ARCHIVUM MATHEMATICUM (BRNO) Tomus 43 (2007), 75 – 86

LIMIT AND INTEGRAL PROPERTIES OF PRINCIPAL

SOLUTIONS FOR HALF-LINEAR DIFFERENTIAL EQUATIONS

Mariella Cecchi, Zuzana Došlá and Mauro Marini

Abstract. Some asymptotic properties of principal solutions of the halflinear differential equation (*) (a(t)Φ(x^′ ))^′ + b(t)Φ(x) = 0 , Φ(u) = |u|^{p−2}u, p > 1, is the p-Laplacian operator, are considered. It is shown that principal solutions of (*) are, roughly speaking, the smallest solutions in a neighborhood of infinity, like in the linear case. Some integral characterizations of principal solutions of (1), which completes previous results, are presented as well.

1. Introduction

Consider the half-linear equation (1) ( a(t)Φ(x^′)

)_′

+ b(t)Φ(x) = 0 ,

where the functions a, b are continuous and positive for t ≥ 0, and Φ(u) = |u|^{p−2}u, p > 1.

When (1) is nonoscillatory, the asymptotic behavior of its solutions has been considered in many papers, see, e.g., [3, 4, 7, 9, 10, 11, 14, 15], the monographs [1, 8, 17] and references therein.

In particular, when (1) is nonoscillatory, the concept of a principal solution has been formulated for (1) in [11, 17], by extending the analogous one stated for the linear equation (2) ( a(t)x^′

)_′

+ b(t)x = 0 ,

2000 Mathematics Subject Classification : 34C10, 34C11.

Key words and phrases : half-linear equation, principal solution, limit characterization, integral characterization.

Supported by the Research Project MSMT 0021622409 of the Ministry of Education of the Czech Republic, and by the grant A1163401 of the Grant Agency of the Academy of Sciences of the Czech Republic.

Received March 30, 2006.

see, e.g., [13, Chapter 11]. More precisely, a nontrivial solution u of (1) is called a principal solution of (1) if for every nontrivial solution x of (1) such that x ≠ λu, λ ∈ R, we have (3) u^′(t) u(t) < x^′(t) x(t) for large t .

As in the linear case, the principal solution u exists and is unique up to a constant factor. Any nontrivial solution x ≠ λu is called nonprincipal solution. Denote

J_a =

∫_∞ 0 dt Φ^∗ ( a(t)

) , J_b =

∫_∞ 0 b(t) dt ,

where Φ^∗ is the inverse of the map Φ, i.e. Φ^∗(u) = |u|^{p∗−2}u, p^∗ = p/(p − 1).

The question concerning limit and integral characterizations of principal solutions, like in the linear case, has been posed in [7] and partially solved in [3] under any of the following assumptions (4) i) J_a = ∞ , p ≥ 2 , ii) J_b = ∞ , 1 < p ≤ 2 ,

iii) J_a + J_b < ∞ .

In this paper we continue such a study, by assuming

(5) J_a + J_b = ∞ .

We will characterize principal solutions of (1) by means of some limit or integral properties, which extend our quoted results in [3].

The paper is organized as follows. In Section 2 some preliminary results, concerning the classification of solutions of (1), are given. In Section 3 principal solutions of (1) are characterized by showing that they are, roughly speaking, the smallest solutions in a neighborhood of infinity, like in the linear case. Some integral characterizations of principal solutions of (1) are presented in Section 4, completing in such a way our previous results in [3]. Some open problems complete the paper.

2. Preliminaries

We start this section by recalling some basic results, which will be useful in the sequel.

It is easy to verify that the quasi-derivative y = x^{[1]} of any solution x of (1), where x^{[1]}(t) = a(t)Φ ( x^′(t) ) , is a solution of the so-called reciprocal equation (6) ( Φ^∗ ( 1 b(t) ) Φ^∗(y^′)

)_′

+ Φ^∗ ( 1 a(t) ) Φ^∗(y) = 0 ,

which is obtained from (1) by interchanging the function a with Φ^∗(1/b) and b with Φ^∗(1/a). Conversely, the quasiderivative y^{[1]}(t) = Φ^∗ (1/b(t)) Φ^∗(y^′(t)) of any solution y of (6) is a solution of (1). Observe that J_a [J_b] for (1) plays the same role as J_b [J_a] for (6) and vice versa.

In view of positiveness of a and b, (1) and (6) have the same character with respect to the oscillation, i.e. (1) is nonoscillatory if and only if (6) is nonoscillatory. When J_a = J_b = ∞, then (1) is oscillatory (see, e.g., [8, Th.1.2.9.]). If either J_a = ∞, J_b < ∞ or J_a < ∞, J_b = ∞, then both oscillation and nonoscillation can occur (see, e.g., [8, §3.1]).

Principal solutions of (1) and (6) are related, as the following result, which can be proved by using the same argument as in [3, Theorem 1], shows.

Proposition 1. Let (1) be nonoscillatory and assume (5). A solution u of (1) is a principal solution if and only if v = u^{[1]} is a principal solution of (6).

When (1) is nonoscillatory, taking into account that (6) is nonoscillatory too, we have that any nontrivial solution x of (1) belongs to one of the following two classes:

M^+ = {x solution of (1) : ∃t_x ≥ 0 : x(t)x^′(t) > 0 for t > t_x}

M^− = {x solution of (1) : ∃t_x ≥ 0 : x(t)x^′(t) < 0 for t > t_x}.

The following holds.

Proposition 2. Let (1) be nonoscillatory and assume (5). Let S be the set of nontrivial solutions of (1). Then

J_a = ∞ ⇐⇒ S ≡ M^+ ; J_b = ∞ ⇐⇒ S ≡ M^− .

Moreover, (1) does not have solutions x such that

(7) lim_{t→∞} x(t) = c_x , lim_{t→∞} x^{[1]}(t) = d_x , 0 < |c_x| < ∞ , 0 < |d_x| < ∞ .

Proof. The first statement follows by using a similar argument as in [3, Lemma 1] (see also [8, Lemmas 4.1.3, 4.1.4]). Now let us prove (7). Assume J_a = ∞ and let x be a solution of (1) satisfying (7). Then x ∈ M^+ and, without loss of generality, suppose x(t) > 0, x^′(t) > 0 for large t. From x^{[1]}(t) = a(t)Φ(x^′(t)) we obtain for large t

(8) x^′(t) ∼ 1 Φ^∗(a(t)) , where the symbol g_1(t) ∼ g_2(t) means that g_1(t)/g_2(t) has a finite nonzero limit, as t → ∞. From (8) we obtain that x is unbounded (as t → ∞), which is a contradiction. The case J_b = ∞ can be treated by using a similar argument.

Notice that if the assumption (5) is not verified, then both statements in Proposition 2 fail, as it follows, for instance, from [12, Theorem 3] and applying this result to the reciprocal equation (6).

In virtue of the positiveness of the functions a, b, and Proposition 2, both classes M^+, M^− can be divided, a-priori, into the following subclasses:

M^+_{ℓ,0} = { x ∈ M^+ : lim_{t→∞} x(t) = c_x, lim_{t→∞} x^{[1]}(t) = 0, 0 < |c_x| < ∞ } , M^+_{∞,0} = { x ∈ M^+ : lim_{t→∞} |x(t)| = ∞, lim_{t→∞} x^{[1]}(t) = 0 } , M^+_{∞,ℓ} = { x ∈ M^+ : lim_{t→∞} |x(t)| = ∞, lim_{t→∞} x^{[1]}(t) = d_x, 0 < |d_x| < ∞ } , M^−_{0,ℓ} = { x ∈ M^− : lim_{t→∞} x(t) = 0, lim_{t→∞} x^{[1]}(t) = d_x, 0 < |d_x| < ∞ } , M^−_{0,∞} = { x ∈ M^− : lim_{t→∞} x(t) = 0, lim_{t→∞} |x^{[1]}(t)| = ∞ } , M^−_{ℓ,∞} = { x ∈ M^− : lim_{t→∞} x(t) = c_x, lim_{t→∞} |x^{[1]}(t)| = ∞, 0 < |c_x| < ∞ } . The existence of solutions in these subclasses depends on the convergence or divergence of the following integrals:

J_1 = lim_{T →∞}

∫_T 0 Φ^∗ ( 1 a(t) ) Φ^∗ (∫ t 0 b(s) ds ) dt ,

J_2 = lim_{T →∞}

∫_T 0 Φ^∗ ( 1 a(t) ) Φ^∗ (∫ T t b(s) ds ) dt , and Y_1 = lim_{T →∞}

∫_T 0 b(t) Φ (∫ T t Φ^∗ ( 1 a(s) ) ds ) dt ,

Y_2 = lim_{T →∞}

∫_T 0 b(t) Φ (∫ t 0 Φ^∗ ( 1 a(s) ) ds ) dt .

Clearly, for the linear equation (2) we have J_1 = Y_1, J_2 = Y_2. Observe that the integral J_1 for (1) plays the same role as Y_2 for (6) and vice versa; analogously J_2 for (1) plays the same role as Y_1 for (6) and vice versa.

The following holds.

Lemma A. Concerning the mutual behavior of J_1, Y_1, the only possible cases are the following:

J_1 = Y_1 = ∞ for 1 < p J_1 = ∞, Y_1 < ∞ for 2 < p J_1 < ∞, Y_1 = ∞ for 1 < p < 2 J_1 < ∞, Y_1 < ∞ for 1 < p.

Analogously for J_2, Y_2, the only possible cases are J_2 = Y_2 = ∞ for 1 < p J_2 = ∞, Y_2 < ∞ for 2 < p J_2 < ∞, Y_2 = ∞ for 1 < p < 2 J_2 < ∞, Y_2 < ∞ for 1 < p.

Moreover, if J_2 + Y_2 = ∞, then J_a = ∞, and, if J_1 + Y_1 = ∞, then J_b = ∞.

Proof. The possible cases for J_i, Y_i (i = 1, 2) follow from [6, Corollary 1 and Examples 1, 2]. The relations between J_i, Y_i and J_a, J_b follow from [2, Lemma 2]. The following holds.

Theorem A. i_1) Assume J_a = ∞. Then

M^+_{ℓ,0} ≠ ∅ ⇐⇒ J_2 < ∞ , M^+_{∞,ℓ} ≠ ∅ ⇐⇒ Y_2 < ∞ .

i_2) Assume J_b = ∞. Then

M^−_{0,ℓ} ≠ ∅ ⇐⇒ Y_1 < ∞ , M^−_{ℓ,∞} ≠ ∅ ⇐⇒ J_1 < ∞ .

Proof. Claim i_1) follows, for instance, from [14, Th.s 4.1 and 4.2 ] (see also [12, Section 4], [16, Th. 4.3], in which a more general equation is considered). Claim i_2) follows by applying i_1) to the reciprocal equation (6).

3. Limit characterization

When (1) is nonoscillatory, in [7] the question, whether principal solutions are smallest solutions in a neighborhood of infinity also in the half-linear case, has been posed. This problem has been solved in [3, Theorem 2] under any of assumptions in (4).

To extend such a result, the following uniqueness result plays an important role.

Theorem B. Let η ≠ 0 be a given constant.

i_1) Assume J_a = ∞, J_2 < ∞. Then there exists a unique solution x of (1) such that x ∈ M^+ and lim_{t→∞} x(t) = η.

i_2) Assume J_b = ∞, Y_1 < ∞. Then there exists a unique solution x of (1) such that x ∈ M^− and lim_{t→∞} x^{[1]}(t) = η.

Proof. Claim i_1) follows from [14, Theorem 4.3] (see also [8, Theorem 4.1.7]). Claim i_2) follows by applying i_1) to the reciprocal equation (6).

The following holds.

Theorem 1. Let u be a solution of (1) and assume either i_1) J_a = ∞, J_2 < ∞ or i_2) J_b = ∞, Y_1 < ∞. Then u is a principal solution if and only if for any nontrivial solution x of (1) such that x ≠ λu, λ ∈ R, we have

(9) lim_{t→∞} u(t) x(t)

= 0 .

Proof. If (9) holds for any nontrivial solution x of (1) such that x ≠ λu, λ ∈ R, then, by using the same argument as in [3, Theorem 2], u is a principal solution of (1).

Conversely, suppose that u is a principal solution and let us show that (9) holds for any nontrivial solution x of (1) such that x ≠ λu, λ ∈ R if either i_1) or i_2) holds.

Assume case i_1). By Theorem A, we have M^+_{ℓ,0} ≠ ∅ and so (1) is nonoscillatory. Without loss of generality, suppose u eventually positive. We claim that u is bounded (as t → ∞). Assume that u is unbounded and consider x ∈ M^+_{ℓ,0} such that x is eventually positive. From (3), the ratio u/x is eventually positive decreasing, which yields a contradiction because lim_{l→∞}[u(t)/x(t)] = ∞. Then u is bounded and so u ∈ M^+_{ℓ,0}. For any nontrivial solution x of (1), such that x ≠ λu, in view of Theorem B, we obtain that x is unbounded and so (9) holds.

Now assume case i_2). Again by Theorem A, we have M^−_{0,ℓ} ≠ ∅ and so (1) is nonoscillatory. Without loss of generality, suppose u and x eventually positive. In view of Proposition 2, we have u^{[1]}(t) < 0, x^{[1]}(t) < 0 for large t. From (3), we obtain for large t

(10) u^{[1]}(t) x^{[1]}(t) > Φ (u(t)

x(t) ) > 0 .

Applying Proposition 1, u^{[1]} is a principal solution of (6). Since for (6) the case i_1) holds, we obtain

lim_{t→∞} u^{[1]}(t) x^{[1]}(t) = 0 and so, from (10), the assertion follows.

From Theorem B, Theorem 1 and Theorem 2 in [3], we obtain the following.

Corollary 1. The set of principal solutions of (1) is either M^+_{ℓ,0} or M^−_{0,ℓ} according to either J_a = ∞, J_2 < ∞, or J_b = ∞, Y_1 < ∞, respectively.

Remark 1. Summarizing Theorem 1 and [3, Theorem 2] (which holds under any of assumptions in (4)), and taking into account Lemma A, we obtain that, if (1) is nonoscillatory, then the limit characterization of principal solutions (9) holds in any case except the following two cases

(11) J_2 = Y_2 = ∞ , 1 < p < 2 ; J_1 = Y_1 = ∞ , p > 2 .

When any of these cases occurs (and (1) is nonoscillatory), we conjecture that the limit characterization (9) continues to hold, as the following example suggests.

Example 1. Consider the Euler type equation (t ≥ 1)

(12) ( Φ(x^′)

)_′ + ( γ t )_p

Φ(x) = 0 ,

where γ = (p − 1)/p, 1 < p < 2. Obviously, J_a = J_2 = ∞ and u(t) = t^γ is a solution of (12). Moreover, any nontrivial solution x ≠ λu, λ ∈ R, satisfies

x(t) ∼ t^γ (log t)^{2/p} ,

and u(t) = t^γ is a principal solution of (12) (see, e.g., [8, Example 4.2.1. iii)]). Obviously, (9) is satisfied.

4. Integral characterizations

It is well-known, see e.g. [13, Ch. XI, Theorem 6.4], that, if the linear equation (2) is nonoscillatory, then principal solutions u of (2) can be equivalently characterized by one of the following conditions (in which x denotes an arbitrary nontrivial solution of (2), linearly independent of u):

lim_{t→∞} u(t) x(t)

= 0;

(π_1)

u^′(t) u(t) < x^′(t) x(t) for large t;

(π_2) ∫_∞ dt a(t)u^2(t)

= ∞.

(π_3)

The characterizations (π_1), (π_2) depend on all the solutions of (2). Even if this is not a serious disadvantage in the linear case, because of the reduction of order formula, the characterization (π_3) seems prefereable, since it is, roughly speaking, self-contained.

In this section we study the possible extensions of the integral characterization (π_3) to the half-linear case.

In [7] principal solutions u of (1) have been characterized by means of the following integral

(13) Q_u :=

∫_∞ u^′(t) u^2(t)u^{[1]}(t) dt. In particular, when b may change its sign, the following holds.

Theorem C [7, Theorem 3.1]. Suppose that (1) is nonoscillatory and let 1 < p ≤ 2. If x is a nonprincipal solution of (1), then Q_x < ∞.

When b(t) > 0, such a result has been partially extended in [3] by the following way.

Theorem D [3, Theorems 3, 4]. Let (1) be nonoscillatory and assume any of conditions i) J_a = ∞ , p ≥ 2 , ii) J_b = ∞ , 1 < p ≤ 2 .

A solution u of (1) is a principal solution if and only if Q_u = ∞.

In addition in [3, Corrigendum] an example is given, illustrating that the characterization (13) cannot be extended to the case J_a = ∞, 1 < p < 2, without any additional assumptions.

Here we extend Theorems C, D by introducing a new integral characterization of principal solutions. Consider the integral

(14) R_u :=

∫_∞ b(t)Φ(u(t)) u(t)(u^{[1]}(t))^2 dt ,

which arises considering Q_y, where y = u^{[1]} is a solution of the reciprocal equation (6). Concerning the characterization of nonprincipal solutions, the following result extends Theorem C.

Theorem 2. Let (1) be nonoscillatory and assume (5). If x is a nonprincipal solution of (1), then Q_x < ∞ and R_x < ∞.

To prove this result, the following lemma is useful.

Lemma 1. Assume that (1) is nonoscillatory and (5) holds. If x is a nonprincipal solution of (1), then

lim sup_{t→∞} x(t)x^{[1]}(t) = ∞ or lim inf_{t→∞} x(t)x^{[1]}(t) = −∞ ,

according to J_a = ∞ or J_b = ∞, respectively.

Proof. Let J_a = ∞. Assume that there exists a constant h > 0 such that for large t x(t)x^{[1]}(t) < h .

Because x is a nonprincipal solution, in view of Theorem A and Corollary 1, x is unbounded. Then

Q_x =

∫_∞ x^′(t) x^2(t)x^{[1]}(t) dt ≥ 1 h ∫_∞ x^′(t) x(t) dt = ∞ ,

which contradicts Theorem C or Theorem D, according to 1 < p ≤ 2 or p ≥ 2, respectively.

Now let J_b = ∞. Consider the reciprocal equation (6): applying the first part of the proof and using Proposition 1, we obtain lim sup_{t→∞} y(t)y^{[1]}(t) = ∞ for any nonprincipal solution y of (6). Because y(t)y^{[1]}(t) = −x(t)x^{[1]}(t), the assertion follows.

Proof of Theorem 2. Taking into account Lemma 1 and using the identity ∫_t T x^′(s) x^2(s)x^{[1]}(s) ds = 1 x(T )x^{[1]}(T ) − 1 x(t)x^{[1]}(t) + ∫_t T b(s)Φ(x(s)) x(s)(x^{[1]}(s))^2 ds ,

we obtain

Q_x = 1 x(T )x^{[1]}(T )

+ R_x

and so both integrals Q_x, R_x have the same behavior. Thus, if 1 < p ≤ 2, the assertion follows from Theorem C and if p > 2, the assertion follows applying again Theorem C to the reciprocal equation (6).

Concerning principal solutions, the following holds.

Theorem 3. Let (1) be nonoscillatory and let u be a principal solution of (1).

i_1) Assume J_a = ∞. In addition, when J_2 = ∞, suppose p ≥ 2. Then R_u = ∞. i_2) Assume J_b = ∞. In addition, when Y_1 = ∞, suppose 1 < p ≤ 2. Then Q_u = ∞.

Proof. Claim i_1). Since (1) is nonoscillatory, we have J_b < ∞ (see, e.g., [8, Theorem 1.2.9]). By Proposition 2 we have S ≡ M^+. Without loss of generality, assume u(t) > 0, u^{[1]}(t) > 0 for t ≥ T ≥ 0. We have

∫_t T u^′(s) u^2(s)u^{[1]}(s) ds = 1 u(T )u^{[1]}(T ) − 1 u(t)u^{[1]}(t) + ∫_t T b(s)Φ(u(s)) u(s)(u^{[1]}(s))^2 ds < 1 u(T )u^{[1]}(T ) + ∫_t T b(s)Φ(u(s)) u(s)(u^{[1]}(s))^2 ds .

Then

(15) Q_u ≤ 1 u(T )u^{[1]}(T )

+ R_u .

When p ≥ 2, from Theorem D we have Q_u = ∞ and so (15) yields R_u = ∞. Now let 1 < p < 2. By assumptions and Lemma A we have J_2 < ∞ and so, in view of Corollary 1, u ∈ M^+_{ℓ,0}. By using the l’Hospital rule, we have

(16) u^{[1]}(t) ∼

∫_∞

b(s)ds .

Thus, taking into account that J_b < ∞ we obtain

R_u ∼

∫_∞ b(t) (u^{[1]}(t))^2 dt =

∫_∞ b(t) (∫_∞ t b(s) ds

)_2 dt = ∞.

Claim i_2). The assertion follows by applying claim i_1) to the reciprocal equation (6) and using Proposition 1.

From Theorems 2, 3 we obtain the following.

Corollary 2. Let (1) be nonoscillatory and assume (5). In addition, when J_2 = ∞, suppose p ≥ 2 and when Y_1 = ∞, suppose 1 < p ≤ 2. A solution u of (1) is a principal solution if and only if Q_u + R_u = ∞.

Notice that, when J_a + J_b < ∞, the integral characterization (13) fails, as, for instance, Example 2 in [3] shows. The same example illustrates that also the integral characterization (14) fails.

We close this section by studying the behavior of integrals Q_u, R_u, where u is a principal solution of (1). The following holds.

Theorem 4. Let u be a principal solution of (1).

i_1) Assume J_a = ∞, J_2 < ∞. Then Q_u = ∞ if and only if

(17)

∫_∞ 0 ( 1 a(t)

)_{1/(p−1)}( ∫ ∞ t b(s) ds

)_{(2−p)/(p−1)} dt = ∞ .

i_2) Assume J_b = ∞, Y_1 < ∞. Then R_u = ∞ if and only if

(18)

∫_∞ b(t) ( ∫ ∞ t ( 1 a(s)

)_{1/(p−1)} ds )_{p−2} dt = ∞ .

Proof. Without loss of generality, assume u(t) > 0 for large t.

Claim i_1). Integrating (1) on (t, ∞) and taking into account that, in view of Corollary 1, u ∈ M^+_{ℓ,0}, (16) holds and so

u^′(t)^{p−2} ∼ ( 1 a(t)

)_{(p−2)/(p−1)}( ∫ ∞ t b(s) ds

)_{(p−2)/(p−1)} . Thus

(19) u^′(t) u^{[1]}(t) = 1 a(t) 1 u^′(t)^{p−2} ∼ ( 1 a(t)

)_{1/(p−1)}( ∫ ∞ t b(s) ds

)_{(2−p)/(p−1)} , from which the assertion follows.

Claim i_2). Integrating the equality

u^′(t) = Φ^∗

( u[1](t)

a(t) )

on (t, ∞) and taking into account that, in view of Corollary 1, u ∈ M^−_{0,ℓ}, we have

u(t) ∼

∫_∞ t Φ^∗ ( 1 a(s) ) ds ,

and therefore b(t)Φ(u(t)) u(t)

∼ b(t) ( ∫ ∞ t ( 1 a(s)

)_{1/(p−1)} ds )_{p−2} , from which the assertion follows.

Remark 2. Using the previous results and integral relations stated in [5, Lemma 1], it is easy to show when the integrals Q_u, R_u have the same behavior for any principal solution u of (1).

We start by considering the case J_a = ∞. If p ≥ 2, from Theorems D and 3 we have Q_u = R_u = ∞. Now consider the case J_2 < ∞, 1 < p < 2 (and J_a = ∞). By applying [5, Lemma 1] with μ = (p − 1)/(2 − p) and λ = p − 1 and taking into account μ > λ, we obtain

Y_2 = ∞ =⇒

∫_∞ ( 1 a(t)

)_{1/(p−1)}( ∫ ∞ t b(s) ds

)_{(2−p)/(p−1)} dt = ∞ .

Thus, if Y_2 = ∞, in virtue of Theorems 3, 4, we have Q_u = R_u = ∞. Observe that when J_a = ∞, J_2 < ∞, Y_2 < ∞, 1 < p < 2, the condition (17) can fail, as the example in [3, Corrigendum] shows. In such a circumstance, again from Theorems 3, 4, we have Q_u < ∞, R_u = ∞ and so the integrals Q_u, R_u have a different behavior.

In the case J_b = ∞ the situation is similar. By applying the above argument to the reciprocal equation (6) we obtain that Q_u = R_u = ∞ when 1 < p ≤ 2. The same conclusion holds if J_1 < ∞, Y_1 = ∞ and 1 < p < 2. Finally, when J_b = ∞, J_1 < ∞, Y_1 < ∞, p > 2, the condition (18) can fail, and it is easy to produce an example in which Q_u = ∞, R_u < ∞.

Remark 3. Analogously to the limit characterization, it remains an open problem to find an integral characterization of principal solutions in both cases (11).

When b may change its sign, the limit and integral characterization of the principal solutions have been partially solved in [4] provided J_a < ∞. These problems remain open in the opposite case J_a = ∞ as well.

References

[1] Agarwal, R. P., Grace, S. R., O’Regan, D., Oscillation Theory for Second Order Linear, Half-linear, Superlinear and Sublinear Dynamic Equations, Kluwer Acad. Publ., Dordrecht, The Netherlands, 2002.

[2] Cecchi, M., Došlá, Z., Marini, M., On nonoscillatory solutions of differential equations with p-Laplacian, Adv. Math. Sci. Appl. 11 1 (2001), 419–436.

[3] Cecchi M., Došlá Z., Marini M., Half-linear equations and characteristic properties of the principal solution, J. Differential Equ. 208, 2005, 494-507; Corrigendum, J. Differential Equations 221 (2006), 272–274.

[4] Cecchi, M., Došlá, Z., Marini, M., Half-linear differential equations with oscillating coefficient, Differential Integral Equations 18 11 (2005), 1243–1256.

[5] Cecchi, M., Došlá, Z., Marini, M., Vrkoč, I., Integral conditions for nonoscillation of second order nonlinear differential equations, Nonlinear Anal. 64 (2006), 1278–1289.

[6] Došlá, Z., Vrkoč, I., On extension of the Fubini theorem and its application to the second order differential equations, Nonlinear Anal. 57 (2004), 531–548.

[7] Došlý, O., Elbert, Á., Integral characterization of the principal solution of half-linear second order differential equations, Studia Sci. Math. Hungar. 36 (2000), 455–469.

[8] Došlý, O., Řehák, P., Half-linear Differential Equations, North-Holland, Mathematics Studies 202, Elsevier, Amsterdam, 2005.

[9] Došlý, O., Řezničková, J., Regular half-linear second order differential equations, Arch.

Math. (Brno) 39 (2003), 233–245.

[10] Elbert, Á., On the half-linear second order differential equations, Acta Math. Hungar. 49 (1987), 487–508.

[11] Elbert, Á., Kusano, T.: Principal solutions of non-oscillatory half-linear differential equations, Adv. Math. Sci. Appl. 8 2 (1998), 745–759.

[12] Fan, X., Li, W. T., Zhong, C., A classification scheme for positive solutions of second order iterative differential equations, Electron. J. Differential Equations 25 (2000), 1–14.

[13] Hartman, P., Ordinary Differential Equations, 2nd ed., Birkhäuser, Boston–Basel– Stuttgart, 1982.

[14] Hoshino, H., Imabayashi, R., Kusano, T., Tanigawa, T., On second-order half-linear oscillations, Adv. Math. Sci. Appl. 8 1 (1998), 199–216.

[15] Jaroš, J., Kusano, T., Tanigawa, T., Nonoscillation theory for second order half-linear differential equations in the framework of regular variation, Results Math. 43 (2003), 129– 149.

[16] Jingfa, W., On second order quasilinear oscillations, Funkcial. Ekvac. 41 (1998), 25–54. [17] Mirzov, J. D., Asymptotic Properties of Solutions of the Systems of Nonlinear Nonautonomous Ordinary Differential Equations, (Russian), Maikop, Adygeja Publ., 1993; the english version: Folia Fac. Sci. Natur. Univ. Masaryk. Brun. Math. 14 2004.

Department of Electronics and Telecommunications University of Florence, Via S. Marta 3 50139 Florence, Italy E-mail : mariella.cecchi@unifi.it

Department of Mathematics, Masaryk University Janáčkovo nám. 2a, 602 00 Brno, Czech Republic E-mail : dosla@math.muni.cz

Department of Electronics and Telecommunication University of Florence, Via S. Marta 3 50139 Florence, Italy E-mail : mauro.marini@unifi.it