Acta Mathematica Academiae Paedagogicae Nyiregyhdziensis
0 (2004), 177-183

www.emis.de/journals

ISSN 1786-0091

DISCRETE APPROXIMATION OF THE SOLUTION OF THE
DIRICHLET PROBLEM BY DISCRETE MEANS

MARGIT PAP

Dedicated to Professor W. Wade on his 60" birthday

ABSTRACT. In paper [7] using spherical functions we had constructed contin-
uous and discrete approximation processes on the sphere S2. In this paper
we show that these processes give approximations of the solution of three di-
mensional Dirichlet problem. We give also an estimation for the rate of the
convergence.

1. INTRODUCTION: THE THREE DIMENSIONAL LAPLACE EQUATION AND
DIRICHLET PROBLEM

Let consider the three dimensional Laplace equation

o 2o 0w
or? Oz  0x3

and let © = (21,22, 23) = (pcosb, psinf cos p, psinfsin p) = pv and u = (uy, uz, uz) =

(cos®,sin @’ cos ', sin @’ sin ).
It is known that the spherical polynomials

_ T(m—L+X) 2
P)(&) = 0>£/2(—1)EW(2§) ¢

are generated by

(1-2p+p°)" ZPA

For A = 1/2 Py 2(f) = P, (§) are the Legendre polynomials. Consequently the
Poisson kernel of the three dimensional Laplace equation:
1— xa

(z,u) = (1 — 2ua’ + za’)3/?

can be expressed in the following way
e}
D(x,u) Z P3/2(u'") Z (20+1) £P1/2(uv ) =
£=0
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oo

Z (20 +1)p* Py(cos 8 cos @' + sin fsin @’ cos(p — ¢')).
=0

Theorem A (see [6] pg. 20). If f € C(S?) then the function

1—p? .
foo = [ TSl (0 s a0

_Z (204 1)p / (0", 0" ) Py(cos O cos B + sinfsin @ cos(p — ') sin0'db’ dy’
=0

is solution of the three dimensional Dirichlet problem in the three dimensional unit
sphere.

2. SPHERICAL FUNCTIONS

In this section we will summarize some results connected with spherical func-
tions. In the three dimensional case spherical functions can be introduced as matrix
elements tﬁ i of unitary irreducible representations of the matrix group SU(2) ([11,
p. 278]), where

SU@2)={geSL2):g"=g"}
is the set of second order unitary matrices.

For k = 0 we obtain the classical (zonal) spherical functions. The functions
{v20+ ltfo 0 =0,1,...,—¢ < j < {} constitute an orthonormal system with
respect to the invariant measure on three dimensional unit sphere S? and the cor-
responding Fourier series is convergent in L?(S?).

Using the irreducible property of the representation we show that the kernel
function of Laplace- Fourier series can be expressed by Legendre polynomials P;.
Using this property of the kernel function the approximation processes given in
paper [7] can be considered as approximations of the Dirichlet-problem on the
three dimensional unit sphere.

If g € SU(2), then it can be written in the following form :

g= (_ozﬂ §>7 o> + 18> =1,0,8 € C.

Every element from SU(2) can be represented with the so called Euler angles,
namely there exist 6 € (0,7),¢ € [0,27),¢ € [-2m,27) so that:

_[eie/? 0 cos(0/2) isin(0/2)\ [e*/? 0
9=\ 0 eier2) \isin(0/2)  cos(0/2) 0 eiv/2
= k()a(0)k (1),
where |a| = cos(0/2),Arga = (¢ +¢)/2,Arg = (¢ — ¢ +m)/2.
Denote by
[tﬁk]j,kele =T
teN, jely:={-4—{+1,...,£} the matrix of this representation regarding to

a certain base.
If g has the form g(0) = a(0) let define

Pjék(cos 0) := tﬁk(a(H)) =

(2.1) \/(e - k)!g - i))!!(g oy 29717 F (cos(8/2))+* (sin(6/2)) "

dé +J

X dyi (v — D F(y+ 1) ] [y=coso-



DISCRETE APPROXIMATION OF THE SOLUTION OF THE DIRICHLET PROBLEM 179

If g = k(p)a(9)k(y) € SU(2), then the correspondent tfk has the following form
(22) tﬁk(g(ev 2 ¢)) = e*i(jtp%*kw)ijk (COS 9)7

where (6, ¢, ) are the Euler angles.

For k = 0 we obtain tﬁo(g) = e*ijV’PfO(COS 0) :=Y(9,0), L €N, j € I, which
are called spherical functions.

Let denote by 52 the three dimensional unit sphere. The normalized spherical
functions

V20 +1t50(p,0), LeN,je I,

form an orthonormal system regarding to the scalar product generated by the fol-
lowing continuous measure on the unit sphere

(2.3) @) /% / (0, 0) sin 0dfdep.
i.e.

(2.4) VEI+ D20 +1) / 0, (9)di(g) = G Seer-

Moreover, every function f from L?(S?) can be represented in the following form

%) k=¢
(2.5) Fl@,0) =D (20+1) Y Cutiolep, ),
=0 k=—/¢
where
2T T
(2.6) Cu= [ [ 10 0 B sinora s
47T 0 0

are the Laplace-Fourier coefficients and the series being convergent in L?(S?) with
respect to the measure on S2. Let denote by

(27) )/(6’,0',90, Z t 0/790 tkO 9 90)
k=—¢

the character of the representation T°.
Taking into account that the representation T of SU(2) is unitary and irre-
ducible (see [11] p. 284), we obtain that

X0, 0, ¢") = X (h™"g) = spur(T*(h ™ g)) = too(h ")
(2.8) = Ply(cosfcos + sinfsinf cos(p — ¢'))
= Py(cosf cos @' + sin O sin @' cos(¢ — ¢')).

Then the Fourier-Laplace series can be written in the following way
flp,0) = Z(ZE +1) /2 (00" )Py(cos O cos B +sin O sin @’ cos(¢ — ') sin 0'db’ dy’
=0 s

Let denote g = a(0)k(p), h = a(8’)k(¢") and denote by (S, f)(g) the partial sum
of the series:

(2.9) (Snf)(9(0,))

2(264—1/ (00" )P (cosfcos ) + sinfsinf cos(¢ — ¢'))dsin6'dd’'dy’.
=0

In what follows we will give the discrete analogies of (2.3), (2.4), (2.6) and (2.9).
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3. DISCRETISATION

Let denote by AN € (—1,1),k € {1,..., N} the roots of Legendre polynomials
Py of order N, and for j =1,..., N, let

(=A@ =AY )@ = A - (@ = AY)

OV ) O A O AN ) O )

N(z) =
(z) N

J

be the corresponding fundamental polynomials of Lagrange interpolation. Denote
by

1
(3.1) AY ;:/ (N(x)dz, (1<k<N),
-1

the corresponding Cristoffel-numbers. In paper [7] we gave the set of nodal points
in [0, 7] % [0, 27] and the discrete measure regarding to the orthonormality property
of the spherical functions is also valid. In what follows we will summarise the results
mentioned before. Let denote by

(3.2) X = {z1j = (01, ¢;) = (arccos A}y 2]37:]_ 1) tk=1,N,j=0,2N}
the set of nodal points, and
N
v () = 2(2j<‘fk+ 1)

Let define the following discrete integral on the set of nodal points X

N 2N N 2N AN
(3.3) /fduN =33 fomn(aag) = 0D 1O ) g

k=1 =0 k=1j=0

Theorem B. Let N € N, N > 1, then the finite collection of normalized spherical
functions

(V20 +1tt,,: 8> = Clme I, e {0,...,N —1}}
form an orthonormal system on the set of nodal points X regardmg to the discrete

integral defined by (3.3), i.e.
(34) \/254’1\/25'4’1/ tfnot;f/()dlu’N :554/6”1}0 (f,[’ <N,m€[g,p€Ig/).
X

In paper [7] it was also proved that (3.3) tends to the invariant measure on SU(2)
given by (2.3), namely

Theorem C. For all f € C(S?),

Jim / fdun = / fdp.

4. (C,a) KERNEL OF LAPLACE-FOURIER SERIES

Let denote g = a(0)k(p), h = a(§')k(¢’). Let n < N and denote by

n

J4
(4.1) UNnf)(9) = Unnf)(0:0) =D (20+1) Y cfitiol0, ),

£=0 k=—~
the n—th partial sum of discrete Laplace-Fourier series of f, where cé\,i is given by

N 2N

(4.2) ey /t fd DD £ Om, i)t (0 )Aiﬁ
. ok = koJ OUN = ms 05 )0 (Oms ©j 202N + 1)’

m=1 j=0
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Innf is n-th partial sum of the discrete Fourier-Laplace series of the function f
defined on the unit sphere S2. We can observe that

(4.3)  (Innf)(0 /f Ny ( 2€+1 Zt (07, " )tho (6, ))duN.

k=—1¢

Then the discrete Fourier-Laplace sum can be expressed in the following way:

(44) (Innf)(9(0:9)) = (Innf)(0,0)

- 2€+1 /f ")) P, (cos @ cos 0’ +sin 0 sin 0’ cos(o— ') )dun (h(6', ¢")).

It can be seen the analogy between the (In.f) and the partial sum of Laplace-
Fourier series given by (2.9).
Let denote by

Dyu(h™tg) ==Y 20+ 1)x" (")
=0

- Z(% + 1) Py(cosf cos @' + sin O sin 6’ cos(¢ — ¢'))
=0

&~

(4.5)

the kernel function and by

a+1)(a+2)...(a+n)
n!

(4.6) —ZA (204 1)x A = (
"Z =0

9

the (C,a) kernels of the Laplace-Fourier series. From (1.14) of [3] we get that for
oa=2

1 n
(4.7) ._—22 2 20+ 1)x" >0.

=0
Using the orthonormality properties (2.4), (3.4) and the definition of x* it is easy
to check that

(48) [ KR () = [ KB g)un) =1

The last two properties show that K2 has the two important properties of Fejér
kernel. Let introduce the analogue of de la Valée-Poussin kernel denoted by

1

n
Note that the partial sum of order n of M, is equal to
(4.10) Sn[My,] = D,,.

Let denote by 7,, = span{tt,,¢ € {0,1,...,n — 1},k € I;}. From the orthonor-
mality property of spherical functions and (4.10) follows that

@i e g = [ LG du) = fo)
for all f € 7,,. Denote by

(4.12) (Vaf)(9) := f() n(h™'g)du(h)

and

(413)  (Vanf)(g) == f( )My (h~tg)dpn () (f € C(S%), g€ SU@2)).
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the continuous and discrete summmation processes corresponding to the M,, ker-
nels. Taking into account that x; can be expressed by Py, (see (2.8)) (4.12) (4.13)
can be considered as approximation processes of the three dimensional Dirichlet
problem on the unit sphere. In paper [7] it was proved the following theorem

Theorem D. For all f € C(S?),
1)

(4.14) Vaf =l =0 i n—oo
2)
(4.15) WVan, f—fIl =0 if n—oo, sothat 3n<N,

where the norm is the maximum norm.

In the rest of the paper we give estimation for the rate of the convergence of
the approximation processes defined by (4.12) and (4.13). For this we will use the
modulus of continuity and Jackson type theorem for spherical functions.

5. JACKSON TYPE INEQUALITY FOR SPHERICAL FUNCTIONS

Let denote by
5.1 E,f = inf ||f — gl = |If — ¢%|.
(5.1) f=mfllf=gll=Ilf-gll

Taking into account that 7,, is a finite dimensional space, the existence of g* € 7,
is assured. The generalized translation operator is defined by

(5.2) @)@ = 5 | Fy)de(y),
(z,y)=cos h

" orsinh

where the integral is taken on the circle (z,y) = cos h of the unit sphere. Let denote
by

(5.3) Q(f,h) = sup [|Tnf — fl|

0<t<h
the modulus of continuity of the function f. In [8] S. Pawelke proved a Jackson
type inequality for spherical functions, namely

Theorem E. For every function f € C(S?) there is a linear combination of spher-
ical functions G, f € T, so that

(54) If = Gufll < KO(F: ),
where K is a constant independent from f.

Consequently E, f < KQ(f; %)

Combining Theorem D. and Theorem E. we can obtain the following Theorem.

6. MAIN RESULT

Theorem 1. There erists a positive constant M so that, for all f € C(S?),

1)

Viaf = fIl < MOS; )
2)
W, f = Sl < MO(S; ) i 30 < N,

where the norm is the maximum norm.
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Proof. From (4.7) and (4.8) we obtain that

A1 < 25][f1]-

We obtain in similar way that ||V, n|| < 25||f|]. Consequently the operators
Vo, Van, C(S?) — C are uniformly bounded. From relation (4.1) we obtain
that these operators are projection operators on 7,. Let E,, f = infyer, ||f — g|| =
l|lf — g*I|, then V,,g* = ¢g*. Using Theorem E we obtain that

Wl = fll=1Vaf —g"+ 9" = Al < IV = Vag™ll +[lg™ = £l

* 1
< (Vall + DIIf = 97l < 26E, f < 26K9(f; ).

1 3n + 2)2
Vafll < = (42, 242, + A2)))f]] < Bt 2)

n n?

In a similar way it can be obtained the result for V;, w, . [l

REFERENCES

[1] G. Andrews, R. Askey, and R. Roy. Special Functions, volume 71 of Encyclopedia of Mathe-
matics and its Applications. Cambridge University Press, 1999.

[2] R. Askey. Mean convergence of orthogonal series and Lagrange interpolation. Acta Math.
Acad. Sci. Hung., 23:71-85, 1972.

[3] R. Askey and G. Gasper. Positive Jacobi polynomial sums, ii. Amer. J. Math., 98:709-737,
1976.

[4] P. Barone. A discrete orthogonal transform based on spherical harmonics. J. Comput. Appl.
Math., 33(1):29-34, 1990.

[5] J. Bokor and F. Schipp. [*® system approximation generated by ¢ summation. Automatica,
33(11):2019-2024, 1997.

(6] Loo-keng Hua. Starting with the unit circle. Springer-Verlag, 1981.

[7] M. Pap and F. Schipp. Discrete approximation on the sphere. Annales Univ. Sci. Budapest,
Sect. Comp., 22:299-315, 2003.

[8] S. Pawelke. Ein Satz vom Jacksonschen Typ fiir algebraische Polynomen. Acta Sci. Math.,
33:323-336, 1972.

[9] S. Pawelke. Uber die Approximationsordnung bei Kugelfunktionen und algebraischen Poly-
nomen. Tohoku Math. Journ., 24(3):473—-486, 1972.

[10] G. Szegb. Orthogonal Polynomials, volume 23 of Colloguium Publ. American Mathematical
Society, 1967.

[11] A. Wawrzynczyk. Group Representations and Special Functions. Mathematics and its appli-
cations (East European Series. D. Reidel Publishing Company, PWN-Polish Scientific Pub-
lishers, 1984.

[12] A. Zygmund. Trigonometric Series, volume I and II. Cambridge Univ. Press, 1957.

INSTITUTE OF MATHEMATICS AND COMPUTER SCIENCE,
UNIVERSITY OF PECS,

7624 PEcs, IFJUSAG U. 6,

HuNGARY

E-mail address: papm@ttk.pte.hu



