Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 22 (2006), 275–284

www.emis.de/journals
ISSN 1786-0091

RULED SURFACES IN LORENTZ-MINKOWSKI 3-SPACES WITH NON-DEGENERATE SECOND FUNDAMENTAL FORM

DAE WON YOON

Abstract. In this paper, we study some properties of ruled surfaces with non-degenerate second fundamental form in a 3-dimensional Lorentz- Minkowski space related to its the Gaussian curvature, the second Gaussian curvature and the mean curvature.

1. Introduction

The inner geometry of the second fundamental form has been a popular research topic for ages. It is readily seen that the second fundamental form of a surface is non-degenerate if and only if a surface is non-developable.

On a non-developable surface M, we can consider the Gaussian curvature K_{II} of the second fundamental form which is regarded as a new Riemannian metric. The curvature K_{II} will be called the second Gaussian curvature of the surface M. The curvature K_{II} of M will be defined and discussed in the section 2.

Several authors studied the second Gaussian curvature (see [2], [4], [10], [11], [12], [14], [15]). D. Koutroufiotis ([12]) has shown that a closed ovaloid is a sphere if K_{II} = cK for some constant c or if K_{II} = √ K, where K is the Gaussian curvature. Th. Koufogiorgos and T. Hasanis ([11]) proved that the sphere is the only closed ovaloid satisfying K_{II} = H, where H is the mean curvature. Also, W. Kühnel ([13]) studied surfaces of revolution satisfying K_{II} = H. One of the natural generalizations of surfaces of revolution is the helicoidal surfaces. In [2] C. Baikoussis and Th. Koufogiorgos proved that the helicoidal surfaces satisfying K_{II} = H are locally characterized by constancy of the ratio of the principal curvatures. On the other hand, D.E. Blair and

2000 Mathematics Subject Classification. 53B25, 53C50.

Key words and phrases. Gaussian curvature, second Gaussian curvature, mean curvature, ruled surface, minimal surface.

This work was supported by Korea Research Foundation Grant(KRF-2004-041-C00039). 275

Th. Koufogiorgos ([4]) investigated a non-developable ruled surface in a 3- dimensional Euclidean space E^3 such that aK_{II} + bH, 2a + b ≠ 0, is constant along each ruling.

Recently, Y.H. Kim and the present author ([10]) studied a non-developable ruled surface in a 3-dimensional Lorentz-Minkowski space satisfying the conditions

aH + bK = constant, a ≠ 0,

(1.1) aK_{II} + bK = constant, a ≠ 0,

(1.2) aK_{II} + bH = constant, 2a − b ≠ 0,

(1.3)

along each ruling. In particular, if it satisfies the condition (1.1), then a surface is called a linear Weingarten surface (cf. [7]). In [15] W. Sodsiri studied a nondevelopable ruled surface with non-null rulings in a 3-dimensional Lorentz- Minkowski space such that the linear combination aK_{II} + bH + cK, a, b, c ∈ R, a^2 + b^2 ≠ 0 is constant along ruling.

In this article, we investigate a ruled surface with non-degenerate second fundamental form in a 3-dimensional Lorentz-Minkowski space satisfying the condition

(1.4) K_{II} = K^mH^n,

along each ruling, where m, n are natural numbers.

2. Preliminaries

Let L^3 be a 3-dimensional Lorentz-Minkowski space with the scalar product of index 1 given by ⟨, ⟩ = −dx^2_1 + dx^2 + dx^2_3, where (x_1, x_2, x_3) is a standard rectangular coordinate system of L^3. A vector x of L^3 is said to be space-like if ⟨x, x⟩ > 0 or x = 0, time-like if ⟨x, x⟩ < 0 and light-like or null if ⟨x, x⟩ = 0 and x ≠ 0. A time-like or null vector in L^3 is said to be causal. A curve in L^3 is called space-like, time-like or null if its tangent vector field is space-like, time-like or null, respectively.

We denote a surface M in L^3 by

x(s, t) = (x_1(s, t), x_2(s, t), x_3(s, t)).

Then the first fundamental form I of the surface M is defined by

I = Eds^2 + 2F dsdt + Gdt^2, where E =< x_s, x_s >, F =< x_s, x_t >, G =< x_t, x_t >, x_s =^{∂x(s,t)}_{∂s} . We define the second fundamental form II of M by

II = eds^2 + 2fdsdt + gdt^2, e = 1 √ |EG − F^2| det(x_s x_t x_{ss}), f = 1 √ |EG − F^2| det(x_s x_t x_{st}), g = 1 √ |EG − F^2| det(x_s x_t x_{tt}).

Quite similarly to the case of Gaussian curvature of a surface in Euclidean space (see, [16, p. 112]), the Gaussian curvature K of M in L^3 is defined by

(2.1) K = 1 (EG − F^2)^2 | | | | | −^1_2 E_{tt} + F_{st} −^1_2 G_{ss}^1_2 E_s F_s −^1_2 E_t F_t −^1_2 G_s E F 1 2 G_t F G

| | | | | − | | | | | 0^1_2 E_t^1_2 G_s 1 2 E_t E F 1 2 G_s F G

| | | | | . At this stage we are able to compute the second Gaussian curvature K_{II} of a surface with non-degenerate second fundamental form in L^3 by replacing E, F, G by the components of the second fundamental form e, f, g respectively in (2.1). Thus, the second Gaussian curvature K_{II} is given by (cf. [2])

(2.2)

K_{II} = 1 (eg − f^2)^2 | | | | | −^1_2 e_{tt} + f_{st} −^1_2 g_{ss}^1_2 e_s f_s −^1_2 e_t f_t −^1_2 g_s e f 1 2 g_t f g

| | | | | − | | | | | 0^1_2 e_t^1_2 g_s 1 2 e_t e f 1 2 g_s f g

| | | | | . It is well known that a minimal surface has vanishing second Gaussian curvature but that a surface with vanishing second Gaussian curvature need not be minimal.

Now, we define a ruled surface M in L^3. Let I and J be open intervals containing 0 in the real line R. Let α = α(s) be a curve of J into L^3 and β = β(s) a vector field along α. Then, a ruled surface M is defined by the parametrization given as follows:

x = x(s, t) = α(s) + tβ(s), s ∈ J, t ∈ I.

For such a ruled surface, α and β are called the base curve and the director vector field, respectively.

According to the causal character of α^′ and β, there are four possibilities:

(1) α^′ and β are non-null and linearly independent. (2) α^′ is null and β is non-null with < α^′, β >≠ 0. (3) α^′ is non-null and β is null with < α^′, β >≠ 0. (4) α^′ and β are null with < α^′, β >≠ 0.

It is easily to see that, with an appropriate change of the curve α, cases (2) and (3) reduce to (1) and (4), respectively (For the details, see [1]).

First of all, we consider the ruled surface of the case (1). In this case, the ruled surface M is said to be cylindrical if the director vector field β is constant and non-cylindrical otherwise.

Let the base curve α and the director vector field β be non-null. Then, the base curve α can be chosen to be orthogonal to the director vector field β and β can be normalized satisfying ⟨β(s), β(s)⟩ = ε(= ±1) for all s ∈ J. In this case, according to the character of vector fields α^′ and β, we have ruled surfaces of five different kinds as follows: If the base curve α is space-like or time-like, then the ruled surface M is said to be of type M_+ or type M_−, respectively. Also, the ruled surface of type M_+ can be divided into three types. If the vector field β is space-like, it is said to be of type M^1_+ or M^2_+ if β^′ is non-null or null, respectively. When the vector field β is time-like, β^′ is space-like because of the causal character. In this case, M is said to be of type M^3_+. On the other hand, for the ruled surface of type M_−, the director vector field is always space-like. According as its derivative β^′ is non-null or null, it is also said to be of type M^1_− or M^2_−, respectively (cf. [9]).

The ruled surface M of the case (4) is called a null scroll (see [8]). One of typical examples of null scrolls is B-scroll which is defined as follows:

Let α(s) be a null curve in L^3 with Cartan frame {A, B, C}, i.e., A, B, C are vector fields along α in L^3 satisfying the following conditions: < A, A > =< B, B >= 0, < A, B >= −1, < A, C > =< B, C >= 0, < C, C >= 1, and α^′ = A, C^′ = −aA − k(s)B, where a is a constant and k(s) a function vanishing nowhere.

Then the map x : M −→ L^3

(s, t) → α + tB(s) defines a Lorentz surface M in L^3 that L. K. Graves ([8]) called a B-scroll.

On the other hand, many geometers have been interested in studying submanifolds of Euclidean and pseudo-Euclidean space in terms of the so-called finite type immersion ([5]). Also, such a notion can be extended to smooth maps on submanifolds, namely the Gauss map ([6]). In this regards, Y.H. Kim and the present author defined pointwise finite type Gauss map ([9]). In particular, the Gauss map G on a submanifold M of a pseudo-Euclidean space

E^m_s of index s is said to be of pointwise 1-type if ΔG = fG for some smooth function f on M where Δ denotes the Laplace operator defined on M. They showed that minimal non-cylindrical ruled surfaces in a 3-dimensional Lorentz- Minkowski space have pointwise 1-type Gauss map ([9]). Based on this fact, they proved the following theorem:

Theorem 2.1 ([9]). Let M be a non-cylindrical ruled surface with space-like or time-like base curve in a 3-dimensional Lorentz-Minkowski space. Then, the Gauss map is of pointwise 1-type if and only if M is an open part of one of the following spaces: the space-like or time-like helicoid of the 1st, the 2nd and the 3rd kind, the space-like or time-like conjugate of Enneper’s surface of the 2nd kind.

This theorem will be useful to prove our theorems in this paper.

3. Main Theorems

In this section we study a ruled surface with non-degenerate second fundamental form in a 3-dimensional Lorentz-Minkowski space L^3 satisfying the condition (1.4). It is well known that a cylindrical ruled surface is developable, i.e., the Gaussian curvature K is identically zero. Therefore, the second fundamental form is degenerate. Thus, non-cylindrical ruled surfaces are meaningful for our study.

Theorem 3.1. Let m, n be natural numbers. A non-cylindrical ruled surface with non-degenerate second fundamental form in a 3-dimensional Lorentz- Minkowski space satisfying the condition K_{II} = K^mH^n along each ruling is an open part of one of the following surfaces:

1. the helicoid of the 1st kind as space-like or time-like surface, 2. the helicoid of the 2nd kind as space-like or time-like surface, 3. the helicoid of the 3rd kind as space-like or time-like surface, 4. the conjugate of Enneper’s surfaces of the 2nd kind as space-like or time-like surface.

Proof. We consider two cases separately.

Case 1. Let M be a non-cylindrical ruled surface of the three types M^1_+, M^3_+ or M^1_−. Then the parametrization for M is given by

x = x(s, t) = α(s) + tβ(s)

such that ⟨β, β⟩ = ε_1(= ±1), ⟨β^′, β^′⟩ = ε_2(= ±1) and ⟨α^′, β^′⟩ = 0. In this case α is the striction curve of x, and the parameter is the arc-length on the (pseudo-)spherical curve β. And we have the natural frame {x_s, x_t} given by x_s = α^′ + tβ^′ and x_t = β. Then, the first fundamental form of the surface is given by E = ⟨α^′, α^′⟩ + ε_2t^2, F = ⟨α^′, β⟩ and G = ε_1. For later use, we define the smooth functions Q, J and D as follows :

Q = ⟨α^′, β × β^′⟩ ≠ 0, J = ⟨β^{′′}, β^′ × β⟩, D = √ |EG − F^2|.

In terms of the orthonormal basis {β, β^′, β × β^′} we obtain

α^′ = ε_1F β − ε_1ε_2Qβ × β^′, β^{′′} = ε_1ε_2(−β + Jβ × β^′), α^′ × β = ε_2Qβ^′. On the other hand, one obtains EG − F^2 = −ε_2Q^2 + ε_1ε_2t^2. And, the unit normal vector N is written as N =^1_D (ε_2Qβ^′ − tβ × β^′). Then, the components e, f and g of the second fundamental form are expressed as e = 1 D (ε_1Q(F − QJ) − Q^′t + Jt^2), f = Q D ≠ 0, g = 0.

Therefore, using the data described above and (2.2), we obtain

(3.1)

K_{II} = 1 f^4 ( ff_t(f_s − 1 2 e_t) − f^2(− 1 2 e_{tt} + f_{st}) )

= 1 2Q^2D^3 ( Jt^4 + ε_1Q(F − 2QJ)t^2 + 2ε_1Q^2Q^′t + Q^3(F + QJ) ) . Furthermore, the mean curvature H and the Gaussian curvature K are given respectively by

(3.2) H = 1 2 Eg − 2F f + Ge

|EG − F^2| = 1 2D^3 ( ε_1Jt^2 − ε_1Q^′t − Q(F + QJ) ) , and (3.3) K = ⟨N, N⟩ eg − f^2 EG − F^2 = Q^2 D^4 . Suppose that the ruled surface M satisfies the equation K_{II} = K^mH^n for some natural numbers m and n. Then we have by using (3.1), (3.2) and (3.3)

(3.4)

2^{2n−2}D^{8m+6n−6}(Jt^4 + ε_1Q(F − 2QJ)t^2 + 2ε_1Q^2Q^′t + Q^3(F + QJ))^2 = Q^{4m+4}(ε_1Jt^2 − ε_1Q^′t − Q(F + QJ))^{2n}.

Thus, the coefficient of the highest order t^{8m+6n+2} of the equation (3.4) is (−1)^{4m+3n−3}2^{2n−2}J^2 = 0, which implies J = 0. So, we can rewrite (3.4) in the form

(3.5)

2^{2n−2}D^{8m+6n−6}(ε_1QF t^2 + 2ε_1Q^2Q^′t + Q^3F )^2 = Q^{4m+4}(−ε_1Q^′t − QF )^{2n}.

In this case, we can show that the coefficient of the highest order t^{8m+6n−2} of the equation (3.5) is (−1)^{4m+3n−3}2^{2n−2}Q^2F^2 = 0.

Since Q ≠ 0, we infer that F = 0. Therefore, (3.5) becomes (3.6) 2^{2n}Q^4Q^{′2}D^{8m+6n−6}t^2 = Q^{4m+4}Q^{′2n}t^{2n}, from which Q^′ = 0. Thus, by (3.2) the mean curvature H is identically zero, that is, the surface M is minimal. Hence the surface is a helicoid of the 1st kind, the 2nd kind and the 3rd kind according to Theorem 2.1.

Case 2. Let M be a non-cylindrical ruled surface of type M^2_+ or M^2_−. Then, the surface M is parametrized by x(s, t) = α(s) + tβ(s) such that ⟨β, β⟩ = 1, ⟨α^′, β⟩ = 0, ⟨β^′, β^′⟩ = 0 and ⟨α^′, α^′⟩ = ε_1(= ±1). We have put the non-zero smooth functions q and S as follows : q = ||x_s||^2 = ε⟨x_s, x_s⟩ = ε(ε_1 + 2St), S = ⟨α^′, β^′⟩, where ε denotes the sign of x_s. We note that β×β^′ = β^′. Then, the components of the induced pseudo-Riemannian metric on M are obtained by E = εq, F = 0 and G = 1. For the moving frame {α^′, β, α^′ × β} we can calculate (3.7) β^′ = ε_1S(α^′ − α^′ × β), α^{′′} = −Sβ − ε_1Rα^′ × β, where R = ⟨α^{′′}, α^′ × β⟩. Furthermore, using (3.7) we have ⟨β^{′′}, α^′ × β⟩ = S^′ + ε_1SR, ⟨α^′, β^{′′}⟩ = S^′ + ε_1SR.

The unit normal vector N is given by (3.8) N = 1 √ q (α^′ × β − tβ^′),

from which the coefficients of the second fundamental form are given by e = 1 √ q (R + (S^′ + 2ε_1SR)t), f = S √ q , g = 0.

On the other hand, the second Gaussian curvature K_{II} , the mean curvature H and the Gaussian curvature K are obtained respectively by (3.9) K_{II} = ε_1S^′ 2Sq^32 ,

(3.10) H = 1 2q^32

((S^′ + 2ε_1SR)t + R) and (3.11) K =

S^2 q^2 . Suppose that the ruled surface M satisfies the equation K_{II} = K^mH^n for some natural numbers m and n. Then, from (3.9), (3.10) and (3.11) we obtain (3.12) 2^{2n−2}S^{′2}q^{4m+3n−3} = S^{4m+2}((S^′ + 2ε_1SR)t + R)^{2n}. Thus, the coefficient of the highest order t^{4m+3n−3} of the equation (3.12) is (−1)^{4m+3n−3}2^{4m+5n−5}S^{′2}S^{4m+3n−3} = 0, which implies S^′ = 0. So, (3.12) becomes

S^{4m+2}(2ε_1SRt + R)^{2n} = 0.

Thus, R = 0 and by (3.10) the mean curvature H is identically zero. Consequently, the surface is a conjugate of Enneper’s surface of the 2nd kind according to Theorem 2.1. This completes the proof. □

Combining the results of Theorems 3.1, 2.1 and Theorem 4.3 in [10] we have

Theorem 3.2. Let M be a non-cylindrical ruled surface with non-degenerate second fundamental form in a 3-dimensional Lorentz-Minkowski space. Then, the following are equivalent :

1. M has pointwise 1-type Gauss map.

2. M satisfies the equation aK_{II} + bH = costant, a, b ∈ R − {0}, 2a − b ≠ 0, along each ruling.

3. M satisfies the equation aH + bK = costant, a ≠ 0, b ∈ R along each ruling.

4. M satisfies the equation K_{II} = K^mH^n along each ruling, for some natural numbers m, n.

Finally, we investigate the relations between the second Gaussian curvature, the Gaussian curvature and the mean curvature of null scrolls M with nondegenerate second fundamental form in L^3.

Let α = α(s) be null curve in L^3 and B = B(s) be null vector field along α. Then, the null scroll M is parametrized by x = x(s, t) = α(s) + tB(s) such that ⟨α^′, α^′⟩ = 0, ⟨B, B⟩ = 0 and ⟨α^′, B⟩ = −1. Furthermore, without loss of generality, we may choose α as a null geodesic of M. We then have ⟨α^′(s), B^′(s)⟩ = 0 for all s. By putting, C = α^′ × B, then {α^′, B, C} is an orthonormal basis along α in L^3. In terms of the basis, we have α^{′′} =< α^{′′}, C > C, B^′ = −uC, C^′ = −uα^′+ < α^{′′}, C > B

u being the function defined by u =< B, C^′ >. The induced Lorentz metric on M is given by E = ⟨B^′, B^′⟩t^2, F = −1, G = 0 and the unit normal vector N is obtained by N = C + tB^′ × B.

Thus, the component functions of the second fundamental form are given by e = ⟨α^{′′} + tB^{′′}, N⟩, f = ⟨B^′, C⟩ = −u, g = 0, which imply H = u and K = u^2.

In the orthonormal basis {α^′, B, C}, the vector B^{′′} can be reconstructed from B^{′′} = u^2α^′ − ⟨α^′, B^{′′}⟩B + ⟨B^{′′}, C⟩C, from which e_{tt} = 2⟨B^{′′}, N_t⟩ = 2⟨B^{′′}, B^′ × B⟩ = 2u^3.

Therefore, using (2.2) and the above equation the second Gaussian curvature K_{II} is given by K_{II} = 1 2u^2 e_{tt} = u.

Suppose that the null scroll M satisfies the equation K_{II} = K^mH^n for some natural numbers m and n. Then we obtain u(u^{2m+n−1} − 1) = 0.

Thus, u is non-zero constant because of u ≠ 0. Consequently, we have

Theorem 3.3. Let m, n be natural numbers. B-scrolls over null curves are the only null scrolls with non-degenerate second fundamental form in a 3- dimensional Lorentz-Minkowski space satisfying the condition K_{II} = K^mH^n along each ruling.

References

[1] L. J. Alías, A. Ferrández, P. Lucas, and M. A. Meroño. On the Gauss map of B-scrolls.

Tsukuba J. Math., 22(2):371–377, 1998.

[2] C. Baikoussis and T. Koufogiorgos. On the inner curvature of the second fundamental form of helicoidal surfaces. Arch. Math., 68(2):169–176, 1997.

[3] M. Berger and B. Gostiaux. Differential Geometry: Manifolds, Curves, and Surfaces., volume 115 of Graduate Texts in Mathematics. Springer-Verlag, Berlin-Heidelberg-New York, 1988.

[4] D. E. Blair and T. Koufogiorgos. Ruled surfaces with vanishing second Gaussian curvature. Monatsh. Math., 113(3):177–181, 1992.

[5] B.-Y. Chen. Total Mean Curvature and Submanifolds of Finite Type., volume 1 of Series in Pure Mathematics. World Scientific Publishing Co., Singapore, 1984.

[6] B.-Y. Chen and P. Piccinni. Submanifolds with finite type Gauss map. Bull. Aust.

Math. Soc., 35:161–186, 1987.

[7] F. Dillen and W. Kühnel. Ruled Weingarten surfaces in Minkowski 3-space. Manuscr.

Math., 98(3):307–320, 1999.

[8] L. K. Graves. Codimension one isometric immersions between Lorentz spaces. Trans.

Am. Math. Soc., 252:367–392, 1979.

[9] Y. H. Kim and D. W. Yoon. Ruled surfaces with pointwise 1-type Gauss map. J. Geom.

Phys., 34(3-4):191–205, 2000.

[10] Y. H. Kim and D. W. Yoon. Classification of ruled surfaces in Minkowski 3-spaces. J.

Geom. Phys., 49(1):89–100, 2004.

[11] T. Koufogiorgos and T. Hasanis. A characteristic property of the sphere. Proc. Am.

Math. Soc., 67:302–305, 1977.

[12] D. Koutroufiotis. Two characteristic properties of the sphere. Proc. Am. Math. Soc., 44:176–178, 1974.

[13] Kühnel, W. Zur inneren Krümmung der zweiten Grundform. Monatsh. Math., 91:241– 251, 1981.

[14] R. Schneider. Closed convex hypersurfaces with second fundamental form of constant curvature. Proc. Am. Math. Soc., 35:230–233, 1972.

[15] W. Sodsiri. Ruled linear Weingarten surfaces in Minkowski 3-space. Soochow J. Math., 29(4):435–443, 2004.

[16] D. J. Struik. Lectures on classical differential geometry. Addison-Wesley Publishing Company, Inc., 1961.

Received May 30, 2005.

Department of Mathematics Education and RINS, Gyeongsang National University, Jinju 660-701, South Korea E-mail address: dwyoon@gsnu.ac.kr