ARCHIVUM MATHEMATICUM (BRNO) Tomus 48 (2012), 371–385

SOLUTIONS TO A CLASS OF POLYNOMIALLY GENERALIZED BERS–VEKUA EQUATIONS USING CLIFFORD ANALYSIS

Min Ku, Uwe Kähler, and Paula Cerejeiras

Abstract. In this paper a class of polynomially generalized Vekua–type equations and of polynomially generalized Bers–Vekua equations with variable coefficients defined in a domain of Euclidean space are discussed. Using the methods of Clifford analysis, first the Fischer–type decomposition theorems for null solutions to these equations are obtained. Then we give, under some conditions, the solutions to the polynomially generalized Bers–Vekua equation with variable coefficients. Finally, we present the structure of the solutions to the inhomogeneous polynomially generalized Bers–Vekua equation.

1. Introduction

As an elegant higher dimensional analogue of the classical analytic functions, Clifford analysis focuses on the study of the so–called monogenic functions (see e.g. [ 4, 6, 7]), i.e., null solutions to the Dirac operator or the generalized Cauchy–Riemann operator. It has been applied successfully to solve different kinds of Vekua–type equations and the related boundary value problems in domains of higher dimensional Euclidean space (see e.g. [ 7]–[9, 13]–[12]). In [7, 14] Sprössig and his coauthors studied a special generalized Vekua–type problem with quaternion parameter defined in R^3 and the corresponding boundary value problems. In [ 5]–[9], [13]–[12] Delanghe, Brackx and others studied the polynomially generalized Cauchy–Riemann equations in R^{n +1} , and obtained the solutions to the polynomially generalized Cauchy–Riemann equations and to their Riemann boundary value problems, by means of integral formulas and Fischer–type decomposition theorems for null solutions to the polynomially generalized Cauchy–Riemann equations, respectively. Recently, Berglez (see [ 1, 2]) discussed a class of iterated generalized Bers–Vekua equations in Clifford analysis, which is a generalization of a special Vekua–type equation in the complex plane (see e.g. [ 3, 15]) to higher dimensions, and obtained their solutions under some conditions. In [ 10], a polynomially generalized Vekua–type equation and a polynomially generalized Bers–Vekua equation in a domain Ω of R^{n +1} are studied in the framework of Clifford analysis. In this setting, based on ideas contained in [ 16, 1, 10], we will consider in this paper a class of polynomially

2010 Mathematics Subject Classification : primary 30G35; secondary 32A25, 35C10. Key words and phrases : Clifford analysis, polynomially generalized Bers–Vekua operator, Dirac operator.

DOI: 10.5817/AM2012-5-371

372 MIN KU, U. KÄHLER AND P. CEREJEIRAS

generalized Vekua–type equations p(D)w = 0 and of polynomially generalized Bers–Vekua equations p(D)w = 0 (see Section 3) with variable coefficients defined in Ω ⊂ R^{n +1} with D and D meaning the generalized Vekua–type operator and the generalized Bers–Vekua operator (see Section 2), respectively. We will obtain the Fischer–type decomposition theorems for the solutions to these equations including (D − a(x))^k w = 0 , (D − a(x))^k w = 0 (k ∈ N) (see Section 3) with a(x) ∈ C^k (Ω , C) as special cases, which imply the Almansi–type decomposition theorems for the iterated generalized Bers–Vekua equation of [10] and the polynomially generalized Cauchy–Riemann equation [ 16, 13] defined in Ω ⊂ R^{n +1} . Making use of these decomposition theorems, we will give, under some conditions, the solutions to a class of polynomially generalized Bers–Vekua equations with variable coefficients defined in Ω ⊂ R^{n +1} . Finally, we will discuss the structure of the solutions to the inhomogeneous polynomially generalized Bers–Vekua equation p(D)w = v defined in Ω ⊂ R^{n +1} .

The paper is organized as follows. In Section 2, we recall some basic facts about Clifford analysis which will be needed in the sequel. In Section 3, we obtain the Fischer–type decomposition theorems for the solutions to a class of polynomially generalized Vekua–type equations p(D)f = 0 and of polynomially generalized Bers–Vekua equations p(D)f = 0 with variable coefficients, including (D − a(x))^k w = 0 , (D − a(x))^k w = 0 (k ∈ N) as special cases, in domains of R^{n +1} . In Section 4, under the assumption of the existence of a Bauer–type differential operator for the solutions to the generalized Bers–Vekua equation Dw(x) = 0 , we will give the solutions to the polynomially generalized Bers–Vekua equation (i.e., p(D)w = 0 ) with variable coefficients in domains of R^{n +1} . In the last section we will discuss the structure of the solutions to the equation p(D)w = v with variable coefficients in domains of R^{n +1} .

2. Preliminaries and notations

In this section we recall some basic facts about Clifford algebra and Clifford analysis which will be needed in the sequel. For more details we refer the reader to e.g. [4]–[7], [11]–[8].

Let { e_1 , e_2 , . . . , e_n } be an orthogonal basis of Euclidean space R^n and let R_{0,n} be the 2^n -dimensional real Clifford algebra with basis � e_A : A = { h_1 , . . . , h_r } ∈ PN � , where N stands for the set {1,2, . . . , n} and PN denotes for the family of all order-preserving subsets of N . We denote e_∅ as e_0 and e_A as e_{h 1 ...h r} for A = { h_1 , . . . , h_r } ∈ PN . The product in R_{0,n} is defined by � � � e_A e_B = ( − 1)^{N (A∩B )} (− 1)^{P (A ,B)} e_{A Δ B} , if A, B ∈ PN , λμ = � A ,B∈PN

λ_A μ_B e_A e_B , if λ = � A∈PN

λ_A e_A , μ = � B∈PN

μ_B e_B ,

where N(A) is the cardinal number of the set A, and P (A, B) = � j ∈B

P (A, j), with

P (A, j) = N(Z) and Z = { i : i ∈ A , i > j }. It follows that e_0 is the identity element, now written as 1 and that in particular e^2_i = − 1, if i = 1 ,2, . . . , n, e_i e_j + e_j e_i = 0 , if 1 � i < j � n, e_{h 1} e_{h 2} . . . e_{h r} = e_{h 1 h 2 ...h r} , if 1 � h_1 < h_2 < · · ·< h_r � n.

A CLASS OF POLYNOMIALLY GENERALIZED BERS-VEKUA EQUATIONS 373

The complex Clifford algebra C_n = C ⊗ R_{0,n} is a complex linear, associative, but non–commutative algebra.

For k ∈ { 0,1,2, . . . , n} fixed, we call C^{(k )}n = � a ∈ C_n : a = � N (A )= k

a_A e_A � the subspace of k-vectors. In this way we obtain the decomposition C_n =^n � k =0

C^{(k )}n and

hence for an arbitrary a ∈ C_n , a =^n � k =0

[a]_k , |a| = ( � A � �a_A � �^2)^1_2 , where [a]_k is the

projection of a on C^{(k )}n . This leads to the identification of C with the subspace of complex scalars C^{(0)}n and of R^{n +1} with the subspace of real Clifford vectors R^{(1)}_{0,n} = � a =^n � j =0

e_j a_j : a_j ∈ R � ⊂ C^{(1)}n . The typical element of R^n is denoted by

x = x_1 e_1 + · · ·+ x_n e_n , x_j ∈ R (j = 1 , 2, . . . , n).

Define R^{n +1} = { x = x_0 + x � �x_0 ∈ R, x ∈ R_{0,n} ⊂ C_n }, where R_{0,n} now is a real subalgebra of C_n . The conjugation is defined by ā = � A ā_A ē_A ,ē_A =

(− 1)^{s ( s +1)}2 e_A , N(A) = s, a_A ∈ C, where ā_A means the complex conjugate and ab = b̄ā. The inner product (·, ·) in C_n is defined by putting for arbitrary b, a ∈ C_n , (b, a) = [ bā]_0. It is easy to see that (b, a) = � A∈PN

b_Aā_A with a = � A∈PN

a_A e_A , b = � A∈PN

b_A e_A , a_A , b_A ∈ C. Hence the corresponding norm on C_n

reads |a| = � � A � a_A

�_2 � 1_2 = � (a, a ). In the particular case of x =^n � i =0

e_i x_i ∈ R^{n +1} ⊂

C_n as above, |x|^2 = (^n � i =0

x^2_i )^{12} = ( x, x ).

Now we introduce the generalized Cauchy–Riemann operator ∂=^n � j =0

e_j^∂_{∂x j} , the

generalized Vekua–type operator Dw(x) ≜ ∂w(x) + c_1(x_0)w(x) + c_2(x_0)w(x), and the generalized Bers–Vekua operator Dw(x) ≜ ∂w(x) + c_2(x_0)w(x), where c_i(x_0) (i = 1 ,2) are both complex–valued functions of the variable x_0. It is clear that

∂∂= ∂∂=^n � j =0

∂^2_{x j} , which is the Laplace operator in R^{n +1} . For arbitrary k ∈ N,

where N denotes the set of all positive integers, D^k w(x) ≜ D(D^{k − 1} w(x)), D^k w(x) ≜ D(D^{k − 1} w(x)) and D^0 w(x) = w(x), D^0 w(x) = w(x).

Let Ω be a domain in R^{n +1} . The continuity, continuously differentiability and the like of the function f = � A f_A e_A : Ω( ⊂ R^{n +1} ) → C_n are ascribed to each of its

components f_A : Ω → C. Let C(Ω , C_n ), C^1(Ω , C_n ) and the like, denote the set of all continuous functions, continuously differentiable functions and the like defined in Ω , respectively. The null solutions to the operators ∂and D, that is, functions f such that ∂f = 0 (where f is called monogenic) and Dw = 0 , are denoted by M(Ω , C_n ) and ker D respectively.

374 MIN KU, U. KÄHLER AND P. CEREJEIRAS

3. Fischer–type decomposition theorems

In this section we will consider C_n –valued functions defined in Ω . We will give the Fischer–type decomposition theorems for the solutions to a class of polynomially generalized Vekua–type equations p(D)f = 0 and of polynomially generalized Bers–Vekua equations p(D)f = 0 with variable coefficients in the domain Ω of R^{n +1} .

Lemma 3.1 ([10]). If the complex–valued continuously differentiable function φ (x_0) of the variable x_0 is defined in Ω , λ, d_i ∈ C (i = 1 ,2) and w, v ∈ C^1(Ω , C_n ), then

(i) D(φ (x_0 )w(x)) = φ^′(x_0 )w(x) + φ (x_0 )(Dw(x)), (ii) ker( D − λ) = e^{λx 0} ker D, (iii) D(d_1 w(x) + d_2 v(x)) = d_1 Dw(x) + d_2 Dv(x), where λ stands for λI , I denoting the identity operator.

Theorem 3.1. Suppose that w ∈ C^k (Ω , C_n ) is a solution to the equation (D − a(x))^k w(x) = 0 where a ∈ C^k (Ω , C^{n +1} ) is the chosen function satisfying Dγ(x) = a(x) with γ ∈ C^{k +1} (Ω , C), then there exist unique functions w_j ∈ C^1(Ω , C_n ) satisfying (D − a(x))w_j (x) = 0 ( j = 0 , 1, . . . , k − 1) such that

(1) w(x) = e^{γ (x )} w_0 (x) + x_0 e^{γ (x )} w_1 (x) + · · ·+ x^{k − 1}_0 e^{γ (x )} w_{k − 1} (x) ,

where

(2)

� � � � � � � � � w_{k − 1} (x) =^1_{(k − 1)!} D^{k − 1} w(x) , w_{k − 2} (x) =^1_{(k − 2)!} D^{k − 2} (I −^1_{(k − 1)!} x^{k − 1}_0 D^{k − 1} )w(x) , . . . . w_1 (x) = D(I −^1_2 x^2_0 D^2 ) . . . (I −^1_{(k − 1)!} x^{k − 1}_0 D^{k − 1} )w(x) , w_0 (x) = ( I − x_0 D)(I −^1_2 x^2_0 D^2 ) . . . (I −^1_{(k − 1)!} x^{k − 1}_0 D^{k − 1} )w(x)

Here (D − a(x))^k w(x) ≜ (D − a(x))(( D − a(x))^{k − 1} w(x)) with (D − a(x))w(x) ≜ Dw(x) − a(x)Iw(x). Moreover, when a(x) ≡ λ(λ ∈ C) for arbitrary x ∈ Ω , D^k_λ w(x) ≜ D_λ (D^{k − 1}_λ w(x)) with D_λ w(x) ≜ Dw(x) − λIw (x).

Proof. Since a ∈ C^k (Ω , C^{n +1} ), by applying Lemma 3.1 we have

(D − a(x))w(x) = ( D − a(x))e^{γ (x )} (e^{− γ (x )} w(x)) = e^{γ (x )} D(e^{− γ (x )} w(x)) ,

where a(x) satisfies Dγ(x) = a(x) with γ ∈ C^{k +1} (Ω , C). By direct calculations we get (3) (D − a(x))^k w(x) = e^{γ (x )} D^k (e^{− γ (x )} w(x)) , i.e., ker( D − a(x))^k = ker D^k .

It is clear that ker D ⊂ ker D^2 ⊂ ker D^3 ⊂ · · · ⊂ ker D^{k +1} .

By recurrent calculation we obtain

D^k (x^{k − 1}_0 ker D) = x^{k − 1}_0 ker D^{k +1} .

A CLASS OF POLYNOMIALLY GENERALIZED BERS-VEKUA EQUATIONS 375

Hence, (4) ker D^{k − 1} + x^{k − 1}_0 ker D ⊂ ker D^k . Conversely, if w ∈ ker D^k , then there exists the following decomposition (5) w(x) = � I − 1 (k − 1)!

x^{k − 1}_0 D^{k − 1} � w(x) + x^{k − 1}_0 1 (k − 1)!

D^{k − 1} w(x) . Moreover, we have D � 1 (k − 1)!

D^{k − 1} � w(x) = 0 and D^{k − 1} � I − 1 (k − 1)!

x^{k − 1}_0 D^{k − 1} � w(x) = 0 .

Therefore, we obtain (6) ker D^k ⊂ ker D^{k − 1} + x^{k − 1}_0 ker D . Taking into account (4) and (6), we get ker D^k = ker D^{k − 1} + x^{k − 1}_0 ker D .

By induction, we can easily deduce that ker D^k = ker D + x_0 ker D + · · ·+ x^{k − 1}_0 ker D .

Finally, for any w ∈ ker D^k , suppose that φ ∈ ker D^{k − 1} and φ_{k − 1} ∈ ker D such that w(x) = φ (x) + x^{k − 1}_0 φ_{k − 1} (x) . (7) Applying D^{k − 1} to both sides of (7), we get

D^{k − 1} w(x) = D^{k − 1} φ (x) + D^{k − 1} (x^{k − 1}_0 φ_{k − 1} (x)) = ( k − 1)!φ_{k − 1} (x) . That is,

φ_{k − 1} (x) = 1 (k − 1)!

D^{k − 1} w(x) and φ (x) = � I − 1 (k − 1)!

D^{k − 1} � w(x) .

It follows that decomposition (5) is unique. By induction, applying (7), we obtain the result. □ Corollary 3.1. If c_1(x_0) ≡ 0, the equation (D − a(x))^k w(x) = 0 where a ∈ C^k (Ω , C^{n +1} ) is the chosen function satisfying Dγ(x) = a(x) with γ ∈ C^{k +1} (Ω , C) reduces to the case (D− a(x))^k w(x) = 0 . If the function w ∈ C^k (Ω , C_n ) is a solution to the equation (D − a(x))^k w(x) = 0 where a ∈ C^k (Ω , C^{n +1} ) is the chosen function satisfying Dγ(x) = a(x) with γ ∈ C^{k +1} (Ω , C), then there exist unique functions w_j ∈ C^1 (Ω , C_n ) satisfying Dw_j (x) = 0 ( j = 0 , 1, . . . , k − 1) such that (8) w(x) = e^{γ (x )} w_0 (x) + x_0 e^{γ (x )} w_1 (x) + · · ·+ x^{k − 1}_0 e^{γ (x )} w_{k − 1} (x) ,

376 MIN KU, U. KÄHLER AND P. CEREJEIRAS

where

(9)

� � � � � � � � � llw_{k − 1} (x) =^1_{(k − 1)!} D^{k − 1} w(x)

w_{k − 2} (x) =^1_{(k − 2)!} D^{k − 2} � I −^1_{(k − 1)!} x^{k − 1}_0 D^{k − 1} � w(x) . . . . w_1 (x) = D � I −^1_2 x^2_0 D^2 � . . . � I −^1_{(k − 1)!} x^{k − 1}_0 D^{k − 1} � w(x)

w_0 (x) = ( I − x_0 D) � I −^1_2 x^2_0 D^2 � . . . � I −^1_{(k − 1)!} x^{k − 1}_0 D^{k − 1} � w(x)

That is,

ker( D − λ)^k = e^{γ (x )} ker D ⊕ x_0 e^{γ (x )} ker D ⊕ · · · ⊕x^{k − 1}_0 e^{γ (x )} ker D ,

ker D^k = ker D ⊕ x_0 ker D ⊕ · · · ⊕x^{k − 1}_0 ker D .

Remark 1. For an appropriately chosen function, for instance, a(x) = λx^2_0 ∈ C, there exists a function γ(x) =^1_2 λx_0 satisfying Dγ(x) = a(x).

When a(x) ≡ λ ∈ C, the equation (D − a(x))^k w(x) = 0 reduces to the case (D − λ)^k w(x) = 0 . Hence expression (1) in Theorem 3.1 gives the decomposition of the solution to D^k w(x) = 0 as in [10]. Moreover, when a(x) ≡ 0, expression (1) in Theorem 3.1 gives the decomposition of the solution to D^k w(x) = 0 as in reference [2].

Remark 2. When a(x) ≡ λ ∈ C, if c_1(x_0) ≡ 0, the equation (D − a(x))^k w(x) = 0 reduces to the case (D − λ)^k w(x) = 0 . If w ∈ C^k (Ω , C_n ) is a solution to the equation D^k w(x) = 0 , expression (8) in Corollary 3.1 gives the decomposition for the solution to D^k w(x) = 0 as in [10]. Further, when a(x) ≡ 0, decomposition (8) in Corollary 3.1 corresponds exactly to that in [2].

Remark 3. When a(x) ≡ λ ∈ C, if c_1(x_0) ≡ c_1 and c_2(x_0) ≡ c_2 with c_i ∈ C(i = 1,2), the equation (D − λ)^k w(x) = 0 reduces to the case (∂− ~λ)^k w(x) = 0( ~λ ∈ C). Then the decomposition (1) in Theorem 3.1 corresponds exactly to the one in [16, 9, 13].

In what follows, we introduce the polynomials

p(λ) = � λ − a_1 (x) � λ − a_2 (x) � . . . � λ − a_k (x) � , where functions a_j ∈ C^k (Ω , C^{n +1} ) are chosen such that Dγ_i(x) = a_i(x) with γ_i ∈ C^{k +1} (Ω , C) for arbitrary i = 1 ,2,3, . . . , k and a_i(x) ≠ a_j (x), x ∈ Ω ( i, j = 1,2, . . . , k, i ≠ j, k ∈ N). Then the associated polynomially generalized Vekua–type operator p(D) and the polynomially generalized Bers–Vekua operator p(D) are defined as

p(D) = � D − a_1 (x) � D − a_2 (x) � . . . � D − a_k (x) � , p(D) = � D − a_1 (x) � D − a_2 (x) � . . . � D − a_k (x) � ,

A CLASS OF POLYNOMIALLY GENERALIZED BERS-VEKUA EQUATIONS 377

where a_j stands for a_j I (j = 1 ,2,3, . . . , k). It is obvious that the operators D− a_j (x) and D− a_j (x) (j = 1 ,2,3, . . . , k) are commutative. In the sequel we use the notations

ker p(D) = � ϕ : Ω ⊂ R^{n +1} → C_n � �p(D)ϕ = 0 � ,

ker p(D) = � ϕ : Ω ⊂ R^{n +1} → C_n � �p(D)ϕ = 0 � .

Theorem 3.2. If w ∈ C^k (Ω , C_n ) is a solution to the equation p(D)w(x) = (D − a_1(x))(D − a_2(x)) . . .(D − a_k (x))w(x) = 0 where a_i ∈ C^k (Ω , C^{n +1} ) is the chosen function such that Dγ_i(x) = a_i(x) with γ_i ∈ C^{k +1} (Ω , C) for arbitrary i = 1 ,2,3, . . . , k and a_i(x) ≠ a_j (x) for arbitrary x ∈ Ω ( i, j = 1 ,2, . . . , k, i ≠ j, k ∈ N), then there exist unique functions w_j ∈ C^1(Ω , C_n ) satisfying (D − a_j (x))w_j (x) = 0 ( j = 1 , 2, . . . , k) such that

(10) w(x) = w_1 (x) + w_2 (x) + · · ·+ w_k (x) ,

where w_j (x) =^k � i ≠ j

D− a_i (x ) a_j (x )− a_i (x ) w(x)(j = 1 , 2, . . . , k). That is,

ker p(D) = ker � D − a_1 (x) � ⊕ ker � D − a_2 (x) � ⊕ · · · ⊕ker � D − a_k (x) � = e^{γ 1 (x )} ker D ⊕ e^{γ 2 (x )} ker D ⊕ · · · ⊕ e^{γ k (x )} ker D .

(11)

Proof. By Lagrange’s interpolation formula, under the condition a_i(x) ≠ a_j (x) for arbitrary x ∈ Ω (i, j = 1 , 2, . . . , k, i ≠ j ), we have

(12) w(x) = k� j =1 k� i ≠ j

D − a_i (x) a_j (x) − a_i (x) w(x) ≜ w_1 (x) + w_2 (x) + . . . w_k (x) ,

where w_j (x) =^k � i ≠ j

D− a_i (x ) a_j (x )− a_i (x ) w(x) (j = 1 ,2, . . . , k). Moreover, if w ∈ ker p(D),

then_k � i ≠ j

D − a_i (x) a_j − a_i (x) w ∈ ker( D − a_j ) (j = 1 , 2, . . . , k) .

Next we prove the uniqueness. When the degree k in the variable λ of the polynomial p(λ) is equal to 1, it is trivial. When the degree k in the variable λ of the polynomial p(λ) is equal to 2, and if there exist functions ~w_j ∈ ker(D − a_j (x))(j = 1 ,2) such that 0 = ~w_1(x) + ~w_2(x), then ~w_2 ∈ ker( D − a_1 (x)). In expression (12), for the function ~w_2 (x) we get

~w_2 (x) =

D − a_1 (x) a_2 − a_1 (x)

~w_2 (x) +

D − a_2 (x) a_1 (x) − a_2 (x)

~w_2 (x) ≡ 0 , ~w_1 (x) ≡ 0 .

Then the decomposition

w(x) = w_1 (x) + w_2 (x) , w_j (x) ∈ ker � D − a_j (x) � (j = 1 , 2)

is unique.

Suppose that the result holds for the degree of the polynomial p(λ) in the variable λ, up to k − 1(k � 2). For degree k, if there exist functions w_j ∈ ker(D − λ_j )

378 MIN KU, U. KÄHLER AND P. CEREJEIRAS

(j = 1 ,2, . . . , k) such that 0 = w_1(x) + w_2(x) + · · ·+ w_k (x) ≜ w_1(x) + ~W_1(x), then it is clear that ~W_1 ∈ ker m(D) with m(λ) =^{p(λ )}_{λ − a 1 (x )} . For the function w_1(x), by (12), we have

w_1 (x) = k� j =1 k� i ≠ j

D − a_i (x) a_j (x) − a_i (x) w_1 (x) ≡ 0 , ~W_1 (x) ≡ 0 .

Hence the decomposition

w(x) = w_1 (x) + ~W (x) , w_1 ∈ ker � D − a_1 (x) � , ~W ∈ ker m(D)

is unique. Using the induction hypothesis, the result follows. □

Corollary 3.2. When c_1(x_0) ≡ 0, if the function w ∈ C^k (Ω , C_n ) is a solution to the equation p(D)w(x) = ( D − a_1(x))(D − a_2(x)) . . .(D − a_k (x))w(x) = 0 where a_i ∈ C^k (Ω , C^{n +1} ) is the chosen function satisfying Dγ_i(x) = a_i(x) with γ_i ∈ C^{k +1} (Ω , C) for i = 1 ,2,3, . . . , k and a_i(x) ≠ a_j (x) for arbitrary x ∈ Ω (i, j = 1 ,2, . . . , k, i ≠ j, k ∈ N), then there exist unique functions w_j ∈ C^1(Ω , C_n ) satisfying (D − a_j (x))w_j (x) = 0 ( j = 1 , 2, . . . , k) such that

(13) w(x) = w_1 (x) + w_2 (x) + · · ·+ w_k (x) ,

where w_j (x) =^k � i ≠ j

D− a_i (x ) a_j (x )− a_i (x ) w(x) (j = 1 , 2, . . . , k). That is,

ker p(D) = ker � D − a_1 (x) � ⊕ ker � D − a_2 (x) � ⊕ · · · ⊕ker � D − a_k (x) � = e^{γ 1 (x )} ker D ⊕ e^{γ 2 (x )} ker D ⊕ · · · ⊕e^{γ k (x )} ker D

(14)

Theorem 3.3. If the function w ∈ C^k (Ω , C_n ) is a solution to the equation p(D)w(x) = ( D − a_1(x))^{n 1} (D − a_2(x))^{n 2} . . .(D − a_r (x))^{n r} w(x) = 0 where a_i ∈ C^k (Ω , C^{n +1} ) is the chosen function such that Dγ_i(x) = a_i(x) with γ_i ∈ C^{k +1} (Ω , C) for i = 1 ,2,3, . . . , r and a_i(x) ≠ a_j (x) for arbitrary x ∈ Ω ( i, j = 1 ,2, . . . , r, i ≠ j, n_1 + n_2 + · · ·+ n_r = k, n_r , r, k ∈ N), then there exist unique functions w_{n j} ∈ C^{n j} (Ω , C_n ) satisfying (D − a_j (x))^{n j} w_{n j} (x) = 0 ( j = 1 , 2, . . . , r ) such that

(15) w(x) = w_{n 1} (x) + w_{n 2} (x) + · · ·+ w_{n r} (x) ,

where

w_{n j} (x) =

n_j�

i =1 1 (n_j − i)!

� dn_j − i

dλ^{n j − i}

(λ − a_j (x))^{n j} l(λ) � � �_{λ = a j (x )} lj (D)w(x) ,

l(λ) =^r � j =1

(λ − a_j (x))^{n j} and l_j (λ) =^{l(λ )}_{(λ − a j (x ))} n_j . That is,

(16) ker p(D) = ker � D − a_1 (x)

�_{n 1}

⊕ ker � D − a_2 (x)

�_{n 2}

⊕ · · · ⊕ker � D − a_k (x)

�_{n r}

Moreover,

(17) w(x) = r� j =1 n_j − 1 � i =0

x^i_0 e^{γ j (x )} w_{i,j} (x) ,

A CLASS OF POLYNOMIALLY GENERALIZED BERS-VEKUA EQUATIONS 379

where the functions w_{i,j} (x) satisfying Dw_{i,j} (x) = 0 ( j = 1 ,2, . . . , r; i = 0 ,1, . . . , n_j − 1) are given similarly to (2). That is,

(18) ker p(D) = e^{γ 1 (x )} ker D^{n 1} ⊕ e^{γ 2 (x )} ker D^{n 2} ⊕ · · · ⊕e^{γ r (x )} ker D^{n r}

Proof. Similarly to Lemma 4 in [13] or [1], we have

(19) w(x) = r� j =1 n_j�

i =1 1 (n_j − i)!

� dn_j − i

dλ^{n j − i}

(λ − a_j (x))^{n j} l(λ) � � �_{λ = a j (x )} lj (D)w(x) .

Moreover, if w(x) ∈ ker(D− a_1(x)

�_{n 1}

(D− a_2(x))^{n 2} . . .(D− a_r (x))^{n r} , then l_j (D)w(x) ∈ ker(D− a_j (x))^{n j} (j = 1 ,2, . . . , r). Applying (19) and by induction on j = 1 ,2, . . . , r, the proof is completed. □

Corollary 3.3. When c_1(x_0) ≡ 0, if function w ∈ C^k (Ω , C_n ) is a solution to the equation p(D)w(x) = ( D − a_1(x))^{n 1} (D − a_2(x))^{n 2} . . .(D − a_r (x))^{n r} w(x) = 0 where a_i ∈ C^k (Ω , C^{n +1} ) is the chosen function satisfying Dγ_i(x) = a_i(x) with γ_i ∈ C^{k +1} (Ω , C) for i = 1 ,2,3, . . . , r and a_i(x) ≠ a_j (x) for arbitrary x ∈ Ω (i, j = 1 ,2, . . . , r, i ≠ j, n_1 + n_2 + · · ·+ n_r = k, n_r , r, k ∈ N), then there exist unique functions w_j ∈ C^{n j} (Ω , C_n ) satisfying (D − a_j (x))^{n j} w_{n j} (x) = 0 ( j = 1 ,2, . . . , r) such that

(20) w(x) = w_{n 1} (x) + w_{n 2} (x) + · · ·+ w_{n r} (x) ,

where

w_{n j} (x) =

n_j�

i =1 1 (n_j − i)!

� dn_j − i

dλ^{n j − i}

(λ − a_j (x))^{n j}

l(λ) � � �_{λ = a j (x )} lj (D)w(x) ,

l(λ) =^r � j =1

(λ − a_j (x))^{n j} and l_j (λ) =^{l(λ )}_{(λ − a j (x ))} n_j . That is,

(21) ker p(D) = ker � D − a_1 (x)

�_{n 1}

⊕ ker � D − a_2 (x)

�_{n 2}

⊕ · · · ⊕ker � D − a_r (x)

�_{n r}

Moreover,

(22) w(x) = r� j =1 n_j − 1 � i =0

x^i_0 e^{γ j (x )} w_{i,j} (x) ,

where the functions w_{i,j} (x) satisfying Dw_{i,j} (x) = 0 ( j = 1 ,2, . . . , r, i = 0 ,1, . . . , n_j − 1) are given similarly to (2). That is,

(23) ker p(D) = e^{γ 1 (x )} ker D^{n 1} ⊕ e^{γ 2 (x )} ker D^{n 2} ⊕ · · · ⊕e^{γ r (x )} ker D^{n r} ,

Remark 4. Theorem 3.2 and Theorem 3.3 give the Fischer–type decomposition theorems for null solutions to a class of polynomially generalized Vekua–type operators with variable cofficients. As special cases, Corollary 3.2 and Corollary 3.3 correspond to the Fischer–type decomposition theorems for null solutions to a class of polynomially generalized Bers–Vekua operators with variable cofficients, which imply the corresponding results for null solutions to the iterated Bers–Vekua operator in [ 10] and to the polynomially generalized Cauchy–Riemann operator in [16, 9, 13].

380 MIN KU, U. KÄHLER AND P. CEREJEIRAS

4. Solutions to polynomial generalized Bers–Vekua equation p(D)w = 0

In this section, under the assumption of the existence of a Bauer–type differential operator for the solutions to the generalized Bers–Vekua equation Dw(x) = 0 , we will obtain the solutions to the polynomially generalized Bers–Vekua equation (i.e., p(D)w = 0) with variable coefficients in the domain Ω of R^{n +1} .

Lemma 4.1 ([1, 2]). Under the assumption of the existence of a Bauer–type differential operator for the solutions of generalized Bers–Vekua equation Dw(x) = 0 , the solutions to the generalized Bers–Vekua equation Dw(x) = 0 are given by

(24) w(x) = l� i =0

f_i (x_0 )(u(x)∂^i ) +

l− 1�

i =0

g_i (x_0 )b(∂^iu(x)) ( l ∈ N) ,

where ∂u(x) = 0 and f_i(x_0) (i = 0 ,1,2, . . . , l), g_i(x_0) (i = 0 ,1,2, . . . , l − 1) are complex–valued functions of the variable x_0 .

Remark 5. In Lemma 4.1, under the condition of the existence of the a Bauer–type differential operator, the coefficients of f_i(x_0) (i = 0 ,1,2, . . . , l) and g_i(x_0) (i = 0,1,2, . . . , l − 1) of (24) can be explicitly given (see [ 2]) similarly to those of (11) in [1]. If it exists, the Bauer–type differential operator is defined similarly to (7) and (8) of Section 3 in [1], which is implied in [ 2, 10], when considering the generalized Bers–Vekua equation. A sufficient condition for the existence of a Bauer–type differential operator was provided in [ 2]; however, designing other sufficient conditions for the existence of a Bauer–type differential operator is still work in progress.

In the sequel we make use of the operator δ given by

δu(x) ≜ u(x)∂− ∂u(x), δ^k u(x) ≜ δ(δ^{k − 1} u(x)) , δ^0 u(x) = u(x) .

Lemma 4.2. Under the assumption of the existence of a Bauer–type differential operator for the solutions to the generalized Bers–Vekua equation Dw(x) = 0 , if u(x) is a solution to the equation (∂− a(x))^k w(x) = 0 where a ∈ C^k (Ω , C^{n +1} ) is the chosen function satisfying Dγ(x) = a(x) with γ ∈ C^{k +1} (Ω , C), then for arbitrary i ∈ N,

(25) δ^i u(x) =

k − 1�

j =0

x^j_0 e^{γ (x )} (u_j (x)∂^i ) ,

where u_j (x) (j = 0 ,1,2, . . . , k − 1) is a solution to the equation ∂u(x) = 0 satisfying

u(x) =^{k − 1} � j =0

x^j_0 e^{γ (x )} u_j (x).

Proof. As u(x) is a solution to the equation (∂− a(x))^k w(x) = 0 , by Remark 3, there exist unique functions u_j (x) (j = 0 ,1,2, . . . , k − 1) which are solutions to the

A CLASS OF POLYNOMIALLY GENERALIZED BERS-VEKUA EQUATIONS 381

equation ∂u(x) = 0 , satisfying

u(x) =

k − 1�

j =0

x^j_0 e^{γ (x )} u_j (x) .

When i = 1 , we get

(26) δu(x) =

k − 1�

j =0 � x^j_0 e^{γ (x )} u_j (x) � ∂− ∂ � x^j_0 e^{γ (x )} u_j (x) � = k − 1�

j =0

x^j_0 e^{γ (x )} � u_j (x)∂ � . Letting act the operator δ (i − 1) consecutive times on both sides of (26), the result follows. □

Theorem 4.1. Under the assumption of the existence of a Bauer–type differential operator for the solutions of generalized Bers–Vekua equation Dw(x) = 0 , if w ∈ C^k (Ω , C_n ) is a solution to the equation (D − a(x))^k w(x) = 0 where a ∈ C^k (Ω , C^{n +1} ) is the chosen function such that Dγ(x) = a(x) with γ ∈ C^{k +1} (Ω , C), then the solution w(x) is expressed by

(27) w(x) = l� i =0

f_i (x_0 ) � δ^i u(x) � + l− 1�

i =0

g_i (x_0 )δ^i u(x) ,

where u(x) is a solution to the equation ∂^k u(x) = 0 , called a polymonogenic function.

Proof. The result follows from Corollary 3.1, Lemma 4.1 and Lemma 4.2. □

Theorem 4.2. Under the assumption of the existence of a Bauer–type differential operator for the solutions of generalized Bers–Vekua equation Dw(x) = 0 , if w ∈ C^k (Ω , C_n ) is a solution to the equation (D− a_1(x))(D− a_2(x)) . . .(D− a_k (x))w(x) = 0 where a_i ∈ C^k (Ω , C^{n +1} ) is the chosen function satisfying Dγ_i(x) = a_i(x) with γ_i ∈ C^{k +1} (Ω , C) for i = 1 ,2,3, . . . , k and a_i(x) ≠ a_j (x) for arbitrary x ∈ Ω (i, j = 1 , 2, . . . , k, i ≠ j , k ∈ N), then the solution w(x) is expressed by

(28) w(x) = k� j =1 l� i =0

f_i (x_0 )e^{γ j (x )} � u_j (x)∂^i � + k� j =1 l− 1�

i =0

g_i (x_0 )e^{γ j (x )} � ∂^i u_j (x) � , where u_j (x) is a solution to the equation ∂u_j (x) = 0 ( j = 1 , 2, . . . , k).

Proof. The result follows from Corollary 3.2 and Lemma 4.1. □

Theorem 4.3. Under the assumption of the existence of a Bauer–type differential operator for the solutions of generalized Bers–Vekua equation Dw(x) = 0 , if w ∈ C^k (Ω , C_n ) is a solution to the equation (D − a_1(x))^{n 1} (D − a_2(x))^{n 2} . . .(D − a_r (x))^{n r} w(x) = 0 where a_i ∈ C^k (Ω , C^{n +1} ) is the chosen function satisfying Dγ_i(x) = a_i(x) with γ_i ∈ C^{k +1} (Ω , C) for i = 1 ,2,3, . . . , r and a_i(x) ≠ a_j (x) for arbitrary x ∈ Ω ( i, j = 1 ,2, . . . , r, i ≠ j, n_1 + n_2 + · · ·+ n_r = k, n_r , r, k ∈ N), the solution w(x) is expressed by

(29) w(x) = r� j =1 l� t =0

a_t (x_0 ) � δ^t_{n j} u_j (x) � + r� j =1 l− 1�

t =0

b_t (x_0 )δ^t_{n j} u_j (x) ,

382 MIN KU, U. KÄHLER AND P. CEREJEIRAS

where u_j (x) is a solution to the equation ∂^{n j} u(x) = 0 ( j = 1 , 2, . . . , r ) and

δ^t_{n j} u_j (x) =

n_j − 1 � i =0

x^i_0 e^{γ j (x )} � u_{i,j} (x)∂^t �

where u_{i,j} (x) is a solution to the equation ∂u(x) = 0 ( j = 1 , 2, . . . , r ; i = 0 , 1, 2, . . . , n_j − 1).

Proof. By Corollary 3.3, we get

w(x) = r� j =1 n_j − 1 � i =0

x^i_0 e^{γ j (x )} w_{i,j} (x) ,

where Dw_{i,j} (x) = 0 (j = 1 , 2, . . . , r ; i = 0 , 1, . . . , n_j − 1). By means of Lemma 4.1, we have

(30) w(x) = r� j =1 n_j − 1 � i =0

x^i_0 e^{γ j (x )}

�^l�

t =0

f_t (x_0 ) � u_{i,j} (x)∂^t � + l− 1�

t =0

g_t (x_0 ) � ∂^t u_{i,j} (x) �

where u_{i,j} (x) is a solution to the equation ∂u(x) = 0 (j = 1 ,2, . . . , r, i = 0, 1, 2, . . . , n_j − 1). Similarly to Lemma 4.2,

(31) δ^t_{n j} u_j (x) =

n_j − 1 � i =0

x^i_0 e^{γ j (x )} � u_{i,j} (x)∂^t � , where u_j (x) is a solution to the equation ∂^{n j} u(x) = 0 (j = 1 ,2, . . . , r) and u_{i,j} (x) is a solution to the equation ∂u(x) = 0 (j = 1 , 2, . . . , r , i = 0 , 1, 2, . . . , n_j − 1). Substituting (31) into (30) completes the proof. □

Remark 6. From Theorems 4.1, 4.2, 4.3, it follows that the solutions to the class of polynomially generalized Bers–Vekua operators with variable coefficients, can be given in terms of polymonogenic functions and monogenic functions. As a Corollary, Theorems 2 in [ 2] and 4.2, 4.3 in [10] are derived. Moreover, by Theorems 4.1, 4.2, 4.3 and [5, 16], the solutions to the class of polynomially generalized Bers–Vekua equations with variable coefficients may be obtained in virtue of the integral representation and of the Taylor series, respectively.

5. Solutions to the inhomogeneous equation p(D)w = v

Following the ideas of the previous sections, we will discuss the inhomogeneous polynomially generalized Bers–Vekua equation with variable coefficients (i.e., p(D)w = v) in a domain Ω of R^{n +1} . In particular we will establish the structure of its solutions.

In this section p(D) =^k � j =1

(D − a_j (x)) or p(D) =^r � j =1

(D − a_j (x))^{n j} with a_j

(j = 1 ,2, . . . , k) as in Section 4, and p(D) =^k � j =1

(D − a_j (x)) or p(D) =^r � j =1

(D −

A CLASS OF POLYNOMIALLY GENERALIZED BERS-VEKUA EQUATIONS 383

a_j (x))^{n j} with a_j (j = 1 ,2, . . . , r) as in Section 4, which are appropriately chosen according to the context.

Theorem 5.1. If w ∈ C^k (Ω , C_n ) is a solution to the equation p(D)w(x) = v(x), then each solution w(x) is expressed as (32) w(x) = W_0 (x) + W_1 (x) , where W_1 ∈ ker p(D) and W_0 (x) is a special solution to the equation p(D)w = v.

Proof. w(x) is a solution to the equation p(D)w(x) = v(x) and W_0(x) is a special solution to the equation p(D)w(x) = v(x), then w − W_0 ∈ ker p(D).

Conversely, if W_1 ∈ ker p(D) and W_0(x) is a special solution to p(D)w = v, then the function w(x) = W_0(x) + W_1(x) is a solution to the equation p(D)w = v. The result follows. □

Corollary 5.1. If w ∈ C^k (Ω , C_n ) is a solution to the equation (D − a_1(x))(D − a_2(x)) . . .(D − a_k (x))w(x) = v(x) with a_j (j = 1 ,2, . . . , k) as in Section 4, then each solution w(x) is expressed as follows

(33) w(x) = W_0 (x) + k� j =1

e^{γ j (x )} ker D ,

where W_0 (x) is a special solution to the equation p(D)w = v.

Corollary 5.2. If w ∈ C^k (Ω , C_n ) is a solution to the equation (D − a_1(x))^{n 1} (D − a_2(x))^{n 2} . . .(D − a_r (x))^{n r} w(x) = v(x) with a_j (n_1 + · · ·+ n_r = k, n_j ∈ N, j = 1, 2, . . . , r ) as in Section 4, then each solution w(x) is expressed as

(34) w(x) = W_0 (x) + r� j =1

e^{γ j (x )} ker( D − a_j (x))^{n j} ,

where W_0 (x) is a special solution to the equation p(D)w = v.

Remark 7. Theorem 5.1 and Corollaries 5.1, 5.2 provide the structure of the solutions of the inhomogeneous polynomially generalized Vekua–type equation p(D)w = v with variable coefficients, and the inhomogeneous polynomially generalized Bers–Vekua equation p(D)w = v with variable coefficients, respectively. In general there is no way to obtain the special solution to the equations p(D)w = v and p(D)w = v for an arbitrary C_n –valued function v(x).

Combining Theorems 4.1, 4.2, 4.3 with Corollaries 5.1, 5.2, we obtain

Theorem 5.2. Assume the existence of a Bauer–type differential operator for the solutions of generalized Bers–Vekua equation Dw(x) = 0 , and let W_0(x) be a special solution to p(D)w = v and l ∈ N, f_i(x_0) (i = 0 ,1,2, . . . , l), g_j (x_0) (j = 0 , 1, 2, . . . , l − 1), δ^i (i = 0 , 1, . . . , l) as Section 4. (i) If w ∈ C^k (Ω , C_n ) is a solution to the equation (D − a(x))^k w(x) = 0 , then the solution w(x) is expressed by

(35) w(x) = W_0 (x) + l� i =0

a_i (x_0 ) � δ^i u(x) � + l− 1�

i =0

b_i (x_0 )δ^i u(x) ,

384 MIN KU, U. KÄHLER AND P. CEREJEIRAS

where u(x) is a solution to the equation ∂^k u(x) = 0 . (ii) If w ∈ C^k (Ω , C_n ) is a solution to the equation (D − a_1(x))(D − a_2(x)) . . .(D − a_k (x))w(x) = 0 with a_j (j = 1 ,2, . . . , k) as in Section 4, then the solution w(x) is expressed by

(36) w(x) = W_0 (x) + k� j =1 l� i =0

f_i (x_0 )e^{γ j (x )} � u_j (x)∂^i � + k� j =1 l− 1�

i =0

g_i (x_0 )e^{γ j (x )} � ∂^i u_j (x) � , where u_j (x) is a solution to the equation ∂u(x) = 0 ( j = 1 , 2, . . . , k). (iii) If w ∈ C^k (Ω , C_n ) is a solution to the equation

(D − a_1 (x))^{n 1} (D − a_2 (x))^{n 2} . . . (D − a_r (x))^{n r} w(x) = 0

with a_j (n_1 + · · ·+ n_r = k, n_j ∈ N, j = 1 ,2, . . . , r) as in Section 4, then the solution w(x) is expressed by

(37) w(x) = W_0 (x) + r� j =1 l� t =0

a_t (x_0 ) � δ^t_{n j} u_j (x) � + r� j =1 l− 1�

t =0

b_t (x_0 )δ^t_{n j} u_j (x) ,

where u_j (x) is a solution to the equation ∂^{n j} u(x) = 0 ( i = 1 , 2, . . . , r ) and

δ^t_{n j} u_j (x) =

n_j − 1 � i =0

x^i_0 e^{γ j (x )} � u_{i,j} (x)∂^t � , where u_{i,j} (x) is a solution to the equation ∂u(x) = 0 ( j = 1 ,2, . . . , r; i = 0, 1, 2, . . . , n_j − 1).

Acknowledgement. This research was supported by FEDER funds through COMPETE –Operational Programme Factors of Competitiveness (“Programa Operacional Factores de Competitividade”), by Portuguese funds through the Center for Research and Development in Mathematics and Applications (University of Aveiro) and the Portuguese Foundation for Science and Technology (“FCT–Fundação para a Ciência e a Tecnologia”), within project PEst-C/MAT/UI4106/2011 with COM- PETE number FCOMP-01-0124-FEDER-022690 and by NNSF of China under Grant No. 61170032. The first author is beneficiary of the Postdoctoral Foundation from FCT (Portugal) under Grant No. SFRH/BPD/74581/2010 and from China under Grant No. 201003111.

References

[1] Berglez, P., Representation of pseudoanalytic functions in the space , More progresses in analysis. Proceedings of the 5th international ISAAC congress, Catania, Italy, July 25–30, 2005 (Begehr, H., Nicolosi, F., eds.), 2008, pp. 1119–1126.

[2] Berglez, P., On the solutions of a class of iterated generalized Bers–Vekua equations in Clifford analysis , Math. Methods Appl. Sci. 33 (2010), 454–458.

[3] Bers, L., Theory of Pseudo–analytic Functions , New York University, Institute for Mathematics and Mechanics, III, 187 p., 1953.

A CLASS OF POLYNOMIALLY GENERALIZED BERS-VEKUA EQUATIONS 385

[4] Brackx, F., Delanghe, R., Sommen, F., Clifford analysis , Res. Notes Math., vol. 76, Pitman, London, 1982.

[5] Delanghe, R., Brackx, F., Hypercomplex function theory and Hilbert modules with reproducing kernel , Proc. London Math. Soc. 37 (3) (1978), 545–576.

[6] Delanghe, R., Sommen, F., Souček, V., Clifford algebra and spinor–valued functions , Math.

Appl., vol. 53, Kluwer Acad. Publ., Dordrecht, 1992. [7] Gürlebeck, K., Sprössig, W., Quaternionic Analysis and Elliptic Boundary Value Problems , Birkhäuser, Basel, 1990.

[8] Min, K., Daoshun, W., Half Dirichlet problem for matrix functions on the unit ball in Hermitian Clifford , J. Math. Anal. Appl. 374 (2011), 442–457.

[9] Min, K., Daoshun, W., Solutions to polynomial Dirac equations on unbounded domains in Clifford analysis , Math. Methods Appl. Sci. 34 (2011), 418–427.

[10] Min, K., Daoshun, W., Lin, D., Solutions to polynomial generalized Bers–Vekua equations in Clifford analysis , Complex Anal. Oper. Theory 6 (2) (2012), 407–424.

[11] Min, K., Jinyuan, D., On integral representation of spherical k–regular functions in Clifford analysis , Adv. Appl. Clifford Algebras 19 (1) (2009), 83–100.

[12] Min, K., Khäler, U., Riemann boundary value problems on the half space in Clifford analysis , Math. Methods Appl. Sci. (2012), doi:10.1002/mma.2557.

[13] Min, K., Khäler, U., Daoshun, W., Riemann boundary value problems on the sphere in Clifford analysis , Adv. Appl. Clifford Algebras 22 (2) (2012), 365–390.

[14] Sprössig, W., On generalized Vekua–type problems , Adv. Appl. Clifford Algebras 11 (2001), 77–92.

[15] Vekua, I. N., Generalized analytic functions , Pergamon Press, London, 1962. [16] Yafang, G., Tao, Q., Jinyuan, D., Structure of solutions of polynomial Dirac equations in Clifford analysis , Complex Variables Theory Appl. 49 (1) (2004), 15–21.

Center for Research and Development in Mathematics and Applications, Department of Mathematics, University of Aveiro, P-3810-193 Aveiro, Portugal E-mail : kumin0844@163.com kumin0844@gmail.com ukaehler@ua.pt pceres@ua.pt