Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 23 (2007), 23–38

www.emis.de/journals
ISSN 1786-0091

VARIOUS REPRESENTATIONS FOR THE SYSTEM OF NON-MODEL HYPERBOLIC EQUATIONS WITH REGULAR COEFFICIENTS

ADIB A.N., RADJABOV N.

Abstract. The authors have got new integral representations for the linear system of hyperbolic equations with regular coefficients in infinite regions. Furthermore, they used these integral representations to investigate new boundary value problems in infinite regions.

1. Introduction

Hyperbolic differential equations with singular coefficients or singular surfaces possess importance in diverse areas of mathematical physics and mathematical engineering, including elasticity, hydrodynamics, thermodynamics and other problems [3, 5, 4]. Furthermore, it is also well known that hyperbolic differential equations with one or more singular lines occur in engineering and physical processes. For example, the non-model hyperbolic equation of second order with two singular lines is employed to describe the transformation spectrum of electric signals on long lines with variable parameters in the theory of the electric flail [4, 7, 8, 6, 1, 2]. The problem of obtaining various solutions for equations of hyperbolic type with singular coefficients is described in a number of works (see the references). In [7], the equation

∂^2U ∂t^2 = n∑ j=1 [ a_j

∂^2U ∂x^2_j + η_j X_j ∂U ∂x_j ] + g(x, t),

where a positive constant, η_j positive constant, possesses various solutions which may be represented in terms of solutions to the regular equation (see [7]). Depending on the obtained results, a solution of the Cauchy problem follows when boundary conditions are specified on the initial surface t = 0. In [4] for the equation

2000 Mathematics Subject Classification. 35H05.

Key words and phrases. Regular coefficients, system of second order linear hyperbolic equations, integral representations, boundary value problems, infinite region, Volterra equation of the second type. 23

∂^2U ∂t^2 + η t ∂U ∂t − ( ∂^2U ∂x^2 + ∂^2U ∂y^2 ) = f(x, y, t),

where η > 0 in region x > 0, t > 0, −∞ < y < ∞ the problem is solved subject to U(x, y) = 0,

∂U(x, y, t) ∂t | | | |_{t=0} = 0, U(0, y, t) = g(y, t),

x, y, t are arbitrary variables.

2. Main Results Let D be the following infinite regions:

D = {(x, y) : −∞ < x < ∞, −∞ < y < ∞},

with the boundary:

Γ^+_1 ={(x, y) : y = 0, −∞ ≤ x ≤ ∞}, Γ^+_2 ={(x, y) : x = 0, −∞ ≤ y ≤ ∞}.

In D we consider the following system: (1) ∂^2U_s ∂x∂y + n∑ j=1 {a_{js}(x, y)

∂U_j ∂x + b_{js}(x, y)

∂U_j ∂y + c_j(x, y)U_j} = f_s(x, y),

(1 ≤ s ≤ n), where a(x, y), b(x, y), c(x, y), f_s(x, y) are given continuous functions.

Case 1.

Theorem 1. Let the coefficients in system (1) satisfy: a_{ss}(x, y) ∈ C^1_x(D), b_{ss}(x, y), c_s(x, y) ∈ C(D), 1 ≤ s ≤ n, a_{js}(x, y) ∈ C^1_x(D), b_{js}(x, y) ∈ C^1_y (D) at j ≠ s, j, s = 1, 2, . . . , n. Then any solution of system (1) within the class C^2(D) ∩ C(D) is:

U_s(x, y)−

∫_∞ y e^{ws2(x,τ )−ws2(x,y)}dτ

∫_∞ x c^s_1(t, τ)U_s(t, τ)e^{ws1(t,τ )−ws1 (x,τ )}dt + ∫_∞ y e^{ws2(x,τ )−ws2(x,y)}dτ

∫_∞ x e^{ws1(t,τ )−ws1 (x,τ )}× ×[− n∑ j=1 j≠s

(a_{js}(t, τ)

∂U_j ∂t + b_{js}(t, τ)

∂U_j ∂τ + c_j(t, τ)U_j (t, τ))]dt

=g_s(x, y), 1 ≤ s ≤ n,

(2) where g_s(x, y) is the Volterra system integral equation of the second type in the form:

g_s(x, y) =Ψ_s(x)e^{−ws2(x,y)} +

∫_∞ y e^{ws2(x,τ )−ws2(x,y)−ws1(x,τ )}Φ_s(τ)dτ + ∫_∞ y e^{ws2(x,τ )−ws2(x,y)}dτ

∫_∞ x e^{ws1(t,τ )−ws1(x,τ )}f_s(t, τ)dt, (3)

(4) w^s_1(x, y) =

∫_∞ x b_{ss}(t, y)dt, w^s_2(x, y) =

∫_∞ y a_{ss}(x, τ)dτ,

and Ψ_s(x), Φ_s(y) are given continuous functions on Γ_1, Γ_2.

Proof. Let the coefficients in system (1) satisfy: a_{ss}(x, y) ∈ C^1_x(D), b_{ss}(x, y), c_s(x, y) ∈ C(D), s = 1, 2, . . . , n, a_{js}(x, y) ∈ C^1_x(D), and b_{ss}(x, y) ∈ C^1_y (D) at j ≠ s. Then the system (1) can be written in the form: [ ∂ ∂x + b_{ss}(x, y) ] [ ∂ ∂y + a_{ss}(x, y) ] U_s(x, y) = f_s(x, y) + c^1_s(x, y)U_s(x, y) − n∑ j=s+1 [ a_{js}(x, y)

∂U_j (x, y) ∂x + b_{js}(x, y)

∂U_j (x, y) ∂y + c_j(x, y)U_j(x, y) ]

− n∑ j=s+1 [ a_{js}(x, y)

∂U_j (x, y) ∂x + b_{js}(x, y)

∂U_j (x, y) ∂y + c_j(x, y)U_j(x, y) ]

≡F_s(x, y), 1 ≤ s ≤ n,

(5)

(6) c^1_s(x, y) = −c_s(x, y) +

∂a_{ss}(x, y) ∂x + a_{ss}(x, y)b_{ss}(x, y),

then we can put (7) ∂U_s(x, y) ∂y + a_{ss}(x, y)U_s(x, y) = g_s(x, y).

Substituting from equation (7) into equation (5), we get

(8) ∂g_s(x, y) ∂x + b_{ss}(x, y)g_s(x, y) = F_s(x, y).

Solving equation (8), (7) and substituting the obtained results into equation (5), we get the solutions of equations (2), (3) where

∫_∞ x e^{ws1(t,τ )−ws1 (x,τ )} n∑ j≠s j=1 a_{js}(t, τ)

∂U_j ∂t dt =

= n∑ j=1 j≠s

[(a_{js}(x, τ)U_j (x, τ) − e^{−ws1(x,τ )}a_{js}(0, τ)U_j (0, τ))

− ∫_∞ x ( ∂ ∂t (e^{ws1(t,τ )−ws1(x,τ )}a_{js}(t, τ)))U_j (t, τ)dt],

∫_∞ y e^{ws2(x,τ )−ws2(x,y)}dτ

∫_∞ x e^{ws1(t,τ )−ws1 (x,τ )}b_{js}(t, τ)

∂U_j ∂τ dt = = ∫_s x e^{ws1(t,y)−ws1 (x,y)}b_{js}(t, y)U_j(t, y)dt

−e^{−ws2(x,y)}

∫_∞ x e^{ws1(t,0)−ws1 (x,0)}b_{js}(t, 0)U_j(t, 0)dt − ∫_s y dτ [ ∂ ∂τ (e^{ws2(x,t)−ws2(x,y)}))e^{ws1(t,τ )−ws1 (x,τ )}b_{js}(t, τ) + ∂ ∂τ (e^{ws1(t,τ )−ws1 (x,τ )}b_{js}(t, τ)e^{ws2(x,τ )−ws2(x,y)}) ] U_j (t, τ)dt.

Then we can get

U_s(x, y)−

∫_∞ y dτ ∫_∞ x {e^{ws2(x,τ )−ws2(x,y)+ws1(t,τ )−ws1 (x,τ )}c^s_1(t, τ)U_s(t, τ) + n∑ j≠s j=1 (c_j(t, τ)U_j (t, τ)e^{ws2(x,τ )−ws2(x,y)+ws1(t,τ )−ws1 (x,τ )}

− ∂ ∂t (e^{ws1(t,τ )−ws1 ”(x,τ )}a_{js}(t, τ))e^{ws2(x,τ )−ws2(x,y)Uj (t,τ )} −[ ∂ ∂t (e^{ws2(x,τ )−ws2(x,y)})e^{ws1(t,τ )−ws1 (x,τ )}b_{js}(t, τ)

+e^{ws2(x,τ )−ws2(x,y)} ∂ ∂t (e^{ws1(t,τ )−ws1 (x,0)}b_{js}(t, τ))]U_j (t, τ)}dτ

− ∞∫ y e^{ws2(x,τ )−ws2(x,y)} n∑ j≠s j=1 (a_{js}(x, τ)U_j (x, τ) − e^{−ws1(x,τ )}a_{js}(0, τ)U_j (0, τ))]dτ

− ∞∫ x n∑ j≠s j=1 e^{ws1(t,y)−ws1(x,y)}b_{ks}(t, y)U_j(t, y) − e^{−ws2(x,y)+ws1(t,0)−ws1 (x,0)}b_{js}(t, 0)U_j(t, 0))dt

=g_s(x, y), 1 ≤ s ≤ n.

We get

(9) K_s(x, y; t, τ) = e^{ws2(x,τ )−ws2(x,y)+ws1(t,τ )−ws1 (x,τ )}c^s_1(t, τ),

K_{js}(x, y;t, τ) = e^{ws2(x,τ )−ws2(x,y)+ws1(t,τ )−ws1(x,τ )}c_j(t, τ) − ∂ ∂t (e^{ws1(t,τ )−ws1 (x,τ )}a_{js}(t, τ))e^{ws2(x,τ )−ws2(x,y)} − ∂ ∂τ (e^{ws2(x,τ )−ws2(x,y)})e^{ws1(t,τ )−ws1 (x,τ )}b_{js}(t, τ)

+e^{ws2(x,τ )−ws2(x,y)} ∂ ∂τ (b_{js}(t, τ))

=e^{ws2(x,τ )−ws2(x,y)+ws1(t,τ )−ws1 (x,τ )}× × [ c_j(t, τ) −

∂a_{js}(t, τ) ∂t − a_{js}(t, τ)b_{js}(t, τ) − a_{ss}(x, τ)b_{js}(t, τ) + ∂b_{js}(t, τ) ∂t + ( ∂w^s_1(t, τ) ∂τ − ∂w^s_1(x, τ) ∂τ ) b_{js}(t, τ) ] ,

(10)

(11) K^{(1)}_{js} (x, y; τ) = e^{ws2(x,τ )−ws2(x,y)}a_{js}(x, τ),

(12) K^{(2)}_{js} (x, y; τ) = e^{ws2(x,τ )−ws2(x,y)−ws1(x,τ )}a_{js}(0, τ),

(13) K^{(3)}_{js} (x, y; τ) = e^{ws1(t,y)−ws1 (x,y)}b_{js}(t, y),

(14) K^{(4)}_{js} (x, y; τ) = e^{ws1(t,0)−ws2 (x,y)−ws1(x,0)}b_{js}(t, 0).

Then the problem takes the solution of Volterra system integral equation of the second type in the form:

g_s(x, y) =U_s(x, y) − ∫_∞ y dτ ∫_∞ x [K_s(x, y; t, τ)U_s(t, τ) + n∑ j=1 j≠s

(K_{js}(x, y; t, τ)U_j(t, τ)]dt

− ∫_∞ y ( n∑ j=1 j≠s

(K^{(1)}_{ks} (x, y; τ)U_j(x, τ)) − K^{(2)}_{js} (x, y; τ)U_j(0, τ))dτ−

− ∫_∞ x [ n∑ j=1 j≠s

(K^{(3)}_{js} (x, y; t)U_j(t, y) − K^{(4)}_{js} (x, y; t)U_j(t, 0))]dt, 1 ≤ s ≤ n

(15)

The proof is complete. □ Remark 1. The solution g_s(x, y) of equation (15) in the neighborhood of Γ^+_1 can be represented in the form:

U_s(0, y) −

∫_∞ y [ n∑ j=1 j≠s

(K^{(1)}_{js} (0, y; τ)U_s(0, τ) − K^{(2)}_{js} (0, y; τ)U_j(0, τ))]dτ = g_s(0, y),

(16) g_s(0, y) = Ψ_s(0)e^{−ws1(0,τ )} +

∫_∞ y e^{ws2(0,τ )−ws2(0,y)}Φ_s(τ)dτ.

From equation (11), (12) we get K^{(1)}_{js} (0, y; τ) = K^{(2)}_{js} (0, y; τ), then U_s(0, y) = g_s(0, y) Similarly, the solution g_s(x, y) of equation (15) in the neighborhood of Γ^+_2 can be represented in the form:

(17) U_s(x, 0) − n∑ j=1 j≠s

∫_∞ x [K^{(3)}_{js} (x, 0; t) − K^{(4)}_{js} (x, 0; t)]U_j (t, 0)dt = g_s(x, 0),

(18) g_s(x, 0) = Ψ_s(x), 1 ≤ s ≤ n. Then we can put K^{(3)}_{gs} (x, 0; t) =e^{ws1(t,0)−ws1(x,0)}b_{js}(x, 0), K^{(4)}_{gs} (x, 0; t) =e^{ws1(t,0)−ws1(x,0)}b_{js}(t, 0) = K^{(3)}_{js} (x, 0; t).

We get U_s(x, 0) = g_s(x, 0) = Ψ_s(x).

Problem P_1. Find a solution of system (1) within the class C^2(D) ∩ C(D ∪ Γ_1 ∪ Γ_2) under the boundary conditions: U_s(0, y) =a_s(y), y ∈ Γ_2, U_s(x, 0) =b_s(x), x ∈ Γ_1, 1 ≤ s ≤ n, a_s(0) =b_s(0).

(19)

Solution of Problem P_1. Substitute the conditions U_s(x, 0), U_s(0, y) in the integral representations (17), (16) we can get Ψ_s(x) =b_s(x), ∫_∞ y e^{ws2(0,τ )−ws2(0,y)}Φ_s(τ)dτ =a_s(y) − b_s(0)e^{−ws2(0,y)}, ∫_∞ y e^{ws2(0,τ )}Φ_s(τ)dτ =e^{ws2(0,y)} − b_s(0),

then

Φ_s(y) =e^{−ws2(0,y)} d dt [e^{ws2(0,y)}a_s(y) − b_s(0)] or

Φ_s(y) =e^{−ws2(0,y)}[e^{ws2(0,y)}a_{ss}(0, y)(a_s(y) − b_s(0)) + e^{ws2(0,y)}a^1_s(y)], Φ_s(y) =a_{ss}(0, y)[a_s(y) − b_s(0)] + a_s(y).

(20)

We get Φ_s(0) = a_{ss}(0, 0)a_s(0) + a^1_s(0), a_s(0) = b_s(0).

Substituting the obtained functions Ψ_s(x), Φ_s(y) into the integral representation (15) and using the condition (19) of problem P_1 we get the solution of Volterra system integral equation of the second type in the form:

U_s(x,y) − ∞∫ y dτ ∞∫ x [K_s(x, y; t, τ)U_s(x, t) + n∑ j=1 j≠s

K_{js}(x, y; t, τ)U_j(t, τ)]dt

− ∞∫ y n∑ j=1 j≠s

K^{(1)}_{js} (x, y; τ)U_j(x, τ)dτ − ∞∫ x n∑ j=1 j≠s

K^{(3)}_{js} (x, y; t)U_j(t, y)dt

=G_s(x, y), 1 ≤ s ≤ n,

(21)

G_s(x, y) =g_s(x, y) − n∑ j=1 j≠s

(∫_∞ y K^{(2)}_{js} (x, y; τ)a_j(τ)dτ +

∫_∞ x b_j (t)K^{(4)}_{js} (x, y; t)dt ) . (22)

The system (21) is solvable and its uniqueness solution can be obtained by using the kernels (9), (10), (11).

The proof of the following Theorem is completed.

Theorem 2. Let the coefficients of system (1) satisfy the conditions of Theorem 1, a_{ss}(0, y) ∈ C^2(Γ_2), a_s(y) ∈ C^2(Γ_2) and b_s(x) ∈ C^1(Γ_1). Then Problem P_1 has a unique solution in the form:

U_s(x, y) =g(x, y) +

∫_∞ y ∫_∞ x Γ_1(x, y; t, τ)g(t, τ)dtdτ + ∫_∞ y Γ_2(x, y; τ)g(x, τ)dτ +

∫_∞ x Γ_3(x, y; t)g(t, y)dt − ∫_∞ y Γ_4(x, y; τ)g(0, τ)dτ −

∫_∞ x Γ_5(x, y; τ)g(t, 0)dt

(23)

where g(x, y) = (g_1(x, y), g_2(x, y), g_3(x, y), . . . , g_n(x, y)) and U(x, y) = (U_1(x, y), U_2(x, y), U_3(x, y), . . . , U_n(x, y)), Γ_1, Γ_2, are the kernels of the formula (21).

The formula (23) of the functions G_s(x, y) can be obtained by using the inequalities (22), (3), (4), (20), (19).

Problem P_2. Find a solution of system (1) within the class C^2(D) ∩ C(D ∪ Γ_1 ∪ Γ_2) under the boundary conditions: U_s(x, 0) =g_s(x), ∂U_s ∂y | | | |_{x=0} =f^s(y)

(24)

where f_s(y), g_s(x) are continuous functions on Γ^+_2 , Γ^+_1 .

Solution of Problem P_2. From equation (2), we have ∂U_s ∂y | | | |_{x=0} =

∂g_s(x, y) ∂y | | | |_{x=0}, ∂g_s(x, y) ∂y = − e^{−ws2(x,y)}a_{ss}(x, y) [ Ψ_s(x) +

∫_∞ y e^{ws2(x,0)−ws1(x,τ )}Φ_s(τ)dτ + ∫_∞ y e^{ws2(x,τ )}

∫_∞ x e^{ws1(t,τ )−ws1 (x,τ )}f_s(t, τ)dt ]

+e^{−ws2(x,y)} [ Φ_s(y)e^{ws2(x,y)−ws1(x,y)} + e^{ws2(x,y)}

∫_∞ x e^{ws1(t,y)−ws1 (x,y)}f_s(t, y)dt ] . We get ∂g_s(x, y) ∂y | | | x=0 = −e^{−ws2(0,y)}a_{ss}(0, y)[Ψ_s(0)+

∫_∞ y e^{ws2(0,τ )}Φ_s(τ)dτ]+Φ_s(y) = f_s(y), or −a_{ss}(0, y)[Ψ_s(0) +

∫_∞ y e^{ws2(0,τ )}Φ_s(τ)dτ)] + e^{ws2(0,y)} + Φ_s(y) = f_s(y)e^{ws2(0,y)}.

Also we get U_s(x, 0) =Φ_s(x) = g_s(x),

Ψ_s(x) =g_s(x).

We can get the function Φ_s(y) from the integral equation

e^{ws2(0,y)}Φ_s(y) − a_{ss}(0, y)

∫_∞ y e^{ws2(0,τ )}Φ_s(τ)dτ) =f_s(y)e^{ws2(0,y)} − a_{ss}(0, y)g_s(0),

e^{ws2(0,y)}Φ_s(y) =Φ^1_s(y), f_s(y)e^{ws2(0,y)} − a_{ss}(0, y)g_s(0) =F_s(y), 1 ≤ s ≤ n,

(25) Φ^1_s(y) − a_{ss}(0, y)

∫_∞ y Φ^1_s(τ)dτ = F_s(y),

Φ^1_s(0) = F_s(0) = f_s(0) − a_{ss}(0, 0)g_s(0), or Φ_s(0) = f_s(0) − a_{ss}(0, 0)g_s(0).

By solving equation (25), we can get

Φ_s(y) =f_s(y) − a_{ss}(0, y)g_s(0)e^{−ws2(0,y)}

+a_{ss}(0, y)

∫_∞ y f_s(τ) a_{ss}(0, τ)

− e^{−ws2(0,τ )}g_s(0)dτ.

(26)

Substituting the obtained functions Ψ_s(x), Φ_s(y) of equations (25), (26) into the integral representation (15) and then solving the obtained system, we get the solution of Problem P_2.

Theorem 3. Let in system (1) the coefficients a(x, y), b(x, y), c(x, y), f(x, y) satisfy the conditions of Theorem 1 and in Problem P_2: f_s(y) ∈ C^1(Γ_2), g_s(x) ∈ C^2(Γ_1). Then problem P_1 has a unique solution which is given by the formulae (23), (3), (25), (26).

The values of the kernels Γ_1 − Γ_5 can be obtained from equation (23) and then substituting into the integral representation (15).

Cases II.

Theorem 4. Let the coefficients in system (1) satisfy: b_{ss}(x, y) ∈ C^1_y (D), a_{ss}(x, y), c_s(x, y) ∈ C(D), s = 1, 2, . . . , n; a_{js}(x, y) ∈ C^1_x(D), b_{js}(x, y) ∈ C^1_y (D) at j ≠ s, j, s = 1, 2, . . . , n. Then any solution of the system (1) within the class

C^2(D) ∩ C(D) is:

U_s(x, y) − n∑ j=1 j≠s

∫_∞ y dτ ∫_∞ x K^{(1)}_{js} (x, y; t, τ)U_j(t, τ)dt

+ n∑ j=1 j≠s

∫_∞ x [K^{(2)}_{js} (x, y; t)U_j(t, y) − −K^{(3)}_{js} (x, y; t)U_j(t, 0)]dt

+ n∑ j=1 j≠s

∫_∞ y [K^{(4)}_{js} (x, y; τ)U_j(x, τ) − K^{(5)}_{js} (x, y; τ)U_j(0, τ)]dτ

=g^{(1)}_s (x, y),

(27)

where g^{(1)}s (x, y) is the Volterra system integral equation of the second type, and the Kernels of equation (27) are:

K^{(1)}_{js} (x, y; t, τ) = ∂ ∂t [e^{ws1(t,y)−ws1 (x,y)+ws2(t,τ )−ws2(t,y)}]

+e^{ws1(t,y)−ws1(x,y)−ws2(t,y)} ∂ ∂τ [e^{ws2(t,τ )}b_{js}(t, τ)]

+e^{ws1(t,y)−ws1(x,y)+ws2(t,τ )−ws2 (t,y)}c_{js}(t, τ), K^{(2)}_{js} (x, y; t) =e^{ws1(t,y)−ws1(x,y)}b_{js}(t, y), K^{(3)}_{js} (x, y; t) =e^{ws1(t,y)−ws1(x,y)}b_{js}(t, 0), K^{(4)}_{js} (x, y; τ) =e^{ws2(t,τ )−ws2(x,y)}a_{js}(x, τ), K^{(5)}_{js} (x, y; τ) =e^{ws2(0,τ )−ws2(0,y)−ws1 (x,y)}a_{js}(0, τ).

Proof. Let the coefficients in system (1) satisfy: b_{ss}(x, y) ∈ C^1_y (d), a_{ss}(x, y), c_s(x, y) ∈ CD, 1 ≤ s ≤ n, a_{js}(x, y) ∈ C^1_x(D), and b_{js}(x, y) ∈ C^1_y (D) at j ≠ s. Then the system (1) can be written in the form: [ ∂ ∂y + a_{ss}(x, y) ] [ ∂ ∂x + b_{ss}(x, y) ] U_s(x, y) =

=f_s(x, y) + c^s_2(x, y)U_s(x, y) − s−1∑ j=1 [ a_{js}(x, y)

∂U_j (x, y) ∂x + b_{js}(x, y)

∂U_j (x, y) ∂y + c_j (x, y)U_j(x, y) ]

− n∑ j=s+1 [ a_{js}(x, y)

∂U_j (x, y) ∂x + b_{js}(x, y)

∂U_j (x, y) ∂y + c_j (x, y)U_j(x, y) ]

≡F^{(1)}(x, y),

(28)

(29) c^s_2(x, y) = −(x, y)^{−1}c_s(x, y) + x^{−1}

∂b_{ss}(x, y) ∂y + (x, y)^{−1}a_{ss}(x, y)b_{ss}(x, y)

Solving the system (28) we get

U_s(x, y)−

∫_∞ x {e^{ws1(t,y)−ws1 (x,y)}dt

∫_∞ y c^s_2(t, τ)e^{ws2(t,τ )−ws2 (t,y)}U_s(t, τ)dτ + ∫_∞ x e^{ws1(t,y)−ws1(x,y)}dt

∫_∞ y e^{ws2(t,τ )−ws2 (t,τ )}×

× n∑ j=1 j≠s

( a_{js}(t, τ)

∂U_j ∂t + b_{js}(t, τ)

∂U_j ∂t + c_j (t, τ)U_j (t, τ) ) dτ =g^{(1)}_s (x, y),

(30)

g^{(1)}_s (x, y) =Φ^1_s(y)e^{−ws1(x,y)} +

∫_∞ x e^{ws1(t,y)−ws1 (x,y)−ws2(t,y)}Ψ^{(1)}_s (t)dt+ + ∫_∞ x e^{ws1(t,y)−ws1 (x,y)}dt

∫_∞ y e^{ws2(t,τ )−ws2(t,y)}f_s(t, τ)dτ, 1 ≤ s ≤ n

(31)

Also, we have

∫_∞ y dτ ∫_∞ x (e^{ws1(t,y)−ws1 (x,y)+ws2(t,τ )−ws2(t,y)}) n∑ j=1 j≠s

a_{js}(t, τ)

∂U_j ∂t dt =

= ∫_∞ y { n∑ j=s e^{−ws1(x,y)}[(e^{ws1(x,y)+ws2(x,τ )−ws2(x,y)}a_{js}(x, τ)U_j (t, τ)

−e^{ws2(0,τ )−ws2(0,y)}a_{js}(0, τ)U_j(0, τ)) − ∫_∞ x ∂ ∂t (e^{ws1(t,y)+ws2 (t,τ )−ws2 (t,y)}a_{js}(t, τ))U_j (t, τ)dt]}dτ, and ∫_∞ y e^{ws2(t,τ )}( n∑ j=1 j≠s

b_{js}(t, τ)

∂U_j ∂τ )dτ =

= n∑ j=1 j≠s

[e^{ws2(t,y)}b_{js}(t, y)U_j(t, y) − b_{js}(t, 0)U_j (t, 0) −

∫_∞ y U_j (t, τ) ∂ ∂τ [e^{ws2(t,τ )bjs (t,τ )dτ} ].

Substituting the obtained integral values into equation (30), we get the solution of the integral system in the form (27). □

Remark 2. From equation (27) we get the following integral equations

(32) U_s(x, 0)+ ∞∑ j=1 j≠s

∫_∞ x K^{(2)}_{js} (x, 0; t)U_j(t, 0)−K^{(3)}_{js} (x, 0, t)U_j (t, 0)dt = g^{(1)}_s (x, 0),

(33) U_s(0, y) + ∞∑ j=1 j≠s

∫_∞ y K^{(4)}_{js} (0, y; τ) − K^{(5)}_{js} (0, y; τ)U_j(0, τ)dτ = g^{(1)}_s (0, y),

where K^{(2)}_{js} (x, 0; t) =e^{ws1(t,0)−ws1 (x,0)}b_{js}(t, 0) = K^{(3)}_{js} (x, 0, t), K^{(4)}_{js} (0, y; τ) =e^{ws2(0,τ )−ws2(0,y)}a_{js}(0, τ) = K^{(5)}_{js} (0, y; τ), U_s(x, 0) =g^{(1)}_s (x, 0), U_s(0, y) =g^{(1)}_s (0, y).

From equation (31), we get

g^{(1)}_s (0, y) =Φ^1_s(y), g^{(1)}_s (x, 0) =Φ^1_s(0)e^{−ws1(x,0)} +

∫_∞ x e^{ws1(t,0)−ws1 (x,0)}Ψ^{(1)}_s (t)dt.

Theorem 5. Let the coefficients of system (1) satisfy the conditions of Theorem 1. Then any solution of system (1) within the class C^2(D) ∩ C(D) contains 2n arbitrary functions of one variable (n-functions of the variable x and n-functions of the variable y) can be represented in the form:

U(x, y) =g(x, y) +

∫_∞ y ∫_∞ x Γ^{(1)}_1 (x, y; t, τ)g(t, τ)dtdτ + ∫_∞ x Γ^{(1)}_2 (x, y; t)g(t, y)dt +

∫_∞ x Γ^{(1)}_3 (x, y; τ)g(t, τ)dτ + ∫_∞ x Γ^{(1)}_4 (x, y; t)g(t, 0)dt +

∫_∞ y Γ^{(1)}_5 (x, y; τ)g(0, τ)dτ,

(34)

where Φ_1(y), Φ_2(y), . . . , Φ_n(y); Ψ_1(x), Ψ_2(x), . . . , Ψ_n(x) are arbitrary continuous functions of the variables x and y, Γ^{(1)}_1 −Γ^{(1)}_5 are the kernels of system (15), g = g(Φ_1, Φ_2, . . . , Φ_n; Ψ_1, Ψ_2, . . . , Ψ_n) = (g_1, g_2, . . . , g_n), U = (U_1, U_2, . . . , U_n).

Moreover Φ_s(y) ∈ C^1(Γ_2), Ψ_n(x) ∈ C^2(Γ_1).

Theorem 6. Let the coefficients of system (1) satisfy the conditions of Theorem 4. Then any solution of system (1) within the class C^2(D)∩C(D) contains

2n arbitrary functions of one variable can be represented in the form:

U(x, y) =g^{(1)}(x, y) +

∫_∞ x dt ∫_∞ y Γ^{(2)}_1 (x, y; t, τ)g^{(1)}(t, τ)dtdτ + ∫_∞ x Γ^{(2)}_2 (x, y; t)g^{(1)}(t, y)dt +

∫_∞ y Γ^{(2)}_3 (x, y; τ)g^{(1)}(x, τ)dτ + ∫_∞ x Γ^{(2)}_2 (x, y; t)g^{(1)}(t, 0)dt +

∫_∞ y Γ^{(2)}_5 (x, y; τ)g^{(1)}(0, τ)dτ,

(35)

where Φ^{(1)}s (y), Ψ^{(1)}s (x), 1 ≤ s ≤ n are arbitrary continuous functions of the Variables x and y, Γ^{(1)}_1 − Γ^{(1)}_5 are the Kernels of system (27), g^1 = g(Φ^{(1)}_1 , Φ^{(1)}_2 , . . . , Φ^{(1)}n ; Ψ^{(1)}_1 , Ψ^{(1)}_2 , . . . , Ψ^{(1)}n ) = (g^{(1)}_1 , g^{(1)}_2 , . . . , g^{(1)}n ), U = (U_1, U_2, . . . , U_n).

Moreover, Φ^{(1)}s (y) ∈ C^2(Γ_2), Ψ^{(1)}s (x) ∈ C^1(Γ_1).

Remark 3. The obtained integral representations can be used to solve various boundary value problems.

For solving Problem P_1, we use the representation of the form (35), and the functions Φ^{(1)}s (y), Ψ^{(1)}s (x) can be obtained from equation (33). From (33) we get U_s(x, 0) =g^{(1)}_s (x, 0), U_s(0, y) =g^{(1)}_s (0, y).

Then

g^{(1)}_s (x, 0) =Φ^1_s(0)e^{−ws1(x,0)} +

∫_∞ x e^{ws1(t,0)−ws1 (x,0)}Ψ^{(1)}_s dt, g^{(1)}_s (0, y) =Φ^1_s(y),

(36)

(37) Φ^1_s(y) = a_s(y)

a_s(0)e^{−ws1(x,0)} +

∫_∞ x e^{ws1(t,0)−ws1 (x,0)}Ψ^{(1)}_s (t)dt = b_s(x).

We get ∫_∞ x e^{ws1(t,0)}Ψ^{(1)}_s (t)dt = b_s(x)e^{ws1 (x,0)} + a_s(0).

Solving the above equation, we get (38) Ψ^{(1)}_s (t) = [b^1_s(x) + b_{ss}(x, 0)b_s(x)]. Then the proof of the following Theorem is complete.

Theorem 7. Let the coefficients of system (1) satisfy the conditions of Theorem 4. The functions a_s(y), b_s(y) satisfy the conditions of Theorem 3, b_{ss}(x, 0) ∈ C^1(Γ_1). Then Problem P_1 has a unique solution which is given by the formulas (35), (31), (36), (37).

Problem P_3. Find a solution of system (1) within the class C^2(D) ∩ C(D ∪ Γ_1 ∪ Γ_2) under the boundary conditions: U_s(0, y) =f^{(1)}_s (y), ∂U_s ∂x | | |_{x=0} =g^{(1)}s (x),

where f^{(1)}s (y), g_s(1)(x) are given continuous functions on Γ_2, Γ_1. Solution of Problem P_3. From equation (30), we have U_s(0, y) =Φ^{(1)}_s (y), ∂U_s ∂x | | |_{y=0} =

∂g^{(1)}s (x, y) ∂x | | |_{y=0}, but ∂g^{(1)}s (x, y) ∂x |_{y=0} = − b_{ss}(x, 0)e^{−ws1(x,0)}[Φ^{(1)}_s (0) +

∫_∞ x e^{ws1(t,0)}Ψ^{(1)}_s (t)dt] + Ψ^{(1)}_s (x)

=g^{(1)}_s (x). Then (39) Φ^{(1)}_s (y) = f^{(1)}_s (y),

e^{ws1(x,0)}Ψ^{(1)}_s (x) − b_{ss}(x, 0)

∫_∞ x e^{ws1(t,0)}Ψ^{(1)}_s (t)dt = g^{(1)}_s (x)e^{ws1(x,0)} + f^{(1)}_s (0)b_{ss}(x, 0).

Solving this integral equation we get

Ψ^{(1)}_s (x) =g^{(1)}_s (x) + f^{(1)}_s (0)b_{ss}(x, 0)e^{−ws1(x,0)}

+b_{ss}(x, 0)e^{−ws1(x,0)}

∫_∞ x (g^{(1)}_s (t) + f^{(1)}_s (0)b_{ss}(t, 0)e^{−ws1(x,0)})dt.

(40)

Theorem 8. Let in the system (10) the functions a_{js}(x, y), b_{js}(x, y), c_j (x, y), f_s(x, y) satisfy the conditions of Theorem 4 and in Problem P_3: f^{(1)}s (x, y) ∈ C^2(Γ_2), g^{(1)}s ∈ C^1(Γ_1). Then problem P_3 has a unique solution which can be obtained by using the formulas (35), (31), (38), (39). Remark 4. Let in system (1)

a_{js}(x, y) = a^0_{js}(x, y) |x − y|^{αjs}

, b_{js}(x, y) = b^0_{js}(x, y) |x − y|^{βjs} , c_j(x, y) = c^0_j (x, y) |x − y|^{γj}

, f_s(x, y) = f^0_s (x, y) |x − y|^{δj} , where α_{js} < 1, β_{js} < 1, γ_j < 1, δ_j < 1, 1 ≤ s, j ≤ n.

From equation (4), we get the continuous functions w^s_1(x, y), w^s_2(x, y). The continuous functions^{∂ws1(t,τ )}_{∂τ} ,^{∂ws2(x,τ )}_{∂x} satisfy the condition b_{ss}(x, y) = 0 (|x − y|^{αs} ), α_s > β_{ss} when x → y. Then the integral equation (15) is Volterra integral equation of the second type.

Theorem 9. Let in the system

∂^2U_s ∂x∂y + n∑ j=1 { a^0_{js}(x, y) |x − y|^{αjs}

∂U_j ∂x + b^0_{js}(x, y) |x − y|^{βjs}

∂U_j ∂y + c^0_{js}(x, y) |x − y|^{γj}

U_j } = f^0_s (x, y) |x − y|^{δj} , where α_{js} < 1, β_{js} < 1, γ_j < 1, δ_j < 1, 1 ≤ s ≤ n, 1 ≤ s ≤ n, the coefficients satisfy:

(1) b_{js}(x, y) of the variable y have continuous derivative of the first order, continuous of the variable x.

(2) a_{js}(x, y) at j ≠ s have continuous derivative of the variable y, continuous of the variable x.

(3) c^0_s(x, y), f^0_s (x, y) are continuous functions in D̄.

Then any solution of system (1) within the class C^2(D) can be written in the form (34), where

a_{js}(x, y) = a^0_{js}(x, y) |x − y|^{αjs}

, b_{js}(x, y) = b^0_{js}(x, y) |x − y|^{βjs} , c_j(x, y) = c^0_j (x, y) |x − y|^{γj}

, f_s(x, y) = f^0_s (x, y) |x − y|^{δs} . References

[1] A. N. Adib and N. Radjabov. Boundary value problems and various representations for the system of non-model hyperbolic equations with one singular line in infinite regions. C. R. Acad. Bulgare Sci., 55(4):17–26, 2002.

[2] A. N. Adib and N. Rajabov. Linear hyperbolic equations and integral representations with singularities in infinite regions. Soochow J. Math., 31(1):51–60, 2005.

[3] A. W. Bitsadze. Some equation classes in partial derivatives. Moscow, 1981. [4] R. W. Carroll and R. E. Showalter. Singular and degenerate Cauchy problems. Academic Press, New York, 1976. Mathematics in Science and Engineering, Vol. 127.

[5] R. P. Gilbert. Function theoretic methods in partial differential equations. Mathematics in Science and Engineering, Vol. 54. Academic Press, New York, 1969.

[6] H. Levine. Partial differential equations, volume 6 of AMS/IP Studies in Advanced Mathematics. American Mathematical Society, Providence, RI, 1997.

[7] N. Radjabov. Integral representations and boundary value problems for some differential equations with singular lines or singular surfaces. Dushanbe, 1980, 1985. Russian.

[8] N. Radjabov and A. N. Adib. On the theory of a class of non-model linear hyperbolic equations with two singular lines. Tajic SSR Acad. Sci., 12:799–803, 1990. Russian.

Received 20 February, 2006; 19 July, 2006 in revised form.

Adib A.N. Department of Mathematics, Suez Canal University, Faculty of Petroleum and Mining Engineering, Suez, Egypt.

Radjabov N. Faculty of Mathematics, Tajik State University, Dushanbe, Tajikistan.