ARCHIVUM MATHEMATICUM (BRNO) Tomus 42 (2006), 265 – 271

LIFTING OF PROJECTABLE VECTOR FIELDS TO VERTICAL FIBER PRODUCT PRESERVING VECTOR BUNDLES

WŁODZIMIERZ M. MIKULSKI

Abstract. We classify all natural operators lifting projectable vector fields from fibered manifolds to vector fields on vertical fiber product preserving vector bundles. We explain this result for some more known such bundles.

Introduction

The category of vector bundles and vector bundle maps will be denoted by VB. The category of fibered manifolds and their fibered maps will be denoted by FM. The category of fibered manifolds with m-dimensional bases and their fibered maps covering local diffeomorphisms will be denoted by FM_m. The category of fibered manifolds with m-dimensional bases and n-dimensional fibers and their local fibered diffeomorphisms will be denoted by FM_{m,n}.

A bundle functor F on FM_m is fiber product preserving if for any fiber product projections Y_1^{pr1}←−− Y_1 ×_M Y_2^{pr2}−−→ Y_2 in the category FM_m,

F Y_1^{F pr1}←−−− F (Y_1 ×_M Y_2)^{F pr2}−−−→ F Y_2

are fiber product projections in the category FM_m. In other words we have F (Y_1 ×_M Y_2) = F (Y_1) ×_M F (Y_2).

A bundle functor F on FM_m is called vertical if for any FM_m-objects Y → M and Y_1 → M with the same basis, any x ∈ M and any FM_m-map f : Y → Y_1 covering the identity of M the fiber restriction F_xf : F_xY → F_xY_1 depends only on f_x : Y_x → (Y_1)_x.

A bundle functor F on FM_m is vector if it has values in the category VB of vector bundles. This means that for every fibered manifold Y , π : F Y → Y is a vector bundle, and for every FM_m-map f : Y_1 → Y_2, F f : F Y_1 → F Y_2 is a vector bundle map covering f.

From now on we are interested in vertical fiber product preserving vector bundle functors on FM_m.

2000 Mathematics Subject Classification: 58A05, 58A20.

Key words and phrases: fibered manifolds, vector bundle functors, natural operators, natural transformations.

Received November 21, 2005.

A well-know example of a vertical fiber product preserving vector bundle functor on FM_m is the usual vertical bundle functor V : FM_m → VB. We recall that V Y → Y is the vertical bundle of Y .

Another example of vertical fiber product preserving vector bundle functor F on FM_m is the functor F^{⟨r⟩} : FM_m → VB, see [8]. More precisely, for a FM_mobject p : Y → M we have vector bundle

F^{⟨r⟩}Y = ⋃ y∈Y {j^r_{p(y)}σ | σ : M → T_yY_{p(y)}}

over Y . For a FM_m-map f : Y_1 → Y_2 covering f : M_1 → M_2 we have vector bundle map F^{⟨r⟩}f : F^{⟨r⟩}Y_1 → F^{⟨r⟩}Y_2 covering f by

F^{⟨r⟩}f(j^r_{p(y)}σ) = j^r_{f (p(y))}(T f ∘ σ ∘ f^{−1}) .

In [4], we classified all fiber product preserving bundle functors F on FM_m of finite order r in terms of triples (A, H, t), where A is a Weil algebra, H : G^r_m → Aut(A) is a smooth group homomorphism from G^r_m = inv J^r_0 (R^m, R^m)_0 into the group Aut(A) of algebra automorphisms of A, and t : D^r_m → A is a G^r_mequivariant algebra homomorphism from D^r_m = J^r_0 (R^m, R) into A. Moreover, we proved that all fiber product preserving bundle functors F on FM_m are of finite order. Analyzing the construction on (A, H, t) one can easily seen that the triple (A, H, t) corresponding to a vertical F in question has trivial t. Moreover, one can easily seen that the triple (A, H, t) corresponding to a vector fiber product preserving bundle functor F in question has “vector Weil algebra” A which is of the form A = R × W for some vector space W , see [3; Lemma 37.2]. It implies that all vertical fiber product preserving vector bundle functors on FM_m can be constructed (up to FM_m-equivalence) as follows.

Let G : Mf_m → VB be a vector natural bundle. For any FM_m-object p : Y → M we put F^GY = GM ⊗ V Y ,

the tensor product over Y of the pull-back of GM with respect p : Y → M and the vertical bundle V Y → Y of Y , and for any FM_m-map f : Y_1 → Y_2 covering f : M_1 → M_2 we put

F^Gf = Gf ⊗ V f : F^GY_1 → F^GY_2 .

The correspondence F^G : FM_m → VB is a vertical fiber product preserving vector bundle functor on FM_m.

In the present short note we study the problem how a projectable vector field X on a fibered mainfold Y from FM_{m,n} can induce canonically a vector field A(X) on F Y for some vertical fiber product preserving vector bundle functor F : FM_m → VB. This problem is reflected in the concept of FM_{m,n}-natural operators A : T_{proj |FMm,n} ⇝ T F in the sense of [3]. We can assume that F = F^G for some vector natural bundle G : Mf_m → VB. We deduce (see Theorem 1) that any such operator A is of the form

A(X) = λF^GX + B(X) ⊗ L

for some real number λ and some Mf_m-natural operator B : T_{Mfm} ⇝ T G of vertical type transforming vector fields X ∈ X (M) from m-dimensional manifolds M into linear vertical vector fields B(X) on GM, where X denote a projectable vector field on a FM_{m,n}-object Y , X is the underlying vector field of X, F^GX is the flow lifting of X and L is the Liouville vector field on the vertical vector bundle V Y → Y of Y .

In Section 3, we explain this main result for some more known vertical fiber product preserving vector bundle functors F on FM_m. In particular, for the vertical functor V we reobtain the result saying that any FM_{m,n}-natural operator A : T_{proj |FMm,n} ⇝ T V is a linear combination with real coefficients of the flow operator and the Liouville vector field on V .

The trivial bundle R^m × R^n over R^m with standard fiber R^n will be denoted by R^{m,n}. The coordinates on R^m will be denoted by x^1, . . . , x^m. The fiber coordinates on R^{m,n} will be denoted by y^1, . . . , y^n.

All manifolds are assumed to be finite dimensional and smooth. Maps are assumed to be smooth, i.e. of class C^∞.

1. The main result

From now on, let F be a vertical fiber product preserving vector bundle functor on FM_m. We can assume that F = F^G for some natural vector bundle G : Mf_m → VB, where F^G is described in Introduction.

A FM_{m,n}-natural operator T_{proj |FMm,n} ⇝ T F^G is a FM_{m,n}-invariant family of regular operators A : X_{proj}(Y ) → X (F^GY ) for FM_{m,n}-objects Y . The invariance means that if projectable vector fields X^′ and X” on FM_{m,n}-objects are f related then A(X^′) and A(X”) are F^Gf-related. The regularity means that A transforms smoothly parametrized family of projectable vector fields into smoothly parametrized family of vector fields.

We present examples of FM_{m,n}-natural operators A : T_{proj |FMm,n} ⇝ T F^G.

Example 1 (The flow operator). Let X be a projectable vector field on a FM_{m,n}- object Y . The flow F l^X_t of X is formed by FM_{m,n}-morphisms. Applying F^G we obtain a flow F^G(F l^X_t ) on F^GY . The last flow generates a vector field F^GX on F^GY . The corresponding FM_{m,n}-operator F^G : T_{proj |FMm,n} ⇝ T F^G is called the flow operator.

Example 2. Suppose we have a vertical type Mf_m-natural operator B : T_{Mfm} ⇝ T G lifting vector fields X from m-manifolds M into linear vector fields B(X) on GM. Let X be a projectable vector field on a FM_{m,n}-object Y → M with the underlying vector field X on M. Applying B to X we produce the linear vertical vector field B(X) on GM. On V Y we have the Liouville vector field L generated by fiber homotheties of V Y . Clearly, L is vertical and linear. Then we have the tensor product B(X) ⊗ L ∈ X_{lin}(F^GY ) (generated by the tensor product of the flows of B(X) and L). Thus we have the corresponding FM_{m,n}-natural operator B ⊗ L : T_{proj |FMm,n} ⇝ T F^G of vertical type.

Theorem 1. Let G : Mf_m → VB be a natural vector bundle. Any FM_{m,n}- natural operator A : T_{proj |FMm,n} ⇝ T F^G is of the form

A(X) = λF^GX + B(X) ⊗ L

for some real number λ and some Mf_m-natural operator B : T_{Mfm} ⇝ T G lifting vector fields X from m-manifolds M into vertical linear vector fields B(X) on GM, where X denotes a projectable vector field on a FM_{m,n}-object Y , X is the underlying vector field of X, F^GX is the flow lifting of X and L is the Liouville vector field on V Y → Y .

2. Proof of Theorem 1

We will modify the proof of Theorem 1 in [5].

Since any projectable vector field X with the non-vanishing underlying vector field is locally^∂_{∂x1} in some FM_{m,n}-trivialization, A is uniquely determined by A (_∂

∂x^1 ) over (0, 0) ∈ R^{m,n}.

Consider T π ∘ A

(_∂

∂x^1 ) (u) ∈ T_{(0,0)}R^{m,n} for u ∈ F^G_{(0,0)}R^{m,n}, where π : F^GY → Y is the bundle projection. Using the invariance of A

(_∂

∂x^1 ) with respect to the fiber homotheties we deduce that T π ∘ A

(_∂

∂x^1 ) (u) = T π ∘ A

(_∂

∂x^1 ) (tu) for any u ∈ F^G_{(0,0)}R^{m,n}, t ≠ 0. Then T π ∘ A

(_∂

∂x^1 ) (u) = T π ∘ A

(_∂

∂x^1 ) (0) for u as above. Then using the invariance of A

(_∂

∂x^1 ) with respect to the FM_{m,n}-maps (x^1, tx^2, . . . , tx^m, ty^1, . . . , ty^n) we deduce that T π ∘ A

(_∂

∂x^1 ) (u) = λ^∂_{∂x1} (0, 0) for some real number λ. Then replacing A by A − λF^G we have T π ∘ A

(_∂

∂x^1 ) (u) = 0 for any u as above. Then A is of vertical type because of the first sentence of the proof.

We define an Mf_m-natural operator B : T_{Mfm} ⇝ T G as follows. Let X ∈ X (M) be a vector field on an m-manifold M. We consider X as the projectable vector field X on the trivial vector bundle M × R^n over M. Applying A we obtain the vertical vector field A(X) on F^G(M × R^n). Using the invariance of A(X) with respect to the fiber homotheties of M × R^n we easily see that A(X) is linear. Define a fiber linear map Ã(X) : GM → GM covering id_M by

Ã(X)(y) = ⟨pr_2 ∘ A(X)(y ⊗ e_1(x)), e^∗_1(x)⟩ ,

y ∈ G_xM, x ∈ M, where pr_2 : V ( F^G(M × R^n) ) ~=F^G(M × R^n) ×_{M×R}n F^G(M × R^n) → F^G(M × R^n) is the projection on the second (essential) factor, e_1(x), . . . , e_n(x) is the usual basis of vector space V_{(x,0)}(M × R^n) (i.e. e_j (x) =^∂_{∂yj} (x, 0)) and e^∗_1(x), . . . , e^∗_n(x) is the dual basis. Since A(X) is linear, Ã(X) is a vector bundle map. Consequently we have a linear vertical vector field B(X) on GM such that

B(X)(y) = d dt |0 ( y + t(Ã(X)(y) − y) ) , y ∈ G_xM, x ∈ M. Let B : T_{Mfm} ⇝ T G be the corresponding Mf_m-natural operator.

It remains to show that A = B ⊗ L. It is immediately seen that ⟨ pr_2 ∘ ( B ( ∂ ∂x^1 ) ⊗ L )( y ⊗ e_1(0) ) , e^∗_1(0) ⟩ = ⟨ pr_2 ∘ A ( ∂ ∂x^1 )( y ⊗ e_1(0) ) , e^∗_1(0) ⟩

for all y ∈ G_0R^m. Let i = 2, . . . , n. Then by the invariance of A

(_∂

∂x^1 ) and B (_∂

∂x^1 ) ⊗ L with respect to a FM_{m,n}-map of the form id_Rm ×ψ for a linear isomorphism ψ : R^n → R^n preserving e_1(0) and sending e^∗_1(0) into e^∗_1(0) + e^∗_i (0) we obtain that ⟨ pr_2 ∘ ( B ( ∂ ∂x^1 ) ⊗ L )( y ⊗ e_1(0) ) , e^∗_i (0) ⟩ = ⟨ pr_2 ∘ A ( ∂ ∂x^1 )( y ⊗ e_1(0) ) , e^∗_i (0) ⟩

for all i = 1, . . . , n and all y ∈ G_0R^m. Then

pr_2 ∘ ( B ( ∂ ∂x^1 ) ⊗ L )( y ⊗ e_1(0) ) = pr_2 ∘ A ( ∂ ∂x^1 )( y ⊗ e_1(0) )

for all y ∈ G_0R^m. Then by the invariance of B

(_∂

∂x^1 ) ⊗ L and A

(_∂

∂x^1 ) with respect to FM_{m,n}-maps of the form id_Rm ×ψ for linear isomorphisms ψ : R^n → R^n we deduce that

pr_2 ∘ ( B ( ∂ ∂x^1 ) ⊗ L ) (y ⊗ e) = pr_2 ∘ A ( ∂ ∂x^1 ) (y ⊗ e)

for all not-zero e ∈ V_{(0,0)}(R^{m,n}) and all y ∈ G_0R^m. Then

pr_2 ∘ A ( ∂ ∂x^1 ) (u) = pr_2 ∘ ( B ( ∂ ∂x^1 ) ⊗ L ) (u) for all u ∈ F^G_{(0,0)}R^{m,n}. (For, all y ⊗ e as above generate F^G_{(0,0)}R^{m,n}, and both sides of the last equality are linear in u because of the invariance of A

(_∂

∂x^1 ) and B (_∂

∂x^1 ) ⊗ L with respect to the fiber homotheties of R^{m,n} and the homogeneous function theorem.) Then A(^∂_{∂x1} ) = B(^∂_{∂x1} )⊗L over (0, 0) ∈ R^{m,n}. Then A = B⊗L because of the first sentence of the proof. □

3. Applications

Let p be a non-negative integer. Let T^{(p,0)} = ⊗^pT : Mf_m → VM be the natural vector bundle of tensor fields of type (p, 0) over m-manifolds. Let F^{T (p,0)} : FM_m → VB be the corresponding vertical fiber product preserving vector bundle functor (see Introduction). Clearly, F^{T (0,0)} is isomorphic to the vertical functor V . In [2], I. Kolář showed that any Mf_m-natural operator B : T_{Mfm} ⇝ T T^{(p,0)} lifting vector fields X from m-manifolds M into linear vertical vector fields B(X) on T^{(p,0)}M is a constant multiple of the Liouville vector field on T^{(p,0)}. Thus we have the following corollary.

Corollary 1. Any FM_{m,n}-natural operator A : T_{proj |FMm,n} ⇝ T F^{T (p,0)} is a linear combination with real coefficients of the flow operator and the Liouville vector field on F^{T (p,0)} .

Let T^{(r)} = (J^r (·, R)_0)^∗ : Mf_m → VB be the linear r-tangent bundle functor. Let F^{T (r)} : FM_m → VB be the corresponding vertical fiber product preserving gauge bundle functor. In [7], we showed that any Mf_m-natural operator B : T_{Mfm} ⇝ T T^{(r)} lifting vector fields X from m-manifolds M into linear vertical vector fields B(X) on T^{(r)}M is a constant multiple of the Liouville vector field on T^{(r)} (see also [1] in the case r = 2). Thus we obtain the following result.

Corollary 2. Any FM_{m,n}-natural operator A : T_{proj |FMm,n} ⇝ T F^{T (r)} is a linear combination with real coefficients of the flow operator and the Liouville vector field on F^{T (r)} .

Let T^{r∗} = J^r(·, R)_0 : Mf_m → VB be the r-cotangent bundle functor. Let F^{T r∗} : FM_m → VB be the corresponding vertical fiber product preserving gauge bundle functor. From [6] it follows that any Mf_m-natural operator B : T_{Mfm} ⇝ T T^{r∗} is a constant multiple of the Liouville vector field on T^{r∗}. Thus we obtain the following result.

Corollary 3. Any FM_{m,n}-natural operator A : T_{proj |FMm,n} ⇝ T F^{T r∗} is a linear combination with real coefficients of the flow operator and the Liouville vector field on F^{T r∗} .

Let E^{r∗} = T^{r∗} × R = J^r(·, R) : Mf_m → VB be the extended r-cotangent bundle functor. The corresponding vertical fiber product preserving vector bundle functor on FM_m is equivalent to the mentioned in Introduction functor F^{⟨r⟩} : FM_m → VB.

Lemma 1 ([5]). The vector space of all Mf_m-natural operator B : T_{Mfm} ⇝ T E^{r∗} transforming vector fields X from m-manifolds M into linear vertical vector fields B(X) on E^{r∗}M is of dimension less or equal to r + 2.

Thus using the dimension argument we obtain the following result.

Corollary 4. Any FM_{m,n}-natural operator A : T_{proj |FMm,n} ⇝ T F^{⟨r⟩} is a linear combination with real coefficients of the flow operator, the Liouville vector field on F^{⟨r⟩} and the described in Example 3 in [8] operators V^{⟨s⟩} for s = 0, . . . , r.

We recall that given a projectable vector field X on an FM_{m,n}-object p : Y → M covering a vector field X on M the vector field V^{⟨s⟩}(X) on F^{⟨r⟩}Y is defined as follows. Let j^r_{p(y)}σ ∈ F^{⟨r⟩}y Y , σ : M → T_yY_{p(y)}, y ∈ Y . We put

V^{⟨s⟩}(X)(y) = ( y, j^r_{p(y)}(X^{(s)}σ(p(y))) ) ∈ {y} × F^{⟨r⟩}_y Y = V_yF^{⟨r⟩}Y ,

where X^{(s)} = X ∘ · · ·∘ X (s-times) and X^{(s)}σ ( p(y) ) : M → T_yY_{p(y)} is the constant map.

Remark 1. In [8], we introduced the concept of admissible fiber product preserving bundle functors F : FM_m → FM. Let (A, H, t) be the triple corresponding to F . Then F is called admissible if for every derivation D ∈ Der (A), if H ( j^r_0 (τ id_Rm ) ) ∘ D ∘ H ( j^r_0 (τ^{−1} id_Rm ) ) → 0 as τ → 0 then D = 0 .

In [8], we also studied the problem how a projectable vector field X on a fibered manifold Y from FM_{m,n} can induce a vector field A(X) on F Y . We proved that for admissible F we have A(X) = λF(X) + a canonical vector field , where λ ∈ R depends only on A (not on X). From this characterization and Theorem 1 it follows directly that F^G is not admissible if there exists an essentially dependent on X natural operator B : T_{Mfm} → VB transforming vector fields X from m-manifolds M into vertical linear vector fields on GM. For example, F^{Er∗} : FM_m → VB is not admissible.

References

[1] Doupovec, M., Natural operators transforming vector fields to the second order tangent bundle, Časopis pěst. mat. 115 (1990), 64–72.

[2] Kolář, I., On the natural operators transforming vector fields to the r-th tensor power, Suppl.

Rend. Math. Circ. Palermo II(32) (1993), 15–20.

[3] Kolář, I., Michor, P. W., Slovák, J., Natural operations in differential geometry, Springer-Ver-lag, Berlin 1993.

[4] Kolář, I., Mikulski, W. M., On the fiber product preserving bundle functors, Differential Geom. Appl. 11 (1999), 105–115..

[5] Kurek, J., Mikulski, W. M., Lifting of linear vector fields to fiber product preserving vertical gauge bundles, Colloq. Math. 103(1) (2005), 33–40.

[6] Mikulski, W. M., Some natural constructions on vector fields and higher order cotangent bundles, Monatsh. Math. 117 (1994), 107–115.

[7] Mikulski, W. M., Some natural operations on vector fields, Rend. Mat. Roma 12 (1992), 783–803.

[8] Mikulski, W. M., The natural operators lifting projectable vector fields to some fiber product preserving bundles, Ann. Polon. Math. 81.3 (2003), 261–271.

Institute of Mathematics, Jagiellonian University Kraków, Reymonta 4, Poland E-mail: mikulski@im.uj.edu.pl