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ON A CLASS OF RICCI-RECURRENT MANIFOLDS

STANISLAW EWERT-KRZEMIENIEWSKI

ABSTRACT. Properties of Ricci-recurrent manifolds with some conditions im-
posed on the Weyl conformal curvature tensor are investigated. The main the-
orem states: a conformally quasi-recurrent and Ricci-recurrent but not Ricci-
parallel manifold of dimension n > 4 with nowhere vanishing Weyl conformal
curvature tensor and Ricci tensor which is non-conformally related to a con-
formally symmetric one must be necessary Ricci-generalized pseudosymmetric
manifold.

1. INTRODUCTION

Let (M, g) be a n-dimensional semi-Riemannian manifold with metric g. A tensor
field T of type (0, g) is said to be recurrent ([Rot82a]) if the relation

(1) VxT(YVi,....Y)T(Zy,...,2) =T (Vr,....Y)VxT(Z1,...,Zy) =0

holds on (M, g). From the definition it follows that if at a point x € M, T'(z) # 0,
then on some neighbourhood of x there exists a unique covector field b satisfying

VxT (Y1,...,Y,) =b(X)T (Ya,...,Y,).

According to Adati and Miyazawa ([AM67]), a manifold (M, g) of dimension
n > 4 is called conformally recurrent if its Weyl conformal curvature tensor C
satisfies (1). It is obvious that the class of conformally recurrent manifolds contains
all conformally symmetric one, i.e. all manifolds satisfying VC' = 0.

Investigating conformally flat hypersurfaces immersed in an (n 4 1)-dimensional
Euclidean space R. N. Sen and M. C. Chaki ([SC67]) found that if at least n — 1
principal curvatures are equal to one another and the remaining one is zero, then
the Riemann curvature tensor satisfies

VsR(X,Y,V,W) = 2p(Z)R(X,Y,V,W)+
p(X)R(Z,Y,V,W) +p(Y)R(X,Z,V,W)+
p(V)R(X,Y, Z,W) + p(W)R(X,Y,V, Z)

for some 1-form p. Manifolds satisfying the above condition are called pseudosym-
metric (pseudo-symmetric in the sense of M. Chaki) ([Cha87]). We shall call such
manifold quasi-recurrent rather than pseudosymmetric since the last notion is used
in a different context (see below).

A (0,4) tensor B is said to be generalized curvature one if it satisfies

B(X,Y,V,IW)=-B(Y,X,V,W)=B(V,W,X,Y),
B(X,Y,V,W)+ B(X,V,W,Y) + B(X,W,Y,V) = 0.
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If, moreover, the second Bianchi identity
VzB(X,)Y,V,W)+VyvB(X,YW,Z)+ VwB(X,Y,Z,V) =0

holds, then B is said to be a proper generalized curvature tensor.
From the results of ([EK93], Proposition 2) it follows

Proposition 1. Let (M, g) be a semi-Riemannian manifold and B be a generalized
curvature tensor on M satisfying

Vx,B(X1, X2, X3,Xy) = Zf‘? (Xo(s5)) B (Xo1): Xo(2): Xo(3), Xo() ;

for some 1-forms 1%, where the sum includes all permutations o of the set {1,2,3,4,5}.
Then there exist 1-forms w, p such that
V2B(X,Y,V,W) = w(Z)B(X,Y,V,W)+
p(X)B(Z,Y,V,W)+p(Y)B(X,Z,V,W)+
p(V)B(X,Y,Z,W)+p(W)B(X,Y,V, Z)

holds on M. Moreover, w = 2p if and only if B is a proper generalized curvature
tensor.

Thus the weakly symmetric manifolds ([TB92]) as well as the generalized pseu-
dosymmetric one ([Cha94]) are simply quasi-recurrent.

In ([EK93]) it is also proved that conformally flat quasi-recurrent manifold is
of quasi-constant curvature and is subprojective in the sense of Kagan ([Kru61]).
Finally, the local form of the metric of conformally flat quasi-recurrent manifold
was found ([EK93]). Similar results were obtained later by others authors (cf. for
example [De00] and [CMI7]).

Following Prvanovié¢ ([Prv88]), a semi-Riemannian manifold (M, g), dim M > 4,
will be called conformally quasi-recurrent if its Weyl conformal curvature tensor C'
satisfies

VzC(X,Y, VW) =w(Z)C(X,Y,V,IV)+
(2) p(X)C(Z,Y, VW) +p(Y)C(X, Z, V, W)+
p(V)C(X,Y, Z,W) +p(W)C(X,Y,V, Z)

for some 1-forms w, p. The forms w, p will be referred to as fundamental forms
or fundamental vectors. In condition considered originally by Prvanovi¢ w = 2p.
However, the last relation together with (2) implies that for the tensor C' the second
Bianchi identity must hold and, consequently, the manifold is of harmonic conformal
curvature.

The aim of this paper is to investigate properties of conformally quasi-recurrent
manifolds in the sense of (2) which are simultaneously Ricci-recurrent, i.e. those
the Ricci tensor S satisfies

VS=b® 58S
for some 1-form b. _
For a generalized curvature tensor B define endomorphism B(X,Y") by

NEMXHWOZB@%WW)
Then for a (0, k) tensor field T, k > 1, and (0, 2) tensor field S we define the tensor
fields B - T and Q(S,T) by the formulas
(B-T)(X1,... X33 X,Y) =
=T (B(X7Y)X17X27"'7Xk) - =T (X17~" an—laB(va)Xk) )

Q(S,T) (Xl,...Xk;X,Y) =
—T((X/\S}/)Xl,XQ,...,Xk)—~~~—T(Xl,...,Xk_l,(X/\5Y)Xk),



ON A CLASS OF RICCI-RECURRENT MANIFOLDS 73

where
(XNsY)Z=8(Y,2)X —S(X,2)Y.

If the tensors R - R and Q(S, R) are linearly dependent then the manifold is
said to be Ricci-generalized pseudosymmetric one ([DD91a]). It is obvious that any
semisymmetric as well as any Ricci flat manifold is Ricci generalized pseudosym-
metric. The manifold (M, g) is Ricci-generalized pseudosymmetric iff the relation

(3) R-R=LQ(S,R)

holds on the set {z € M, Q(S, R) (x) # 0}, L being a function on M. Note that (3)
with L = 1 is of particular importance.

All manifolds under consideration are assumed to be smooth HausdorfI connected
and their metrics are not assumed to be definite.

2. PRELIMINARY RESULTS

Components of the Weyl conformal curvature tensor C' are given by

() ) Chijk = Rhijr—
73 (9ijShk = GikShj + gneSij — 9n;Sik) + Grym—zy (9iignk — Gikghs)
In the sequel we shall often need the following lemmas:

Lemma 2. The Weyl conformal curvature tensor satisfies the following well-known
relations:
Chijk = —Cinjk = Cjknis Cj = CTipp = CTjgs
Chijk + Chjki + Chiij = 0,

- n—3 1
(5) C ik = P Sij,k - Sik,j — m (gijr,k - gikT,j) s
(6) Chijki + Chikt,j + Chitj e =

5915 C ikt + 90k C 0 + g Cg —
9i;C et — 9ikC g — gilcrhjk,r)v
where the comma denotes covariant differentiation with respect to the coordinate
vector field.

Lemma 3 ([Wal50], p.26). On every semi-Riemannian manifold the curvature
tensor fulfills the relation

Rpijn,im] + Bjkim,[hi] T Bimna,[jk) = 0-
The following lemma seems to be well-known:

Lemma 4 ([O1s87]). Let M be a Ricci-recurrent manifold such that the set U =
{x € M,b(x) # 0} is non-empty, b being the recurrence covector of the Ricci tensor.
Then the Ricci tensor satisfies

(7) SprSE = gshk.

Lemma 5 ([EK98]). Let Apy, Bim, Rhiji be numbers satisfying
Aim = —Ami,  Bin = =B, Rnijk = —Rinji = Rjkni,
Rhuijr + Rpjri + Rugi; = 0,
A Rpiji + AniRjgim + AjkRimni + BriBRmijrk + BaRpmjr+
Bji Rhimk + BriBRhijm — BrmBiijr — BimBuijr — BjmBrik — BrmRriji+
Bij Rhkim — Bix Rujim + BreRijim — BrjRikim = 0.
Then either Ayn — 2By = 0 or Ry, = 0.
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Lemma 6 ([Rot82b]). If w;, pi, Ruiji are numbers satisfying
wi Rhijk + proBiijk + PiRuijk + pj Rrik + peRpiji = 0,
Rpijk = —Rinji = Rjkni, Rpijk + Rhjri + Ruki; = 0,
then either each wy + 2p; = 0 or each Rpgj, = 0.

Lemma 7 ([Pat81]). On every 4-dimensional semi-Riemannian manifold (M, g)
the Weyl conformal curvature tensor satisfies
8 IhmClijk + gimCingk + GimChijk + 9njClikm + 915 Cinkem+
(8) i;iC Clim,; Cihmj i Chim; =0
9i5Chlkm + gnk limj + gk ihmj + Gik hlmj — Y-
The next lemma shows the difference between 1-forms p and w. Let p; and w;
be the local components of the 1-forms. Then the local form of (2) is

(9) Chijrg = wiChijk + PnCuiji + PiChijk + PjChitk + PrChiji-
Lemma 8. Suppose that at a point of the manifold M relation (9) holds. Then
(10) prcfjk =0,
(11) wTCiTjk = Tijk,r‘
Moreover

(12) Chiji,im] = AWimChijk + PhmClijk + PimChijk + PjmChitk + PekmChiji—
PriCmijt — PitChmjk — PjiChimk — PriChijm.

where AWy, = Wim — Wim,1, Phm = Ph,m — PhPm-

Proof. Contracting (9) with g% and making use of Lemma 2 we obtain (10). Sum-
ming (9) cyclically in (j, k,1), by contraction with ¢ and the use of (10), we get
(11). Relation (12) is obvious.

Proposition 9. Let M be a 4-dimensional manifold with nowhere vanishing Weyl
conformal curvature tensor C. If C satisfies (9), then M is conformally recurrent
manifold.

Proof. We can suppose p # 0. Transvecting (8) with p” and making use of (10) we
get pmCliji + P Clikm + PrClimj = 0, which reduce (9) to VC' = (w+2p) ® C. This
completes the proof.

In the sequel we shall often assume the following hypothesis:

(H). M is a Ricci-recurrent manifold with nowhere vanishing Weyl conformal
curvature tensor and Ricci tensor. Moreover, the Weyl conformal curvature tensor
satisfies (9), p does not vanishes on a dense subset and the Ricci tensor is not
parallel.

By hypothesis, M admits a covector field b satisfying

(13) Sijk = beSij,  Sijrt = (kg + bibi)Sij,  Sijpwy = AbriSij,
where Abkl = ka — bl,k-

Remark. In what follows we can always assume p(z) # 0 whenever it is necessary,
because if p(x) = 0, then, in virtue of (H), in each neighbourhood of = we can
choose a point, say y, such that p(y) # 0 and by usual procedure extend our results
to the point x.

Lemma 10. Let M, dim M > 4, be a Ricci-recurrent manifold with non-parallel
Ricci tensor and suppose that (10) is satisfied for some non-zero covector p at a
point y. Then the scalar curvature of M vanishes at y.
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Proof. The Ricci identity together with (13) and (4) gives

(14) AblmShk :SShrC]glm + SkTCITzlm+
mr(gklshm — gkmShl + ghlSkm - gthkl)’

which, by contraction with gpg, yields Aby,,r = 0. Suppose r(y) # 0. By transvect-
ing (14) with S¥, applying (7) and symmetrizing the resulting equation in (h,z),
we obtain

(15) ShrClipy + Sar Chypn+

mfli;(?;l_g)r(ga:lshm - g;cmShl + ghlS;L'm - gtha;l) =0

whence, by contracting with ¢* and transvecting with p”, by the use of (10), we
get prS), = Tpm at y. Next, transvecting (15) with p®, we find

r T

(Shm — —ghm )Pt = (Sht — = Gni)Pm-

n n
Hence, in virtue of (10), (Spr-Cpyr — 7 Chpgt)Pm = 0 at y results. Applying the last
equality to (15) we have

r(gzlshm - gmehl + ghlSrm - gth:vl) = 07

which, by transvecting with S%'¢g"™, yields » = 0 at y, a contradiction. This
completes the proof.
Lemma 10 results in

Proposition 11. Let M, dim M > 4, be a Ricci-recurrent manifold with non-
parallel Ricci tensor and suppose that M admits a covector field p with properties:
i) p does not vanish on a dense subset of M;
i) prCij, =0 on M.
Then the scalar curvature of M wvanishes.

As a consequence of the above Proposition under hypothesis H we have the
following frequently used formulas:

ShrSp =0, S = Spbr =0
Lemma 12. Under hypothesis (H) relation
(16) 28mrCii, — Smilbjr, =0
holds on M.
Proof. By Proposition 11 and (14) we have
(17) AbimShk = ShrClhipm + SkrChim

on M. Differentiating covariantly with respect to 9., by the use of (13), (9) and
(17), we obtain

W, Abyy, Sk + 7S}, Cokim + PrSECohim + PeShrChyyy, + PrSkrCly +

DiAbm Sk + D Abr Shiy = ShiAbim, -
Summing cyclically the last equation in (h, k, z) and again making use of (17) we
get

(18)

SukWimz + SkzWimn + SzanWimk = 0,

where Wiy, = —Abyyy, » + (W, + p2) Abyy, + p1Abzy, — P by, which, in virtue of
Lemma 3, results in

(19) Ablm,z = (wz + pz)Ablm +plAbzm - pmAbzl-
Now, the last result together with (18) yields
(20)  prSECkim + PrSLCohim + PeShrClipy + PrSkrCli, = ShiDzAbim,
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whence, by transvection with Sf, we obtain

(21) 2rSh,SusCopy = PsSypShrCl,

zlm zlm*
On the other side, applying to the left hand side of (12) in turn the Ricci identity,
(4) and transvecting with p we find

y2i Ser»T

(22) ijk pmSerZTJk +prslrcm2]k _pTS':nClijk =

(TL - 2)(prmprclijk - prlpTCmijk')-

Moreover, transvecting (22) with S!, making use of (21) and symmetrizing the
resulting equation in (m, i), we get Prmp"SvsCfj), = 0. Suppose ppmp” = 0. Then
(22) gives

(23) plSer{jk - pmSer{jk +prSlTCmijk - prS:nClijk = 0.
Changing in (20) indices (h, k, z,1,m) into (I,m, i, j, k) respectively, then adding to
(23) and symmetrizing in (I, i), we get pi(2SmrCy;; — Smilbji) = 0. On the other

3

side, if S, C}j;; = 0, then (17) implies Sy,;Abji = 0. Thus the Lemma is proved.

Lemma 13. Under hypothesis (H) relations

prS;; =0,
Ab =0,
Smrcz}k - O

hold on M.

Proof. Transvecting (16) with p?, by the use of (10), we have

(24) prS::nAbjk =0.
Differentiating covariantly (16), in view of (13), (9) and (19), we find
(25) 2p,-S;, Cliji + (PiSmi — P1Smi) Abjr = 0.

Hence, if Abj, = 0, then p,.S}, = 0 holds. On the other hand, if Ab,, # 0, then (24)
yields p,-S}, = 0 again. Then, by the use of (25), we have (p; Sy — piSmi)Abjr = 0.
Transvecting the last result with C!,_, in virtue of (16) and (10), we get Abj = 0.
This completes the proof.

Corollary 14. Under hypothesis (H)
d(w+2p)=0
holds on M.
Proof. This results from (12) by the use of Lemmas 3, 13 and 5.

Proposition 15. Assume that on a manifold (M, g) hypothesis (H) is satisfied.
Ift =w—2p =0 on (M, g), then the manifold is conformally related to a non-
conformally flat conformally symmetric one (M, exp (2f) g). Conversely, if (M, g)
is conformally related to a non-conformally flat conformally symmetric one, then
w—2p =0.

Proof. 1t is well known that the Christoffel symbols and the Weyl conformal cur-
vature tensor of the conformally related manifolds (M, g) = (M, exp(2f) g) and
(M, g) are related by

{jzk} - {jzk} + 6;fk +0ifi = 95k, Chiji = € Chiji.
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By the above formulas and (H) covariant derivatives of C' and C with respect to
the appropriate metrics satisfy

e 2 Chijra =

(wr — 2£1)Chijr+

(pr — fu)Clii + (pi — [i)Crijr + (j — f5)Critk + (P — fr)Chiji+

9n f " Criji + gi f " Chrjr + gt f " Chirk + g f" Chijr,

where f; = oif, f' =g f,.

Suppose t = w — 2p = 0. By Corollary 14 we have dw = dp = 0. Hence on a
neighbourhood of each point there exists a function, say f, such that f; = 0,f = p;
which, in virtue of (10), gives V C = 0.

On the other hand, by transvecting (26) with p", in view of (10) and VC = 0,
we obtain

(26)

" (pr — fr) Clijk + pif " Criji = 0,
which by symmetrization in (I, ¢) yields f"Cy;r = 0. Then relation (26) and Lemma
6 imply w; + 2p; = 4f;. But f"Cyriji = 0, (10) and (11) result in Cliy.» = 0 which,
together with (6), means that C satisfies the second Bianchi identity. The last
property is equivalent to w = 2p. This completes the proof.

Lemma 16. Suppose that hypothesis (H) is satisfied. Then on M relations

n—3
(27) trChgt = m(qubt - Sptbq)

pgt

and
t1Chijk + tiChiki + txChit; =
(28) ﬁ[ghj(sikbl — Subk) + gne(Sub; — Sijb) + gri(Sijbx — Sikb;)—
935 (Snibi — Shibr) — gix(Snibj — Snjbi) — git(Shjbx — Shibj)
hold, where t; = w; — 2p;.

Proof. The first equation is a consequence of (10), (11), (5), (13) and Proposition
11, while the second one results from (6), by the use of (9), (5), (13) and Proposition
11.

Lemma 17. Under hypothesis (H) we have
tp(ctql’f'c_;‘ih - thjrclrih) = 3;g[(qubt - Sptbq)chilj_

1(Sjibh — Sinbi)Crgip + (S1iby, — Sinbi) Cryjip]+
=5 [(—=gnjSi + gniSi; + 9ijSn — i Snj)brCpy+
(29) (9tpSq — 911Sgp — Gap St + gqlStp)brCJrz‘h*
(9tpSqj — 95 Sap — GapSti + 945 Stp)brClip,+
Chpgt (Sibj — Sijbi) — Cipgt (Snibj — Shjbi)—
Ctjin(Sqbp — Sgpbi) + Cojin(Subp — Stpbi)+
Ctlih(qubp - qubj) - quih(Stjbp - Stpbj)v
where t; = w; — 2p;.

Proof. Transvecting (28) with C* . in virtue of Lemma 13, we obtain

pqts
) UChijrCpgr — 6 Chitr Cpgr + 6 Cpg Chity =
(30) 7725 Chpqt (Sitbj — Sijbi) — Cipgt(Snibj — Shjbi)+

(=gnjSit + gniSij + gij St — gi1Shj)brCpytl-

Changing in (30) the indices (h,1,j,p,q,t) into (¢,q,p, 7,4, h) respectively, we
have

thtquC;'ih - tpther;'ih + trc}ihctqlp =
(31) %[Ctjih(sqlbp = Sgpbi) = Cyjin(Subp — Sepbi)+

-2
(_gtpsql + gtlqu + gqutl - gqlStp>bTC;’L'h]7



78 STANISLAW EWERT-KRZEMIENIEWSKI

whence, changing the indices j and [,
tiCraprClip, — tpCqirClip, + trCl1, Crgjp =
(32) ﬁ[cﬁlih(squp - qubj) - quih(stjbp - Stpbj>+
(=9tpSqj + 9t3Sap + GapSti — 9ajStp)brCiip -
Finally, adding (30) to (32) subtracting (31) and making use of (27) we get (29).
This completes the proof.

Lemma 18. Under hypothesis (H) suppose that by # 0 at a point of M. If dim M >
4 then:

(33) t.S, = w5, =0,
(34) rank[S,;;] =1
at the point.

Proof. Transvecting (28) with Szl, we obtain

(35) trSy Chijh = ﬁ [Shp(Sijbr = Sikbs) = Sip(Snjbr — Snibs)]
whence, by transvecting with ¢" and the use of (27), we have

(36) (n —4)t, S, (Sijbx — Sikbj) = —(t,Sj by — t,.S;b;)Sip.
Transvecting (36) with ¢* we find

(37) (n = 3)t, Sy (£S5 bx, — ,.5;b;) = 0.

If t,.S) # 0, then (37) and (36) yield S;;b, — Sixb; = 0, which, in virtue of (35),
implies (33), a contradiction. Thus (33) holds good. Now (34) results from (35)
and (33). This completes the proof.

Proposition 19. Suppose that on a manifold M, dim M > 4, hypothesis (H) is
satisfied. If by # 0 at a point x € M, then on some neighbourhood of x there exists
null (i.e. isotropic) parallel vector field

1
(38) v; = 613p[*§b] ki, 9;b = b;,
related to the Ricci tensor by
(39) Sz'j = € kik‘j, |€| =1.

Proof. Relation (39) is equivalent to (34). Since the Ricci tensor is recurrent,
relations (13) and (39) yield (k;; — 3bik;)k;+(kju — $bik;)k; = 0. Hence the vector
field k is recurrent. By Lemma 13 there exists a function, say b, such that 0;b = b;.
Moreover k is isotropic by (10) and Proposition 11. Therefore the vector field
defined by (38) is isotropic and parallel. This completes the proof.

Lemma 20. Suppose that on a manifold M, dim M > 4, hypothesis (H) is satisfied.
Then

SijbrCly — SubrChyy = 0.

Proof. We can suppose b; # 0. Transvecting (30) with ¢" by the use of (27) and
(33) we find
n—3
(’fl — 4) (Sijtl — Siltj) b,.C;qt — m (Sijbl — Silbj) (Squt — Sptbq) =0.
Alternating the last equation in (p, ), multiplying the result by k&, and taking into
consideration (39) we obtain
(tik; — tiki) (SimbrChyp — SpmbrC,

P iqt

) =0,
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whence, by transvecting with Cflbc and the use of Lemma 13,

kitsClpe (SimbrChyr — SpmbrCiyy) = 0.
But t;,Cy;,, = 0, in virtue of (27) and Lemma 13, implies Sqpb.Cj,; = 0. Thus the
Lemma holds good.

The components Q(S, C)niqtp; of the tensor field Q(S, C) are given by

Q(S, C)hiqtpj = Shpcjiqt - Shij'qt + Sipchth - Sijchpqt+
quChijt - quchipt + Stpchiqj - Stjchiqp-

It is well known that if the scalar curvature vanishes and the rank of the Ricci
tensor is one, then

Lemma 21. Suppose that on a manifold M, dim M > 4, hypothesis (H) is satisfied.
Then

(40) t.b" - Q(S,C) = 0.
Proof. We can suppose b; # 0. Applying Lemma 20 to (29) we obtain
tp(ther;‘ih - thjTClTih) = %[(Squt - Sptbq)chilj_

(Sjibn — Sjnbi) Craip + (S1ibn — Sinbi) Ctgjp|+
5 [(—gnsSa + gniSi; + 9ijSni — 9itSns ) brChy+
(41) (=9uSqp + gqlStp)brC;ih = (=9t55qp + 945 Stp)br i+
Chpqt (Sitbj — Sigbi) — Cipgt (Snibj — Snjbi)—
Ctjin(Sqibp — Sgpbi) + Cyjin(Subp — Sepbi)+
Ctlih(squp - qubj) - quih(stjbp - Stpbj)-

Transvecting (41) with #', making use of (27), (33) and Lemma 13, then alternating
the obtained equation in (p, j) and making use of (39) we get (40). This completes
the proof.

Lemma 22. Suppose that on a manifold M, dim M > 4, hypothesis (H) is satisfied
and

(42) t.b" = 0.

Then

(43) (n—4)bb" =0,

(44) t1Chijk + t;Chitt + t1Chit; = 0,
and

(45) tp (thl’fc;ih - thjTClTih) =0

are satisfied.

Proof. Assume t,.b" = 0. Transvecting (41) with ¢!, then making use of (27), (33)
and Lemma 13 we obtain

23 [bn (Sitbj — Sijbi) — bi (Snibj — Snjbi)] +
(46) L5 (8300l — ibeCy ) +
—L5b,b" (—gnjSi + 9niSij + 9iSn — 9iSnj) =0,
whence, by transvecting with b/b' we find (43).
Transvecting (28) with b we easily get

1
tib.Clyp, — 10, Cliyy, = 5 [br (Sitbj — Sijbi) — bi (Shibj — Shjbi)]
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which, combined with (43), (46) and (39) yields
(n —4) (Sabj — Sajbi) (Senbi — Spibn) = 0.
But, in view of Lemma 13, the last relation gives b,.C7,;;, = 0. Now (44) and (45)

are simply consequences of (28) and (29) respectively. Thus the Lemma is proved.
We end this section with well-known.

Lemma 23 (cf. [Rot82a], [Rot74], Lemma 4 and [Wal50], p. 45). Suppose that at
a point of a manifold M, dim M > 4, relations

(47) Q(S,C) =0,

Sij =€ kikj, |6| = ].,
and

r=20

are satisfied. Then
(48) kiChiji + kjChikt + kkChaj = 0
and
(49) Rpijie = kikjThi, — kikeTh; + knkiTi; — knk;Tig,

where Ty; = 2"2° Ryijs, 2"k = 1.
3. MAIN RESULTS

Proposition 24. Suppose that on a manifold M, dim M > 4, hypothesis (H) is
satisfied. If at v € M, t,b" (z) # 0 (hence bj(x) # 0), then on some neighbourhood
of © the Riemann-Christoffel curvature tensor has the form (49).

Proof. By (39), (40), (10) and Proposition 11 the assumption of Lemma 23 are
satisfied on some neighbourhood of z. This completes the proof.

Corollary 25. There do not exist quasi-recurrent manifolds which are Ricci-flat.

Proof. On arbitrary quasi-recurrent and Ricci-flat manifold M relation (9) holds.
Suppose that the curvature tensor of M does not vanish on an open subset U C M.
Let V., r = 1,...,n be a family of non-conformally flat manifolds with recurrent
curvature tensor and nowhere vanishing Ricci tensors indexed by r. Then the
product manifold U x (x"_; V), n > 1, would be a conformally quasi-recurrent and
Ricci-recurrent manifold and rank[S;;] > 2, a contradiction.

As a consequence of Propositions 11, 19 and 24 we obtain

Corollary 26. Suppose that on a manifold M, dim M > 4, hypothesis (H) and

Q(S,C) =0 hold. If by # 0 at a point x € M, then on some neighbourhood of x the
metric g is of the Walker type. Moreover, M is semi-symmetric, i.e. R- R = 0.

On the other hand, if @ (S,C) # 0, then (45), Lemma 13 and Proposition 11

result in

Corollary 27. Let on a manifold M, dim M > 4, hypothesis (H) be satisfied.
Suppose moreover that Q (S,C) # 0 and w — 2p # 0. Then

R-R=Q(S,R).
In virtue of Proposition 15 we conclude with the following

Theorem 28. Let M, dim M > 4, be a manifold with nowhere vanishing Weyl
conformal curvature tensor and Ricci tensor.

Suppose that M is conformally quasi-recurrent with recurrent but non-parallel
Ricci tensor and, moreover, is non-conformally related to a conformally symmetric
manifold.

Then M must be necessary Ricci-generalized pseudosymmetric manifold.
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4. REMARKS ON THE EXISTENCE

There exist Ricci-generalized pseudosymmetric manifolds which are neither con-
formally quasi-recurrent nor Ricci-recurrent in an essential way.

Ezxample. Let M, dim M > 4, be a Ricci-recurrent manifold which is simultaneously
conformally recurrent. Then from results of ([Rot82a], [Rot74], see also [EK91])
it follows that on a neighbourhood of a generic point relations (2) and R - R =
Q(S, R) = 0 are satisfied.

Ezample. The warped product M; x p My of a 2-dimensional manifold (M7,g) and
a manifold of constant curvature (Ms,g), dim My > 2, is a manifold satisfying R -
R = Q(S, R) under some metric condition imposed on F' ([DD91b], Corollary 5.1),
however it could not be a non-conformally recurrent conformally quasi-recurrent
and Ricci-recurrent one.

Ezample. Let (M, g) be a hypersurface of a semi-Riemannian manifold (N, g) of
constant curvature K, dimN = n + 1, n > 3, g being the metric tensor of M
induced from g. Then the condition

~ ~ o~ n — ~

R-R=Q(S,R)— WKQ@,C)

holds on (M, g) ([DV91]).

It is clear that R- R = Q(g, E) implies KQ(g, 5’) = 0, whence KC = 0 results.
Thus K = 0 is the only case when hypersurfaces satisfying the required condition
can exist.

Ezample. The warped product My X p M5, where M; is an open interval in R, M
is a locally symmetric Einstein space of non-constant curvature and F = p?(z!),

p”(scl) 75 07
K+ (n-1)n-2) ")+ (- p")p" (@) =0,

K being the scalar curvature of My, is a non-conformally recurrent (hence non-
conformally flat) conformally quasi-recurrent manifold. The fundamental forms w,
p satisfy w = 2p and dp # 0. Hence, in virtue of Corollary 14, the manifold is not
Ricci-recurrent.
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