ARCHIVUM MATHEMATICUM (BRNO) Tomus 42 (2006), Supplement, 341 – 347

ON SECOND ORDER HAMILTONIAN SYSTEMS

DANA SMETANOVÁ

Abstract. The aim of the paper is to announce some recent results concerning Hamiltonian theory. The case of second order Euler–Lagrange form non-affine in the second derivatives is studied. Its related second order Hamiltonian systems and geometrical correspondence between solutions of Hamilton and Euler–Lagrange equations are found.

1. Introduction

The purpose of this paper is to announce some recent result in Hamiltonian field theory. We work within the framework of Krupka’s theory of Lagrange stuctures on fibered manifolds [1] and Krupková’s Hamiltonian systems (e.g., Lepagean equivalent of Euler–Lagrange form)[3].

In [3] Krupková proposed a concept of a Hamiltonian system, which, contrary to usual approach (c.f. Shadwick [6]), is not related with a single Lagrangian, but rather with an Euler–Lagrange form (i.e., with the class of equivalent Lagrangians, possibly of different orders). Using the concept she formulated a Hamiltonian field theory and studied the corresponding geometric structures [2], [3], [4].

In this paper we are interested in non-affine second order Euler–Lagrange equations which give rise to second order Lepagean equivalents (i.e., Hamiltonian systems). All these Hamiltonian systems have a special stucture of their principal part (i.e., at most 2-contact part). The principal part admits a noninvariant decomposition α̂ = α̂_E + α̂_C , where α̂_E depends on the Euler–Lagrange form, and α̂_C does not depent on the Euler–Lagrange form. The arising Hamilton equations depend not only on the Euler–Lagrange form, but also on some “free” functions, which correspond to the choice of a concrete Hamiltonian system. A very interesting property of Hamiltonian systems is regularity. In the case studied in this paper Hamiltonian systems cannot be regular. We study a weaker correspondence between solutions of Euler–Lagrange and Hamilton equations. The condition for Hamilton extremals satisfying π_{2,1} ∘ δ = J^1γ is found. We note that the condition depends on the choice of a Hamiltonian system (i.e, on some “free” functions).

2000 Mathematics Subject Classification. 35A15, 49N60, 58Z05.

Key words and phrases. Euler–Lagrange equations, Hamiltonian systems, Hamilton extremals, Dedecker–Hamilton extremals, Hamilton equations, Lepagean equivalents.

The paper is in final form and no version of it will be submitted elsewhere.

This consideration is illustrated on an example of “quadratic” Euler–Lagrange equations.

Throughout the paper all manifolds and mappins are smooth and summation convention is used. We consider a fibered manifold (i.e., surjective submersion) π : Y → X, dim X = n, dim Y = n + m, its r-jet prolongation π_r : J^rY → X, r ≥ 1 and canonical jet projections π_{r,k} : J^rY → J^kY , 0 ≤ k ≤ r (with an obvious notation J^0Y = Y ). A fibered chart on Y (resp. associated fibered chart on J^rY ) is denoted by (V, ψ), ψ = (x^i, y^σ) (resp. (V_r , ψ_r), ψ_r = (x^i, y^σ, y^σ_i , . . . , y^σ_{i1 ...ir} )).

A vector field ξ on J^rY is called π_r-vertical if it projects onto the zero vector field on X. A q-form η on J^rY is called π_r-horizontal if i_ξη = 0 for every π_r -vertical vector field ξ on J^rY .

A q-form η on J^rY is called contact if hη = 0. A contact q-form η on J^rY is called 1-contact if for every π_r-vertical vector field ξ on J^rY the (q − 1)-form i_ξη is horizontal. A contact q-form η on J^rY is called i-contact if for every π_r -vertical vector field ξ on J^rY the (q − 1)-form i_ξη is (i − 1)-contact.

Recall that every q-form η on J^rY admits a unique (canonical) decomposition into a sum of q-forms on J^{r+1}Y as follows:

π^∗_{r+1,r}η = hη + q∑ k=1 p_kη ,

where hη is a horizontal form, called the horizontal part of η, and p_kη, 1 ≤ k ≤ q, is a k-contact part of η (see [1]).

We use the following notations:

ω_0 = dx^1 ∧ dx^2 ∧ · · · ∧ dx^n , ω_i = i_{∂/∂x}i ω_0 , ω_{ij} = i_{∂/∂x}j ω_i, . . . and ω^σ = dy^σ − y^σ_j dx^j , . . . , ω^σ_{i1 i2...ik} = dy^σ_{i1 i2 ...ik} − y^σ_{i1 i2 ...ik j} dx^j

For more details on fibered manifolds and the corresponding geometric stuctures we refer e.g. to [5].

In this section we briefly recall basic concepts on Lepagean equivalents of of Euler–Lagrange forms and generalized Hamiltonian field theory, due to Krupková [2], [3], [4].

By an r-th order Lagrangian we shal mean a horizontal n-form λ on J^rY . A closed (n + 1)-form α is called a Lepagean equivalent of an Euler–Lagrange form E = E_σ ω^σ ∧ ω_0 if p_1α = E.

Recall that the Euler–Lagrange form corresponding to an r-th order Lagrangian λ = Lω_0 is the following (n + 1)-form of order ≤ 2r

(1) E =

( ∂L

∂y^σ − r∑ l=1 (−1)^ld_{p1} d_{p2} . . . d_{pl} ∂L ∂y^σ_{p1...pl} ) ω^σ ∧ ω_0 .

The family of Lepagean equivalents of E is also called a Lagrangian system, and denoted by [α]. The corresponding Euler–Lagrange equations now take the form

(2) J^sγ^∗i_J s_ξα = 0 for every π − vertical vector field ξ on Y , where α is any representative of order s of the class [α]. A (single) Lepagean equivalent α of E on J^sY is also called a Hamiltonian system of order s and the equations

(3) δ^∗i_ξα = 0 for every π_s − vertical vector field ξ on J^sY

are called Hamilton equations. They represent equations for integral sections δ (called Hamilton extremals) of the Hamiltonian ideal, generated by the system D^s_α of n-forms i_ξα, where ξ runs over π_s-vertical vector fields on J^sY . Also, considering π_{s+1}-vertical vector fields on J^{s+1}Y , one has the ideal D^{s+1}_{α̂} of nforms i_ξα̂ on J^{s+1}Y , where α̂ (called principal part of α) denotes the at most 2-contact part of α. Its integral sections which moreover annihilate all at least 2-contact forms, are called Dedecker–Hamilton extremals. It holds that if γ is an extremal then its s-prolongation (resp. (s + 1)-prolongation) is a Hamilton (resp. Dedecker–Hamilton) extremal, and (up to a projection) every Dedecker-Hamilton extremal is a Hamilton extremal.

2. Second Order Hamiltonian Systems

We shall consider a second order Euler–Lagrange form which is not affine in the second derivatives, i.e., ∂^2E_ν ∂y^σ_{kl}∂y^κ_{pq}

≠ 0 .

As pointed out in [2] the Euler–Lagrange form affine in the second derivatives has first order Hamiltonian systems. In what follows, we shall study second order Hamiltonian systems corresponding to a Lepagean equivalent of such Euler– Lagrange form. The Hamiltonian systems admits a decomposition

(4) π^∗_{3,2}α = α̂ + μ ,

where α̂ = p_1α + p_2α is the principal part of α, μ is at least 2-contact part of α.

In the following Proposition the stucture of the principal part of α (4) is found.

Proposition 1. Let dim X ≥ 2. Let E = E_σ ω^σ ∧ ω_0 be a second order Euler– Lagrange form (nontrivially) of order 2, and α its Lepagean equivalent of the form (4). Let the form

α̂ = E + F = E_σ ω^σ ∧ ω_0 + A^i_{σν} ω^σ ∧ ω^ν ∧ ω_i + B^{ki}_{σν} ω^σ ∧ ω^ν_k ∧ ω_i (5) + C^{kli}_{σν} ω^σ ∧ ω^ν_{kl} ∧ ω_i + D^{kli}_{σν} ω^σ_k ∧ ω^ν_l ∧ ω_i ,

where

A^i_{σν} = − A^i_{νσ} , C^{kli}_{σν} = C^{lki}_{σν} , D^{kli}_{σν} = −D^{lki}_{νσ} , (6) be the principal part of a Lepagean equivalent α (4) of the Euler–Lagrange form E. Then the following conditions are satisfied 1) (_{∂Eσ}

∂y^ν + diA i νσ ) Alt(σν) = 0,

2) Coefficient conditions:

D^{kli}_{σν} =^1_2 C^{kil}_{σν} + d^{kli}_{σν} , where d^{kli}_{σν} are arbitrary functions satisfying d^{kli}_{σν} = −d^{lki}_{σν} ,

A^k_{σν} =^1_2

(_{∂Eν}

∂y^σ_k − diB ki νσ ) − a^k_{σν} , where a^k_{σν} are arbitrary functions satisfying a^k_{σν} = a^k_{νσ} , B^{kl}_{σν} =^{∂Eσ}_{∂y}ν_{kl} − 2^{∂Eν}_{∂y}σ_{kl} − 2d_i ( C^{kli}_{σν} − C^{lki}_{νσ} + C^{kil}_{σν} − d^{kli}_{σν} ) + b^{kl}_{σν} , where b^{kl}_{σν} are arbitrary functions satisfying b^{kl}_{σν} = −b^{lk}_{σν} and b^{kl}_{σν} = −b^{lk}_{νσ} , 3) Projectability conditions: C^{kli}_{σν} , D^{kli}_{σν} do not depend on y^σ_{kl}, ( C^{kli}_{σν} ) Sym(kli) = 0,

where Alt(σν) means alternation in the indicated idices and Sym(kli) means symmetrization in the indicated indices

Proof. Proof of Proposition 1 follows from the explicit computation of dα = 0. □

Note that the above Proposition means that the functions C^{kli}_{σν} , D^{kli}_{σν} do not depend on coefficients of the Euler–Lagrange form and α̂ admits a noninvariant decomposition

α̂ = α̂_E + α̂_C , (7) where

α̂_E = E_σ ω^σ ∧ ω_0 + (1 2 ∂E_ν ∂y^σ_i − 1 2 d_l

∂E_σ ∂y^ν_{il}

− d_l

∂E_ν ∂y^σ_{il} ) ω^σ ∧ ω^ν ∧ ω_i (8) + ( ∂E_σ

∂y^ν_{ki} − ∂E_ν ∂y^σ_{ki} ) ω^σ ∧ ω^ν_k ∧ ω_i

depends on derivatives of coefficients of the Euler–Lagrange form and

α̂_C = ( − a^i_{σν} + d_ld_p(C^{kip}_{νσ} + C^{kip}_{σν} − C^{kpi}_{σν} + d^{kip}_{σν} ) ) ω^σ ∧ ω^ν ∧ ω_i (9) + ( b^{kl}_{σν} + d_p (C^{kip}_{νσ} + C^{kip}_{σν} − C^{kpi}_{σν} + d^{kip}_{σν} ) ) ω^σ ∧ ω^ν_k ∧ ω_i

+ C^{kli}_{σν} ω^σ ∧ ω^ν_{kl} ∧ ω_i + (1 2 C^{kil}_{σν} + d^{kli}_{σν} ) ω^σ_k ∧ ω^ν_l ∧ ω_i ,

does not depend on the Euler–Lagrange form.

A very interesting property of Hamiltonian systems is regularity. A Hamiltonian system of order s is called regular if the ideal D^{s+1}_{α̂} contains all the n-forms

ω^σ ∧ ω_i , ω^σ_{(j1} ∧ ω_{i)}, . . . , ω^σ_{(j1 ...jr0 −1} ∧ ω_{i)} ,

where (. . . ) means symmetrization in the indicated indices and r_0 is the minimal order of Lagrangians corresponding to Euler–Lagrange form, [4]. Regularity can be rewritten as the corespondence π_{s,r0} ∘ δ_D = J^{r0} γ, s ≥ r_0 between Dedecker– Hamilton extremals δ_D and extremals γ.

We study the case s = 2 and r_0 = 2. Unfortunately, these Hamiltonian systems cannot be regular. In this case regularity is a very strong condition. One can, indeed, study regularity of Hamiltonian systems for such second order Euler– Lagrange forms, however, regular Hamiltonian systems have to be considered to be of order ≥ 3. In the following proposition a correspondence between solutions of

Euler–Lagrangange equations (2) (extremals of λ) and solutions of Hamilton equations (3) (Dedecker–Hamilton and Hamilton extremals) is found which is weaker than regularity.

Proposition 2. Let dim X ≥ 2. Let E = E_σ ω^σ ∧ ω_0 the Euler–Lagrange form (nontrivially) of order 2, and α of the form (4), (5), (6) be its Lepagean equivalent.

Assume that the matrix C^{kli}_{σν} with mn^2 rows (resp. mn columns) labelled by νkl (resp. σi) has rank mn.

Then every Hamilton–Dedecker extremal δ_D : V ⊃ π(U) → J^2Y of the Hamiltonian system α is of the form π_{2,1} ∘ δ_D = J^1γ, where γ is an extremal of λ.

If moreover μ = 0 in (4) then every Hamilton extremal δ : V ⊃ π(U) → J^2Y of the Hamiltonian system α is of the form π_{2,1} ∘ δ = J^1γ, where γ is an extremal of λ.

Proof. Expressing the generators of the ideal D^{s+1}_{α̂} we get i ∂_{∂yσ} α̂ = E_σ ω_0 + A^i_{σν} ω^ν ∧ ω_i + B^{ki}_{σν} ω^ν_k ∧ ω_i + C^{kli}_{σν} ω^ν_{kl} ∧ ω_i ,

i ∂_{∂yσk} α̂ = B^{ki}_{νσ} ω^ν ∧ ω_i + D^{kli}_{σν} ω^ν_k ∧ ω_i ,

i ∂_{∂yσkl} α̂ = −C^{kli}_{σν} ω^σ ∧ ω_i .

Since the rank of the matrix C^{kli}_{σν} is equal to mn then the ω^σ ∧ ω_i are generators of the ideal D^{s+1}_{α̂} . We obtain^{∂yσ}_{∂xi} ∘ δ_D = y^σ_i ∘ δ_D , i.e.

π_{2,1} ∘ δ_D = J^1γ ,

(10) where γ is a section of π. Substituting this into (3) we get δ^∗_Di ∂_{∂yσ} α̂ = E_σ ∘ J^2γ = 0 ,

showing that γ is an extremal of λ.

If moreover μ = 0, then π^∗_{3,2}α = α̂, we can easily see that π_{2,1} ∘ δ = J^1γ, where γ is an extremal of λ. This completes the proof. □

Note that in general the condition in Proposition 2 does not depend on the Euler–Lagrange form. In the following we shall study the case than the correspondence between extremals and Hamilton extremals depends on the Euler–Lagrange form.

An interesting case.

If the functions C^{kli}_{σν} and D^{kli}_{σν} in the principal part (5) vanish then the conditions in Propositon 1 take the form

(∂E_σ ∂y^ν

+ d_iA^i_{νσ} ) Alt(σν)

= 0 ,

A^i_{σν} = 1 2 (∂E_ν ∂y^σ_i

− d_l

(∂E_σ ∂y^ν_{il} − 2 ∂E_ν ∂y^σ_{il}

+ b^{il}_{σν} )) − a^i_{σν} ,

B^{kl}_{σν} =

∂E_σ ∂y^ν_{kl} − 2 ∂E_ν ∂y^σ_{kl}

+ b^{kl}_{σν} ,

In this case the rank condition in Proposition 2 is not satisfied. In the next Proposition a new condition is found which depends on the Euler–Lagrange form and guarantees the correspondence (10) between extremals and Hamilton extremals.

Proposition 3. Let dim X ≥ 2. Let E = E_σ ω^σ ∧ ω_0 the Euler–Lagrange form (nontrivially) of order 2, and α of the form (4), (5), (6) and with C^{kli}_{σν} , D^{kli}_{σν} vanishing, be its Lepagean equivalent.

Assume that the matrix

B^{kl}_{σν} =

∂E_σ ∂y^ν_{kl} − 2 ∂E_ν ∂y^σ_{kl}

+ b^{kl}_{σν}

(11)

with mn rows (resp. mn columns) labelled by νk (resp. σl) is regular.

Then every Hamilton–Dedecker extremal δ_D : V ⊃ π(U) → J^2Y of the Hamiltonian system α is of the form π_{2,1} ∘ δ_D = J^1γ, where γ is an extremal of λ.

If moreover μ = 0 in (4) then every Hamilton extremal δ : V ⊃ π(U) → J^2Y of the Hamiltonian system α is of the form π_{2,1} ∘ δ = J^1γ, where γ is an extremal of λ.

Proof. Expressing the generators of the ideal D^{s+1}_{α̂} we get

i ∂_{∂yσ} α̂ = E_σ ω_0 + A^i_{σν} ω^ν ∧ ω_i + B^{ki}_{σν} ω^ν_k ∧ ω_i ,

i ∂_{∂yσk} α̂ = B^{ki}_{νσ} ω^ν ∧ ω_i ,

i ∂_{∂yσkl} α̂ = 0 .

Since the rank of the matrix B^{kl}_{σν} is equal to mn then the ω^σ ∧ ω_i are generators of the ideal D^{s+1}_{α̂} . We obtain^{∂yσ}_{∂xi} ∘ δ_D = y^σ_i ∘ δ_D , i.e. π_{2,1} ∘ δ_D = J^1γ, where γ is a section of π. Substituting this into (3) we get

δ^∗_D i ∂_{∂yσ} α̂ = E_σ ∘ J^2γ = 0 ,

showing that γ is an extremal of λ.

If moreover μ = 0, then π^∗_{3,2}α = α̂, we can easily see that π_{2,1} ∘ δ = J^1γ, where γ is an extremal of λ. This completes the proof. □

The above results can be directly applied to a class of “quadratic” Euler– Lagrange equations. Let us consider the following example as an illustration of the above properties of the second order Hamiltonian systems. Example. Let us consider an Euler–Lagrange form E = E_σ ω^σ ∧ ω_0 with the coeficients of the form

E_σ = P_σ + Q^{kl}_{σν} y^ν_{kl} + R^{klpq}_{σνκ} y^ν_{kl} y^κ_{pq}

where P_σ = P_σ (x^r , y^β, y^β_r ), Q^{rs}_{σν} = Q^{kl}_{σν} (x^r , y^β, y^β_r ) and R^{klpq}_{σνκ} = R^{klpq}_{σνκ} (x^r , y^β, y^β_r ) and Q^{kl}_{σν} = Q^{lk}_{σν} , Q^{kl}_{σν} = Q^{kl}_{νσ} , R^{klpq}_{σνκ} = R^{pqkl}_{σκν} , R^{klpq}_{σνκ} = R^{klpq}_{νσκ} .

In view of the above considerations we take the principal part (5), (6) in the following form: C^{kli}_{σν} = D^{kli}_{σν} = 0 and α̂ = ( P_σ + Q^{kl}_{σν} y^ν_{kl} + R^{klpq}_{σνκ} y^ν_{kl} y^κ_{pq} ) ω^σ ∧ ω_0 − ( a^i_{σν} + 3 2 d_l(Q^{il}_{σν} + 2R^{ilpq}_{σνκ} y^κ_{pq} ) ) ω^σ ∧ ω^ν ∧ ω_i + ( b^{ki}_{σν} − Q^{ki}_{σν} − 2R^{kipq}_{σνκ} y^κ_{pq} ) ω^σ ∧ ω^ν_k ∧ ω_i ,

where a^i_{σν} , b^{kl}_{σν} are arbitrary functions satisfying a^i_{σν} = a^i_{νσ} , b^{kl}_{σν} = −b^{lk}_{σν} and b^{kl}_{σν} = −b^{lk}_{νσ} .

We can easily see that the forms in the noninvariant decomposition (7) are α̂_E = ( P_σ + Q^{kl}_{σν} y^ν_{kl} + R^{klpq}_{σνκ} y^ν_{kl} y^κ_{pq} ) ω^σ ∧ ω_0 − (3 2 d_l (Q^{il}_{σν} + 2R^{ilpq}_{σνκ} y^κ_{pq} ) ) ω^σ ∧ ω^ν ∧ ω_i − ( Q^{ki}_{σν} + 2R^{kipq}_{σνκ} y^κ_{pq} ) ω^σ ∧ ω^ν_k ∧ ω_i and α̂_C = − a^i_{σν} ω^σ ∧ ω^ν ∧ ω_i + b^{ki}_{σν} ω^σ ∧ ω^ν_k ∧ ω_i .

The regularity condition for the matrix (11) now takes form det ( B^{kl}_{σν} ) = det ( b^{kl}_{σν} − Q^{kl}_{σν} − 2R^{klpq}_{σνκ} y^κ_{pq} ) ≠ 0 .

Then every Hamilton–Dedecker extremal δ_D : V ⊃ π(U) → J^2Y of the Hamiltonian system α is of the form π_{2,1} ∘ δ_D = J^1γ, where γ is an extremal of λ.

Acknowledgement. Research supported by Grants 201/04/P186 and 201/06/0922 of the Czech Science Foundation and Grant MSM 6198959214 of the Czech Ministry of Educations, Youth and Sports.

References

[1] Krupka, D., Some geometric aspects of variational problems in fibered manifolds, Folia Fac.

Sci. Nat. UJEP Brunensis 14 (1973), 1–65.

[2] Krupková, O., Hamiltonian field theory, J. Geom. Phys. 43 (2002), 93–132. [3] Krupková, O., Hamiltonian field theory revisited: A geometric approach to regularity, in:

Steps in Differential Geometry, Proc. of the Coll. on Differential Geometry, Debrecen 2000 (University of Debrecen, Debrecen, 2001), 187–207.

[4] Krupková, O., Higher-order Hamiltonian field theory, Paper in preparation. [5] Saunders, D. J., The geometry of jets bundles, Cambridge University Press, Cambridge, 1989.

[6] Shadwick, W. F., The Hamiltonian formulation of regular r-th order Lagrangian field theories, Lett. Math. Phys. 6 (1982), 409–416.

Department of Algebra and Geometry, Faculty of Science Palacky University, Tomkova 40 779 00 Olomouc, Czech Republic E-mail : Dana.Smetanova@upol.cz