ARCHIVUM MATHEMATICUM (BRNO) Tomus 56 (2020), 11–19

ON THE GEOMETRICAL PROPERTIES

OF HEISENBERG GROUPS

Mehri Nasehi

Abstract. In [20] the existence of major differences about totally geodesic two-dimensional foliations between Riemannian and Lorentzian geometry of the Heisenberg group H_3 is proved. Our aim in this paper is to obtain a comparison on some other geometrical properties of these spaces. Interesting behaviours are found. Also the non-existence of left-invariant Ricci and Yamabe solitons and the existence of algebraic Ricci soliton in both Riemannian and Lorentzian cases are proved. Moreover, all of the descriptions of their homogeneous Riemannian and Lorentzian structures and their types are obtained. Besides, all the left-invariant generalized Ricci solitons and unit time-like vector fields which are spatially harmonic are completely determined.

1. Introduction

Heisenberg groups play an important role in mathematical physics, geometric analysis and quantum mechanics. In particular, three-dimensional Heisenberg group H_3 has attracted a growing number of researchers in both Riemannian and Lorentzian cases, for example see [ 18, 19, 21]. Recently the existence of major differences about two-dimensional totally geodesic foliations and metrics between Riemannian and Lorentzian geometry of these spaces are found in [ 20] and [19]. These motivated us to obtain a comparison between Riemannian results and their Lorentzian analogous for some other geometrical properties of these spaces, which develop our understanding of which properties are more strictly related to the metric signature and which ones are more general. These geometrical properties are left-invariant generalized Ricci solitons, left-invariant Yamabe-solitons, algebraic Ricci solitons, harmonic maps, Einstein like metrics and homogeneous Riemannian and Lorentzian structures. As an application we prove that the existence of the special Einstein-Weyl equations (E-W) and the results concerning conformal flatness and locally symmetric, in the Lorentzian case cannot extend to the Riemannian case.

The structure of the paper is as follows. In Section 2 we remind some facts about the curvature and Ricci tensor components of these spaces which are given

2020 Mathematics Subject Classification : primary 53C50; secondary 53C30. Key words and phrases : left-invariant generalized Ricci solitons, harmonicity of invariant vector fields, homogeneous structures.

Received July 22, 2018, revised June 2019. Editor J. Slovák. DOI: 10.5817/AM2020-1-11

12 M. NASEHI

in [20] and [9] for the Lorentzian and Riemannian cases. In Section 3 we first fully describe left-invariant generalized Ricci solitons on these spaces. Then we prove that the existence of the special Einstein-Weyl equation (E-W) on these spaces in the Lorentzian case cannot extend to their Riemannian case. We also prove that in both Riemannian and Lorentzian cases algebraic Ricci solitons exist, whereas these spaces are neither left-invariant Yamabe solitons nor left-invariant Ricci solitons. Moreover, we show that contrary to the Riemannian case, there exist Lorentzian Heisenberg groups which are locally symmetric and conformally flat. We also completely determine Einstein-like metrics in both Riemannian and Lorentzian cases. In Section 4 we investigate the harmonicity properties of these spaces. In fact we first calculate the energy of an arbitrary left-invariant vector field V on these spaces. Then we show that there exist Lorentzian Heisenberg groups for which any left-invariant vector field V is a harmonic map. Moreover, we determine all the left-invariant unit time-like vector fields which are spatially harmonic. Finally in Section 5 we explicitly describe all homogeneous Riemannian and Lorentzian structures on these spaces and determine their types.

2. Preliminary

Let H_3 be the three-dimensional Heisenberg group, which is a two-step nilpotent Lie group of all the 3 × 3 real matrices with the following form � � 1 x z 0 1 y 0 0 1

� � . Then by [ 20] and [9] this space can be equipped with one of the following Lorentzian metrics

g_1 = − 1 λ^2 dx^2 + dy^2 + ( xdy + dz)^2 ,

g_2 = 1 λ^2 dx^2 + dy^2 − (xdy + dz)^2 ,

g_3 = dx^2 + ( xdy + dz)^2 − � (1 − x)dy − dz

�_2 , and the Riemannian metric

(1) g = dx^2 + dy^2 + � dz + λ(ydx − xdy)

�_2 , λ > 0 .

Thus by the conventions R_{ijkt} = ⟨R(e_i , e_j )e_k , e_t ⟩ and R(e_i , e_j ) = ∇_{[e i ,e j ]}− [∇_{e i} , ∇_{e j} ] for the curvature tensor R and ρ_{ii} = � ϵ_i g(R(e_j , e_i)e_j , e_i) for Ricci tensor, we obtain the following cases. For g_1: The Lie algebra H_3 of H_3 has a pseudo-orthonormal basis { e_1 , e_2 , e_3 }, where e_1 =^∂_{∂z} and e_2 =^∂_{∂y} − x^∂_{∂z} are space-like and e_3 = λ^∂_{∂x} is time-like. Also the non-zero Lie bracket is [e_2 , e_3] = λe_1 and the non-zero curvature and Ricci-components are given by R_{1212} = − R_{1313} =^{− λ 2}_4 , R_{2323} = −^{3λ 2}_4 and ρ_{11} = ρ_{33} = − ρ_{22} =^{− λ 2}_2 . For g_2: The Lie algebra H_3 of H_3 has a pseudo-orthonormal basis { e_1 , e_2 , e_3 }, where e_1 =^∂_{∂y} − x^∂_{∂z} and e_2 = λ^∂_{∂x} are space-like and e_3 =^∂_{∂z} is time-like.

ON THE GEOMETRICAL PROPERTIES OF HEISENBERG GROUPS 13

Also the non-zero Lie bracket is [e_1 , e_2] = λe_3 and the non-zero curvature and Ricci tensor components are given by R_{1212} =^{3λ 2}_4 , R_{1313} = − R_{1331} =^{λ 2}_4 and ρ_{11} = ρ_{22} = ρ_{33} =^{λ 2}_2 . For g_3: This metric is flat and the Lie algebra H_3 of H_3 has a pseudo-orthonormal basis { e_1 , e_2 , e_3 }, where e_1 =^∂_{∂x} and e_2 =^∂_{∂y} + (1 − x)^∂_{∂z} are space-like and e_3 = ∂ ∂y − x^∂_{∂z} is time-like. Moreover, we have the non-zero Lie brackets [e_3 , e_1] = e_2 − e_3 and [e_2 , e_1 ] = e_2 − e_3 . For g: The Lie algebra H_3 of H_3 has an orthonormal basis { e_1 , e_2 , e_3 }, where e_1 =^∂_{∂x} − λy^∂_{∂z}, e_2 =^∂_{∂y} + λx^∂_{∂z} and e_3 =^∂_{∂z}. Also, the non-zero Lie bracket is given by [e_1 , e_2] = 2λe_3 and the non-zero curvature and Ricci tensor components are given by R_{1212} = − 3λ^2 , R_{1313} = R_{2323} = λ^2 and ρ_{11} = ρ_{22} = − ρ_{33} = − 2λ^2, respectively.

3. Left-invariant generalized Ricci solitons on H_3

A left-invariant generalized Ricci soliton is a Lie group G with a left-invariant metric ḡ admitting a left-invariant vector field V, such that (2) L_V ḡ + 2 αV^b ⊙ V^b − 2βρ = 2 δḡ , where L_V is the Lie derivative in the direction of V, α, β, δ are real constants, V^b is a left-invariant 1-form which is defined by V^b(Y) = ḡ(V, Y) and ρ is the Ricci tensor (for more details see [ 17]). Recently left-invariant generalized Ricci solitons in three-dimensional Lie groups have been determined in [ 7]. Also in [16, 14] and [15] we completely determined these structures on some solvable extensions of the Heisenberg groups and four-dimensional hypercomplex and para-hypercomplex Lie groups. Here we extend this result to any Riemannian and Lorentzian Heisenberg group H_3 as follows:

Theorem 3.1. Consider the Lie algebra H_3 of the Heisenberg group H_3. Then the non-trivial left-invariant generalized Ricci solitons on H_3 are given as follows

• for g_1: Either α, β, δ = 0 , V = k_1 e_1 or α ≠ 0 , δ = −^β_2 λ^2, V = ±

√_{− α βλ} α e_1.

• for g_2 : Either α, β, δ = 0 , V = k_3 e_3 or α ≠ 0 , δ = −^β_2 λ^2 , V = ±

√_{α βλ}

α e_3 . • for g_3 : α, δ = 0 , V = k_2 e_2 − k_2 e_3 .

• for g: Either α, β, δ = 0 , V = k_3 e_3 or α ≠ 0 , δ = βλ^2 , V = ± 2

√_{α βλ} α e_3 .

Proof. Assume that V = k_1 e_1 + k_2 e_2 + k_3 e_3 is an arbitrary left-invariant vector field on H_3 . Then for g_1 we obtain

∇_{e 1} V = λ 2 (k_2 e_3 + k_3 e_2 ) , ∇_{e 2} V = λ 2 (k_1 e_3 + k_3 e_1 ,

∇_{e 3} V = λ 2 (k_1 e_2 − k_2 e_1 ) .

Thus by using L_V g(Y, Z) = g(∇_Y V, Z) + g(V,∇_Y Z) we get L_V g_1(e_1 , e_2) = λk_3, L_V g_1(e_1 , e_3) = − λk_2, with the rest vanishing. Then by the equation (2), where

14 M. NASEHI

V^b ⊙ V^b(e_i , e_j ) = ε_i ε_j k_i k_j we obtain � 2 α k_1^2 + β λ^2 = 2 δ, k_3 λ + 2 α k_1 k_2 = k_2 λ + 2 α k_1 k_3 = 0 ,

2 α k_2^2 − β λ^2 = 2 δ , − 2 α k_2 k_3 = 0 , 2 α k_3^2 + β λ^2 = − 2 δ .

Thus by considering two cases α = 0 and α ≠ 0 we get the result. For the remaining metrics we have similar computations. □ As it is mentioned in [ 17] by considering different values for α, β and δ we obtain several important equations which are: (H) the homothetic vector field equation , when α, β = 0 ; (K) the Killing vector field equation , when α, δ, β = 0 ; (RS) the Ricci soliton equation , when α = 0 and β = 1 ; (PS) the equation for a metric projective structure with a skew-symmetric Ricci tensor representative in the projective class, when α = 1 , β =^1_{1− n} and δ = 0 ; (VN-H) the vacuum near-horizon geometry equation of a space-time, when α = 1 , β = 1 /2 and δ plays the role of the cosmological constant; (E-W) a special case of the Einstein-Weyl equation in conformal geometry, when α = 1 and β =^1_{2− n} , (n > 2). Thus these formulae and Theorem 3.1 give us the following result.

Theorem 3.2. All Lorentzian and Riemannian Heisenberg groups (H_3 , g_i) and (H_3 , g) give left-invariant solutions to the Killing vector field equation (K). However, only (H_3 , g_1) gives left-invariant solutions to the special Einstein-Weyl equation (E-W). Also only (H_3 , g_2) and (H_3 , g) give left-invariant solutions to the vacuum near-horizon geometry equation (VN-H).

Recall that a pseudo-Riemannian manifold (M, ḡ) is a Yamabe soliton if it admits a vector field V such that L_V ḡ = ( τ − λ)ḡ, where τ is the scalar curvature tensor, λ is a real number [ 8]. Also, in the case that τ = λ, i.e. L_V g = 0 , the vector field V is a Killing vector field. Using L_V ḡ = 0 , for ḡ = g_1 , g_2 , g_3 , g, we respectively obtain Killing vector fields V = k_1 e_1 , V = k_3 e_3 , V = k_2 e_2 − k_2 e_3 and V = k_3 e_3. Thus by Theorem 3.2 we get that there is no left-invariant Ricci and Yamabe soliton.

Recall that a left-invariant pseudo-Riemannian metric ḡ on a simply connected Lie group G with the Lie algebra G is called algebraic Ricci soliton if it satisfies Ric = c Id + D , where Ric denotes the Ricci operator and is given by ρ(X, Y) = ḡ(Ric( X ), Y), c is a real constant and D ∈ Der( G), that is

(3) D [X, Y ] = [DX, Y ] + [X, DY ], ∀ X, Y ∈ G. For more details see [ 1, 3]. Here we prove the existence of these structures on Heisenberg group H_3 in both Riemannian and Lorentzian cases as follows.

Theorem 3.3. Among all Riemannian and Lorentzian Heisenberg groups (H_3 , g), (H_3 , g_1), (H_3 , g_2), (H_3 , g_3), only (H_3 , g_3) does not admit any algebraic Ricci soliton.

Proof. We put De_j =

�_3

i =1 λ i j e_i, where j = 1 , . . . ,3. Then for the type (H_3 , g_1) by replacing (X, Y) in (3) by (e_2 , e_2) and (e_3 , e_3) we respectively obtain λ^3_2 = 0 and λ^2_3 = 0 . Also if we replace (X, Y) in (3) by (e_2 , e_3) we obtain λ^3_1 = λ^2_1 = 0 and λ^1 = λ^2 + λ^3. Moreover, the condition Ric = c Id + D , satisfies if and only if we have λ^1_3 = λ^1_2 = 0 and λ^3 = λ^2 = −^2_3 c. Using these relations we obtain

ON THE GEOMETRICAL PROPERTIES OF HEISENBERG GROUPS 15

D = � � − 2λ^2 0 0 0 − λ^2 0 0 0 − λ^2

� � and c =^{3λ 2}_2 . For the types (H_3 , g_2) and (H_3 , g) by

similar computations we obtain D = � � − λ^2 0 0 0 − λ^2 0 0 0 − 2λ^2

� � , c =^{3λ 2}_2 and

D = � � 4λ^2 0 0 0 4λ^2 0 0 0 8λ^2 � �, c = − 6λ^2, and for (H_3 , g_3) we obtain c = 0 and λ^j_i = 0 ,

where i, j = 1 , 2, 3. □ Thus Theorem 3.3 gives us the following existence result.

Corollary 3.4. Riemannian and Lorentzian Heisenberg groups (H_3 , g),(H_3 , g_1) and (H_3 , g_2) are algebraic Ricci solitons, whereas these spaces are neither left-inva-riant Yamabe solitons nor left-invariant Ricci solitons.

The existence of Einstein metrics on the Lorentzian Heisenberg groups (H_3 , g_2) and (H_3 , g_3) is proved in [ 19]. On the other hand natural generalizations of Einstein metrics are Einstein-like metrics which were introduced by Gray in [ 13]. Thus a natural question is that whether there exist Einstein-like metrics on these spaces. Recall that Einstein-like metrics are defined through conditions on the Ricci tensor as follows. A pseudo-Riemannian manifold (M, ḡ) respectively belongs to one of the classes A, B and P if and only if its Ricci tensor is cyclic-parallel, i.e., ∇_i ρ_{jk} + ∇_j ρ_{ki} + ∇_k ρ_{ij} = 0 , is parallel i.e., ∇_i ρ_{jk} = 0 and is Codazzi tensor i.e., ∇_i ρ_{jk} = ∇_j ρ_{ik} , where ∇_i ρ_{jk} = − � t (ε_j B_{ijt} ρ_{tk} + ε_k B_{ikt} ρ_{tj} ) and ∇_{e i} e_j = � k ε_j B_{ijk} e_k [4]. Considering the Lorentzian Heisenberg group (H_3 , g_1), we have B_{123} = B_{213} = B_{312} = −^λ_2 . Thus we get^{λ 3}_2 = ∇_2 ρ_{31} = ∇_3 ρ_{21} = −^{λ 3}_2 which implies that (H_3 , g_1) is of class A, but not of class B. Using similar computations for g_2 , g_3 and g we obtain the following result. Theorem 3.5. All Lorentzian and Riemannian Heisenberg groups (H_3 , g_i) and (H_3 , g) which are equipped with Einstein-like metrics, are (a) (H_3 , g), (H_3 , g_1 ), (H_3 , g_2 ) whose Ricci tensors are cyclic parallel. (b) (H_3 , g_3 ) whose Ricci tensor is parallel.

Recall that a (pseudo)-Riemannian manifold (M, ḡ) with dimension n ≥ 3, is conformally flat if and only if its Schouten tensor c vanishes, i.e., 0 = c(x, y, z) = (∇_x ρ)(y, z) − (∇_y ρ)(x, z) − 1/2(ḡ((∇_x τ)y, z) − ḡ((∇_y τ)x, z)), where x, y, z are vector fields tangent to M and τ is the scalar curvature. Also a pseudo-Riemannian manifold (M, ḡ) is locally symmetric if and only if we have ∇ R = 0 . Using these relations we obtain the following result. Theorem 3.6. For the Riemannian and Lorentzian metrics ḡ = g_1 , g_2 , g_3 , g of the Heisenberg group H_3 , the following properties are equivalent. (a) ḡ is of the type g_3; (b) ḡ is locally symmetric; (c) ḡ is Ricci-parallel; (d) ḡ is conformally flat.

By Theorem 3.6 we obtain the following result witch has no Riemannian counterpart.

16 M. NASEHI

Corollary 3.7. Any Lorentzian Heisenberg group (H_3 , g_3) is conformally flat, Ricci-parallel and locally symmetric. However, none of these properties exists on the Riemannian Heisenberg Lie group (H_3 , g).

4. Harmonicity of invariant vector fields on H_3

Let (M, ḡ) be a (smooth, connected, oriented) n-dimensional pseudo Riemannian manifold and T M be its tangent bundle which is equipped with the Sasakian metric ḡ^s . Then the energy of the smooth vector field V : (M, ḡ) → (T M, ḡ^s ) is defined by E(V) =^n_2 vol(M, ḡ) +^1_2 � M ‖ ∇ V ‖^2 dv. For more details see [ 6, 5, 12]. Here we assume that D is a relatively compact domain for the Heisenberg group H_3 and calculate the energy of V|_D , with respect to different metrics. Thus we obtain the the following result.

Theorem 4.1. The energy E_D (V) of V|_D on the Heisenberg group H_3 with the Lorentzian and Riemannian metrics g_1 , g_2 , g_3 , g is given respectively by

(a) E_D (V) = {^3_2 − 1 4 λ^2 ‖V‖^2 } vol D , (b) E_D (V) = {^3_2 −^1_4 λ^2 ‖V‖^2 } vol D ,

(c) E_D (V) =^3_2 vol D , (d) E_D (V) = {^3_2 + ‖V‖^2 } vol D ,

where for the Lorentzian and Riemanian cases cases we have ‖V‖^2 = k^2_1 + k^2 − k^2_3 and ‖V‖^2 = k^2_1 + k^2 + k^2_3 , respectively.

The critical points for the energy functional are harmonic maps. These vector fields are characterized by Euler-Lagrange equations. In fact a vector field V defines a harmonic map from (M, ḡ) to (T M, ḡ^s ) if and only if V satisfies the conditions ∇^∗ ∇ V = 0 and tr[R(∇_. V, V).] = 0, where ∇^∗ ∇ V = � i ϵ_i(∇_{e i} ∇_{e i} V −

∇_{∇ e i e i} V) and tr[R(∇_. V, V).] = � i ϵ_i R(∇_{e i} V, V)e_i. Also if we put χ^ρ(M) = { w ∈

χ(M) : ‖w‖^2 = ρ^2 }, where ρ ≠ 0 is a real constant, then by the Euler-Lagrange equations, V is a critical point for E |_χ P_{(M )} if and only if ∇^∗ ∇ V is collinear to V. Thus for the Lorentzian and Riemannian metrics g_1, g_2, g_3, g we obtain ∇^∗ ∇ V =^{λ 2}_2 V,∇^∗ ∇ V =^{λ 2}_2 V, ∇^∗ ∇ V = 0 , ∇^∗ ∇ V = − 2λ^2 V, respectively which give us the following result.

Theorem 4.2. (a) Each vector field V on the Lorentzian Heisenberg group (H_3 , g_3) is a harmonic map. However, none of these vector fields is a critical point for the energy functional restricted to vector fields of the same length. (b) Each vector field V on the Lorentzian and Riemannian Heisenberg groups (H_3 , g_1), (H_3 , g_2) and (H_3 , g) is a critical point for the energy functional restricted to vector fields of the same length. However, none of these vector fields is a harmonic map.

Let (M, g̃) be a Lorentzian manifold and let V be a unit time-like vector field on M. Then by the Euler-Lagrange equations V is spatially harmonic if and only if we have ^V_V = δV, where δ ∈ R and for div V = � ε_ig̃(∇_{e i} V, e_i) and

ON THE GEOMETRICAL PROPERTIES OF HEISENBERG GROUPS 17

(∇ V)^t ∇_V V = � i ε_ig̃(∇_V V,∇_{e i} V)e_i, ^V_V is defined by ^V_V = −∇^∗ ∇ V −∇_V ∇_V V −

div V.∇_V V + ( ∇ V)^t ∇_V V. Assume that V = k_1 e_1 + k_2 e_2 + k_3 e_3 is an arbitrary left-invariant vector field on H_3. Then for the case that the Lorentzian metric is g_1 we obtain (∇ V)^t ∇_V V =^{λ 2}_2 {(k^2_3 − k^2)k_1 e_1 − k^2_1(k_2 e_2 + k_3 e_3)} = −∇_V ∇_V V, and div V = 0 . Thus the condition ^V_V = δX gives us two cases k_1 = 0 and k_1 ≠ 0 . If k_1 = 0 , then we obtain a contradiction and if k_1 = 0 , then we obtain k^2_3 = 1 + k^2 which gives us V = k_2 e_2 + k_3 e_3. Using similar computations for the remaining cases we obtain the following result.

Theorem 4.3. A time-like unit left invariant vector field V on the Lorentzian Heisenberg groups (H_3 , g_1) and (H_3 , g_2) is a spatially harmonic vector field if and only if there exist real numbers k_2 and k_3 such that respectively V = k_2 e_2 + k_3 e_3 and V = ± e_3 where k^2_3 = 1+ k^2. However, the Lorentzian Heisenberg group (H_3 , g_3) never admits any spatially harmonic vector field.

Notice that critical points for the space-like energy are spatially harmonic. Thus by Theorem 4.4 we obtain the following result.

Corollary 4.4. No left-invariant unit time-like vector fields of the Lorentzian Heisenberg groups (H_3 , g_3 ) are critical points for the space-like energy.

5. Homogeneous Riemannian and Lorentzian structures on H_3

A homogeneous pseudo-Riemannian structure on a pseudo-Riemannian manifold (M, ḡ) is a tensor field S of type (1,2) on M such that the connection ^∇ = ∇ − S satisfies the Ambrose-Singer equations ^∇ ḡ = 0 , ^∇ R = 0 and ^∇ S = 0 , where the first and second equations of this system are equivalent with S_{xyz} = − S_{xzy} and

(∇_u R)(x, y, z, w) = − R(S_u x, y, z, w) − R(x, S_u y, z, w) − R(x, y, S_u z, w) − R(x, y, z, S_u w) . (4) where S_{xyz} = ḡ(S_x y, z), [11]. All the homogeneous Riemannian and Lorentzian structures for the Heisenberg group H_3 with the left-invariant Riemannian metric g̃ = dx^2 + dz^2 + ( dy − xdz)^2 and the left-invariant Lorentzian metrics g_1 and g_2, when λ = 1 are given in [ 21], [18] and [2], respectively. Here we extend these results for the Riemannian metric (1) and the metrics g_1, g_2 and g_3, where λ is any non-zero real constant.

Theorem 5.1. All the homogeneous Lorentzian and Riemannian structures on Heisenberg group H_3 with the metrics g_1 , g_2 , g_3 , g are given by

S = α_2 ⊗ (e^1 ∧ e^2 ) + α_3 ⊗ (e^1 ∧ e^3 ) + β_3 ⊗ (e^2 ∧ e^3 ) , (5) where for metrics g_1, g_2, g, respectively (α_2 , α_3 , β_3) is equal to (^λ_2 e^3 , −^λ_2 e^2 , ae^1), (be^3 ,^λ_2 e^2 , −^λ_2 e^1) and (ce^3 , − λe^2 , λe^1), such that a, b and c are real constants. Also,

18 M. NASEHI

for the metric g_3, differential 1-forms α_2, α_3 and β_3 satisfying the following relations � � � ^∇ α_2 = ( e2 + e3 ) ⊗ β_3 + β_3 ∧ α_3 , ^∇ α_3 = ( e2 + e3 ) ⊗ β_3 + β_3 ∧ α_2 , ^∇ β_3 = ( e2 + e3 ) ⊗ (α_2 − α_3 ) + α_2 ∧ α_3 .

where { e^1 , e^2 , e^3 } is dual to the pseudo-orthonormal basis { e_1 , e_2 , e_3 }.

Proof. For the metric g_1, if we replace (x, y, z, w) in the equation (4) by (e_3 , e_2 , e_1 , e_2), (e_2 , e_3 , e_1 , e_3), then we get S_{ue 3 e 1} =^λ_2 e^∗_2(u), S_{ue 2 e 1} = −^λ_2 e^∗_3(u) which give us the structure (5). Thus the relation ^∇ = ∇ − S implies that

^∇ e^1 = 0 , ^∇ e^2 = ( λ 2 e^1 + β_3 ) ⊗ e^3 , ^∇ e^3 = ( λ 2 e^1 + β_3 ) ⊗ e^2 . (6) Then if we put β_3 = f_1 e^1 + f_2 e^2 + f_3 e^3, where f_1 , . . . , f_4 are differentiable function on H_3. Then by (6) we obtain z(f_2) = f_3(^λ_2 e^1 + β_3)(z), z(f_3) = f_2(^λ_2 e^1 + β_3)(z), z(f_1) = 0 . Hence if we replace z in these equations by e^1, e^2, e^3 and use the Lie bracket relations, then we obtain that f_1 is a real constant and f_2 = f_3 = 0 . For the metrics g_2 , g_3 and g we have similar computations. □ Here to obtain the types of the homogeneous Riemannian and Lorentzian structures given in Theorem 5.1, we use the classification of homogeneous Riemannian and pseudo-Riemannian structures in [ 21] and [10]. Thus we obtain the following result.

Corollary 5.2. All the homogeneous Lorentzian and Rimannian structures on the Heisenberg groups (H_3 , g_1), (H_3 , g_2) and (H_3 , g) are of the type S_2 ⊕ S_3. Also these structures are of the types S_1 ⊕ S_2 and S_1 ⊕ S_3 if and only if we have 2a = − 2b = c = − 2λ and 2a = − 2b = c = λ, respectively.

References

[1] Batat, W., Onda, K., Algebraic Ricci solitons of three-dimensional Lorentzian Lie groups , J.

Geom. Phys. 114 (2017), 138–152. [2] Batat, W., Rahmani, S., Homogeneous Lorentzian structures on the generalized Heisenberg group , Differ. Geom. Dyn. Syst. 12 (2010), 12–17.

[3] Brozos-Vazquez, M., Calvaruso, G., Garcia-Rio, E., Gavino-Fernandez, S., Three-dimensional Lorentzian homogeneous Ricci solitons , Israel J. Math. 188 (2012), 385–403.

[4] Calvaruso, G., Einstein-like metrics on three-dimensional homogeneous lorentzian manifolds , Geom. Dedicata 127 (2007), 99–119.

[5] Calvaruso, G., Harmonicity properties of invariant vector fields on three-dimensional Lorentzian Lie groups , J. Geom. Phys. 61 (2011), 498–515.

[6] Calvaruso, G., Harmonicity of vector fields on four-dimensional generalized symmetric spaces , Cent. Eur. J. Math. 10 (2) (2012), 411–425.

[7] Calvaruso, G., Three-dimensional homogeneous generalized Ricci solitons , Mediterr. J. Math.

14 (2017), 1–21. [8] Calvaruso, G., Zaeim, A., A complete classification of Ricci and Yamabe solitons of non-reductive homogeneous 4-spaces , J. Geom. Phys. 80 (2014), 15–25.

ON THE GEOMETRICAL PROPERTIES OF HEISENBERG GROUPS 19

[9] Fastenakels, J., Munteanu, M.I., Van Der Veken, J., Constant angle surfaces in the Heisenberg group , J. Acta Math. 27 (4) (2011), 747–756.

[10] Gadea, P.M., Oubina, J.A., Reductive homogeneous pseudo-Riemannian manifolds , Monatsh.

Math. 124 (1997), 17–34. [11] Gadea, P.M., Oubina, J.A., Homogeneous Lorentzian structures on the oscillator groups , Arch. Math. (Basel) 73 (1999), 311–320.

[12] Gil-Medrano, O., Hurtado, A., Spacelike energy of timelike unit vector fields on a Lorentzian manifold , J. Geom. Phys. 51 (2004), 82–100.

[13] Gray, A., Einstein-like manifolds which are not Einstein , Geom. Dedicata 7 (1978), 259–280. [14] Nasehi, M., Aghasi, M., On the geometrical properties of hypercomplex four-dimensional Lorentzian Lie groups , to appear in Georgian Math. J.

[15] Nasehi, M., Aghasi, M., On the geometry of para-hypercomplex 4-dimensional Lie groups , J.

Geom. Phys. 132 (2018), 230–238. [16] Nasehi, M., Aghasi, M., On the geometry of some solvable extensions of the Heisenberg group , Czechoslovak Math. J. 68 (3) (2018), 723–740.

[17] Nurowski, P., Randall, M., Generalized Ricci solitons , J. Geom. Anal. 26 (2) (2016), 1280–1345.

[18] Rahmani, N., Rahmani, S., Structures homogenes lorentziennes sur le groupe de Heisenberg group I , J. Geom. Phys. 13 (1994), 254–258.

[19] Rahmani, N., Rahmani, S., Lorentzian geometry of the Heisenberg group , Geom. Dedicata 118 (2006), 133–140.

[20] Rahmani, S., Metriques de Lorentz sur les groupes de Lie unimodulaires, de dimension trois , J. Geom. Phys. 9 (3) (1992), 295–302, (French).

[21] Tricerri, F., Vanhecke, L., Homogeneous structures on Riemannian manifolds , Cambridge University Press, 1983.

Faculty of Basic Sciences, University of Shahreza, P.O. Box 86149-56841, Shahreza, Iran E-mail : nasehi.mehri@gmail.com