ARCHIVUM MATHEMATICUM (BRNO) Tomus 42 (2006), 285 – 293

FIBER PRODUCT PRESERVING BUNDLE FUNCTORS ON ALL MORPHISMS OF FIBERED MANIFOLDS

IVAN KOLÁŘ, WŁODZIMIERZ M. MIKULSKI

Abstract. We describe the fiber product preserving bundle functors on the category of all morphisms of fibered manifolds in terms of infinite sequences of Weil algebras and actions of the skeleton of the category of r-jets by algebra homomorphisms. We deduce an explicit formula for the iteration of two such functors. We characterize the functors with values in vector bundles.

Let Mf be the category of all manifolds and all smooth maps, FM be the category of all smooth fibered manifolds and all fibered morphisms and FM_m ⊂ FM be the subcategory of fibered manifolds with m-dimensional bases and fibered morphisms with local diffeomorphisms as base maps. Starting from the seminal result asserting that all product preserving bundle functors on Mf are the Weil functors T^A, see [6] for a survey, we characterized the fiber product preserving bundle functors on FM_m by means of Weil algebras in [7]. The latter result already found interesting geometric applications in the theory of functorial prolongations of projectable tangent valued forms, [1], principal and associated bundles, [5], Lie groupoids, [4], and Lie algebroids, [3].

In the present paper we study the fiber product preserving bundle (in short: f.p.p.b.) functors on the whole category FM. The well known example of such functor is the vertical Weil functor V^A. In Section 1 we recall the identification of the f.p.p.b. functors of base order r on FM_m with the triples (A, H, t), where A is a Weil algebra, H is a group homomorphism of the r-th jet group G^r_m in dimension m into the group Aut A of all algebra isomorphisms of A and t is an equivariant algebra homomorphism from D^r_m = J^r_0 (R^m, R) into A, [7]. Lemma 1 reads that if this functor is a restriction F_m = (A_m, H_m, t_m) of a f.p.p.b. functor F on the category FM, then t_m is a zero homomorphism. We interpret this condition geometrically and we present further examples of f.p.p.b. functors on FM. We deduce that V^A is characterized by the fiber isomorphism property. In Section 2 we clarify that if F has base order r, it can be identified with the sequence

2000 Mathematics Subject Classification: 58A20, 58A32.

Key words and phrases: fiber product preserving bundle functor, Weil algebra, r-jet. The first author was supported by the Ministery of Education of the Czech Republic under the project MSM 0021622409 and the grant of GAČR No. 201/05/0523.

Received December 14, 2005.

A = (A_0, . . . , A_m, . . . ) of Weil algebras and an action H of the skeleton L^r of the category of r-jets on A by algebra homomorphisms. Section 3 is devoted to the natural transformations of two such functors. An example in Section 4 shows that F need not to be of finite base order. We prove that F is locally of finite base order. In this general case, the action of L^r should be replaced by an action of locally finite order of the skeleton L^∞ of the category of jets of infinite order. Section 5 contains an auxiliary construction of vector valued bundle functors on the category Mf, which is similar to Section 2. In Section 6, this construction is used for an explicit description of the f.p.p.b. functors on FM with values in the category of vector bundles. In the last section we deduce an explicit formula for the iteration of two f.p.p.b. functors on FM (the case of FM_m was studied in [2]).

All manifolds and maps are assumed to be infinitely differentiable. Unless otherwise specified, we use the terminology and notations from [6].

1. The first lemma and examples

Every homomorphism of Weil algebras μ : A → B induces a natural transformation μ_M : T^AM → T^BM for every manifold M. By definition, these homomorphisms are unital, so that R ⊂ A is transformed into R ⊂ B by the identity map. The zero algebra homomorphism maps the whole nilpotent part of A into 0 ∈ B. We write M ×N for the product fibered manifold M ×N → M and i : Mf → FM for the “identity” injection iM = (id_M : M → M) and if = (f, f) : iM → iN. We denote by ^x the constant map of a given manifold into the point x.

According to [7], we have a bijection between the f.p.p.b. functors F of the base order r on FM_m and the following triples (A, H, t). The Weil algebra A is F_0(R_m × R). For g = j^r_0 γ ∈ G^r_m, we have

(1) H(g) = F_0(γ × id_R) : A → A .

For j^r_0 φ ∈ D_m, we consider the base preserving morphism (id_Rm , φ) : iR^m → R^m × R, x → � x, φ(x) � and define

(2) t(j^r_0 φ) = F (id_Rm , φ)(0) .

Conversely, given (A, H, t), we construct F as follows. In the product case, F (M × N) is the associated fiber bundle

F (M × N) = P^rM[T^AN, H_N ] ,

where P^rM is the r-th order frame bundle of M and H_N is the action of G^r_m on T^AN by the natural transformations H(g)_N , g ∈ G^r_m. For an arbitrary fibered manifold p : Y → M, F Y ⊂ P^rM[T^AY, H_Y ] is the subset of all equivalence classes {u, Z},

(3) u ∈ P^rM , Z ∈ T^AY satisfying t_M (u) = T^Ap(Z) .

Let F be a f.p.p.b. functor on FM. Write F_m = (A_m, H_m, t_m) for its restriction to FM_m ⊂ FM.

Lemma 1. For every f.p.p.b. functor F on FM, all t_m are zero homomorphisms.

Proof. If we replace F by F_m in (2), the right hand side can be written as � F (id_Rm , φ) ∘ F (i^0_m) � (0_m) = F � ^0_m, ^ φ(0_m) � (0_m) .

Further, consider j^r_{0m} ^φ(0_m) ∈ D^r_m. On one hand, since t_m is an algebra homomorphism, t_m � j^r_{0m} ^ φ(0_m) � is the number φ(0_m) in the real part of A. On the other hand,

t_m � j^r_{0m} ( ^ φ(0_m)) � = F � id_Rm , ^ φ(0_m) � (0_m) = � F � id_Rm , ^ φ(0_m) � ∘ F (i^0_m) � (0_m) = F �^ 0_m, ^ φ(0_m) � (0_m) .

Hence t_m(j^r_0 φ)) = φ(0_m), so that t_m is the zero homomorphism. □

Thus, if {u, Z} ∈ F Y , u ∈ P^r_x M, then T^{Am} p(Z) = j^{Am} ^x. In other words, Z lies in the fiber of T^{Am} Y over j^{Am} ^x ∈ T^{Am} M.

Now we add some further examples of f.p.p.b. functors on FM to the well known case of V^A. We write f for the base map of an FM-morphism f.

Example 1. Let V be the vertical tangent functor. We define

F Y = V Y ⊗ T M , F f = V f ⊗ T f .

Since V (Y_1 × Y_2) ⊗ T M = V Y_1 ⊗ T M ×_M V Y_2 ⊗ T M, F is a f.p.p.b. functor.

Example 2. More generally, let G be a bundle functor on Mf with values in the category VB of vector bundles. We set

F Y = V Y ⊗ GM , F f = V f ⊗ Gf .

Example 3. Example 2 can be modified to

F Y = V (V^AY ) ⊗ GM , F f = V (V^Af) ⊗ Gf ,

the tensor product being over V^AY .

It is remarkable that functor V^A can be characterized by the following additional property.

Definition 1. We say that a bundle functor F on FM has the fiber isomorphism property, if for every FM-morphism f isomorphic on the fibers, F f is also isomorphic on the fibers.

Proposition 1. If F is a f.p.p.b. functor on FM with the fiber isomorphism property, then F = V^A for a Weil algebra A.

Proof. Consider the fiber Y_x of p : Y → M over x ∈ M as the fibered manifold Y_x → pt, where pt is one-point set. We have F (Y_x → pt) = T^{A0} (Y_x) → pt. By the fiber isomorphism property, the injection of Y_x → pt into Y induces a diffeomorphism between T^{A0} Y_x and F_xY . □

2. The description of the functors of base order r The restrictions F | FM_m determine an infinite sequence of Weil algebras (4) A = (A_0, . . . , A_m, . . . ) .

Assume the base order of F is r. Using the notation L^r_{m,n} = J^r_{0m} (R^m, R^n)_{0n} from [6], L^r = (L^r_{m,n}) is a category over N, the skeleton of the category of r-jets. Let g = j^r_{0m} γ ∈ L^r_{m,n}, γ : R^m → R^n, γ(0_m) = 0_n. Consider γ ×id_R : R^m ×R → R^n ×R and define (5) H_{m,n}(g) = F_{0m} (γ × id_R) : A_m → A_n .

Lemma 2. Each H_{m,n}(g) is an algebra homomorphism. If g ∈ L^r_{n,p}, so that g ∘ g ∈ L^r_{m,p}, H_{n,p}(g) : A_n → A_p, H_{m,p}(g ∘ g) : A_m → A_p, then (6) H_{m,p}(g ∘ g) = H_{n,p}(g) ∘ H_{m,n}(g) .

Proof. Write a : R × R → R for the addition of reals and a_m = id_Rm ×a : R^m × R × R → R^m × R. Then the addition in A_m is F_{0m} (a_m) : A_m × A_m → A_m. Clearly, the following diagram commutes (7) R^m × R × R^{am} �

f ×id_R × id_R � R^m × R

f ×id_R � R^n × R × R^{an} � R^n × R Applying F , we deduce that H_{m,n}(g) commutes with the additions in A_m and A_n. Replacing the addition of reals by the multiplication of reals, we prove that H_{m,n}(g) is an algebra homomorphism. Formula (6) is a direct consequence of the fact F is a functor. □ Definition 2. We say that (6) is an action of the category L^r on the sequence (4) by algebra homomorphisms.

The following assertion is a direct consequence of the definition of the natural transformation determined by an algebra homomorphism, Lemma 3. For every manifold Q, the natural transformation H_{m,n}(g)_Q : T^{Am} Q → T^{An} Q coincides with F_{0m} (γ × id_Q) : T^{Am} Q → T^{An} Q.

Consider an FM-morphism f : R^m × Q → R^n × Q over γ : R^m → R^n. Write f(x, y) = � γ(x), f(x, y) � , x ∈ R^m, y ∈ Q, so that f : R^m × Q → Q. Define ~f : R^m × Q → R^m × Q , ~f(x, y) = �x, f(x, y)� .

Then we have f = (γ × id_Q) ∘ ~f. This implies F_{0m} f = F_{0m} (γ × id_Q) ∘ F_{0m} ~f. But ~f is in FM_m. By [7] and Lemma 1, (8) F_{0m} ~f(y) = T^{Am} ~f(0_m, y) . Now we can prove Proposition 2. The f.p.p.b. functors on FM of base order r are in bijection with the actions H = (H_{m,n}) of L^r on the sequences (4) by algebra homomorphisms.

Proof. We have to clarify how to reconstruct F from A and H. By Section 1, for p : Y → M with dim M = m we define F Y as the space of equivalence classes (9) {u, Z} , u ∈ P^r_x M , Z ∈ T^{Am} Y satisfying T^{Am} p(Z) = j^{Am} ^x .

For an FM-morphism f : Y → Y over f : M → M, n = dim M, we use the decomposition (not unique) j^r_xf = v ∘ g ∘ u^{−1}, u ∈ P^r_x M, v ∈ P^r_{f (x)}M, g ∈ L^r_{m,n}. Taking into account Lemma 3 and (8), we define

(10) F f � {u, Z} � = � v, H_{m,n}(g)_Y � T^{Am} f(Z) � , where T^{Am} f(Z) ∈ T^{Am} Y is transformed by H_{m,n}(g)_Y into T^{An} Y . By equivariancy of all quantities, this is a correct definition. One verifies directly that F coincides with the original functor. □

Consider an action H of L^r on A by algebra homomorphisms. The following assertion is geometrically very instructive.

Lemma 4. If g ∈ L^r_{m,n} is r-jet of immersion or submersion, then the algebra homomorphism H_{m,n}(g) is injective or surjective, respectively.

Proof. If g = j^r_{0m} γ is r-jet of an immersion γ : R^m → R^n, γ(0_m) = 0_n, then there is a local map γ : R^n → R^m satisfying γ ∘ γ = id_Rm . Hence for g = j^r_{0n} γ we have H_{n,m}(g) ∘ H_{m,n}(g) = id_{Am} , so that H_{m,n}(g) is injective. The second assertion can be proved analogously. □

In particular, the canonical immersions R^m → R^{m+1} induce a sequence of algebra injections (11) A_m → A_{m+1} .

Example 4. We describe the functor F in Example 1 from the viewpoint of Proposition 2. We have A_m = T R ⊗ T_{0m} R^m = R × R^m, because the tensor product is over R. Write ν : R × R → R for the multiplication of reals. Then the multiplication in A_m is determined by F_{0m} (id_Rm ×ν). Hence we have the zero product in the nilpotent part of A_m, so that A_m = D^1_m. The base order of F is 1. Every g ∈ L^1_{m,n} is identified with a linear map l(g) : R^m → R^n. Evaluating (5), we find (12) H_{m,n}(g) = id_R ×l(g) : D^1_m → D^1_n .

Since we have the zero product in the nilpotent parts of D^1_m and D^1_n, each map (12) is an algebra homomorphism.

3. Natural transformations

Let F = (A, H) be another f.p.p.b. functor on FM of the base order r and τ : F → F be a natural transformation. One verifies directly that (13) μ_m := (τ_Rm_{×R})_{0m} : F_{0m} (R^m × R) → F_{0m} (R^m × R) form an equivariant sequence μ = (μ_0, . . . , μ_m, . . . ) of algebra homomorphisms μ_m : A_m → A_m, i.e. (14) H_{m,n}(g) � μ_m(a) � = μ_n � H_{m,n}(g)(a) � , g ∈ L^r_{m,n}, a ∈ A_m .

Conversely, given such equivariant sequence μ of algebra homomorphisms μ_m : A_m → A_m, we define a natural transformation μ_Y : F Y → F Y by (15) μ_Y � {u, Z} � = � u, (μ_m)_Y (Z) � . Then one proves directly

Proposition 3. The natural transformations of two f.p.p.b. functors F = (A, H) and F = (A, H) on FM of the same base order r are in bijection with the equivariant sequences of algebra homomorphisms μ : A → A.

4. The case of infinite base order

The second author constructed a bundle functor Q on Mf with values in VB of infinite order, [6], [8]. If we put G = Q in Example 2, we obtain a f.p.p.b. functor on FM of infinite base order. We are going to describe all such functors. Let FM_{m,n} be the category of fibered manifolds with m-dimensional bases and n-dimensional fibers and their local isomorphisms. Write r(m, n) for the order of the restriction F | FM_{m,n}. We deduce that every f.p.p.b. functor F on FM has locally finite order in the following sense.

Consider a fibered manifold Y → M with dim M = m, dim Y = m + n and an arbitrary fibered manifold Y → M. Write r = max � r(m + 1, 1), r(m, 1) � . Proposition 4. Let F be a f.p.p.b. functor on FM, f, g : Y → Y be two FMmorphisms and y ∈ Y . Then j^r_y f = j^r_y g implies F f | F_yY = F g | F_yY .

Proof. We may assume Y = R^m × R^n, Y = R^p × R^q , y = (0_m, 0_n), f(y) = g(y) = (0_p, 0_q). Let j^r_{(0m,0n)}f = j^r_{(0m,0n)}g. Analogously to Section 2, we introduce f, g : R^m × R^n → R^q by

f(x, y) = � f(x), f(x, y) � , g(x, y) = � g(x), g(x, y) � , x ∈ R^m, y ∈ R^n .

We define a bundle functor F on Mf by F M = F (M ×R), F (h) = F (h×id_R). By Corollary 4.2 in [9], we have F (f) = F (g) over 0_m because the functor F | Mf_{m+1} is of the order r(m + 1, 1) and f and g have the same r(m + 1, 1)-jet at 0_m. Then F (f × id_Rq ) = F (g × id_Rq ) over (0_m, 0_q), because F is fiber product preserving. Further, consider F_m = F | FM_m. Define ~f, ~g : R^m × R^n → R^m × R^q , ~f(x, y) = �x, f(x, y)� , ~g(x, y) = �x, g(x, y)� .

By [6], Theorem 22.3 and [7], we have F ~f = F ~g over (0_m, 0_n) because F_m | FM_{m,n+1} has order r(m, 1) and ~f and ~g have the same r(m, 1)-jet at (0_m, 0_n). Since F f = F (f × id_Rq ) ∘ F ~f and similarly for g, we have proved F f = F g over (0_m, 0_n). □

Consider the category L^∞ over N, L^∞_{m,n} = J^∞_{0m} (R^m, R^n)_{0n} and a sequence A of Weil algebras.

Definition 3. An action of L^∞ on A by algebra homomorphisms is said to be of locally finite order, if each H_{m,n} : L^∞_{m,n} → Hom (A_m, A_n) factorizes through a jet projection L^∞_{m,n} → L^{rm,n}_{m,n} .

Let F be an arbitrary f.p.p.b. functor on FM. Using Proposition 4, we deduce in the same way as in Section 2, that the f.p.p.b. functors on FM are in bijection with the pairs (A, H), where A is a sequence of Weil algebras and H is an action of locally finite order of L^∞ on A by algebra homomorphisms. The natural transformations (A, H) → (A, H) are in bijection with the equivariant sequences of algebra homomorphisms.

5. VB-valued bundle functors on all manifolds

These functors can be characterized similarly to Sections 2 and 4. First we discuss the r-th order VB-valued functors on Mf. Let

V = (V_0, . . . , V_m, . . . )

be an infinite sequence of vector spaces and K = (K_{m,n}),

K_{m,n} : L^r_{m,n} → Lin (V_m, V_n)

be an action of L^r on V by linear maps, i.e. the condition analogous to (6) (16) K_{m,p}(g ∘ g) = K_{n,p}(g) ∘ K_{m,n}(g) holds. The pair (V, K) defines a VB-valued bundle functor E on Mf as follows.

The restriction of K_{m,n} to G^r_m ⊂ L^r_{m,n} is a linear action K_m of G^r_m on V_m. Hence the associated bundle (17) EM = P^rM[V_m, K_m]

is a vector bundle for every m-dimensional manifold M. For a map f : M → M, dim M = n, we use the same expression j^r_xf = v ∘ g ∘ u^{−1}, g ∈ L^r_{m,n}, u ∈ P^r_x M, v ∈ P^r_{f (x)}M as in Section 2 and we define Ef : EM → EM by

(18) Ef � {u, S} � = � v, K_{m,n}(g)(S) � , S ∈ V_m .

Analogously to Section 2, one proves

Proposition 5. The r-th order VB-valued functors on Mf are in bijection with the actions of L^r on V by linear maps.

For the VB-valued bundle functors on Mf of infinite order we should replace the action of L^r by an action of locally finite order of L^∞ on V by linear maps.

6. F.p.p.b. functors with values in vector bundles

Let F be a f.p.p.b. functor on FM of base order r with values in VB. (We underline that F Y is a vector bundle over Y .) For every m ∈ N, we construct a VB-valued functor E_m on Mf by (19) E_mN = F_{0m} (R^m × N) , E_mf = F_{0m} (id_Rm ×f) .

Clearly, each E_m preserves products. By [6], Lemma 37.2, E_m is the tangent functor T tensorized by a vector space V_m and its identity. Hence A_m = F_{0m} (R^m × R) = R × V_m and the action H = (H_{m,n}) of L^r corresponding to F is determined by the restrictions ~H_{m,n} : L^r_{m,n} × V_m → V_n .

Since F is VB-valued, for every g ∈ L^r_{m,n} we have a linear map V_m → V_n. This is the situation of Section 5. Hence F determines a VB-valued functor G of order r on Mf. In the same way as in Example 4, we find

(20) F Y = V Y ⊗ GM , F f = V f ⊗ Gf .

If F is of infinite order, we proceed according to Section 4. Thus, we have proved

Proposition 6. Every f.p.p.b. functor F on FM with values in VB is of the form (20), where G is a VB-valued functor on Mf.

7. The problem of iteration

Consider F = (A, H) of base order r and another f.p.p.b. functor E = (B, K) on FM of base order s, so that B = (B_0, . . . , B_m, . . . ) is a sequence of Weil algebras and K = (K_{m,n}), K_{m,n} : L^s_{m,n} → Hom (B_m, B_n). The base order of the composition F ∘ E is at most s + r. Write F ∘ E = (C, D), so that D = (D_{m,n}) is an action of L^{r+s} on a sequence C = (C_0, . . . , C_m, . . . ) of Weil algebras by algebra homomorphisms. We remark that the iteration problem on FM_m was solved in [2].

We shall use the following basic facts, [6], [10]. If V is a vector space, then T^AV = V ⊗ A. For a linear map f : V_1 → V_2, T^Af is of the form

(21) f ⊗ id_A : V_1 ⊗ A → V_2 ⊗ A .

If μ : A → B is an algebra homomorphism, then the natural transformation μ_V : T^AV → T^BV is of the form

(22) id_V ⊗μ : V ⊗ A → V ⊗ B .

By the very definition (5),

(23) D_{m,n}(j^{r+s}_{0m} γ) = F_{0m} � E(γ × id_R) � , γ : R^m → R^n, γ(0_m) = 0_n. For x ∈ R^m, we write t_x for the translation on R^m transforming 0_m into x. We express E(γ × id_R) : R^m × B_m → R^n × B_n as a pair of γ and a map R^m × B_m → B_n. Using the standard identifications, [6], [2], we find E(γ × id_R) = � γ, K_{m,n}(j^s_{0m} (t^{−1}_{γ(x)} ∘ γ ∘ t_x)) � . In the same way, by (8) and (10) we obtain for x = 0 F � γ, K_{m,n}(j^s_{0m} (t^{−1}_{γ(x)} ∘ γ ∘ t_x)) � = � γ, H_{m,n} � j^r_{0m} (t^{−1}_{γ(x)} ∘ γ ∘ t^{−1}_x ) � ∘ T^{Am} � K_{m,n}(j^s_{0m} (t^{−1}_{γ(x)} ∘ γ ∘ t_x)) � . By (21) or (22), the first or the second term of the composition on the right hand side is H_{m,n}(j^r_{0m} γ) ⊗ id_{Bn} or id_{Am} ⊗K_{m,n}(j^s_{0m} γ), respectively. Thus, we have proved

Proposition 7. If we express F ∘E in the form (C, D), where C = (C_0, . . . , C_m, . . . ) and D = (D_{m,n}) with D_{m,n} : L^{r+s}_{m,n} → Hom (C_m, C_n), then C_m = A_m ⊗ B_m and

(24) D_{m,n}(j^{r+s}_{0m} γ) = H_{m,n}(j^r_{0m} γ) ⊗ K_{m,n}(j^s_{0m} γ) .

References

[1] Cabras, A., Kolář, I., Flow prolongation of some tangent valued forms, to appear in Acta Mathematica Sinica.

[2] Doupovec, M., Kolář, I., Iteration of fiber product preserving bundle functors, Monatsh.

Math. 134 (2001), 39–50.

[3] Kolář, I., Functorial prolongations of Lie algebroids, Proceedings Conf. Prague 2004, Charles University, Prague, 2005, 301–309.

[4] Kolář, I., Functorial prolongations of Lie groupoids, to appear in Banach Center Publications.

[5] Kolář, I., Cabras, A., On the functorial prolongations of principal bundles, to appear in CMUC.

[6] Kolář, I., Michor, P. W., Slovák, J., Natural Operations in Differential Geometry, Springer- Verlag, 1993.

[7] Kolář, I., Mikulski, W. M., On the fiber product preserving bundle functors, Differential Geometry and Its Applications 11 (1999), 105–115.

[8] Mikulski, W. M., There exists a prolongation functor of infinite order, Časopis pěst. mat.

114 (1989), 57–59.

[9] Mikulski, W. M., Natural transformations of Weil functors into bundle functors, Rend.

Circ. Mat. Palermo (2), Suppl. 22 (1989), 177–191.

[10] Weil, A., Théorie des points proches sur les variétes différentielles, Colloque de topol. et géom. diff., Strasbourg (1953), 111–117.

Department of Algebra and Geometry Faculty of Science, Masaryk University Janáčkovo nám. 2a, 602 00 Brno, Czech Republic E-mail: kolar@math.muni.cz

Institute of Mathematics Jagellonian University Reymonta 4, Kraków, Poland E-mail: mikulski@im.uj.edu.pl