Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 24 (2008), 5–14

www.emis.de/journals
ISSN 1786-0091

ZERMELO PROBLEM OF NAVIGATION ON HERMITIAN MANIFOLDS

NICOLETA ALDEA

Abstract. In this paper we describe the complex Randers metrics as the solutions of Zermelo problem of navigation on Hermitian manifolds. Based on it, we construct such examples of complex Randers metrics and we study some of their geometrical properties.

1. Introduction

Zermelo navigation problem was first discussed by E. Zermelo in [16]. Together with its variants, it has served as a rich example of various problems in the Calculus of Variations and Optimal Control ([8]).

The aim of Zermelo navigation problem on a Riemannian manifold (M, h) is to find the paths of shortest travel time in M, under the influence of a current which is represented by a vector field W on M. Recently, in the paper [7] it was shown that the real Randers metrics are solutions to Zermelo navigation problem on a Riemannian manifold and the classification of real Randers metrics of constant flag curvature was finally completed.

In the previous paper, [5], we initiated the study of complex Finsler spaces with (α, β)− metric, i.e. complex metrics constructed from just two pieces of familiar data: a purely Hermitian metric and a differential 1-form both globally defined on an underlying complex manifold. A special approach was dedicated to the complex Randers metrics F := α + |β| in [4]. By this class of complex Finsler spaces we extended the examples number of complex Finsler metrics known: Kobayashi and Caratheodory metrics (see [1]), which quickened the study of such Finsler geometry, and two rather trivial classes of complex Finsler metrics (the complex Finsler metrics which come from Hermitian metrics on the

2000 Mathematics Subject Classification. 53C56, 53C60.

Key words and phrases. complex Finsler spaces, Randers spaces, Zermelo navigation. 5

base manifold, so-called the purely Hermitian metrics in [12], and the locally Minkowski complex metrics).

In the present paper we describe the complex Randers metrics as the solutions of Zermelo problem of navigation on Hermitian manifolds (section 3). This technique permits us to construct such examples of complex Randers metrics and we study some of their geometrical properties. Namely, in section 4 we perturb the purely Hermitian metrics: Euclidean metric on C^2, C^n and Bergman metric on the unit disk Δ^n ⊂ C^n by the vector field W which satisfy some conditions. These perturbations generate the complex Randers metrics which are not of holomorphic constant curvature.

2. Complex Randers metrics

We recall here only the basic notions which are needed; for more information see [1, 12]. For the beginning, we shall make an introduction to the complex Finsler geometry and then we present the complex Randers metrics, [4].

Let M be a complex manifold, dim_C M = n, with (z^k)_{k=1,n} complex coordinates in a local chart. The complexified of the real tangent bundle T_C M splits into the sum of holomorphic tangent bundle T^′M and its conjugate T^{′′}M. The bundle T^′M is in its turn a complex manifold, the local coordinates in a chart will be denoted by u = (z^k, η^k) and these are changed by the rules: z^{′k} = z^{′k} (z) , η^{′k} =^{∂z′k}_{∂zj} η^j . The complexified tangent bundle of T^′M is decomposed as T_C (T^′M) = T^′(T^′M) ⊕ T^{′′}(T^′M). A natural local frame for T^′_u(T^′M) is {^∂_{∂zk} ,^∂_{∂ηk} }, which have changes by the rules obtained with Jacobi matrix of above transformations. Note that the change rule of^∂_{∂zk} contains the second order partial derivatives.

Let V (T^′M) = ker π_∗ ⊂ T^′(T^′M) be the vertical bundle, spanned locally by {^∂_{∂ηk} }. A complex nonlinear connection, briefly (c.n.c.), determines a supplementary complex subbundle to V (T^′M) in T^′(T^′M), i.e. T^′(T^′M) = H(T^′M)⊕ V (T^′M). It determines an adapted frame {^δ_{δzk} =^∂_{∂zk} − N^j_k^∂_{∂ηj} }, where N^j_k (z, η) are the coefficients of the (c.n.c.), ([1], [2], [12]).

A continuous function F : T^′M → R^+ is called complex Finsler metric on M if it satisfies the conditions:

i) L := F^2 is smooth on ~T^′M := T^′M\{0}; ii) F (z, η) ≥ 0, the equality holds if and only if η = 0; iii) F (z, λη) = |λ|F (z, η) for ∀λ ∈ C; iv) the Hermitian matrix ( g_i¯_j (z, η) ) , with g_i¯_j =^{∂2L}_{∂ηi ∂η̄j} , called the fundamental metric tensor, is positive definite.

The pair (M, F ) is called a complex Finsler space. The iv)-th assumption involves the strongly pseudoconvexity of the Finsler metric F on complex indicatrix I_{F,z} = {η ∈ T^′_zM | F (z, η) < 1}.

Further, in a complex Finsler space a Hermitian connection of (1, 0)−type has a special meaning, named in [1] the Chern-Finsler connection. In notations from [12] it is DΓN = (L^i_{jk}, 0, C^i_{jk} , 0), where

(2.1) CF N^i_j = g^{m̄i}

∂g_{lm̄} ∂z^j η^l ; L^i_{jk} = g^{m̄i} δg_{jm̄} δz^k = ∂N^i_k ∂η^j

; C^i_{jk} = g^{m̄i}

∂g_{jm̄} ∂η^k . Recall that a complex Finsler space is weakly Kähler iff g_{il}(L^i_{jk} −L^i_{kj} )η^j η^l = 0 and the holomorphic curvature of F in direction η, with respect to the Chern- Finsler (c.l.c.), briefly holomorphic curvature is

(2.2) K_F (z, η) :=

2η^j η^kR_{jk} L^2(z, η) , where R¯_{jk} := R_i¯_{jk}¯_hη^iη̄^h = −g_l¯_j δ¯_h(N^l_k)η̄^h and R_i¯_{jk}¯_h = g_l¯_j R^l_{ih̄k} is hh̄ Riemann tensor associated to the Chern-Finsler (c.l.c.) (see [1, 12, 3]). It depends both on the position z ∈ M and the direction η.

We consider z ∈ M, η ∈ T^′_zM, η = η^{i ∂}_{∂zi} , a := a_i¯_j (z)dz^i ⊗ dz̄^j a purely Hermitian positive metric and b = b_i(z)dz^i a differential 1−form. By these objects in [4] we defined the complex Randers metric on T^′M by

(2.3) F (z, η) := α(z, η) + |β(z, η)|,

where

α(z, η) := √ a_i¯_j (z)η^iη̄^j ;

|β(z, η)| = √ β(z, η)β(z, η) with β(z, η) = b_i(z)η^i.

(2.4)

A natural question: when is the function (2.3) a complex Finsler metric? Some remarks are immediate. Due the presence of |β| the complex Randers metric F := α + |β| is positive and smooth on T^′M\{0}. The complex Randers metric is purely Hermitian if and only if β vanishes identically. The function L := F^2 = (α + |β|)^2 depends on z and η by means of α := α(z, η) ∈ R and β := β(z, η) ∈ C. Moreover α and β are homogeneous with respect to η, i.e. α(z, λη) = |λ|α(z, η), β(z, λη) = λβ(z, η) for any λ ∈ C, thus L(z, λη) = λλ̄L(z, η) for any λ ∈ C.

So, the main issue that needs to be checked is the strongly pseudoconvexity of the complex Randers function. For this in [4], we considered the settings ∂α ∂η^i = 1 2α l_i;

∂|β| ∂η^i = β̄ 2|β| b_i;

b^i := a^{j̄i}b¯_j ; ||b||^2 := a^{j̄i}b_ib¯_j ; γ := L + α^2(||b||^2 − 1);

η_i := ∂L ∂η^i

= L_α ∂α ∂η^i

+ L_{|β|}

∂|β| ∂η^i = F α l_i + F β̄ |β| b_i,

(2.5) where l_i := a_i¯_jη̄^j and ( a^{j̄i} ) is the Hermitian inverse of ( a_i¯_j ) matrix, and we proved

Proposition 1. [4]For the complex Randers metric F := α + |β| we have i) The fundamental metric tensor

g_i¯_j =

∂^2(α + |β|)^2

∂η^i∂η̄^j = F α h_i¯_j + F 2|β| b_ib¯_j + 1 2L η_iη¯_j ,

where h_i¯_j := a_i¯_j −^1_{2α2} l_il¯_j .

ii) g^{j̄i} = α F a^{j̄i} +

|β|(α||b||^2 + |β|) Lγ η^iη̄^j − α^3 F γ b^ib̄^j − α F γ (¯ βη^ib̄^j + βb^iη̄^j ) . iii) det ( g_i¯_j ) = ( F α )_n γ 2α|β| det ( a_i¯_j ) . Having the formula for det ( g_i¯_j ) , we can say that g_i¯_j (z, η) is positive definite if and only if γ > 0 at each nonzero η in T^′_zM. So we have proved

Theorem 1 ([4]). A complex Randers metric with γ > 0 is a complex Finsler metric.

If the quadratic form h(z, η) := (a_i¯_j − b_ib¯_j )η^iη̄^j is positive definite, then substituting η^iη̄^j with b^ib̄^j it follows that ||b||^2(1 − ||b||^2) > 0, which says that ||b||^2 ∈ (0, 1) and then γ > 0, since γ = 2α|β| + |β|^2 + α^2||b||^2. Equivalently the positive definite of the quadratic form means that α^2 > |β|^2, or in other words sup^{|β|}_α < 1, for all (z, η) ∈ T^′M\{0}.

From [4], we have the expression of the weakly Kähler condition for a complex Randers space

α^2|β| γδ [ β α||b||^2 + |β| |β| ∂b_{m̄} ∂z^r η̄^m + β̄ ( ∂b_r ∂z^l

− b^{m̄}

∂a_{lm̄} ∂z^r ) η^l − α|β|b^{m̄}

∂b_{m̄} ∂z^r ] η^rC_k − ( αβ̄F_{kl} + αb_l

∂b_{r̄} ∂z^k η̄^r + 2|β|a_{lr̄}Γ^{r̄}_{j̄k}η̄^j ) η^l + αb_k

∂b_{m̄} ∂z^r η̄^mη^r = 0,

where C_j := δ

(_1

α^2 lj − β̄ |β|^2 bj ) , δ :=^{α2||b||2−|β|2}_{2γ} −^{n|β|}_{2F} , Γ^{r̄}_{j̄i} =^1_2 a^{r̄k}{^{∂akj̄}_{∂zi} −^{∂aij̄}_{∂zk} }

are the coefficients of Levi-Civita connection of a_i¯_j and F_{il} :=^{∂bl}_{∂zi} −^{∂bi}_{∂zl} .

3. Zermelo navigation Following the ideas and the same interpretation as in Zermelo navigation on Riemannian manifolds, [7], we shall describe Zermelo problem of navigation on Hermitian manifolds.

Let M be a complex manifold, dim_C M = n, and z ∈ M be the base point of the tangent vectors η ∈ T^′_zM, η = η^{i ∂}_{∂zi} . Considering the purely Hermitian metric h := h_i¯_j (z)dz^i ⊗ dz̄^j on M, the norm of η is ||η|| := √ h(η, η̄) = √ h_i¯_j (z)η^iη̄^j .

As in [7], ||η|| is the necessary time to travel from the base point z of the tangent vector η to its tip, using an engine with a fixed power output.

We set a tangent vector u ∈ T^′_zM, u = u^{i ∂}_{∂zi} with ||u|| = 1, i.e. a travel from z to the tip of u would take one unit of time and another tangent vector W ∈ T^′_zM, W = W^{i ∂}_{∂zi} , where ||W || is the time to travel from z to the tip of W, under the influence of a current on the Hermitian manifold (M, h). We suppose that ||W || < 1. The current has to produce a deviation from the path such that the travel time is not equal with one unit time. Note that, in the travel from z to the tip of u, the current is absent. Now, we navigate along the tangent vector v := u − W, which starts from z, too. The norm of v is not 1. For example, if u = 3W, then ||W || =^1_3 and ||v|| =^2_3 . Else, if u = −3W, then ||W || =^1_3 and ||v|| =^4_3 . So, by the presence of the current, the purely Hermitian metric h does not give the travel time along the tangent vectors. Therefore, we have to build a function F : T^′M → R^+ which keeps the path of travel under the influence of a current on (M, h), such that the travel time is one unit time, along tangent vector v = u − W . So, F (z, v) = 1.

Next, we determine the formula of the function F, taking into account the assumption F (z, v) = 1. We have

1 = ||u||^2 = h(u, ū) = h(v + W, v̄ + W̄ ) = ||v||^2 + 2 Re h(v, W̄ ) + ||W ||^2. Denoting by θ the angle between directions of v and W, we can write cos θ =

Re h(v,W̄ ) ||v||·||W || , thus above relation became

||v||^2 + 2||v|| ||W || cos θ − ε = 0, where ε := 1 − ||W ||^2. Because ||W || < 1, and so ε > 0, we obtain only the solution ||v|| = −||W || cos θ + √ ||W ||^2 cos^2 θ + ε.

Multiplying the last relation by ||v||, we obtain

||v||^2 = − Re h(v, W̄ ) + √[ Re h(v, W̄ )

]_2

+ ε||v||^2, equivalently with

ε = Re h(v, W̄ ) + √[ Re h(v, W̄ )

]_2

+ ε||v||^2.

Since Re h(v, W̄ ) = | |h(v, W̄ ) | | cos φ, where φ = arg h(v, W̄ ) is a real valued

function which depends on z and | |h(v, W̄ ) | | := √ h(v, W̄ )h(v, W̄ ), we write ε = √| |h(v, W̄ ) | |^2 cos2 φ + ε||v||2 + | |h(v, W̄ ) | | cos φ. So, (3.1) F (z, v) = √ ε||v||^2 + | |h(v, W̄ ) | |^2 cos2 φ ε + | |h(v, W̄ ) | | cos φ ε . Note that every η ∈ T^′M\{0} is collinear with some tangent vector v with property F (z, v) = 1. So, η = cv, c ∈ R, and making use of φ = arg h(η, W̄ ) = arg h(cv, W̄ ) = arg ch(v, W̄ ) = arg h(v, W̄ ), for any c ∈ R, we deduce F (z, η) = F (z, cv) = |c| F (z, v) = |c|. This means that the travel time along the tangent vector η, under the influence of a current, is |c| unit of time and

(3.2) F (z, η) = √ ε||η||^2 + | h(η, W̄ ) |_2 cos^2 φ ε + | |h(η, W̄ ) | | cos φ ε , where φ = φ(z).

Some remarks are necessary. First, note that F is purely Hermitian if and only if W = 0. We have W = 0 if and only if cos φ = 0. Without restricting the generality, we can suppose that cos φ > 0. This assumption assure that the function F (z, η) is positive on T^′M\{0}. If cos φ < 0, then we choose the direction v = u + W, such that F (z, v) = 1. As above, similar computation leads to a positive function F (z, η) on T^′M\{0}.

An obviously remark is that if φ = 0, then cos φ = 1 and h(v, W̄ ) is real valued. Indeed, a natural question is when does this fact occur? It immediately results that if v and W are collinearity, then h(v, W̄ ) is real. The converse is not true. For example, if we consider the Euclidean metric h_i¯_j = δ_i¯_j on C^2 and we choose W =

(_1 2 + i^1_2 ,^1_4 + i^1_4 ) , ||W || =^5_8 < 1, by computation it results v =

(_{√11−5} 8 + i^{√11−3}_8 ,^1_2 ) , which is not collinear with W ,

when h(v, W̄ ) ∈ R and ||u|| = 1. Moreover, we find h(v, W̄ ) =^{√11−3}_8 and u = (_{√11−1} 8 + i^{√11+1}_8 ,^3_4 + i^1_4 ) . On the other hand, the formula of the function F (z, η) permit us to write F (z, η) := α + |β|, where

α(z, η) = √ a_i¯_j (z)η^iη̄^j ; β(z, η) = b_i(z)η^i;

a_i¯_j (z) := h_i¯_j ε + b_ib¯_j ; b_i(z) :=

W_i cos φ ε ; W_i := h_i¯_jW̄^j ; ε = 1 − W_iW^i.

(3.3)

The first term of F defines the norm of η with respect to a new purely Hermitian metric a := a_i¯_j (z)dz^i ⊗ dz̄^j and the second term of F is the value on η of a differential 1− form b = b_i(z)dz^i. Therefore, the solution of Zermelo navigation problem on some Hermitian manifold (M, h), under the influence of a current W with ||W ||^2 < 1 is a function which has the form of a complex Randers metric. Moreover, the function F (z, η) given by (3.3) is positive, complex homogeneous with respect to η, i.e. F (z, λη) = |λ|F (z, η), for any λ ∈ C, and smooth on T^′M\{0}.

The inverse of ( a_i¯_j (z) ) from (3.3) is a^{j̄i} = ε ( h^{j̄i} −^{cos2 φ}

1−||W ||^2 sin^2 φ W

iW̄ j ) and so, b^i := a^{j̄i}b¯_j = ε ( h^{j̄i} −^{cos2 φ}

1−||W ||^2 sin^2 φ W

iW̄^j

)_{Wj̄ cos φ}

ε = εW^{i cos φ}

1−||W ||^2 sin^2 φ ,

||b||^2 := b_ib^i =^{||W ||2 cos2 φ}

1−||W ||^2 sin^2 φ < 1, because ||W ||

2 < 1.

Taking into account Theorem 2.1, the obtained condition ||b||^2 < 1 guarantees the strongly pseudoconvexity of the function F (z, η) from (3.2) on its complex indicatrix I_{F,z}. Indeed the function F (z, η) from (3.2) defines a complex Finsler metric on M of complex Randers type.

Now, it is natural for us to inquire about: can any complex metric F (z, η) = α + |β| be obtained through by perturbation of some purely Hermitian metric h with some vector field W satisfying ||W || < 1? The answers come below.

Considering the complex metric F (z, η) = α + |β| , with α = √ a_i¯_j (z)η^iη̄^j , β = b_i(z)η^i, b^i := a^{j̄i}b¯_j , ||b||^2 := b^ib_i < 1 and ω := 1 − ||b||^2, we construct h and W as

(3.4) h_i¯_j (z) = ω(a_i¯_j − b_ib¯_j ); W^i(z) = b^i ω . By direct computation we obtain:

||W ||^2 := h_i¯_j W^iW̄^j = ω(a_i¯_j − b_ib¯_j ) b^i ω b̄j ω = ||b||^2 < 1.

So ε = ω and W_i := h_i¯_jW̄^j = ω(a_i¯_j − b_ib¯_j )^{b̄j}_ω = ωb_i.

It results that perturbing the above h by W, we obtain a function F̃ (z, η) = α̃ + |β̃|

with α̃(z, η) = √ ã_i¯_j (z)η^iη̄^j , β̃(z, η) = b̃_i(z)η^i, where

ã_i¯_j (z) = h_i¯_j ε + b̃_ib̃¯_j = h_i¯_j ε + W_i cos φ ε W̄_j cos φ ε = a_i¯_j + (1 − cos^2 φ)b_ib¯_j .

We have ã_i¯_j (z) = a_i¯_j (z) if and only if cos φ = 1. Therefore, by perturbation (3.4) we obtain again the complex metric F (z, η) = α + |β| if and only if cos φ = 1. So, the answer of the question is yes, iff cos φ = 1.

Corroborating above results, we have proved:

Theorem 2. A complex Finsler metric is of complex Randers type, i.e. it has the form F (z, η) = α+|β| , if and only if it solves the Zermelo navigation problem on some Hermitian manifold (M, h), under the influence of a current W with ||W ||^2 < 1 and cos φ = 1.

4. Examples In the sequel, we construct some examples of complex Randers metrics by above technique. We perturb a purely Hermitian metric h by any vector field W , satisfying ||W || < 1 and cos φ = 1.

I. The perturbation of Euclidean metric. h_i¯_j = δ_i¯_j

I.1. We perturb the Euclidean metric on C^2 by W := c_1^∂_{∂z1} + c_2^∂_{∂z2} , where c_i ∈ C, i = 1, 2, such that ||W ||^2 = |c_1|^2 + |c_2|^2 < 1. To reduce the clutter, we denote (z^1, z^2) := (z, w) and (η^1, η^2) := (η, θ). The outcome is a complex Randers metric with

α^2(η, θ) =

(|η|^2 + |θ|^2)(1 − |c_1|^2 − |c_2|^2) + (c̄_1η + c̄_2θ)(c_1η̄ + c_2θ̄) (1 − |c_1|^2 − |c_2|^2)^2 ; |β(η, θ)|^2 =

(c̄_1η + c̄_2θ)(c_1η̄ + c_2θ̄)

(1 − |c_1|^2 − |c_2|^2)^2 . (4.1)

It is a locally Minkowski metric and so its holomorphic curvature is zero. I.2. With same notations as above, the perturbing vector field is W := zf(z, w)^∂_{∂z} + 0^∂_{∂w} , where f := f(z, w) is a positively real valued function, and ||W ||^2 = f^2|z|^2 < 1. Therefore, the complex Randers metric has the form F_f := α + |β|, with

α^2(z, w, η, θ) =

(|η|^2 + |θ|^2)(1 − f^2|z|^2) + f^2|z|^2|η|^2 (1 − f^2|z|^2)^2 ; β(z, w, η, θ) = fz̄η 1 − f^2|z|^2 . (4.2)

There is not a function f such that the metrics F_f should be at least weakly Kähler.

I.3. Considering the metric h_i¯_j = δ_i¯_j on C^n, we perturb it by W := z^if(z)^∂_{∂zi} , where f := f(z) is a positively real valued function, such that ||W ||^2 = f^2|z|^2 < 1. It results the complex Randers metrics F_f := α + |β|, where

α^2(z, η) =

|η|^2 1 − f^2|z|^2 + f^2 |< z, η >|^2 (1 − f^2|z|^2)^2 ; β(z, η) = f |< z, η >| 1 − f^2|z|^2 , (4.3)

where |z|^2 :=

∑_n

k=1z^kz^k, < z, η >:=

∑_n k=1z^kη^k, |< z, η >|^2 =< z, η > < z, η >.

Even in this example there is not f that F_f should be weakly Kähler. In particular, for f = 1, α^2 is the Bergman metric on the unit disk Δ^n and

(4.4) F_1 := √ |η|^2 (1 − |z|^2) + |< z, η >|^2 1 − |z|^2 + |< z, η >| 1 − |z|^2 is a complex Randers metric on Δ^n of negatively holomorphic curvature

K_{F1} =

−2αF_1 γ , γ := F^2_1 − α^2(1 − |z|^2).

II. The perturbation of Bergman metric.

(4.5) h_{ij} = 1 1 − |z|^2 ( δ_{ij} + z^iz^j 1 − |z|^2 )

on the unit disk Δ^n by the vector field W := z^if(z)^∂_{∂zi} , where f := f(z) is a positively real valued function, with ||W ||^2 =^{f 2 |z|2}_{(1−|z|2)2} < 1, leads to the complex Randers metric F_f := α + |β|, where

α^2(z, η) =

(1 − |z|^2)|η|^2 (1 − (2 + f^2)|z|^2 + |z|^4) + (1 − |z|^2)(1 − |z|^2 + f^2) |< z, η >|^2 (1 − (2 + f^2)|z|^2 + |z|^4)^2 ; |β(z, η)| = f |< z, η >| 1 − (2 + f^2)|z|^2 + |z|^4 . (4.6)

Though the Bergman metric is Kähler of holomorphic curvature −4, by this perturbation the complex Randers metric (4.6) is not weakly Kähler, for any f. Only if f = √ 1 − |z|^2, the purely Hermitian metric α^2(z, η) from (4.6) is Kähler.

Conclusions. Zermelo navigation on Riemannian manifold produces examples of real Randers metrics of constant flag curvature. In contrast with the real case, above examples show that by perturbation of some purely Hermitian metrics of constant holomorphic sectional curvature, the obtained complex Randers metrics are not of constant holomorphic curvature.

References

[1] M. Abate and G. Patrizio. Finsler metrics—a global approach, volume 1591 of Lecture Notes in Mathematics. Springer-Verlag, Berlin, 1994.

[2] T. Aikou. Projective flatness of complex Finsler metrics. Publ. Math. Debrecen, 63(3):343– 362, 2003.

[3] N. Aldea. Complex Finsler spaces of constant holomorphic curvature. In Differential geometry and its applications, pages 179–190. Matfyzpress, Prague, 2005.

[4] N. Aldea and G. Munteanu. On complex Finsler spaces with Randers metric. J. of Korean Math. Soc. To appear.

[5] N. Aldea and G. Munteanu. (α, β)-complex Finsler metrics. In Proceedings of the 4th International Colloquium “Mathematics in Engineering and Numerical Physics”, volume 14 of BSG Proc., pages 1–6. Geom. Balkan Press, Bucharest, 2007.

[6] D. Bao, S.-S. Chern, and Z. Shen. An introduction to Riemann-Finsler geometry, volume 200 of Graduate Texts in Mathematics. Springer-Verlag, New York, 2000.

[7] D. Bao, C. Robles, and Z. Shen. Zermelo navigation on Riemannian manifolds. J. Differential Geom., 66(3):377–435, 2004.

[8] C. Carathéodory. Calculus of variations and partial differential equations of the first order. AMS Chelsea Publishing, 1999.

[9] M. Fukui. Complex Finsler manifolds. J. Math. Kyoto Univ., 29(4):609–624, 1989. [10] S. Kobayashi and C. Horst. Topics in complex differential geometry. In Complex differential geometry, volume 3 of DMV Sem., pages 4–66. Birkhäuser, Basel, 1983.

[11] R. Miron. The geometry of Ingarden spaces. Rep. Math. Phys., 54(2):131–147, 2004. [12] G. Munteanu. Complex spaces in Finsler, Lagrange and Hamilton geometries, volume 141 of Fundamental Theories of Physics. Kluwer Academic Publishers, Dordrecht, 2004.

[13] H. L. Royden. Complex Finsler metrics. In Complex differential geometry and nonlinear differential equations (Brunswick, Maine, 1984), volume 49 of Contemp. Math., pages 119–124. Amer. Math. Soc., Providence, RI, 1986.

[14] P.-M. Wong. A survey of complex Finsler geometry. Advanced Studied in Pure Math., 48:375–433, 2007.

[15] R.-m. Yan. Connections on complex Finsler manifold. Acta Math. Appl. Sin. Engl. Ser., 19(3):431–436, 2003.

[16] E. Zermelo. Über das Navigationsproblem bei ruhender oder veränderlicher Windverteilung. J. Reine Angew. Math., 11:114–124, 1931.

Faculty of Mathematics and Informatics, Transilvania Univ., Iuliu Maniu 50, Braşov 500091, Romania E-mail address: nicoleta.aldea@lycos.com