) are flat statistical manifolds. As is well-known (cf. [2]), if (M, g, D) is flat, then M is locally Hessian.

Theorem 6.1. If the curvature R^{HH}_D of the Berwald connection D vanishes identically, then M admits a flat statistical structure, and therefore M is locally a Hessian structure (D, g).

References

[1] T. Aikou and L. Kozma. Global aspects of Finsler geometry. preprint, 2007. [2] S. Amari. Differential-geometrical methods in statistics, volume 28 of Lecture Notes in Statistics. Springer-Verlag, New York, 1985.

[3] D. Bao and S. S. Chern. On a notable connection in Finsler geometry. Houston J. Math., 19(1):135–180, 1993.

[4] D. Bao, S. S. Chern, and Z. Shen. An introduction to Riemann-Finsler geometry, volume 200 of Graduate Texts in Mathematics. Springer-Verlag, New York, 2000.

[5] S. S. Chern. Local equivalence and Euclidean connections in Finsler spaces. Sci. Rep. Nat.

Tsing Hua Univ. Ser. A., 5:95–121, 1948.

[6] S. S. Chern and Z. Shen. Riemann-Finsler geometry, volume 6 of Nankai Tracts in Mathematics. World Scientific Publishing Co. Pte. Ltd., Hackensack, NJ, 2005.

[7] F. Dillen, K. Nomizu, and L. Vranken. Conjugate connections and Radon’s theorem in affine differential geometry. Monatsh. Math., 109(3):221–235, 1990.

[8] M. Matsumoto. Foundations of Finsler geometry and special Finsler spaces. Kaiseisha Press, Shigaken, 1986.

[9] H. Rund. The differential geometry of Finsler spaces. Die Grundlehren der Mathematischen Wissenschaften, Bd. 101. Springer-Verlag, Berlin, 1959.

[10] H. Shima. Hessian Geometry. Shokabo, Japan, 2001. in Japanese. [11] Z. I. Szabó. Positive definite Berwald spaces. Structure theorems on Berwald spaces.

Tensor (N.S.), 35(1):25–39, 1981.

Tetsuya Nagano, Department of Informatics, Siebold University of Nagasaki, Nagasaki, 851-2195 Japan E-mail address: hnagano@sun.ac.jp

Tadashi Aikou, Department of Mathematics and Computer Science, Faculty of Science, Kagoshima University, Kagoshima, 890-0065 Japan E-mail address: aikou@sci.kagoshima-u.ac.jp