ARCHIVUM MATHEMATICUM (BRNO) Tomus 58 (2022), 169–175

A NOTE ON THE NONEXISTENCE OF SPACELIKE

HYPERSURFACES WITH POLYNOMIAL VOLUME GROWTH

IMMERSED IN A LORENTZIAN SPACE FORM

Henrique Fernandes de Lima

Abstract. We obtain nonexistence results concerning complete noncompact spacelike hypersurfaces with polynomial volume growth immersed in a Lorentzian space form, under the assumption that the support functions with respect to a fixed nonzero vector are linearly related. Our approach is based on a suitable maximum principle recently established by Alías, Caminha and do Nascimento [3].

1. Introduction

The study of the geometry of hypersurface immersed in a space form constitutes a classical but still fruitful thematic into the scope of Differential Geometry. In this branch, Alías, Brasil and Perdomo [ 2] dealt with complete hypersurfaces immersed in the unit Euclidean sphere S^{n +1} ⊂ R^{n +2} , whose support functions with respect to a fixed nonzero vector of the Euclidean space R^{n +2} are linearly related. In this setting, they showed that such a hypersurface having constant mean curvature must be either totally umbilical or isometric to a Clifford torus.

Later on, working with a different approach of that used in [ 2], the author jointly with Aquino [ 5, 6] characterized the totally umbilical hypersurfaces and the hyperbolic cylinders of the hyperbolic space H^{n +1} as the only complete hypersurfaces with constant mean curvature and whose support functions with respect to a fixed nonzero vector of the Lorentz-Minkowski space L^{n +2} are linearly related. When the ambient space is a Lorentzian space form, the author jointly with Aquino and dos Santos [8] extended the techniques developed in [ 5, 6] characterizing constant mean curvature spacelike hypersurfaces, whose support functions are linearly related.

Motivated by these works, here we obtain nonexistence results concerning complete noncompact spacelike hypersurfaces with polynomial volume growth immersed in a Lorentzian space form, under the assumption that the support functions with respect to a fixed nonzero vector are linearly related. Our approach

2020 Mathematics Subject Classification : primary 53C42; secondary 53C50. Key words and phrases : Lorentzian space forms, complete spacelike hypersurfaces, polynomial volume growth, support functions.

Received August 15, 2021. Editor J. Slovák. DOI: 10.5817/AM2022-3-169

170 H.F. DE LIMA

is based on a suitable maximum principle recently established by Alías, Caminha and do Nascimento [3] (see Lemma 1).

It is also worth to point out that the study of the existence of spacelike hypersurfaces in a Lorentz space is a key requirement in the original formulation of the singularity theorems proved by Penrose [ 15] and Hawking [ 12], as well as in their more recent generalizations (for a throughout discussion about this topic, we recommend seeing [11, 16]).

This manuscript is organized in the following way: In Section 2 we recall some basic facts related to spacelike hypersurfaces of a Lorentzian space form. Afterwards, in Section 3 we establish our nonexistence results concerning these hypersurfaces under the assumptions that they have polynomial volume growth, that their support functions with respect to a fixed nonzero vector are linearly related and with suitable constraints on their mean curvature functions (see Theorems 1, 2 and 3).

2. Preliminaries

For an integer ν with ν ∈ { 1,2}, let R^{n +2}_ν be denoting the (n + 2) -dimensional semi-Euclidean space endowed with the following metric of index ν

⟨u, v⟩ = − ν� i =1

u_i v_i +

n +2�

i = ν +1

u_i v_i ,

for all u, v ∈ R^{n +2} . In particular, when ν = 1 , R^{n +2}_1 = L^{n +2} is the so-called Lorentz-Minkowski space L^{n +2} .

The de Sitter space S^{n +1}_1 is the hyperquadric of L^{n +2} defined in the following way S^{n +1}_1 = { x ∈ L^{n +2} ; ⟨x, x ⟩ = 1 } .

Endowed with the induced metric from L^{n +2} , n ≥ 2, the de Sitter space is complete simply connected (n + 1) -dimensional Lorentzian manifold with constant sectional curvature one.

On the other hand, when ν = 2 , we define the anti-de Sitter space H^{n +1}_1 as being the hyperquadric of R^{n +2}_2 given by

H^{n +1}_1 = { x ∈ R^{n +2}_2 ; ⟨x, x ⟩ = − 1} .

Topologically, H^{n +1}_1 is equivalent to the product S^1 × R^n and the semi-Euclidean metric on R^{n +2}_2 induces a Lorentzian metric of constant sectional curvature − 1 on H^{n +1}_1 . Moreover, the universal covering manifold ~H^{n +1}_1 of H^{n +1}_1 is topologically R^{n +1} (that is, ~H^{n +1}_1 is simply connected) and is thus a Lorentzian analogue of the usual Riemannian hyperbolic space H^{n +1} of negative curvature − 1, which is called the universal anti-de Sitter spacetime (see, for instance, Section 5.3 of [10] or Section 8.6 of [14]).

From now on, we consider L^{n +1}_1 (c), where c ∈ {− 1,0,1}, denoting the Lorentz- -Minkowski space if c = 0 , the de Sitter space if c = 1 and the anti-de Sitter space if c = − 1. A smooth immersion x : Σ^n → L^{n +1}_1 (c) of an n-dimensional connected manifold Σ^n is said a spacelike hypersurface if the induced metric via x is a Riemannian metric on Σ^n , which is also denoted by ⟨ , ⟩. Since L^{n +1}_1 (c) is

A NOTE ON THE NONEXISTENCE OF SPACELIKE HYPERSURFACES 171

time-oriented, we can choose an unique unit normal vector field N on Σ^n which is a future-directed timelike vector field in L^{n +1}_1 (c) and, hence, we may assume that Σ^n is oriented by N. In this setting, we will denote by ∇ and ∇ the Levi-Civita connections of L^{n +1}_1 (c) and Σ^n , respectively.

Fixed a nonzero vector a ∈ R^{n +2}_ν , let us consider the support functions l_a : Σ^n → R, given by l_a (p) = ⟨x(p), a⟩, and f_a : Σ^n → R, given by f_a (p) = ⟨N(p), a⟩. Then, we can write a = a^⊤ − f_a N + cl_a x , and a direct calculation allows us to conclude that

∇ l_a = a^⊤ and ∇ f_a = − A(a^⊤ ) .

So, for all X ∈ X(Σ) ,

(2.1) ∇_X ∇ l_a = ∇_X a^⊤ = − f_a AX − cl_a X .

Taking the trace in (2.1), we get

(2.2) Δ l_a = nHf_a − cnl_a .

To close this section, we recall the standard description of totally umbilical hypersurfaces of L^{n +1}_1 (c). Let a ∈ R^{n +2}_ν be a fixed nonzero vector with ⟨a, a ⟩ ∈ {− 1,0,1}, and take the smooth function g : L^{n +1}_1 (c) → R defined by g(x) = ⟨a, x ⟩. It is not difficult to see that, for every τ ∈ R with ⟨a, a ⟩ − cτ^2 ≠ 0 , the set

L_τ = g^{− 1} (τ) = { x ∈ L^{n +1}_1 (c) ; ⟨a, x ⟩ = τ}

is a totally umbilical hypersurface in L^{n +1}_1 (c), with Gauss map given by

N_τ (p) = 1 � |⟨a, a ⟩ − cτ^2 |

(a − cτx) .

With respect to this orientation, the shape operator and mean curvature are, respectively,

Av = cτ � |⟨a, a ⟩ − cτ^2 | v , and H^2 = τ^2 |⟨a, a ⟩ − cτ^2 | . Hence, with a straightforward computation we get

(2.3) l_a = |τ| � |⟨a, a ⟩ − cτ^2 | f_a = |H |f_a .

3. Main results

For our purpose, we will need to quote a suitable maximum principle that will be used to prove our nonexistence results. For this, let Σ^n be a connected, oriented, complete noncompact Riemannian manifold. We denote by B(p, t) the geodesic ball centered at p and with radius t. Given a polynomial function σ : (0,+ ∞ ) → (0,+ ∞ ), we say that Σ^n has polynomial volume growth like σ(t) if there exists p ∈ Σ^n such that vol(B (p, t)) = O(σ(t)) ,

172 H.F. DE LIMA

as t → + ∞ , where vol denotes the standard Riemannian volume. As it was already observed in the beginning of Section 2 in [3], if p, q ∈ Σ^n are at distance d from each other, we can verify that vol(B (p, t)) σ(t) ≥ vol(B (q, t − d)) σ(t − d) . σ(t − d) σ(t) . So, the choice of p in the notion of volume growth is immaterial. For this reason, we will just say that Σ^n has polynomial volume growth.

Keeping in mind this previous digression, we quote the following key lemma which corresponds to a particular case of a new maximum principle due to Alías, Caminha and do Nascimento (see Theorem 2.1 of [3]).

Lemma 1. Let Σ^n be a connected, oriented, complete noncompact Riemannian manifold, and let u ∈ C^∞ (Σ) be a nonnegative smooth function such that Δ u ≥ au on Σ^n , for some positive constant a ∈ R. If Σ^n has polynomial volume growth and |∇ u| is bounded on Σ^n , then u vanishes identically on Σ^n .

Returning to the context of the previous section, motivated by (2.3) we will deal with complete spacelike hypersurfaces immersed in L^{n +1}_1 (c) whose support functions l_a and f_a are linearly related, that is,

(3.1) l_a = λf_a ,

for some smooth function λ : Σ^n → R. For this, we will extend a nomenclature of Section 4 in [13] and consider the following open sets

A = { p ∈ H^{n +1}_1 ; ⟨p, a⟩ ≠ 0 } ⊂ H^{n +1}_1 and O = { p ∈ S^{n +1}_1 ; ⟨p, a⟩ ≠ 0 } ⊂ S^{n +1}_1 .

In this setting, we present our first nonexistence result.

Theorem 1. There does not exist a complete spacelike hypersurface x : Σ^n → A ⊂ H^{n +1}_1 with polynomial volume growth, satisfying (3.1) for some a nonzero timelike vector a ∈ R^{n +2}_2 , lying between two totally umbilical hypersurfaces of H^{n +1}_1 determined by a, with |a^⊤ | bounded on Σ^n and such that its mean curvature H has the same sign of the function λ at each point of Σ^n .

Proof. Suppose by contradiction the existence of such a spacelike hypersurface x : Σ^n → A ⊂ H^{n +1}_1 . Since x(Σ) ⊂ A , we have that the function l_a has strict sign and, consequently, from relation (3.1) we get that λ also has strict sign on Σ^n . Moreover, as we are supposing that Σ^n lies between two totally umbilical hypersurfaces of H^{n +1}_1 determined by a, there exists ρ ∈ R such that |l_a | ≤ ρ.

Taking c = − 1 in (2.2), we obtain

(3.2) Δ l_a = nHf_a + nl_a .

Computing the Laplacian of function l^2_a , using (3.1) and (3.2), we have

(3.3) 1 2 Δ l^2_a = l_a Δ l_a + |∇ l_a |^2 = nHf_a l_a + nl^2_a + |∇ l_a |^2 = n � H λ + 1 � l^2_a + |∇ l_a |^2 .

A NOTE ON THE NONEXISTENCE OF SPACELIKE HYPERSURFACES 173

Thus, since H has the same sign of the function λ, from (3.3) we conclude that

Δ l^2_a ≥ 2nl^2_a .

(3.4)

Moreover, we have that

(3.5) |∇ l^2_a | = 2 |l_a ||∇ l_a | ≤ 2ρ|a^⊤ | .

Thus, since we are assuming |a^⊤ | bounded on Σ^n , from (3.5) we get that |∇ l^2_a | must be also bounded on Σ^n .

On the other hand, as it was pointed out on the beginning of Section 3 of [9], there is no compact (without boundary) spacelike hypersurfaces immersed in H^{n +1}_1 (see also Section 4 in [1]). So, x : Σ^n → A ⊂ H^{n +1}_1 must be complete noncompact.

Therefore, we are in position to apply Lemma 1 and conclude that l_a vanishes identically on Σ^n , leading us to a contradiction to the fact that l_a has strict sign on Σ^n . □ According to Section 4 of Montiel [13], when a ∈ L^{n +2} is a timelike vector, the Lorentz-Minkowski space L^{n +2} can be foliated by means of parallel spacelike hyperplanes orthogonal to a. In this setting, we establish our second nonexistence result.

Theorem 2. There does not exist a complete spacelike hypersurface x : Σ^n → R^{n +1}_1 \ {0} with polynomial volume growth, satisfying (3.1) for some nonzero timelike vector a ∈ R^{n +2}_1 , lying between two spacelike hyperplanes orthogonal to a, with |a^⊤ | bounded on Σ^n and such that its mean curvature H and the function λ satisfy^H_λ ≥ β for some constant β > 0.

Proof. Supposing by contradiction the existence of such a spacelike hypersurface, since x : Σ^n → R^{n +1}_1 lies between two spacelike hyperplanes orthogonal to a, the function l_a is bounded. Consequently, from our assumption that |a^⊤ | is bounded on Σ^n , we have that the same holds for ∇ l^2_a = 2 l_a ∇ l_a = 2 l_a a^⊤ .

Moreover, taking c = 0 in equation (2.2) and using (3.1), we get

Δ l^2_a = 2nH λ l^2_a + 2 |∇ l_a |^2 ≥ 2nH λ l^2_a ≥ 2βl^2_a .

Hence, since Σ^n cannot be compact (see the last part of Section 2 of [4]), we can apply once more Lemma 1 obtaining that l_a is identically zero on Σ^n , that is, Σ^n is a spacelike hyperplane passing through the origin of R^{n +1}_1 . Therefore, we reach at a contradiction with the hypothesis that the immersion x takes values in R^{n +1}_1 \ { 0}. □ Finally, when the ambient space is the de Sitter space, we obtain our last nonexistence result.

Theorem 3. There does not exist a complete noncompact spacelike hypersurface x : Σ^n → O ⊂ S^{n +1}_1 with polynomial volume growth, satisfying (3.1) for some nonzero vector a ∈ L^{n +2} , lying between two totally umbilical hypersurfaces determined by a, with |a^⊤ | bounded on Σ^n and such that its mean curvature H and the function λ satisfy^H_λ ≥ α for some constant α > 1.

174 H.F. DE LIMA

Proof. Assuming the existence of such a spacelike hypersurface x : Σ^n → O ⊂ S^{n +1}_1 , the condition x(Σ) ⊂ O guarantees us that the function l_a has strict sign and, hence, from (3.1) we get once more that λ also has strict sign on Σ^n . So, the ration^H_λ is, indeed, well defined.

On the other hand, taking c = 1 in (2.2) and using (3.1), we have

Δ l^2_a = 2 n � H λ − 1 � l^2_a + 2 |∇ l_a |^2 ≥ 2n � H λ − 1 � l^2_a ≥ 2n (α − 1) l^2_a .

Therefore, applying again Lemma 1, we get that l_a vanishes on Σ^n , which is a contradiction to the hypothesis that x(Σ) ⊂ O . □

Acknowledgement. The author is partially supported by CNPq, Brazil, grant 301970/2019-0.

References

[1] Alías, L.J., A congruence theorem for compact spacelike surfaces in de Sitter space , Tokyo J.

Math. 24 (2001), 107–112. [2] Alías, L.J., Brasil Jr., A., Perdomo, O., A characterization of quadric constant mean curvature hypersurfaces of spheres , J. Geom. Anal. 18 (2008), 687–703.

[3] Alías, L.J., Caminha, A., do Nascimento, F.Y., A maximum principle related to volume growth and applications , Ann. Mat. Pura Appl. 200 (2021), 1637–1650.

[4] Alías, L.J., Pastor, J.A., Constant mean curvature spacelike hypersurfaces with spherical boundary in the Lorentz-Minkowski space , J. Geom. Phys. 28 (1998), 85–93.

[5] Aquino, C.P., de Lima, H.F., On the Gauss map of complete CMC hypersurfaces in the hyperbolic space , J. Math. Anal. Appl. 386 (2012), 862–869.

[6] Aquino, C.P., de Lima, H.F., On the geometry of horospheres , Comment. Math. Helv. 89 (2014), 617–629.

[7] Aquino, C.P., de Lima, H.F., On the umbilicity of complete constant mean curvature spacelike hypersurfaces , Math. Ann. 360 (2014), 555–569.

[8] Aquino, C.P., de Lima, H.F., Santos, F.R. dos, On the quadric CMC spacelike hypersurfaces in Lorentzian space forms , Colloq. Math. 145 (2016), 89–98.

[9] Aquino, C.P., de Lima, H.F., Velásquez, M.A.L., On the geometry of complete spacelike hypersurfaces in the anti-de Sitter space , Geom. Dedicata 174 (2015), 13–23.

[10] Beem, J.K., Ehrlich, P.E., Easley, K.L., Global Lorentzian Geometry , CRC Press, New York, 1996, Second Edition.

[11] Galloway, G.J., Senovilla, J.M.M., Singularity theorems based on trapped submanifolds of arbitrary co-dimension , Classical Quantum Gravity 27 (15) (2010), 10pp., 152002.

[12] Hawking, S.W., Ellis, G.F.R., The large scale structure of spacetime , Cambridge University Press, London-New York, 1973.

[13] Montiel, S., Uniqueness of spacelike hypersurface of constant mean curvature in foliated spacetimes , Math. Ann. 314 (1999), 529–553.

[14] O’Neill, B., Semi-Riemannian Geometry, with Applications to Relativity , Academic Press, New York, 1983.

A NOTE ON THE NONEXISTENCE OF SPACELIKE HYPERSURFACES 175

[15] Penrose, R., Gravitational collapse and space-time singularities , Phys. Rev. Lett. 14 (1965), 57–59.

[16] Senovilla, J.M.M., Singularity theorems in general relativity: Achievements and open questions , Einstein and the Changing Worldviews of Physics (Christoph Lehner, Jürgen Renn, Schemmel, Matthias, eds.), Birkhäuser Boston, 2012, pp. 305–316.

Departamento de Matemática, Universidade Federal de Campina Grande, 58.429-970 Campina Grande, Paraíba, Brazil E-mail : henriquedelima74@gmail.com